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Wavelet Frames in Sobolev Space Over Locally compact Abelian Group

M. M. Dixit, C. P. Pandey*, Pratima Devi

abstract: In this paper we construct wavelet frames for continuous and discrete wavelets on Sobolev
space over abelian group. A necessary condition and sufficient conditions for wavelet frames in Sobolev space
over Locally Compact Abelian Group are given. Moreover some important properties of continuous wavelet
transform and corresponding wavelet Frames have been discussed.

Key Words: Fourier trasform, wavelet, wavelet frame, locally compact abelian groups, Sobolev
space.

Contents

1 Introduction 1

2 A Necessary condition of wavelet frame for Hs
γ(G) 3

3 Sufficient conditions of wavelet frame for Hs
γ(G) 6

1. Introduction

Most of the space that we are interested in end up bring topological groups. In this section we define
the terms topology and group so that we can work with them. We introduce the Haar measure, which is
a translation-invariant measure.

A set S becomes a Group [4] if an operator, say +, can be defined such that

• x+ (y + z) = (x+ y) + z, ∀ x,y,z ∈ S

• There exist an element 0, such that x+ 0 = 0 + x = x ∀ x ∈ S

• For each x ∈ S there ∃ an inverse element x−1 = x such that x+ (−x) = (−x) + x = 0.

In addition, S is a commutative group if it is also true that
x+ y = y + x ∀ x, y ∈ S. Given a set S, a Topology T is a set of subsets on S that

• contains S and the empty set ø

• Is closed under finite intersections and infinite unions of subsets.×

S ia a topological group if it has a group operation and a topology such that the maps α : G × G → G

are continuous, where α(x, y) = x+ y and β(x) = x−1.

If S is locally compact, that is, every point in S is contained in a compact neighborhood, and its
group operation is commutative, then we call it a Locally Compact Abelian (LCA) Group.

Given a topological space X , we define the Borel set as a set of subset of X such that:

• contains all subsets of the topology on X

• Is closed under complements, countable unions, and countable intersections of subsets

• Is the smallest set of subsets that meets these condition.
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A measure µ an X is a function on the Borel sets where

• µ(E) =
∑
µ(Ei) if E ⊂ X and E = ∪i∈1Ei where Ei is a countable pairwise disjoint set.

• µ(E) is finite for all E ⊂ X where the closure of E is compact.

A measure µ is regular if for all Borel sets E, we have

µ(E) = infK⊃E µ(K) = supk⊂E µ(K).

µ is invariant if µ(x + E) = µ(E) ∀x ∈ x.

Let M(X) be the space of all complex-valued regular measures on X where ‖ µ ‖=| µ(S) | is finite.

A haar measure [15] is a measure which is non-negative,regular and invariant. In fact, Haar mea-
sure are unique up to a scalar, so we can call it the Haar measure. That is if m − 1 and m2 are both
non-negative, regular, translation invariant measures on S, then there exists λ ≥ 0 such that m1 = m2.
The corresponding integral is called the Haar Integral, which is translation invariant. That is, integrals
over a set E and x+ E are equivalent.

Given a LCA group [20] G, we define an Lp(G) space to be the space of all complex valued func-
tions f on G such that the integral

∫
| f |p dµ exists with respect to the Haar measure.

Lp(G) becomes an algebra under convolution, which is an important characteristic later on.

Definition 1.1. A complex function [21] γ on a LCA group G is called a character of G if | γ(x) |= 1
for all x ∈ G and if the functional equation γ(x + y) = γ(x)γ(y) for all (x, y) ∈ G is satisfied. The set
of all continuous characters of G form a group Γ, the dual group of G. Now it is customary to write
(x, γ) = γ(x) satisfy the following properties:

• (0, γ) = (x, 0) = 1

• (−x, γ) = (x,−γ) = (x, γ)−1 = (x, γ)

• (x+ y, γ) = (x, γ)(y, γ)

• (x, γ1 + γ2) = (x, γ1)(x, γ2)

Definition 1.2. The Fourier Transform of f ∈ L1(G) is denoted by f̂(γ) defined by [4]

f̂(γ) =

∫

G

f(x)(−x, γ)dx, (1.1)

and the Inverse Fourier Transform is defined by

f(x) =

∫

G

f̂(γ)(x, γ)dγ, x ∈ G (1.2)

Some important properties of the fourier trasform can be proved easily:

• ‖ f̂ ‖L∞(G)≤‖ f ‖L1(G)

• If f ∈ L1(G), then f̂ is uniformly continuous.

• Parseval formula: If f ∈ L1(G) ∩ L2(G), then ‖ f̂ ‖L2(G)=‖ f ‖L2(G)

• If the convolution of f and g is defined as

(f ∗ g)(x) =

∫

G

f(x− y)g(y)dy (1.3)

(̂f ∗ g)(γ) = f̂(γ)ĝ(γ) (1.4)
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Definition 1.3. For k, 0 ≤ k < q , k = a0 + a1p+ ...+ ac−1p
c−1, 0 ≤ ai < p, i = 0, 1, 2, 3, ..., c− 1, we

define
v(k) = (a0 + a1ǫ1 + ...+ ac−1ǫc−1)p−1(0 ≤ k < q)

For k = b0 + b1q + ...+ ac−1q
s, 0 ≤ bi < q, k ≥ 0, we set

v(k) = v(b0) + p−1v(b1) + ...+ p−sv(bs)

Note that for k, l ≥ 0, v(k + l) 6= v(k) + v(l). However, it is true that for all r, s ≥ 0, v(rqs) = p−1v(r),
and for r, s ≥ 0, 0 ≤ t < qs,
v(rqs + t) = v(rqs) + v(t) = p−1v(r) + v(t).
We denote χv(n) by χn (n ≥ 0) and use the notation N0 = 0, 1, 2, 3, ... and N = 1, 2, 3, ... throughout this
paper.

Distributions over LCA Group:

We denote S (G) the space of all finite linear combinations of characteristics functions of ball of G.
The Fourier transform is homeomorphism of S (G) onto S (G). The distribution space of S (G) is de-
noted by S

′

(G).

The Fourier transform of g ∈ S (G) is denoted by f̂(ω) and defined by

f̂(ω) =

∫

G

f(x)(−x, ω)dx, ω ∈ G

and the Inverse Fourier Transform defined by

f(x) =

∫

G

f̂(ω)(x, ω)dw, x ∈ G

The Fourier Transform and inverse Fourier Transforms of a distributions f ∈ S
′

(G) is defined by

〈f̂ , ϕ〉 = 〈f, ϕ̂〉, 〈fv, ϕ〉 = 〈f, ϕv〉, for all ϕ ∈ S (G)

Definition 1.4. Sobolev space over LCA groups

Let s ∈ G, Sobolev space over LCA group [8] denote by Hs
γ(G), defined by the space of all f ∈ S (G)

such that ∫

GΛ

(1 + γ(ξ)2)s | f̂(ξ) |2 dξ is finite

where f ∈ L2(G), ξ ∈ Γ. We denote Γ by the set

Γ = {γ : GΛ → [0,∞) : ∃cγ
∀α, β ∈ GΛγ(αβ) ≤ cγ [γ(α) + γ(β)]}

Moreover, for f ∈ Hs
γ(G); its norm ‖ f ‖Hs

γ (G) is defined as follows:

‖ f ‖2
Hs

γ (G)=

∫

GΛ

(1 + γ(ξ)2)s | f̂(ξ) |2 dξ

2. A Necessary condition of wavelet frame for Hs
γ(G)

Let ψ ∈ Hs
γ(G), ψj,k(ξ) = qj/2ψ(p−jξ− v(k)) j ∈ Z, k ∈ N0, where q and p are integers. The function

system ψj,k(ξ)
(j,k)∈Z×N0

a wavelet frame for Hs
γ(G), if there are two constants C, D > 0 such that

C ‖ f ‖2
Hs

γ (G)≤
∑

j∈Z

∑

k∈N0

|< f, ψj,k >|2≤ D ‖ f ‖2
Hs

γ (G) (2.1)

satisfies for all f ∈ Hs
γ(G).
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Theorem 2.1. If ψj,k : j ∈ Z, k ∈ N0 is a wavelet frame for Hs
γ(G) with bounds C and D then

C ≤ (1 + γ(ξ)2)s
∑

j∈Z
| ψ̂(pjω) |2≤ D a.e.w. ∈ G.

Proof: For f ∈ S (G) and ψ ∈ Hs
γ(G), we have

∞∑

k=0

|< f, ψj,k >Hs
γ (G)|

2

=

∞∑

k=0

∫

G

| (1 + γ(ξ)2)sf̂(ξ)qj/2ψ(pjξ − v(k)Λdξ |2

=
∞∑

k=0

∫

G

| (1 + γ(ξ)2)sf̂(ξ)q−j/2ψ̂(pjξ)(x, pjξ)dξ |2

=

∞∑

k=0

q−j

∫

G

(1 + γ(ξ)2)sf̂(ξ)ψ̂(pjξ)(x, pjξ)dξ

× {

∫

G

(1 + γ(ξ)2)s)f̂(ξ)ψ(pjξ)(x, pjξ)dξ}

=
∞∑

k=0

qj
∫

G

(1 + γ(p−jξ)2)sf̂(p−jξ)ψ̂(ξ)(x, ξ)dξ

× {

∫

G

(1 + γ(p−jξ)2)sf̂(p−jξ)ψ̂(ξ)(x, ξ)dξ

=

∞∑

k=0

qj
∫

G

{

∞∑

l=0

∫

G

(1 + γ(p−j(ξ + v(l))2)s f̂(p−j(ξ + v(l))))

× (x, (ξ + v(l)))ψ̂(ξ + v(l))dξ} × {(1 + γ(p−jξ)2)sf̂(p−jξ)ψ̂(ξ) × (x, ξ)}dξ

Since f ∈ S (G) so the
∑∞

l=0 contains only finite non-zero terms and (x, v(l)) = 1 for all k, l ∈ N0, then
we get

∞∑

k=0

|< f,ψj,k >Hs
γ (G)|

2=

∞∑

k=0

q
j

∫

G

(

∫

G

{

∞∑

l=0

(1 + γ(p−j(ξ + v(l)))2)s
f̂(p−j(ξ + v(l)))(x, ξ) × ψ̂(ξ + v(l))}dξ)

× {(1 + γ(p−j
ξ)2)s

f̂(p−jξ)ψ̂(ξ)(x, ξ)}dξ.

By the convergence theorem of Fourier Series on D, we get

∞∑

k=0

|< f, ψj,k >Hs
γ (G)|

2=

∫

G

(1 + γ(ξ)2)sf̂(ξ)ψ̂(pjξ){

∞∑

k=0

(1 + γ(ξ + p−jv(k))2)sf̂(ξ + p−jv(k))

× ψ̂(pjξ + v(k))}dξ.

(2.2)

Let Aj is the set of regular point of (1 + γ(ξ)2)s | ψ̂(Pjξ) |2, so for all ξ ∈ Aj .

ql
∫

ξ−ξ0∈pl

(1 + γ(ξ)2)s | ψ̂(pjξ) |2 dξ → (1 + γ(ξ0)) | ψ̂(pjξ0) |2, as l → +∞.

If A =
⋃
j∈Z

Acj , then | A |= 0.
Suppose that ξ0 ∈ F −A. So for each fixed positive integer M , set

f̂(ξ) =
q

l
2ϕl(ξ − ξ0)

v̂
s
2 (ξ)

for all l ≥ M,
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where ψl is the characteristic function of ξ0 + Pl.

Then for l ∈ N and j ≥ −M , f̂(ξ)f̂(ξ + p−jv(l)) = 0. Since ξ and (ξ + p−jv(l)) can not be in ξ0 + Pm

simultaneously. Now, we have

∑

j≥−M

∞∑

k=0

|< f, ψj,k >|2=
∑

j≥−M

∫

ξ+Pl

qlv̂s(ξ) | ψ̂(pjξ) |2 dξ ≤ D. (2.3)

Let l → +∞ and M → +∞, we have

∑

j∈Z

v̂s(ξ0) | ψ̂(pjξ) |2≤ D. (2.4)

To prove the left hand inequality,

∑

j∈Z

∑

k∈N0

|< f, ψj,k >|2= T1 + T2, (2.5)

where

T1 =
∑

j≥−M

∑

k∈N0

|< f, ψj,k >|2 and T2 =
∑

j≤−M

∑

k∈N0

|< f, ψj,k >|2 .

By condition of frame, T1 ≥ C − T2. Since we have already show that T1 =
∑

j>−M (1 + γ(ξ0)) |

ψ̂(p−jξ0) |2. So, we only need to show that T2 → 0 as M → ∞. Now, using the fact S
′

(G) is dence in
Hs
γ(G) in (2.2) and Schwaz’s inequality, we have

T2 ≤
∑

j≥−M

∞∑

k=0

{

∫

G

(1 + γ(ξ)2)s | ĝ(ξ) |2| ψ̂(pjξ) |2 dξ}
1
2

× {

∫

G

(1 + γ(ξ + p−jv(k))2)s | ĝ(ξ + p−jv(k)) |2| ψ̂(pjξ + v(k)) |2 dξ}
1
2 .

where f̂ = ((1 + γ(ξ)2)− s
2 ĝ) and ĝ ∈ S (G).

Since ĝ ∈ S (G), so there exists a characteristic function ϕr(ξ−ξ0) of the set ξ0 + Pr where r is some

integers. Now ĝ can be written as ĝ(ξ) = q
r
2ϕr(ξ − ξ0).If ξ + p−jv(k) ∈ ξ0 + Pr, then | p−jv(k) |≤ q−r,

hence | v(k) |≤ q−r−j. Then summation index k is bounded by q−r−j . So using this, we get

T2 ≤ q−r

∫

p−jξ0+P−j+r

(1 + γ(p−jξ)2)s | ψ̂(ξ) |2 dξ.

Suppose that ξ0 6= 0. For any ∈> 0, choose J < 0 enough small satisfies the following two inequalities:

• qJ <| ξ0 |= qρ such that J + ρ < 0.

•
∫
P−J−ρ (1 + γ(p−Jξ)2)s | ψ̂(ξ) |2dξ <∈.

We have

p−jξ0 + P−j+r ⊂ P−J−ρ for all j ≤ J. (2.6)

Since | p−jξ0 |= qjqρ ≤ qJqρ and P−j+r ⊂ P−J−ρ.
Hence, T2 → 0 as j → −∞. Therefore there exists j such that

T2 <∈

Hence we obtain required result. �
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3. Sufficient conditions of wavelet frame for Hs
γ(G)

To find the sufficient conditions of wavelet frame for Hs
γ(G).

We need the following Lemma.

Lemma 3.1. Let f be in S (G) and ψ ∈ Hs
γ(G). If

sup{(1 + γ(ξ)2)s
∑
j∈Z

| ψ̂(pjξ) |2: ξ ∈ P−1\D} < +∞, then

∑

j∈Z

∞∑

k=0

|< f, ψj,k >Hs
γ(G)|

2=

∫

G

(1 + γ(ξ)2)s | f̂(ξ) |2 (1 + γ(ξ)2)s
∑

j∈Z

| ψ̂(pjξ) |2 dξ + T2, (3.1)

where,

T2 =
∑

j∈Z

∫

G

(1 + γ(ξ)2)sf̂(ξ)ψ̂(pjξ)[

∞∑

l=1

(1 + γ(ξ + p−jv(l))2)sf̂(ξ + p−jv(l)) × ψ̂(pjξ + v(l))]dξ (3.2)

Then iterated series in (3.2) is absolutely convergent.

Proof: Let f ∈ S (G) so the
∑∞

l=0 in (3.2) contains only finite non-zero terms. Hence,

∑

j∈Z

∫

G

(1 + γ(ξ)2)sψ̂(pjξ)f̂(ξ)[

∞∑

l=0

(1 + γ(ξ + p−jv(l))2)sf̂(ξ + p−jv(l))ψ̂(pjξ + v(l))]dξ

=
∑

j∈Z

∑

l∈N

∫

G

(1 + γ(ξ)2)sf̂(ξ)ψ̂(pjξ)(1 + γ(ξ + p−jv(l))2)sf̂(ξ) + p−jv(l))ψ̂(pjξ + v(l))dξ (3.3)

We claim that,

∑

j∈Z

∑

l∈N

|< f, ψj,k >Hs
γ (G)|

2=
∑

j∈Z

∫

G

| f̂(ξ) |2 (1 + γ(ξ)2)s | ψ̂(pjξ) |2 (1 + γ(ξ)2)sdξ + T2 (3.4)

holds for all f ∈ S (G),Ẇe have

∑

j∈Z

∑

l∈N

|< f, ψj,k >Hs
γ (G)|

2=

∫

G

(1 + γ(ξ)2)2s(ξ) | f̂(ξ) |2| ψ̂(pjξ) |2 dξ + T2, (3.5)

where

T2 =
∑

j∈Z

∑

l∈N

∫

G

(1 + γ(ξ)2)sf̂(ξ)ψ̂(pjξ)(1 + γ(ξ + p−jv(l))2)sf̂(ξ + p−jv(l)) × ψ̂(pjξ + v(l))dξ. (3.6)

By using the condition sup{(1 + γ(ξ)2)s
∑
j∈Z

| ψ̂(pjξ) |2: ξ ∈ P−1 \D} < +∞
and Levi’s Lemma for integral, we get

=
∑

j∈Z

∑

l∈N

|< f, ψj,k >Hs
γ (G)|

2=

∫

G

(1 + γ(ξ)2)s | f̂(ξ) |2 (1 + γ(ξ)2)s
∑

j∈Z

| ψ̂(pjξ) |2 dξ + T2. (3.7)

Now, we show that series (3.6) is absolutely convergent.

| T2 | ≤
∑

j∈Z

∑

l∈N

∫

G

(1 + γ(ξ)2)sf̂(ξ)ψ̂(pjξ)(1 + γ(ξ + p−jv(l))2)sf̂(ξ + p−jv(l))2)sψ̂(pjξ + v(l)) | dξ

≤
∑

j∈Z

∑

l∈N

∫

G

(1 + γ(ξ)2)
s
2 | f̂(ξ) | (1 + γ(ξ + p−jv(l))2)

s
2 | f̂(ξ + p−jv(l)) |

1

2
[(1 + γ(ξ)2)s | (ψ̂

j
ξ) |2

+ (1 + γ(ξ + p−jv(l))2)s] | ψ̂(ψjξ + v(l)) |2]dξ.



Wavelet Frames in Sobolev Space Over Locally compact Abelian Group 7

| T2 |≤|
∑

j∈Z

∑

l∈N

∫

G

(1 + γ(p−jξ)2)s | f̂(p−jξ) | (1 + γ(p−jξ + p−jv(l))2)s |f̂(p−jξ + p−jv(l)) |

× (1 + γ(p−jξ)2)s | ψ̂(ξ) |2 dξ.

(3.8)

Since ’g ∈ S (G), there exist a constant J > 0 such that for all |j| > J

f̂(p−jξ)f̂(p−jξ + p−jv(l)) = 0 (3.9)

On the other hand, for each | j |> J , there exist a constant L such that for all l ≥ L.

f̂(p−jξ + p−jv(l)) = 0. (3.10)

Therefore only finite number of terms of the iterated series in (3.8) are non-zero.

| T2 |≤ C||(1 + γ(.)2)sf̂(.)||2∞||ψ||H2
γ (G). (3.11)

Hence the T2 is absolutely convergent. The proof is complete. �

Now using above lemma, we establish sufficient condition of frame for Hs
γ(G).

Let
△1 = ess sup{(1 + γ(ξ)2)s

∑

j∈Z

| ψ̂(pjξ) |2: ξ ∈ P−1\D}, (3.12)

and
△2 = ess inf{(1 + γ(ξ)2)s

∑

j∈Z

| ψ̂(pjξ) |2: ξ ∈ P−1\D}. (3.13)

We set
βψ(v(l)) = Sup{

∑

j∈Z

| hψ(v(l), pjξ) |: ξ ∈ P−1\D}, (3.14)

where
hψ(v(l), ξ) =

∑

l∈N0

(1 + γ(ξ)2)sψ̂(p−jξ)ψ̂(p−jξ + v(l)). (3.15)

Suppose that Q = {1, 2, 3, 4, ...q− 1} and qN0 = {qk : k = 0, 1, 2, 3, ...}.

Theorem 3.2. Suppose ψ ∈ Hs
γ(G) such that

ρ1(ψ) = △2 −
∑

m∈qN0+Q

[βψ(v(m))βψ(−v(m))]
1
2 > 0,

ρ2(ψ) = △1 +
∑

m∈qN0+Q

[βψ(v(m))βψ(−v(m))]
1
2 < +∞.

Then {ψj,k : j ∈ Z, k ∈ N0} is wavelet frame for Hs
γ(G) with bounds ρ1(ψ) and ρ2(ψ).

Proposition 3.3. For a given l ∈ N, there exists k ∈ N and unique m ∈ qN0 + Q such that l = qkm.
Thus we have {v(l)}l∈N = {p−kv(m)}(k,m)∈N0×{qN0+Q}. Since the last series in equation (3.2) is absolutely
convergent. Therfore equation (3.2) become

T2 =
∑

j∈Z

∫

G

(1 + γ(ξ)2)sf̂(ξ)ψ̂(pjξ)[
∑

l∈N

(1 + γ(ξ + p−jv(l))2)sf̂(ξ + p−jv(l))

× ψ̂(pjξ + v(l))]dξ

=
∑

j∈Z

∫

G

(1 + γ(ξ)2)sf̂(ξ)[
∑

k∈N0

∑

m∈qN0+Q

ψ̂(pjξ)(1 + γ(ξ + p−j−kv(m))2)sf̂(ξ + p−j−kv(m))

× ψ̂(pjξ + p−kv(m))]dξ
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∫

G

(1 + γ(ξ)2)sf̂(ξ)[
∑

k∈N0

∑

m∈qN0+Q

∑

j∈Z

ψ̂(pj−kξ)(1 + γ(ξ + p−jv(m))2)sf̂(ξ + p−jv(m))

× ψ̂(pj−kξ + p−kv(m))]dξ

=

∫

G

(1 + γ(ξ)2)
s
2 f̂(ξ)[

∑

j∈Z

∑

m∈qN0+Q

(1 + γ(ξ + p−jv(m))2)
s
2 f̂(ξ + p−jv(m))

∑

k∈N0

(1 + γ(ξ + p−jv(m))2)
s
2 ψ̂(pj−kξ)(1 + γ(ξ)2)

s
2 ψ̂(p−k(pjξ + v(m)))]dξ

=

∫

G

(1 + γ(ξ)2)
s
2 f̂(ξ)[

∑

j∈Z

∑

m∈qN0+Q

(1 + γ(ξ + p−jv(m))2)
s
2hψ(v(m), pjξ)

× f̂(ξ + p−jv(m))]dξ

∑

j∈Z

∑

m∈qN0+Q

∫

G

(1 + γ(ξ)2)
s
2 f̂(ξ)(1 + γ(ξ + p−jv(m))2)

s
2 f̂(ξ + p−jv(m))

× hψ(v(m), pjξ)dξ.

We derive further that

|T2| ≤

∫

G

(1 + γ(ξ)2)
s

2
| f̂(ξ) |2 [

∑

j∈Z

∑

m∈qN0+Q

(1 + γ(ξ + p−jv(m))2)
s
2 | f̂(ξ + p−jv(m)) |

× | hψ(v(m), pjξ) |]dξ

≤
∑

j∈Z

∑

m∈qN0+Q

[

∫

G

(1 + γ(ξ)2)s | f̂(ξ) |2| hψ(v(m), pjξ) |]
1
2

× [

∫

G

(1 + γ(ξ + p−jv(m))2)
s
2 | f̂(ξ + p−jv(m)) |2| hψ(v(m), pjξ) | dξ]

1
2

≤
∑

m∈qN0+Q

[
∑

j∈Z

∫

G

(1 + γ(ξ)2)s | f̂(ξ) |2| hψ(v(m), pjξ) | dξ]
1
2

× [
∑

j∈Z

∫

G

(1 + γ(ξ)2)s | f̂(ξ) |2| hψ(−v(m), pjξ) | dξ]
1
2

≤
∑

m∈qN0+Q

[

∫

G

(1 + γ(ξ)2)s | f̂(ξ) |2 βψ(v(m))dξ]
1
2 [

∫

G

(1 + γ(ξ)2)s | f̂(ξ) |2| βψ(−v(m))dξ]
1
2

=

∫

G

(1 + γ(ξ)2)s | f̂(ξ) |2 dξ
∑

m∈qN0+Q

[βψ(v(m))βψ(−v(m))]
1
2 .

Now it follows from equation (3.1) in Lemma 3.1 that
∫

G

(1 + γ(ξ)2)s | f̂(ξ) |2 {
∑

j∈Z

(1 + γ(ξ)2)s | ψ̂(pjξ) |2 −
∑

m∈qN0+Q

[βψ(v(m))βψ(−v(m))]
1
2 }dξ

≤
∑

j∈Z

∑

k∈N0

|< f, ψj,k >Hs
γ (G)|

2,
(3.16)

and

∑

j∈Z

∑

k∈N0

|< f, ψj,k >Hs
γ (G)|

2≤

∫

G

(1 + γ(ξ)2)s | f̂(ξ) |2 {
∑

j∈Z

(1 + γ(ξ)2)s | ψ̂(pjξ) |2 +

∑

m∈qN0+Q

[βψ(v(m))βψ(−v(m))]
1
2 }dξ.

(3.17)
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Taking infimum and suprimum in above two inequality respectively, we get

ρ2(ψ)||f ||Hs
γ

≤
∑

j∈Z

∑

k∈N0

|< g, ψj,k >|2≤ ρ1(ψ)||g||Hs
γ (G). (3.18)

The proof of the theorem 3.1 is complete.

Theorem 3.4. Suppose ψ ∈ Hs
γ(G) such that

△3(ψ) = ess infξ∈P−1\D{(1 + γ(ξ)2)s
∑

j∈Z

| ψ̂(pjξ) |2

− (1 + γ(ξ)2)s
∑

j∈Z

∑

l∈N

| ψ̂(pjξ)ψ̂(pjξ + v(l))} > 0,
(3.19)

△4(ψ) = ess supξ∈P−1\D{(1 + γ(ξ)2)s
∑

j∈Z

∑

k∈N0

| ψ̂(pjξ)ψ̂(pjξ + v(k)) |} < +∞. (3.20)

Then {ψj,k : j ∈ Z, k ∈ N0} is a wavelet frame for Hs
γ(G) with bounds △3(ψ) and △4(ψ).

Proof: We use Lemma 3.1 to calculate T2 in (3.2) for f ∈ S (G) with another way. We first deduce
that

| T2 |=|
∑

j∈Z

∑

l∈N

∫

G

(1 + γ(ξ)2)sf̂(ξ)ψ̂(pjξ)(1 + γ(ξ + p−jv(l))2)sf̂(ξ + p−jv(l))

× ψ̂(pjξ + v(l))dξ |

≤
∑

j∈Z

∑

l∈N

{

∫

G

| f̂(ξ) |2 (1 + γ(ξ)2)2s | ψ̂(pjξ)ψ̂(pjξ + v(l)) | dξ}
1
2

× {

∫

G

| f̂(ξ + p−jv(l)) |2 (1 + γ(ξ + p−jv(l))2)2s | ψ̂(pjξ)ψ̂(pjξ + v(l)) | dξ}
1
2

=
∑

j∈Z

∑

l∈N

{

∫

G

| f̂(ξ) |2 (1 + γ(ξ)2)2s | ψ̂(pjξ)ψ̂(pjξ + v(l)) | dξ}
1
2

× {

∫

G

| f̂(ξ) |2 (1 + γ(ξ)2)2s | ψ̂(pjξ)ψ̂(pjξ − v(l)) | dξ}
1
2 .

Since {v(k) : k ∈ N} = {−v(k) : k ∈ N0}, we have

| T2 |≤
∑

j∈Z

∑

l∈N

∫

G

| f̂(ξ) |2 (1 + γ(ξ)2)2s | ψ̂(pjξ)ψ̂(pjξ − v(l)) | dξ. (3.21)

By Levi Lemma we obtain,

| T2 |≤

∫

G

| f̂(ξ) |2 (1 + γ(ξ)2)2s{
∑

j∈Z

∑

l∈N

| ψ̂(pjξ)ψ̂(pjξ − v(l)) |}dξ. (3.22)

Using equation 3.1, we get

∫

G

(1 + γ(ξ)2)s | f̂(ξ) |2 {(1 + γ(ξ)2)s
∑

j∈Z

| ψ̂(pjξ) |2 −(1 + γ(ξ)2)s
∑

j∈Z

∑

l∈N

| ψ̂(pjξ)ψ̂(pjξ + v(l)) |}dξ

≤
∑

j∈Z

∑

l∈N0

|< f, ψj,k >|2

(3.23)
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and

∑

j∈Z

∑

l∈N0

|< f, ψj,k >|2≤

∫

G

(1 + γ(ξ)2)s | f̂(ξ) |2 {(1 + γ(ξ)2)s
∑

j∈Z

∑

l∈N

| ψ̂(pjξ)ψ̂(pjξ + v(l)) |}dξ (3.24)

Taking infimum in equation (3.23) and supremum in equation (3.24), we obtain that

△3(ψ)||f ||2Hs
γ (G) ≤

∑

j∈Z

∑

l∈N0

|< f, ψj,k >|2≤ △4(ψ)||f ||2Hs
γ (G) (3.25)

hold for all g ∈ S (G). The proof of theorem 3.2 is complete. �
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