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On the Existence and Uniqueness Results for Fuzzy Fractional Boundary Value Problem

Involving Caputo Fractional Derivative

AZIZ EL GHAZOUANI, FOUAD IBRAHIM ABDOU AMIR, M’HAMED ELOMARI and SAID MELLIANI

abstract: In this paper, we investigate the existence and uniqueness of solutions for fuzzy boundary value
problems involving fuzzy Caputo fractional derivatives of order q ∈ (2, 3). As a preliminary step, we construct
a generic structure of the solution associated with our proposed model by utilizing the Green’s function. We
establish the existence of a unique solution of the proposed model paired with the given initial conditions
by using Banach fixed point theorem. At last, as application, an illustrative example is given to show the
applicability of our theoritical results.
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1. Introduction

Fractional differential equations of non-integer order play an important role in describing physical
phenomena more accurately than classical differential equations of integer order. In fact, fractional
differential equations are real-order expansions of differential equations. One reason for the need for
fractional differential equations is the fact that many phenomena cannot be modeled as integer differential
equations. For this reason, in recent years, much attention has been paid to the consequences of the
existence of solutions to differential equations of fractional order. This kind of fractional differential
equation is applicable to many practical fields such as Physics of polymers, viscous materials, viscous
damping and seismic analysis. you can see [23,17,10,18]. On the other hand, when analyzing real-world
phenomena, uncertain factors must also be dealt with. Under these circumstances, Fuzzy set theory is one
of the best non-statistical or non-random approaches leading to the theoretical study of fuzzy differential
equations. Recently, the topic of existence and uniqueness of solutions of linear and nonlinear fuzzy
fractional differential equations has been studied more extensively and discussed by many researchers
in various aspects. For example, in [4], Arshad proved the existence and uniqueness of the solution
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to Riemann-Liouville fuzzy fractional differential equation, and in [21] the existence and uniqueness
of solutions, as well as approximate solutions of fractional fuzzy differential equations under Liouville-
Caputo H differentiability, have been demonstrated by Salahshour and et al. Furthermore, the existence
and uniqueness of solutions to fuzzy fractional differential equations under generalized Liouville-Caputo
Hukuhara differentiability have been demonstrated by Allahviranloo et al. in [1]. In [8] Minhao Chen et
al corrected the errors of [15] and presented the necessary conditions to demonstrate the existence and
uniqueness of such problems.

Motivated by the above work and its approach, this article deals with the existence and uniqueness
of solutions to the nonlinear fuzzy fractional differential equation of order q ∈ (2, 3) with fuzzy boundary
conditions :

{
Dqx(t) = f (t, x(t)) , 0 < t < a

x(a) = 0̃ ∈ E1, x(a) = A ∈ E1, x(b) = B ∈ E1 0 < b < a
(1.1)

Where f : [0, a] × E1 → E1 is a continuous map.
The main tools used are based on the Green function, Ascoli lemma and Banach fixed point theorem.
This article is organized as follows: After this introduction, we have presented some concepts related

to fuzzy metric spaces. Fuzzy derivatives and integrals take place in part 3. In part 4, we’ll learn about
fuzzy fractional derivatives. The main results were then discussed in Section 5. We conclude our work
with an example.

2. Preliminaries

In this section, we present some definitions and introduce essential symbols that will be used through-
out the article.

2.1. The metric space E1

Definition 2.1. Consider E1 as a function space defined as :

E1 = {v : R → [0, 1], v satisfies (1 − 4) below }

1. v is normal, i.e. there is a x0 ∈ R such that v (x0) = 1;

2. v is a fuzzy convex set;

3. v is upper semi-continuous;

4. The closure of {x ∈ R, v(x) > 0} is compact.

For every α ∈ (0, 1], the α-cut of the elements of E1 is defined as

vα = {x ∈ R, v(x) ≥ α}

Through the previous property, we can write

uα = [v(α), v̄(α)]

The distance between two elements of E1 is (see [9])

D(u, v) = sup
α∈(0,1]

max{|ū(α) − v̄(α)|, |u(α) − v(α)|}

Theorem 2.2. The metric space
(
E1, d

)
is complete.

Before proving the theorem 2.2, we announce the following theorem :

Theorem 2.3. ( Negoita-Ralescu theorem [6] page 56 )
Given a family of subsets {Mr : r ∈ [0, 1]} that satisfy conditions (i)-(iv).
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(i) For all r ∈ [0, 1], Mr is a non-empty closed interval;

(ii) If 0 ≤ r1 ≤ r2 ≤ 1, then Mr2
⊆ Mr1

;

(iii) Any sequence rn that converges from below to r ∈ (0, 1] we’ve got

∞⋂

n=1

Mrn
= Mr

(iv) For every sequence rn that converges to 0 from above, we have

cl

(
∞⋃

n=1

Mrn

)
= M0

Then for every r ∈ [0, 1] there is a unique u ∈ RF where ur = Mr .

Proof. (proof of 2.2)
To prove that

(
E1, d

)
is a complete metric space it must be shown that any Cauchy sequence of

elements of E1 is convergent to an element of E1.
Let (un)n∈N

be the Cauchy sequence of the elements of E1, we have :

∀ε > 0, ∃N(ε) ∈ N tell que ∀p, q ∈ N, (p > q > N(ε)) =⇒ d∞ (up, uq) < ε,

that is to say ∀ε > 0, ∃N(ε) ∈ N tell que ∀p, q ∈ N, (p > q > N(ε)) we have

sup
r∈[0,1]

max
{∣∣∣(up)

−
r

− (uq)
−
r

∣∣∣ ,
∣∣∣(up)

+
r

− (uq)
+
r

∣∣∣
}

< ε,

which means that ∀ε > 0, ∃N(ε) ∈ N such that ∀p, q ∈ N, (p > q > N(ε)),
∣∣∣(up)

−
r

− (uq)
−
r

∣∣∣ < ε and
∣∣∣(up)

+
r

− (uq)
+
r

∣∣∣ < ε, for all r ∈ [0, 1].

Then the real sequences
(

(un)−
r

)
n

and
(

(un)+
r

)
n

are Cauchy for all r ∈ [0, 1], so they converge in R

toward u−
r and u+

r for all r ∈ [0, 1]. Like (ur)−
n < (ur)+

n for all n ∈ N and all r ∈ [0, 1], then by passing
to the limit u−

r < u+
r , for all r ∈ [0, 1]. As a result Mr = [u−

r , u+
r ] is an interval of R. It remains for us to

show that Mr is a r chopped off. For this, we show that Mr verifies the assumptions of Negoita-Ralescu
characterization theorem. �

The following theorem is easily derived from Theorem 1 of [20] and Theorem 1.1 of [19].

Theorem 2.4. Let u ∈ E1 . uα = [u(α), ū(α)] denotes the α-cut of u. For [0, 1], the following (1) to
(3) hold.

1. u(α), ū(α) are in C([0, 1],R);

2. u(α) is monotonically increasing and ū(α) is monotonically decreasing.

3. u(1) = ū(1)

Conversely, if i(α), s(α) : [0, 1] → R satisfies the above conditions (1) to (3),

u(a) =

{
sup{α ∈ [0, 1] | i(α) ≤ a ≤ s(α)}, a ∈ [i(0), s(0)]
0, a 6= [i(0), a(0)]

(2.1)

Then there exists u ∈ E1 such that uα = [i(α), s(α)], ∀α ∈ [0, 1].

Lemma 2.5. [12] You can embed R into E1 using the following map

g





R → E1

r → gr : gr(x) =

{
1, x = r

0, x 6= r
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2.2. Zadeh extension Principe

Definition 2.6. This principle makes it possible to extend an application f : X1 × X2 −→ Y ( where
X1, X2, Y classical sets) in

f̃ : F (X1) × F (X2) −→ F(Y)

(ν1, ν2) 7−→ f̃ (ν1, ν2) ,

for all y ∈ Y

f̃ (ν1, ν2) (y) =





sup
(x1,x2)∈f−1({y})

{ν1 (x1) ∧ ν2 (x2)} if f−1({y}) 6= ∅

0 if f−1({y}) = ∅.

a) Addition extension
Let X be a vector space,

+ : X × X −→ X

(x, y) 7−→ x + y.

According to Zadeh’s principle:
⊕ : F(X) × F(X) −→ F(x)

(ν1, ν2) 7−→ ν1 ⊕ ν2,

And for every x ∈ X

(ν1 ⊕ ν2) (x) = sup
(x1,x2)∈+−1({x})

ν1 (x1) ∧ ν2 (x2)

= sup ν1 (x1) ∧ ν2 (x2) ,

= sup
x1∈X

ν1 (x1) ∧ ν2 (x − x1) .

Similarly for all x ∈ X

(ν1 ⊙ ν2) (x) = sup
x1−x2=x

ν1 (x1) ∧ ν2 (x2) .

b) Multiplication by a scalar

f : X −→ X

x 7−→ λx (λ ∈ K).

By the principe of Zadeh :
f̃ : F(X) −→ F(X)

ν 7−→ f̃(µ) ∀y ∈ X,

f̃(ν)(y) = sup
x∈f−1({y})

ν(x) = sup
λx=y

ν(x) = ν
( y

λ

)
.

Then, for all λ ∈ K, ∀ν ∈ F(X), ∀x ∈ X,

(λ ⊙ ν)(x) =

{
ν
(

x
λ

)
if λ 6= 0

0 if λ = 0.

By Zadeh’s extension principle,
(µ + ν)α = µα + να

(λµ)α = λµα

For all µ, ν ∈ E1 and λ ∈ R.

Remark 2.7. (E1; ⊕; ⊙) is not a vector space.
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3. Fuzzy derivative and integration

This section presents some preliminary definitions and theorems about fuzzy set-valued functions.

3.1. Hukuhara generalized difference

Definition 3.1. [5] The generalized Hukuhara difference of two fuzzy numbers µ, ν ∈ E1 is defined as

µ ⊖g ν = ̟ ⇔

{
µ = ν + ̟

or ν = µ + (−1)̟

For the α-levels,

(µ ⊖g ν)
α

= [min{µ(α) − ν(α), µ̄(α) − ν̄(α)}, max{µ(α) − ν(α), µ̄(α) − ν̄(α)}]

and the existence condition of ̟ = µ ⊖g ν ∈ E1 are

case (i)

{
̟(α) = µ(α) − ν(α) and ̟(α) = µ(α) − ν(α)

with ̟(α) increasing, ̟(α) decreasing, ̟(α) ≤ ̟(α)
(3.1)

case (ii)

{
̟(α) = µ(α) − ν(α) and ̟(α) = µ(α) − ν(α)

with ̟(α) increasing, ̟(α) decreasing, ̟(α) ≤ ̟(α)
(3.2)

for every α ∈ [0, 1].
The following properties were obtained in [13]

Proposition 3.2. (Stefanini [13])
Let µ, ν ∈ E1 be two fuzzy numbers, after that

(i) If there is a gH difference, it is unique.

(ii) µ ⊖g ν = µ ⊖ ν or µ ⊖g ν = − (ν ⊖ µ) whenever the expressions on the right exist; in particular,
µ ⊙gH µ = µ ⊙H µ = 0,

(iii) if µ ⊖g ν exists in the sense (i), then ν ⊖g µ exists in the sense (ii) and vice versa,

(iv) (µ + ν) ⊖g ν = µ,

(v) 0 ⊖g (µ ⊖g ν) = ν ⊖g µ,

(vi) µ ⊖g ν = ν ⊖g µ = ̟ if and only if ̟ = −̟; furthermore, ̟ = 0 if and only if µ = ν.

Proposition 3.3. [14]
‖µ ⊖g ν‖ = d(µ, ν)

Theorem 3.4. [16] The space
(
E1, ‖.‖

)
is a linear normed space.

For the rest of this work, we will assume u ⊖g v ∈ E1. Denotes ‖x‖1 = d(x, 0̂) for every x ∈ E1.

3.2. Hukuhara’s derivative

Let f : [a, b] ⊂ R → E1 be a fuzzy function. The α level of f is

f(x, α) =
[
f(x, α), f(x, α)

]
, ∀x ∈ [a, b], ∀α ∈ [0, 1].

Definition 3.5. [5] Let x0 ∈ (a, b) and h be such that x0 + h ∈ (a, b), then the generalized Hukuhara
derivation of the fuzzy value function f : (a, b) → E1 at x0 is

lim
h→0

∥∥∥∥
f (x0 + h) −g f (x0)

h
−g f ′

gH (x0)

∥∥∥∥
1

= 0 (3.3)

If fgH (x0) ∈ E1 satisfies (3.3) then we say that f is generalized Hukuhara differentiable at x0.
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Definition 3.6. [5] Let f : [a, b] → E1 and x0 ∈ (a, b), with f(x, α) and f̄(x, α) both are differentiable
with respect to x0.

1. f is [(i) − gH ]-differentiable at x0 if

f ′
i,gH (x0) =

[
f ′(x, α), f̄ ′(x, α)

]
(3.4)

2. f is [(ii) − gH ]-differentiable at x0 if

f ′
ii,gH (x0) =

[
f̄ ′(x, α), f ′(x, α)

]
(3.5)

Theorem 3.7. [2]Let f : J ⊂ R → E1 and φ : J → R and x ∈ J . Suppose φ(x) is a function
differentiable on x and the fuzzy-valued function f(x) is gH differentiable on x. So

(fφ)′
g(x) = (f ′φ)g (x) +

(
fφ′
)

g
(x)

Definition 3.8. [22] Let f : [a, b] → E1 and f ′
gH(x) Also, (a, b) has no switch point, and f(x, α) and

f(x, α) are both at x0. Differentiable.

• f ′ is [(i) − gH ]-differentiable at x0 if

f ′′
i,gH(x0) =

[
f ′′(x, α), f

′′
(x, α)

]

• f ′ is [(ii) − gH ]-differentiable at x0 if

f ′′
ii,gH(x0) =

[
f

′′
(x, α), f ′′(x, α)

]

3.3. Fuzzy integration

Definition 3.9. [24] Let f : [a, b] → E1. f(x) is fuzzy Riemann integrable on I ∈ E1 for every ǫ > 0
there exists δ > 0 such that for any division P = {[u, v]; ξ} with the norms ∆(P ) < δ,we have

d

(
∗∑

p

(v − u)f(ξ),I

)
< ǫ

Where
∑∗

p stands for fuzzy sum.

Theorem 3.10. [5] If f is gH differentiable and there are no switching points on the interval [a, b], then

∫ b

a

f ′(t)dt = f(b) ⊖g f(a)

Theorem 3.11. Let f : E1 → R be a H-derivative function. f ′ = 0 if only f is a constant function.

Proof. By 3.10 it remain to prove that
∫ b

a
f ′(t)dt 6= 0̃ when a 6= b. If a 6= b then by Banach theorem

there is ϕ ∈ (E1)∗ such that ‖|ϕ‖| = 1 and ϕ (f(b) ⊖g f(a)) = ‖f(b) ⊖g f(a)‖. we consider the function
g(t) = ϕ (f(t) ⊖g f(a)), ∀t ∈ [a, b]. We have g′(t) = ϕ (f ′(t)) = 0 this function is at real values and
derivative which implies that g = 0, we conclude that g(b) = 0 which completes the proof. �

Theorem 3.12. [11] Let f(x) be a fuzzy function on (−∞, ∞), expressed as f(x, α) =
[
f(x, α), f(x, α)]

for any fixed α ∈ [0, 1]. Assume that |f(x, α)| and |f(x, α)| are Riemann integrable on (−∞, ∞) for all
α ∈ [0, 1]. Then f(x) is improperly fuzzy Riemann integrable over (−∞, ∞) and the improperly fuzzy
Riemann integral is a fuzzy number. we also have

∫ ∞

−∞

f(x)dx =
[∫ ∞

−∞

f(x, α)dx,

∫ ∞

−∞

f(x, α)dx
]
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From this theorem, we can discuss improper integration of fuzzy Riemann.

Lemma 3.13. Let f : R × R
+ → E1 , f(x, t; α) = [f(x, t; α), f(x, t; α)], and let a ∈ R

+.

If
∫∞

a
f(x, t; α)dt and

∫∞

a
f(x, t; α)dt are converges, then

∫ ∞

a

f(x, t; α)dt ∈ E1

Proof. Just use the theorem 2.4. �

Theorem 3.14. [7] Let f : R × R
+ → E1 be fuzzy value function such that f(x, t; α) =

[f(x, t; α), f(x, t; α)]. For each x ∈ [a, ∞), the fuzzy integral
∫∞

c
f(x, t)dt is convergent and also

∫∞

a
f(x, t)dx

as a function of t is convergent on [c, ∞). Then

∫ ∞

c

∫ ∞

a

f(x, t)dxdt =

∫ ∞

a

∫ ∞

c

f(x, t)dtdx

Theorem 3.15. Suppose both, f(x, t) and ∂xgH
f(x, t), are fuzzy continuous in [a, b] × [c, ∞). Moreover,

the integral converges for x ∈ R, and the integral
∫∞

c
f(x, t)dt uniformly converges on [a, b]. Then F is

gH-differentiable on [a, b] and

F ′
gH(x) =

∫ ∞

c

∂xgH
f(x, t)dt

Proof. By the convergence domaine theorem of f(x, t; α) and f(x, t; α), the continuity of ∂xgH
f(x, t) on

[a, b] and use the condition (3.1). �

Theorem 3.16. [2] Let g : [a, b] → E1 and f : [a, b] → R are two differentiable functions, then

∫ b

a

g′
gH(x)f(x)dx = ((g(b) ⊙ f(b)) ⊖g (g(a) ⊙ f(a))) ⊖g

∫ b

a

g(x)f ′(x)dx

Remark 3.17. [2] If f, g ∈ AE1

with lim
|y|→∞

f(y) = 0, lim|y|→∞ g(y) = 0 then

∫ ∞

−∞

f ′
gH(y)g(y)dx =

∫ ∞

−∞

f(y)g′(y)dx

4. Fuzzy fractional derivative

We present the derivation of generalized fuzzy fractions and their properties.

Definition 4.1. [3] Let f ∈ LE1

([a, b]). The fuzzy Riemann-Liouville integral of the fuzzy function f is
defined as

I
q
RLf(t) =

1

Γ(q)
⊙

∫ t

a

(t − s)q−1 ⊙ f(s)ds, a < s < t, 0 < q < 1 (4.1)

Definition 4.2. [2] [Riemann-Liouville fractional derivative RL]

Let f ∈ LE1

([a, b]) be a fuzzy value function,

D
q
RLgH

f(s) =





1

Γ(n − q)
⊙

(
d

ds

)n ∫ s

a

(s − t)n−q−1 ⊙ f(t)dt, n − 1 < q < n

(
d

ds

)n−1

f(s) , q = n − 1

(4.2)
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In other words forall q ∈ (n − 1, n)

D
q
RLgH

f(t) =
(
I

n−q
RL f(t)

)(n)
, t ∈ [a, b]

The second derivative in the sense of gH-differentiability exists. So these limits exist.

(
I

n−q
RL f(t)

)(n)
= lim

h→0

(
I

n−q
RL f

)(n−1)
(t + h) ⊖gH

(
I

2−q
RL f

)(n−1)

(t)

h

(
I

n−q
RL f(t)

)(n−1)
= lim

h→0

(
I

n−q
RL f

)(n−2)
(t + h) ⊖gH

(
I

2−q
RL f

)(n−2)

(t)

h

Analogiquly

(
I

n−q
RL f(t)

)′′
= lim

h→0

(
I

n−q
RL f

)′
(t + h) ⊖gH

(
I

2−q
RL f

)′

(t)

h

(
I

n−q
RL f(t)

)′
= lim

h→0

I
n−q
RL f(t + h) ⊖gH I

2−q
RL f(t)

h

Where

I
n−q
RL f(t) =

1

Γ(n − q)

∫ t

t0

(t − s)n−q−1 ⊙ f(s)ds, t ∈ [t0, T ]

Proposition 4.3. Let f ∈ LE1

([a, b]) be a fuzzy value function, the following equality hold

D
q
RLgH

I
q
RLf(t) = f(t)

D
q
RLgH

I
p
RLf(t) = I

p−q
RL f(t), p > q

Proof. For the first one, by using the definition,

D
q
RLgH

I
q
RLf(t) = D

q
RLgH

(Iq
RLf(t)) =

(
I

n−q
RL I

q
RLf(t)

)(n)
=
(

I
(n)
RLf(t)

)(n)

And
(

I
(n)
RLx(t)

)(n)

=

(∫ t

a

∫ t1

a

· · ·

∫ tn−1

a

f(u)dudtn−1 · · · dt1

)(n)

Finally,

D
q
RLgH

I
q
RLf(t) =

(∫ t

a

∫ t1

a

· · ·

∫ tn−1

a

f(u)dudtn−1 · · · dt1

)(n)

= f(t)

For the second equality, we have

D
q
RLgH

I
p
RLf(t) =

(
I

n−q
RL I

p
RLx(t)

)(n)

=
1

Γ(n − q)
⊙

(∫ t

a

(t − s)n−q−1 ⊙ I
p
RLf(s)ds

)(n)

=
1

Γ(n − q)Γ(p)
⊙

(∫ t

a

(t − s)n−q−1

∫ s

a

(s − u)p−1 ⊙ f(u)duds

)(n)
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By the Dirichlet’s formula, we have

D
q
RLgH

I
p
RLf(t) =

1

Γ(n − q)Γ(p)
⊙

(∫ t

a

f(u) ⊙

∫ t

u

(t − s)n−q−1 ⊙ (s − u)p−1dsdu

)(n)

gH

=
1

Γ(n − q)Γ(p)
⊙

(∫ t

a

f(s) ⊙

∫ t

s

(t − τ )n−q−1 ⊙ (τ − s)p−1dτds

)(n)

gH

If we suppose x =
τ − s

t − s
then





if τ = s ⇒ x = 0

if τ = t ⇒ x = 1
and dτ = (t − s)dx

Also 



(τ − t) = (t − s)(1 − x)

(τ − s) = x(t − s)

we obtain

D
q
RLgH

I
p
RLf(t) =

1

Γ(n − q)Γ(p)
⊙

(∫ t

a

f(s) ⊙ (t − s)n−q+p−1ds

∫ 1

0

xp−1(1 − x)n−q−1dx

)(n)

gH

On the other hand, ∫ 1

0

xp−1(1 − x)n−q−1dx =
Γ(n − q)Γ(p)

Γ(p − q + n)

Then,

D
q
RLgH

I
p
RLf(t) =

1

Γ(p − q + n)
⊙

(∫ t

a

f(s) ⊙ (t − s)n−q+p−1ds

)(n)

gH

Now we are going to find the,

(∫ t

a

f(s) ⊙ (t − s)n−q+p−1ds

)(n)

gH

.

We have, first derivative

(∫ t

a

f(s) ⊙ (t − s)n−q+p−1ds

)′

=

∫ t

a

(n − q + p − 1)f(s) ⊙ (t − s)n−q+p−2ds

Second derivative,

(∫ t

a

(n − q + p − 1)f(s) ⊙ (t − s)n−q+p−2ds

)′

=

∫ t

a

(n − q + p − 1)(n − q + p − 2)f(s)

⊙(t − s)n−q+p−3ds.

nth derivative,

(∫ t

a

(n − q + p − 1) · · · (p − q + 1)f(s) ⊙ (t − s)p−qds

)′

=

∫ t

a

(n − q + p − 1) · · · (p − q + 1)(p − q)f(s)

⊙ (t − s)p−q−1ds,
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By substituting in,

D
q
RLgH

I
p
RLf(t) =

1

Γ(p − q + n)
⊙

(∫ t

a

f(s) ⊙ (t − s)n−q+p−1ds

)(n)

gH

=
(p − q + n − 1) · · · (p − q + 1)(p − q)

Γ(p − q + n)

∫ t

a

f(s) ⊙ (t − s)p−q−1ds.

Since,
(p − q + n − 1) · · · (p − q + 1)(p − q)

Γ(p − q + n)
=

1

Γ(p − q)

D
q
RLgH

I
p
RL

f(t) =
1

Γ(p − q)
⊙

∫ t

a

(t − s)p−q−1 ⊙ f(s)ds = I
p−q
RL f(t).

Definition 4.4. [2] The definition of the RL fractional derivative assumes that the integer order of the
derivative is the operator in the integral and in the operand functions f(t) ∈ E1, t ∈ [a, b] .

C
gHDqf(s) =





1

Γ(n − q)
⊙

∫ s

a

(s − t)n−q−1 ⊙ f
(n)
gH (t)dt, n − 1 < q < n

(
d

ds

)n−1

f(s) , q = n − 1

(4.3)

In other words for all q ∈ (n − 1, n) and t ∈ [a, b], we have

C
gHDqf(t) = D

q
RLgH

(
f(t) ⊖gH f (a) ⊖gH (t − a) ⊙ f ′ (a) ⊖gH · · · ⊖gH

(t − a)
(n−1)

(n − 1)!
⊙ f (n−1) (a)

)
,

We get the following relations :

∫ t

a

∫ t1

a

· · ·

∫ tn−1

a

f (n)(u)dudtn−1 · · · dt1 = f(t) ⊖gH f (a) ⊖gH (t − a) ⊙ f ′ (a) ⊖gH · · ·

⊖gH

(t − a)
(n−1)

(n − 1)!
⊙ f (n−1) (a) .

By substituting,

D
q
RLgH

(∫ t

a

∫ t1

a

· · ·

∫ tn−1

a

f (n)(u)dudtn−1 · · · dt1

)
= D

q
RLgH

(f(t) ⊖gH f (a)

⊖gH (t − a) ⊙ f ′ (a) ⊖gH · · · ⊖gH

(t − a)
(n−1)

(n − 1)!
⊙ f (n−1) (a)

)
.

Indeed,

C
gHDqf(t) = D

q
RLgH

(∫ t

a

∫ t1

a

· · ·

∫ tn−1

a

f (n)(u)dudtn−1 · · · dt1

)

= D
q
RLgH

(
I

n
RL

f (n)(t)
)

= I
n−q
RL

f (n)(t).
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Finally,

C
gHDqf(t) = I

n−q
RL f (n)(t) =

1

Γ(n − q)

∫ t

a

(t − s)n−q−1 ⊙ f (n)(s)ds.

�

Lemma 4.5. Let f ∈ AE1

and q ∈ (0, 1) thus f = [f, f ] then

1. If f is [(i) − gH ]-differentiable with respect to t0 then Dqf is [(i) − gH ] differentiable with re-
spect to t0 and f ′ = [f ′, f ′] and Dqf = [Dqf, Dqf ].
2. If f is [(ii) − gH ]-differentiable with respect to t0 then Dqf is [(ii) − gH ] differentiable with respect
to t0 and f ′ = [f ′, f ′] and Dqf = [Dqf, Dqf ].

Proof. 1. Suppose that f is [(i) − gH ]-differentiable with respect to t0, Note that

gHDqf(t) =
1

Γ(1 − q)

∫ t

0

(t − s)−qf ′
gH(s)ds.

Since
1

Γ(1 − q)
(t − s)−q s always a non-negative quantity for 0 < t < s then gHDqf(t) is [(i) − gH ]

differentiable with respect to t0.

Moreover, we have

f ′ = [f ′, f ′]

1

Γ(1 − q)

∫ t

0

(t − s)−qf ′
gH(s)ds = [

1

Γ(1 − q)

∫ t

0

(t − s)−qf ′(s)ds,
1

Γ(1 − q)

∫ t

0

(t − s)−qf ′(s)ds]

Dqf = [Dqf, Dqf ].

we do the same for point 2.

Theorem 4.6. Let f ∈ AE1

and q ∈ (1, 2), then

gHDqf(t) = gHDq−1f ′
gH(t).

Proof. Set f(t) = [f(t; α), f̄(t; α)] and use lemma (4.5)

case 1. If f is [(i)]-differentiable and f ′ is [(i)]-differentiable then

f(t)′ =
[
f ′(t; α), f̄ ′(t; α)

]
and f(t)′′ =

[
f ′′(t; α), f̄ ′′(t; α)

]
.

Note that

gHDqf(t) =
1

Γ(2 − q)

∫ t

0

(t − s)1−qf ′′
gH(s)ds,

we have

f(t)′′ =
[
f ′′(t; α), f̄ ′′(t; α)

]

1

Γ(2 − q)

∫ t

0

(t − s)1−qf ′′
gH(s)ds =

[
1

Γ(2 − q)

∫ t

0

(t − s)1−qf ′′(s; α)ds,
1

Γ(2 − q)

∫ t

0

(t − s)1−q f̄ ′′(s; α)ds

]
.

gHDqf(t) =
[

gHDqf(t; α), gHDqf(t; α)
]

.

Moreover, since f ′ is [(i)-differentiable] and 0 ≤ q − 1 ≤ 1 then

f(t)′ =
[
f ′(t; α), f̄ ′(t; α)

]

gHDq−1f(t)′ =
[

gHDq−1f ′(t; α), gHDq−1f
′
(t; α)

]
.
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gHDq−1f(t)′ =
[

gHDqf(t; α), gHDqf(t; α)
]

, (4.4)

thus, by (4) and (4.4) we obtain gHDq−1f(t)′ = gHDqf(t)

case 2. If f is [(i)]-differentiable and f ′ is [(ii)]-differentiable then

f(t)′ =
[
f ′(t; α), f̄ ′(t; α)

]
and f(t)′′ =

[
f

′′
(t; α), f ′′(t; α)

]
.

Note that

gHDqf(t) =
1

Γ(2 − q)

∫ t

0

(t − s)1−qf ′′
gH(s)ds,

We have
f(t)′′ =

[
f

′′
(t; α), f ′′(t; α)

]
.

Which implies

1

Γ(2 − q)

∫ t

0

(t − s)1−qf ′′
gH(s)ds =

[
1

Γ(2 − q)

∫ t

0

(t − s)1−qf
′′
(s; α)ds,

1

Γ(2 − q)

∫ t

0

(t − s)1−qf ′′(s; α)ds

]
.

So

gHDqf(t) =
[

gHDqf(t; α), gHDqf(t; α)
]

. (4.5)

Moreover, since f ′ is [(ii)-differentiable] and 0 ≤ q − 1 ≤ 1 then

f(t)′ =
[
f ′(t; α), f

′
(t; α)

]

gHDq−1f(t)′ =
[

gHDq−1f
′
(t; α), gHDq−1f ′(t; α)

]
.

gHDq−1f(t)′ =
[

gHDqf(t; α), gHDqf(t; α)
]

. (4.6)

Thus, by (4.5) and (4.6) we obtain gHDq−1f(t)′ = gHDqf(t)

Case 3. If f is [(ii)-differentiable] and f ′ is [(i)]-differentiable then

f(t)′ =
[
f

′
(t; α), f ′(t; α)

]
and f(t)′′ =

[
f

′′
(t; α), f ′′(t; α)

]
.

Note that

gHDqf(t) =
1

Γ(2 − q)

∫ t

0

(t − s)1−qf ′′
gH(s)ds.

We have

f(t)′′ =
[
f

′′
(t; α), f ′′(t; α)

]

1

Γ(2 − q)

∫ t

0

(t − s)1−qf ′′
gH(s)ds =

[
1

Γ(2 − q)

∫ t

0

(t − s)1−qf
′′
(s; α)ds,

1

Γ(2 − q)

∫ t

0

(t − s)1−qf ′′(s; α)ds

]
.

gHDqf(t) =
[

gHDqf(t; α), gHDqf(t; α)
]

. (4.7)

Moreover, since f ′ is [(i)-differentiable] and 0 ≤ q − 1 ≤ 1, then

f(t)′ =
[
f

′
(t; α), f ′(t; α)

]

gHDq−1f(t)′ =
[

gHDq−1f
′
(t; α), gHDq−1f ′(t; α)

]
.
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gHDq−1f(t)′ =
[

gHDqf(t; α), gHDqf(t; α)
]

, (4.8)

thus, by (4.7) and (4.8) we obtain gHDq−1f(t)′ = gHDqf(t)

case 4. If f is [(ii)]-differentiable and f ′ is [(ii)]-differentiable, then

f(t)′ =
[
f

′
(t; α), f ′(t; α)

]
and f(t)′′ =

[
f ′′(t; α), f

′′
(t; α)

]
.

Note that

gHDqf(t) =
1

Γ(2 − q)

∫ t

0

(t − s)1−qf ′′
gH(s)ds.

We have
f(t)′′ =

[
f ′′(t; α), f̄ ′′(t; α)

]
.

Which implies

1

Γ(2 − q)

∫ t

0

(t − s)1−qf ′′
gH(s)ds =

[
1

Γ(2 − q)

∫ t

0

(t − s)1−qf ′′(s; α)ds,
1

Γ(2 − q)

∫ t

0

(t − s)1−q f̄ ′′(s; α)ds

]
,

gHDqf(t) =
[

gHDqf(t; α), gHDqf(t; α)
]

. (4.9)

Moreover, since f ′ is [(ii)-differentiable] and 0 ≤ q − 1 ≤ 1 then

f(t)′ =
[
f

′
(t; α), f ′(t; α)

]

gHDq−1f(t)′ =
[

gHDq−1f ′(t; α), gHDq−1f
′
(t; α)

]

gHDq−1f(t)′ =
[

gHDqf(t; α), gHDqf(t; α)
]

(4.10)

thus, by (4.9) and (4.10) we obtain gHDq−1f(t)′ = gHDqf(t)

from where, forall q ∈ (1, 2) we have gHDqf(t) = gHDq−1f ′
gH(t)

Lemma 4.7. Let f ∈ LE1

, ∀t ∈ [0, b] and ∀q ∈ (n − 1, n) we have

(i) CDqIqf(t) = f(t)

(ii) IqCDqf(t) = f(t) ⊖gH f (0) ⊖gH (t) ⊙ f ′ (0) ⊖gH · · · ⊖gH

(t)
(n−1)

(n − 1)!
⊙ f (n−1) (0) .

Proof. . For the first one, by using the definition, we have

C
gHDqf(t) = D

q
RLgH

(
f(t) ⊖gH f (0) ⊖gH (t) ⊙ f ′ (0) ⊖gH · · · ⊖gH

(t)
(n−1)

(n − 1)!
⊙ f (n−1) (0)

)
,

Which implies that

C
gHDqIqf(t) = D

q
RLgH

(
Iqf(t) ⊖gH Iqf (0) ⊖gH (t) ⊙ Iqf ′ (0) ⊖gH · · · ⊖gH

(t)(n−1)

(n − 1)!
⊙ Iqf (n−1) (a)

)

= D
q
RLgH

(Iqf(t)) = f(t)

Indeed, forall f ∈ LE1

,it exists a constant K such that

K = sup
t∈[a,b]

D[f (n)(t), 0̂]
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then

D0

[
Iqf (n)(t), 0̂

]
≤ K

1

Γ(q)

∫ t

0

(t − s)q−1ds = K
(t)q

Γ(1 + q)

Which implies that, Iqf(t) = Iqf ′(t) = · · · = Iqf (n−1)(t) = 0 in t = 0.

�

The second property, forall q ∈ (n − 1, n) we have

C
gHDqf(t) = D

q
RLgH

(
f(t) ⊖gH f (0) ⊖gH (t) ⊙ f ′ (0) ⊖gH · · · ⊖gH

(t)
(n−1)

(n − 1)!
⊙ f (n−1) (0)

)
,

Using the fractional integration of Riemann–Liouville in both sides, we have

IqC
gHDqf(t) = Iq

D
q
RLgH

(
f(t) ⊖gH f (0) ⊖gH (t) ⊙ f ′ (0) ⊖gH · · · ⊖gH

(t)
(n−1)

(n − 1)!
⊙ f (n−1) (0)

)

= f(t) ⊖gH f (0) ⊖gH (t) ⊙ f ′ (0) ⊖gH · · · ⊖gH

(t)
(n−1)

(n − 1)!
⊙ f (n−1) (0)

�

5. Main Results

First, we prove the following lemma for explicit solution formulas for linear fractional problems subject
to fractional-integer boundary conditions.

Lemma 5.1. We consider the following initial-type problem of Caputo type fractional fuzzy differential
equation with the non-integer order q ∈] 2, 3[

{
Dqu(t) = f (t, u(t)) , 0 < t < a

u(a) = 0 ∈ E1, u(a) = A ∈ E1, u(b) = B ∈ E1 0 < b < a
(5.1)

Where f : [0, a] × E1 → E1 is a continuous and q ∈] 2, 3[.
Consider the equation

u(t) =
a2 ⊙ B ⊖ b2 ⊙ A

a2b − ab2
⊙ t ⊕

a ⊙ B ⊖ b ⊙ A

ab2 − ba2
⊙ t2 ⊕

∫ a

0

G(t, s) ⊙ f(s, u(s))ds (5.2)

where

G(t, s) =





−
1

Γ(q)

(
−(t − s)q−1

−
bt

a(b − a)
(a − s)q−1 +

at

b(b − a)
(b − s)q−1

−
t2

a(a − b)
(a − s)q−1

+
t2

b(a − b)
(b − s)q−1

)
, 0 < s < t < b < a.

−
1

Γ(q)

(
−

bt

a(b − a)
(a − s)q−1 +

at

b(b − a)
(b − s)q−1

−
t2

a(a − b)
(a − s)q−1

+
t2

b(a − b)
(b − s)q−1

)
, 0 < t < s < b < a.

−
1

Γ(q)

(
bt

a(b − a)
(a − s)q−1 +

t2

a(a − b)
(a − s)q−1

)
, 0 < t < b < s < a.

Here G(t, s) is called the Green’s function associated with the boundary value problem (5.1).
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Proof. Consider the following problem :




Dqu(t) = f(t, u(t)), 0 < t < a

u(0) = 0, u(a) = A ∈ E1; u(b) = B ∈ E1 0 < b < a 2 < q < 3.

(5.3)

The first equation in this problem is equivalent to the following integral equation

IqDqu(t) = u(t) ⊖gh u(0) ⊖gh t ⊙ u′(0) ⊖gh

t2

2
⊙ u′′(0)

= Iqf(t, u(t)).

Which give

u(t) = u(0) + t ⊙ u′(0) +
t2

2
⊙ u′′(0) + Iqf(t, u(t)). (5.4)

Looking for u′(0) and u′′(0)
For t = 0, we have : u(0) = 0.

For t = b, we have

u(b) = u(0) + b ⊙ u′(0) +
b2

2
⊙ u′′(0) + Iqf(b, u(b))

= u(0) + b ⊙ u′(0) +
b2

2
⊙ u′′(0) +

1

Γ(q)
⊙

∫ b

0

(b − s)q−1 ⊙ f(s, u(s))ds,

which implies

b ⊙ u′(0) +
b2

2
⊙ u′′(0) = B ⊖

1

Γ(q)
⊙

∫ b

0

(b − s)q−1 ⊙ f(s, u(s))ds. (5.5)

For t = a, we obtain

u(a) = u(0) + a ⊙ u′(0) +
a2

2
⊙ u′′(0) + Iqf(a, u(a))

= u(0) + a ⊙ u′(0) +
a2

2
⊙ u′′(0) +

1

Γ(q)
⊙

∫ a

0

(a − s)q−1 ⊙ f(s, u(s))ds,

which implies

a ⊙ u′(0) +
a2

2
⊙ u′′(0) = A ⊖

1

Γ(q)
⊙

∫ a

0

(a − s)q−1 ⊙ f(s, u(s))ds. (5.6)

Doing a ⊙ (5.5) ⊖ b ⊙ (5.6), we find

(
ab2

2
−

ba2

2

)
⊙ u′′(0) = a ⊙ B ⊖ b ⊙ A

⊖
1

Γ(q)
⊙

[∫ b

0

(
a(b − s)q−1 ⊖ b(a − s)q−1

)
⊙ f(s, u(s))ds ⊖

∫ a

b

b(a − s)q−1 ⊙ f(s, u(s))ds

]
.

Thus

u′′(0) =
2

ab2 − ba2
(a ⊙ B ⊖ b ⊙ A

⊖
1

Γ(q)
⊙

[∫ b

0

(
a(b − s)q−1 ⊖ b(a − s)q−1

)
⊙ f(s, u(s))ds ⊖

∫ a

b

b(a − s)q−1 ⊙ f(s, u(s))ds

])
.

(5.7)
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And a2 ⊙ (5.5) ⊖ b2 ⊙ (5.6) given

(
a

2
b − ab

2
)

⊙ u
′(0) = a

2
⊙ B ⊖ b

2
⊙ A

⊖
1

Γ(q)
⊙

[∫ b

0

(
a

2(b − s)q−1
⊖ b

2(a − s)q−1
)

⊙ f(s, u(s))ds ⊖

∫ a

b

b
2(a − s)q−1

⊙ f(s, u(s))ds

]
.

Thus

u′(0) =
1

a2b − ab2

(
a2 ⊙ B ⊖ b2 ⊙ A

⊖
1

Γ(q)
⊙

[∫ b

0

(
a2(b − s)q−1 ⊖ b2(a − s)q−1

)
⊙ f(s, u(s))ds ⊖

∫ a

b

b2(a − s)q−1 ⊙ f(s, u(s))ds

])
.

(5.8)
We substitute 5.7 and 5.8 in 5.4 we get

u(t) =
t

a2b − ab2
⊙
(
a2 ⊙ B ⊖ b2 ⊙ A

⊖
1

Γ(q)
⊙

[∫ b

0

(
a2(b − s)q−1 ⊖ b2(a − s)q−1

)
⊙ f(s, u(s))ds ⊖

∫ a

b

b2(a − s)q−1 ⊙ f(s, u(s))ds

])

+
t2

ab2 − ba2
⊙ (a ⊙ B ⊖ b ⊙ A

⊖
1

Γ(q)
⊙

[∫ b

0

(
a(b − s)q−1 ⊖ b(a − s)q−1

)
⊙ f(s, u(s))ds ⊖

∫ a

b

b(a − s)q−1 ⊙ f(s, u(s))ds

])

⊕ Iqf(t, u(t))

=
a2 ⊙ B ⊖ b2 ⊙ A

a2b − ab2
⊙ t +

a ⊙ B ⊖ b ⊙ A

ab2 − ba2
⊙ t2

⊖
1

Γ(q)
⊙

∫ b

0

(
a2t

a2b − ab2
⊙ (b − s)q−1 ⊖

b2t

a2b − ab2
⊙ (a − s)q−1

⊕
at2

ab2 − ba2
⊙ (b − s)q−1 ⊖

bt2

ab2 − ba2
⊙ (a − s)q−1

)
⊙ f(s, u(s))ds

⊕
1

Γ(q)

∫ a

b

(
b2t

a2b − ab2
⊙ (a − s)q−1 ⊕

bt2

ab2 − ba2
⊙ (a − s)q−1

)
⊙ f(s, u(s))ds

⊕
1

Γ(q)
⊙

∫ t

0

(t − s)q−1 ⊙ f(s, u(s))ds

So we obtained

u(t) =
a2 ⊙ B ⊖ b2 ⊙ A

a2b − ab2
⊙ t +

a ⊙ B ⊖ b ⊙ A

ab2 − ba2
⊙ t2

⊖
1

Γ(q)
⊙

∫ b

0

(
at

b(a − b)
⊙ (b − s)q−1 ⊖

bt

a(a − b)
⊙ (a − s)q−1 ⊕

t2

b(b − a)
⊙ (b − s)q−1

⊖
t2

a(b − a)
⊙ (a − s)q−1

)
⊙ f(s, u(s))ds

⊕
1

Γ(q)

∫ a

b

(
bt

a(a − b)
⊙ (a − s)q−1 ⊕

t2

a(b − a)
⊙ (a − s)q−1

)
⊙ f(s, u(s))ds

⊕
1

Γ(q)
⊙

∫ t

0

(t − s)q−1 ⊙ f(s, u(s))ds.

Which implies

u(t) =
a2 ⊙ B ⊖ b2 ⊙ A

a2b − ab2
⊙ t ⊕

a ⊙ B ⊖ b ⊙ A

ab2 − ba2
⊙ t2 ⊕

∫ a

0

G(t, s) ⊙ f(s, u(s))ds.
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With G(t, s) is given by

G(t, s) =





−
1

Γ(q)

(
−(t − s)q−1

−
bt

a(b − a)
(a − s)q−1 +

at

b(b − a)
(b − s)q−1

−
t2

a(a − b)
(a − s)q−1

+
t2

b(a − b)
(b − s)q−1

)
, 0 < s < t < b < a.

−
1

Γ(q)

(
−

bt

a(b − a)
(a − s)q−1 +

at

b(b − a)
(b − s)q−1

−
t2

a(a − b)
(a − s)q−1

+
t2

b(a − b)
(b − s)q−1

)
, 0 < t < s < b < a.

−
1

Γ(q)

(
bt

a(b − a)
(a − s)q−1 +

t2

a(a − b)
(a − s)q−1

)
, 0 < t < b < s < a.

�

Theorem 5.2. We set that f ∈ C
(
[0, a] × E1, E1

)
such that f(α) and f̄(α) are continuous functions

with respect α and there exists M : [0, 1] → R+ such that ∀(t, u) ∈ [0, a] × E1

∣∣∣∣
∂

∂α
f(t, u, α)

∣∣∣∣ ,
∣∣∣∣

∂

∂α
f(t, u, α)

∣∣∣∣ ≤ M(α)

and ∣∣∣∣
d

dα
A(α)

∣∣∣∣ ,
∣∣∣∣

d

dα
Ā(α)

∣∣∣∣ ≥
aq

Γ(q − 1)
M(α) and

∣∣∣∣
d

dα
B(α)

∣∣∣∣ ,
∣∣∣∣

d

dα
B(α)

∣∣∣∣ ≥
baq−1

Γ(q − 1)
M(α).

u is a solution to 5.1 iff u is a solution to 5.2.

Proof. Let u(t) be a solution of (5.1) then

Dqu(t) = f(t, u(t)) and u(0) = 0, u(b) = B, u(a) = A

Since, 1 < q − 1 < 2, then by Lemme(4.7), we get

Iq−1Dqu(t) = Iq−1Dq−1u′(t) = u′(t) ⊖ u′(0) ⊖ u′′(0) ⊙ t = Iq−1f(t, u(t)).

which implies
u′(t) = u′(0) + u′′(0) ⊙ t + Iq−1f(t, u(t)).

by integrating over [0, b], respectively over [0, a], we obtain





bu′(0) +
b2

2
u′′(0) = B ⊖

1

Γ(q − 1)

∫ b

0

∫ t

0

(t − s)q−2f(s, u(s))dsdt

au′(0) +
a2

2
u′′(0) = A ⊖

1

Γ(q − 1)

∫ a

0

∫ t

0

(t − s)q−2f(s, u(s))dsdt,

thus



(
a2b − b2a

)
u′(0) =

(
Ba2 ⊖

a2

Γ(q − 1)

∫ b

0

∫ t

0

(t − s)q−2f(s, u(s))dsdt

)
⊖

(
Ab2 ⊖

b2

Γ(q − 1)

∫ a

0

∫ t

0

(t − s)q−2f(s, u(s))dsdt

)

(
ab2

2
−

ba2

2

)
u′′(0) =

(
Ba ⊖

a

Γ(q − 1)

∫ b

0

∫ t

0

(t − s)q−2f(s, u(s))dsdt

)
⊖

(
Ab ⊖

b

Γ(q − 1)

∫ a

0

∫ t

0

(t − s)q−2f(s, u(s))dsdt

)
.

Either again



(
a2b − b2a

)
u′(0) = a

(∫ b

0

∫ t

0

Ba

bt
⊖

a

Γ(q − 1)
(t − s)q−2f(s, u(s))dsdt

)
⊖ b

(∫ a

0

∫ t

0

Ab

at
⊖

b

Γ(q − 1)
(t − s)q−2f(s, u(s))dsdt

)

(
ab2

2
−

ba2

2

)
u′′(0) =

(∫ b

0

∫ t

0

Ba

bt
⊖

a

Γ(q − 1)
(t − s)q−2f(s, u(s))dsdt

)
⊖

(∫ a

0

∫ t

0

Ab

at
⊖

b

Γ(q − 1)
(t − s)q−2f(s, u(s))dsdt

)
.

In other hand
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d

dα

(
Ba

bt
−

a

Γ(q − 1)
(t − s)q−2f(s, u(s), α)

)
≥

dB

dα

a

ba
−

aq−1

Γ(q − 1)

d

dα
f(s, u(s), α) ≥ 0

and
d

dα

(
Ba

bt
−

a

Γ(q − 1)
(t − s)q−2f(s, u(s), α)

)
≤

dB

dα

a

ba
−

aq−1

Γ(q − 1)

d

dα
f(s, u(s), α) ≤ 0,

as far as

d

dα

(
Ab

at
−

b

Γ(q − 1)
(t − s)q−2f(s, u(s), α)

)
≥

dA

dα

b

a2
−

aq−1

Γ(q − 1)

d

dα
f(s, u(s), α) ≥ 0,

and
d

dα

(
Ab

at
−

b

Γ(q − 1)
(t − s)q−2f(s, u(s), α)

)
≤

dA

dα

b

a2
−

aq−1

Γ(q − 1)

d

dα
f(s, u(s), α) ≤ 0.

By theorem (2.4) and lemme (4.7)

u(t) =

∫ t

0

u′(s)ds ∈ E1, ∀t ∈ [0, a].

This means that u(t) is continuously derivable according to Lemma (4.7)), we have

Dqu(t) = f (t, u(t))

⇔ u(t) = u(0) + tu′(0) +
t2

2
u′′ + Iqf (t, u(t))

⇔ u(t) = tu′(0) +
t2

2
u′′ +

1

Γ(q)

∫ t

0

(t − s)q−1f (s, u(s)) ds

where



u′(0) =
1

a2b − ab2

(
a2 ⊙ B ⊖ b2 ⊙ A ⊖

1

Γ(q)
⊙

[∫ b

0

(
a2(b − s)q−1 ⊖ b2(a − s)q−1

)
⊙ f(s, u(s))ds ⊖

∫ a

b

b2(a − s)q−1 ⊙ f(s, u(s))ds

])

u′′(0) =
2

ab2 − ba2

(
a ⊙ B ⊖ b ⊙ A ⊖

1

Γ(q)
⊙

[∫ b

0

(
a(b − s)q−1 ⊖ b(a − s)q−1

)
⊙ f(s, u(s))ds ⊖

∫ a

b

b(a − s)q−1 ⊙ f(s, u(s))ds

])
.

Substitute into the previous expression obtained, we get

u(t) =
a2 ⊙ B ⊖ b2 ⊙ A

a2b − ab2
⊙ t ⊕

a ⊙ B ⊖ b ⊙ A

ab2 − ba2
⊙ t2 ⊕

∫ a

0

G(t, s) ⊙ f(s, u(s))ds,

that is u(t) is a solution of (5.2).
Suppose u(t) is the solution of (5.2).
First, u(0) = 0̃, u(b) = B and u(a) = A.
Since,

u(t) =
a2 ⊙ B ⊖ b2 ⊙ A

a2b − ab2
⊙ t ⊕

a ⊙ B ⊖ b ⊙ A

ab2 − ba2
⊙ t2 ⊕

∫ a

0

G(t, s) ⊙ f(s, u(s))ds

=
a ⊙ B

ab2 − ba2
t2 ⊖

a2 ⊙ B

ab2 − ba2
t +

b2 ⊙ A

ab2 − ba2
t ⊖

b ⊙ A

ab2 − ba2
t2 ⊕

∫ a

0

G(t, s) ⊙ f(s, u(s))ds

=

∫ a

0

(
t2

ab2 − ba2
⊖

at

ab2 − ba2

)
⊙ B +

(
b2 ⊙ t

a2b2 − ba3
⊖

b ⊙ t2

a2b2 − ba3

)
⊙ A ⊕ G(t, s) ⊙ f(s, u(s))ds

=

∫ t

0

(
t2

ab2 − ba2
⊖

at

ab2 − ba2

)
⊙ B +

(
b2 ⊙ t

a2b2 − ba3
⊖

b ⊙ t2

a2b2 − ba3

)
⊙ A ⊕ G(t, s) ⊙ f(s, u(s))ds

+

∫ a

t

(
t2

ab2 − ba2
⊖

at

ab2 − ba2

)
⊙ B +

(
b2 ⊙ t

a2b2 − ba3
⊖

b ⊙ t2

a2b2 − ba3

)
⊙ A ⊕ G(t, s) ⊙ f(s, u(s))ds,
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it is very easy to verify that u(t) ∈ E1. In this case, Using the property 4.3 we get

Dqu(t) = Dq

∫ a

0

G(t, s)f (s, u(s)) ds

= Dq

(
1

Γ(q)

∫ t

0

(t − s)q−1f (s, u(s)) ds

)

= f (s, u(s))

Thus u(t) is a solution of (5.1). �

Theorem 5.3. f ∈ C
(
[0, a] × E1, E1

)
and (A, B) ∈ E1 × E1 satisfies the conditions of the theorem

(5.2),and ∀(x, y) ∈ E1 × E1 ; d(f(t, x), f(t, y)) ≤ Kd(x, y), ∀t ∈ [0, a] where 2K
Γ(q+1)

[
aq+1 + a2bq−1

(a − b)

]
<

1 Then the problem (5.1) has a unique solution in C
1
(
[0, a], E1

)
.

Proof. Consider the following map

F :





C
(
[0, a], E1

)
→ C

(
[0, a], E1

)

x → Fx : Fx(t) = w(t) +

∫ a

0

G(t, s)f (s, x(s)).

First F is well defined :
Since G(., s) and f are continuous then F has its value in C

(
[0, a], E1

)
, so F is well defined.(

E1, d
)

is a complete metric space and [0, a] is a compact of R then
(
C
(
[0, a], E1

)
, d∞

)
, where

d∞(x, y) = supt∈[0,a] d(x(t), y(t)), is a complete metric space.

For all x, y ∈ C
(
[0, a], E1

)
, we have

d∞(Fx, Fy) ≤

∫ a

0

|G(t, s)|d (f (s, x(s)) , f (s, y(s))) ds

≤ K sup
t∈[0,a]

∫ a

0

|G(t, s)| dsd∞(x, y)

≤ K sup
t∈[0,a]

[∫ t

0

|G(t, s)| ds +

∫ b

t

|G(t, s)| ds +

∫ a

b

|G(t, s)| ds

]
d∞(x, y)

≤
K

Γ(q + 1)
sup

t∈[0,a]

[
tq +

bt

(a − b)
aq−1 +

at

(a − b)
bq−1 +

t2

(a − b)
aq−1 +

t2

(a − b)
bq−1

]
d∞(x, y)

≤
K

Γ(q + 1)

[
aq +

ba

(a − b)
aq−1 +

a2

(a − b)
bq−1 +

a2

(a − b)
aq−1 +

a2

(a − b)
bq−1

]
d∞(x, y)

≤
2K

Γ(q + 1)

[
aq+1 + a2bq−1

(a − b)

]
d∞(x, y)

Since K sup
t∈[0,a]

∫ a

0

|G(t, s)| ds < 1. In this case, by Banach’s fixed point theorem, F has a unique fixed

point that is the solution to (5.1). �

6. Applications

In this section we satisfy the conditions of the theorem (5.3) and as an explanation of the theorem
(5.3) t ∈ [0, 2], we have :




Dqu(t) = p ⊙ φ(u(t)), 0 < t < 2

u(0) = 0̃ ∈ E1; u(1) = (0.1 0.2 0.3); u(2) = (0.2 0.5 1) 2 < q < 3,

(6.1)
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where p is a singleton fuzzy number and φ ∈ C
(
[0, 2], E1

)
.

Since φ is continuous on [0;2] then there is A > 0 such that |φ| < A which implies by the Mean Value
Theorem we know there exists ξ ∈]0; 2[ such that :

d∞ (p ⊙ φ(u(t)); p ⊙ φ(v(t))) < |p|ξd∞(u(t), v(t))

This implies the existence of a solution. Then, according to the theorem (5.3) to have uniqueness it
is necessary that :

2|p|ξ

Γ(q + 1)

[
2q+1 + 22

]
< 1 or |p| <

Γ(q + 1)

24 (2q−1 + 1)

7. Conclusions

In this study, an attempt was made to give a solution to a fuzzy differential equation under the
Caputo derivation using the Green’s function and Banach’s fixed point theorem. An example to support
the results is presented.
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