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abstract: In this paper, we investigate a Bresse-Timoshenko-type system with a distributed delay term and
second sound. Under suitable assumptions, we establish the global well-posedness of the initial and boundary
value problem by using the Faedo-Galerkin approximations and some energy estimates.
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1. Introduction

In engineering practice, questions about understanding the characteristics of natural vibrations of
such coupled systems occur when tackling problems involving the dynamics of composite mechanical
structures with various types of connections. When we talk about the combination of elements, the
behavior of which is defined by equations of various types, we are talking about non-classical problems
in mathematical physics. As a result of the difficulty in solving them, models of real structures are used
in practice, which are simplified by incorporating extra hypotheses and assumptions.

Let us mention some references to the mechanics of technical structures and non-classical problems
in mathematical physics [7], [8], [18], [19]. A new type of problem arises with the combination of the
Timoshenko system [22] and Bresse system or the curved beam [10]. The coupled system from which we
derive Bress-Timoshenko is derived from Elishakov [12] and combines D’Alembert’s principle of dynamic
equilibrium with Timoshenko’s hypothesis to produce the following coupled system

{

ρ1∂ttϕ− κ (ϕx + ψ)x = 0,
−ρ2∂ttϕx − bψxx + κ (ϕx + ψ) = 0.

(1.1)

The Cattaneo’s law is one of the most well-known thermoelasticity laws, but it is unable to account
for some physical properties and cannot answer all questions; therefore, its applications are limited. This
leads us to consider coupling the fields of strain, temperature, and mass diffusion using the Gurtin-Pinkin
model. Only a few authors have studied the stabilization of the Bress-Timoshenko model.
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Manevich and Kolakowski [21] obtained the first contribution in that direction. where They analyzed
the dynamics of a Timoshenko model. in which,the damping mechanism is viscoelastic. More accurately,
they considered the dissipative system given by

{

ρ1ϕtt − β (ϕx + ψ)x − µ1 (ϕx + ψ)tx = 0,
−ρ2ψtt − bψxx + β (ϕx + ψ) − µ2ψttx + µ1 (ϕx + ψ)t = 0.

(1.2)

Second, based on Elishakoff’s papers and collaborators and their studies on truncated versions for
classical Timoshenko equations [1], Almeida Junior and Ramos [2] proved that the total energy for
viscous damping acting on angle rotation of the simplified Timoshenko system given by

{

ρ1ϕtt − β (ϕx + ψ)x = 0,
−ρ2ϕttx − bψxx + β (ϕx + ψ) + µ1ψt = 0,

(1.3)

There is a great difference in the model from a classical Timoshenko system, as it is consisted of
three derivatives: two with respect to time and one with respect to space. This happened because
the absence of the second spectrum, or nonphysical spectrum [1], [12], and its damage consequences
for wave propagation speeds [2]. The historical and mathematical observations can be found in other
works [1], [12]. The same results are accomplished for a dissipative truncated version, where the viscous
damping acts on vertical displacement

{

ρ1ϕtt − β (ϕx + ψ)x = 0,
−ρ2ϕttx − bψxx + β (ϕx + ψ) = 0.

(1.4)

We indicate some related work, [14] in this work, Guesmia and Soufyane studied the well posedness
and proved the stability for the following system

{

ρ1ϕtt − k1 (ϕx + ψ)x + λ1ϕt + µ1ϕt (x, t− τ1) = 0,
ρ2ϕtt − k2ψxx + k1 (ϕx + ψ) + λ2ψt + µ2ψt (x, t− τ2) = 0.

(1.5)

In [6], the authors proved the well-posedness and establish uniform stability results for the following
linear Timoshenko system with a linear frictional damping and an internal distributed delay acting on
the transverse displacement

{

ρ1ϕtt − κ (ϕx + ψ)x + γ1ϕt +
∫ τ2

τ 1

γ2ϕt (x, t− s) ds = 0,

ρ2ψtt − bψxx + κ (ϕx + ψ) = 0.
(1.6)

In [5],the authors proved the well-posedness and established exponential stability results regardless of
the speeds of wave propagation for the following thermoelastic system of Timoshenko type with a linear
frictional damping and an internal distributed delay acting on the displacement equation















ρ1ϕtt − κ (ϕx + ψ)x + µ1ϕt +
∫ τ2

τ1

µ2 (s)ϕt (x, t− s) ds = 0,

ρ2ψtt − bψxx + κ (ϕx + ψ) + δθx = 0,
ρ3θt + qx + δψtx = 0,
τqt + βq + θx = 0.

(1.7)

In [15],they established the stability of the following Timoshenko-type system






















ρ1ϕtt −K (ϕx + ψ)x + µ1ϕt +
∫ τ2

τ1

µ2 (s)ϕt (x, t− s) ds = 0,

ρ2ψtt − bψxx +K (ϕx + ψ) +
∫ t

0
g (t− s) (a (x)ψx)x ds

+µ3 (t) b (x) f (ψt) + δθx = 0,
ρ3θt + kqx + δψtx = 0,
τqt + βq + kθx = 0.

(1.8)

In [3], Almeida Junior et al deemed two cases of dissipative systems for Bresse-Timoshenko-type
systems with constant delay cases. For the first one, the authors established the exponential decay for
the system given by

{

ρ1ϕtt − β (ϕx + ψ)x + µ1ϕt + µ2ϕt (x, t− τ ) = 0,
−ρ2ϕttx − bψxx + β (ϕx + ψ) = 0.

(1.9)
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For the second one, the authors also studied the exponential decay for the system given by

{

ρ1ϕtt − β (ϕx + ψ)x = 0,
−ρ2ϕttx − bψxx + β (ϕx + ψ) + µ1ϕt + µ2ψt (x, t− τ ) = 0,

(1.10)

The authors in [13] deemed two cases of dissipative systems for Bress-Timoshenko-type systems with
time-varying delay cases. For the first one, the authors proved the exponential decay for the system given
by

{

ρ1ϕtt − β (ϕx + ψ)x + µ1ϕt + µ2ϕt (x, t− τ (t)) = 0,
−ρ2ϕttx − bψxx + β (ϕx + ψ) = 0,

(1.11)

for the second one, the authors also established the exponential decay result for the system given by

{

ρ1ϕtt − β (ϕx + ψ)x = 0
−ρ2ϕttx − bψxx + β (ϕx + ψ) + µ1ϕt + µ2ψt (x, t− τ (t)) = 0

(1.12)

In [11], They used the Faedo-Galerkin approximations and some energy estimates to establish the global
well-posedness of the initial and boundary value problem, and they proved the exponential decay of
dissipative systems for the following Bresse-Timoshenko-type systems with distributed delay, under ap-
propriate assumptions

{

ρ1̟tt −K (̟x + v)x + µ1̟t +
∫ τ2

τ1

µ2 (p)̟t (x, t− p) dp = 0,

−ρ2̟ttx − bvxx +K (̟x + v) = 0.
(1.13)

See other works in [9], [23].

We escort the paper of [11] but in this present work we consider the following Bresse-Timoshenko
system of second sound with distrubted delay term,























































ρ1ϕtt −K (ϕx + ψ)x + µ1ϕt +
∫ τ2

τ1

µ2 (s)ϕt (x, t− s) ds = 0, in (0, 1) × (0,∞) ,

−ρ2ϕttx − bψxx +K (ϕx + ψ) + γθx = 0, in (0, 1) × (0,∞) ,
ρ3θt + κqx + γψtx = 0, in (0, 1) × (0,∞) ,
τ0qt + δq + κθx = 0, in (0, 1) × (0,∞) ,
ϕ(x, 0) = ϕ0 (x) , ϕt(x, 0) = ϕ1 (x) , ψ(x, 0) = ψ0 (x) ,
ψt(x, 0) = ψ1 (x) , in (0, 1) ,
θ (x, 0) = θ0 (x) , q (x, 0) = q0 (x) ,
ψt(x,−t) = f0 (x, t) , in (0, 1) × (0, τ2) , (0, 1) × (0,∞) ,
ϕ(0, t) = ϕ(1, t) = ψ(0, t) = ψ(1, t) = q(0, t) = q(1, t) = θ(0, t) = θ(1, t) = 0, ∀t ≥ 0,

(1.14)

where t ∈ (0,∞) denotes the time variable and x ∈ (0, 1) is the space variable, the functions ϕ and ψ are
respectively, the transverse displacement of the solid elastic material and the rotation angle, the function
θ is the temperature difference, q = q(t, x) ∈ R is the heat flux, and ρ1, ρ2, ρ3, γ, τ0, δ, κ, µ1, and K are
positive constants, µ2 : [τ1, τ2] → R is a bounded function satisfying

∫ τ2

τ 1

|µ2 (s)| ds < µ1, (1.15)

where τ1 and τ2 two real numbers satisfying 0 ≤ τ1 ≤ τ2, and we study exponential stability results and
the global well-posednes of a class of Bresse-Timoshenko system-type of second sound with distributed
delay term.

This article is organized as follows: In section 1, we introduce some transformations needed in our
work, In section 2, we use Faedo-Galerkin approximations to study the global well-posedness of the initial
and boundary value problems, and in section 3, we show the exponential decay of dissipative systems for
Bresse-Timoshenko-type second sound systems with distributed delay.
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2. Preliminaries

Let us introduce a new dependent variable

y (x, ρ, s, t) = ϕt (x, t− ρs) in (0, 1) × (0, 1) × (τ1, τ2) × (0,∞) , (2.1)

then, we obtain

syt (x, ρ, s, t) + yρ (x, ρ, s, t) = 0. (2.2)

Consequently, the problem (1.14) is equivalent to







































































ρ1ϕtt −K (ϕx + ψ)x + µ1ϕt +
∫ τ2

τ 1

µ2 (s) y (x, 1, s) ds = 0, in (0, 1) × (0,∞) ,

−ρ2ϕttx − bψxx +K (ϕx + ψ) + γθx = 0, in (0, 1) × (0,∞) ,
ρ3θt + κqx + γψtx = 0, in (0, 1) × (0,∞) ,
τ0qt + δq + κθx = 0, in (0, 1) × (0,∞) ,
syt (x, ρ, s, t) + yρ (x, ρ, s, t) = 0, in (0, 1) × (0, 1) × (τ1, τ2) × (0,∞) ,
sytt (x, ρ, s, t) + yρt (x, ρ, s, t) = 0, in (0, 1) × (0, 1) × (τ1, τ2) × (0,∞) ,
ϕ(x, 0) = ϕ0 (x) , ϕt(x, 0) = ϕ1 (x) , ψ(x, 0) = ψ0 (x)
, ψt(x, 0) = ψ1 (x) , in (0, 1) ,
θ (x, 0) = θ0 (x) , q (x, 0) = q0 (x) , in (0, 1) ,
ϕ(0, t) = ϕ(1, t) = ψ(0, t) = ψ(1, t) = q(0, t) = q(1, t) = θ(0, t) = θ(1, t) = 0, ∀t ≥ 0,
y (x, ρ, s, 0) = f0 (x,−ρs) , in (0, 1) × (0, 1) × (τ1, τ2) .

(2.3)

Let V (Q := (0, 1) × (0,∞)) and W (Q) be the set spaces defined respectively by

V (Q) :=























(ϕ, ψ, θ, q, y) : ϕ ∈ L2
(

R+, H
2 ∩H1

0

)

, ϕt ∈ L2
(

R+, H
1
)

, ϕtt ∈ L2
(

R+, H
1
)

,

ψ ∈ L2
(

R+, H
1
0

)

, ψxt ∈ L2
(

R+, L
2
)

, θ, q ∈ L2
(

R+, H
1
0

)

,

θt, qt ∈ L2
(

R+, L
2
)

, y ∈ L2
(

R+, H
1

(

(0, 1)2 × (τ1, τ2)
))

,

yt ∈ L2
(

R+, H
1

(

(0, 1)
2

× (τ1, τ2)
))

,























,

and

W (Q) :=

{

(ϕ, ψ, θ, q, y) ∈ V (Q) : limwl (T )
T →∞

= lim sl (T )
T →∞

= lim vl (T )
T →∞

= lim rl (T )
T →∞

= lim pl (T )
T →∞

= 0

}

.

Consider the system



















































ρ1 (ϕtt, u) +K ((ϕx + ψ) , ux) + µ1 (ψt, u)

+
(

∫ τ2

τ1

µ2 (s) y (x, 1, s) ds, u
)

= 0,

ρ2 (ϕtt, vx) + b (ψx, vx) +K ((ϕx + ψ) , v)
+γ (θx, v) = 0,
ρ3 (θt, w) + (qx, w) + γ (ψtx, w) = 0,
τ0 (qt, z) + δ (q, z) + κ (θx, z) = 0,
s (yt (x, ρ, s, t) , φ) + (yρ (x, ρ, s, t) , φ) = 0,
s (ytt (x, ρ, s, t) , φ) + (yρt (x, ρ, s, t) , φ) = 0,

(2.4)

where (., .)L2(Q) stands for the inner product in L2 (Q), (ϕ, ψ, θ, q, y) is supposed to be a solution of the

system (2.3) and (u, v, w, z, φ) ∈ W (Q). Evaluation of the inner product in (2.4) and use of the Dirichlet
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conditions (2.3)8 leads to

−ρ1 (ϕt, ut)L2(Q) − ρ1 (ϕt (x, 0) , u (x, 0))L2(0,1) +K ((ϕx + ψ) , ux)L2(Q)

−µ1 (ψ, ut)L2(Q) − µ1 (ψ (x, 0) , u (x, 0))L2(0,1) +

(
∫ τ2

τ1

µ2 (s) y (x, 1, s) ds, u

)

L2(Q)

= 0,

−ρ2 (ϕt, vxt)L2(Q) − ρ2 (ϕt (x, 0) , vx (x, 0))L2(0,1) + b (ψx, vx)L2(Q)

+K ((ϕx + ψ) , v)L2(Q) + γ (θx, v)L2(Q) = 0,

−ρ3 (θ, wt)L2(Q) − ρ3 (θ (x, 0) , w (x, 0))L2(0,1) + (qx, w)L2(Q) − γ (ψx, wt)L2(Q)

−γ (ψx (x, 0) , w (x, 0))L2(0,1) = 0,

−τ0 (q, zt)L2(Q) − τ0 (q, z)L2(0,1) + δ (q, z)L2(Q) + κ (θx, z)L2(Q) = 0,

−s (y (x, ρ, s, t) , φt)L2(Q) − s (y (x, ρ, s, 0) , φ (x, ρ, s, 0))L2(0,1) + (yρ (x, ρ, s, t) , φ)
L2(Q) = 0,

−s (yt (x, ρ, s, t) , φt)L2(Q) − s (yt (x, ρ, s, 0) , φ (x, ρ, s, 0))L2(0,1) + (yρt (x, ρ, s, t) , φ) = 0.

(2.5)

Definition 2.1. functions (ϕ, ψ, θ, q, y) ∈ V (Q) are called a generalized solution of system (2.3) if it

satisfies (2.5) for each (u, v, w, z, φ) ∈ W (Q) .

3. Well-posedness of problem

In this section, we will prove the global existence and the uniqueness of the generalized solution of
system (2.3) by using the classical Faedo-Galerkin method

Theorem 3.1. If ϕ0 ∈ H1
0 (0, 1) ∩H2 (0, 1) , ϕ1 ∈ H1 (0, 1) , ψ0, q0, θ0 ∈ H1

0 (0, 1) , ψ1 ∈ L2 (0, 1) , f0 ∈

H1
(

(0, 1)
2

× (τ1, τ2)
)

, and f1 ∈ H1
(

(0, 1)
2

× (τ1, τ2)
)

, then there is at least one generalized solution

in V (Q) to system.(2.3) .

By using Faedo-Galerkin approximations, we prove the global existence and the uniqueness of the
generalized solution of system (2.3) . for more detail, we refer to reader to see [4], [16], [13].

3.1. Approximate problem

let {uj} , {vj} , {wj} , {zj} be the Galerkin basis, For m ≥ 1, let

Lm = span {u1, u2, ..., un} ,

Γm = span {v1, v2, ..., vn} ,

Wm = span {w1, w2, ..., wn} ,

Km = span {z1, z2, ..., zn} , (3.1)

we define for 1 ≤ j ≤ n the sequence φj (x, ρ, s) by

φj (x, 0, s) = uj (x) , (3.2)

then, we can extend φj (x, 0, s) by φj (x, ρ, s) over L2
(

(0, 1)
2

× (τ1, τ2)
)

and denote Zm=span{φ1, ..., φn}.

Given initial data ϕ0 ∈ H1
0 (0, 1) ∩ H2 (0, 1) , ϕ1 ∈ H1 (0, 1) , ψ0, q0, θ0 ∈ H1

0 (0, 1) , ψ1 ∈ L2 (0, 1) ,
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f0, f1 ∈ H1
(

(0, 1)
2

× (τ1, τ2)
)

define the approximations

ϕm =

n
∑

j=1

ξjm (t)uj (x) ,

ψm =
n

∑

j=1

kjm (t) vj (x) ,

θm =

n
∑

j=1

ljm (t)wj (x) ,

qm =

n
∑

j=1

fjm (t) zj (x) ,

ym =

n
∑

j=1

hjm (t)φj (x, ρ, s) , (3.3)

where the constants ξjm (t) , kjm (t) , ljm (t) , fjm (t) , and hjm (t) are defined by the conditions

ξjm (t) = (ϕm, uj (x))
L2(0,1) ,

kjm (t) = (ψm, vj (x))
L2(0,1) ,

ljm (t) = (θm, wj (x))
L2(0,1) ,

fjm (t) = (qm, zj (x))
L2(0,1) ,

hjm (t) =
(

ym, φj (x, ρ, s)
)

L2(0,1)
, (3.4)

and can be determined from the relations


















































ρ1 (ϕmtt, ul) +K ((ϕmx + ψm) , ulx) + µ1 (ψmt, ul)

+
(

∫ τ2

τ1

µ2 (s) ym (x, 1, s) ds, ul

)

= 0,

ρ2 (ϕmtt, vlx) + b (ψmx, vlx) +K ((ϕmx + ψm) , vl)
+γ (θmx, vl) = 0,
ρ3 (θmt, wl) + (qmx, wl) + γ (ψmtx, wl) = 0,
τ0 (qmt, zl) + δ (qm, zl) + κ (θmx, zl) = 0,
s (ymt (x, ρ, s) , φl (x, ρ, s)) + (ymρ (x, ρ, s) , φl (x, ρ, s)) = 0,
s (ymtt (x, ρ, s) , φl (x, ρ, s)) + (ymρt (x, ρ, s) , φl (x, ρ, s)) = 0,

(3.5)

substitution of (3.3) into (3.5) gives for l = 1, .., n














































































































∫ 1

0

∑n
j=1

{

ρ1ξ
′′

jm (t)uj (x) ul (x) +Kξjm (t)ujx (x) ulx (x)

+Kkjm (t) vj (x)ulx (x) + µ1k
′

jm (t) vj (x) ul (x)

+ul (x)
∫ τ2

τ 1

µ2 (s)hjm (t)φj (x, ρ, s) ds
}

dx = 0,
∫ 1

0

∑n
j=1

{

ρ2ξ
′′

jm (t)uj (x) vlx (x) + bkjm (t) vjx (x) vlx (x)

+Kξjm (t)ujx (x) vl (x) +Kkjm (t) vj (x) vl (x)
+γljm (t)wjx (x) vl (x)} dx = 0,
∫ 1

0

∑n

j=1

{

ρ3l
′

jm (t)wj (x)wl (x) + κfjm (t) zjx (x)wl (x)

+γk
′

jm (t) vjx (x)wl (x)
}

dx = 0,
∫ 1

0

∑n

j=1

{

τ0f
′

jm (t) zj (x) zl (x) + δfjm (t) zj (x) zl (x)

+κljm (t)wjx (x) zl (x)} dx = 0,
∫ 1

0

∑n

j=1

{

sh
′

jm (t)φj (x, ρ, s)φl (x, ρ, s) + hjmρ (t)φj (x, ρ, s)φl (x, ρ, s)
}

dx = 0,
∫ 1

0

∑n

j=1

{

sh
′′

jm (t)φj (x, ρ, s)φl (x, ρ, s) + hjmρ (t)φj (x, ρ, s)φl (x, ρ, s)
}

dx = 0.

(3.6)
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From (3.6) , it follows that























































































































∑n

j=1

{

ρ1ξ
′′

jm (t) (uj (x) , ul (x))
L2(0,1) +Kξjm (t) (ujx (x) , ulx (x))

L2(0,1)

+Kkjm (t) (vj (x) , ulx (x))
L2(0,1) + µ1k

′

jm (t) (vj (x) , ul (x))
L2(0,1)

+
∫ τ2

τ1

µ2 (s)hjm (t)
(

φj (x, ρ, s) , ul (x)
)

L2(0,1)
ds

}

= 0,
∑n

j=1

{

ρ2ξ
′′

jm (t) (uj (x) , vlx (x))
L2(0,1) + bkjm (t) (vjx (x) , vlx (x))

L2(0,1)

+Kξjm (t) (ujx (x) , vl (x))
L2(0,1) +Kkjm (t) (vj (x) vl (x))

L2(0,1)

+γljm (t) (wjx (x) , vl (x))
L2(0,1)

}

= 0,
∑n

j=1

{

ρ3l
′

jm (t) (wj (x) , wl (x))
L2(0,1) + κfjm (t) (zjx (x) , wl (x))

L2(0,1)

+γk
′

jm (t) (vjx (x) , wl (x))
L2(0,1)

}

= 0,
∑n

j=1

{

τ0f
′

jm (t) (zj (x) , zl (x))
L2(0,1) + δfjm (t) (zj (x) , zl (x))

L2(0,1)

+κljm (t) (wjx (x) , zl (x))
L2(0,1)

}

= 0,
∑n

j=1

{

sh
′

jm (t)
(

φj (x, ρ, s) , φl (x, ρ, s)
)

L2(0,1)
+ hjmρ (t)

(

φj (x, ρ, s) , φl (x, ρ, s)
)

L2(0,1)

}

= 0,
∑n

j=1

{

sh
′′

jm (t)
(

φj (x, ρ, s) , φl (x, ρ, s)
)

L2(0,1)
+ h

′

jmρ (t)
(

φj (x, ρ, s) , φl (x, ρ, s)
)

L2(0,1)

}

= 0.

(3.7)

Let

(uj (x) , ul (x))
L2(0,1) = δjl =

{

1, j = l

0, j 6= l
,

(ujx (x) , ulx (x))
L2(0,1) = γjl,

(vj (x) , ulx (x))
L2(0,1) = σjl,

(uj (x) , vlx (x))
L2(0,1) = ajl

(vjx (x) , vlx (x))
L2(0,1) = ϑjl,

(ujx (x) , vl (x))
L2(0,1) = νjl,

(vj (x) , ul (x))
L2(0,1) = ςjl,

(vj (x) , vl (x))
L2(0,1) = δjl =

{

1, j = l

0, j 6= l
,

(wjx (x) , vl (x))
L2(0,1) = χjl,

(

φj (x, 1, s) , ul (x)
)

L2(0,1)
= ωjl,

(wj (x) , wl (x))
L2(0,1) = δjl =

{

1, j = l

0, j 6= l
,

(zjx (x) , wl (x))
L2(0,1) = ̺jl,

(vjx (x) , wl (x))
L2(0,1) = αjl,

(zj (x) , zl (x))
L2(0,1) = δjl =

{

1, j = l

0, j 6= l
,

(wjx (x) , zl (x))
L2(0,1) = βjl,

(

φj (x, ρ, s) , φl (x, ρ, s)
)

L2(0,1)
= δjl =

{

1, j = l

0, j 6= l
.
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Then (3.7) can be written as











































































∑n

j=1

{

ρ1ξ
′′

jm (t) δjl +Kξjm (t) γjl, +Kkjm (t)σjl + µ1k
′

jm (t) ςjl

+
∫ τ2

τ1

µ2 (s)hjm (t)ωjlds
}

= 0,
∑n

j=1

{

ρ2ξ
′′

jm (t) ajl + bkjm (t)ϑjl +Kξjm (t) νjl +Kkjm (t) δjl

+γljm (t)χjl

}

= 0,
∑n

j=1

{

ρ3l
′

jm (t) δjl + κfjm (t) ̺jl + γk
′

jm (t)αjl

}

= 0,
∑n

j=1

{

τ0f
′

jm (t) δjl + δfjm (t) δjl + κljm (t)βjl

}

= 0,
∑n

j=1

{

sh
′

jm (t) δjl + hjmρ (t) δjl

}

= 0,
∑n

j=1

{

sh
′′

jm (t) δjl + h
′

jmρ (t) δjl

}

= 0.

(3.8)

We put
∫ τ2

τ1

µ2 (s) ds = c, we obtain







































































∑n
j=1

{

ρ1ξ
′′

jm (t) δjl +Kξjm (t) γjl, +Kkjm (t)σjl + µ1k
′

jm (t) ςjl

+chjm (t)ωjl} = 0,
∑n

j=1

{

ρ2ξ
′′

jm (t) ajl + bkjm (t)ϑjl +Kξjm (t) νjl +Kkjm (t) δjl

+γljm (t)χjl

}

= 0,
∑n

j=1

{

ρ3l
′

jm (t) δjl + κfjm (t) ̺jl + γk
′

jm (t)αjl

}

= 0,
∑n

j=1

{

τ0f
′

jm (t) δjl + δfjm (t) δjl + κljm (t)βjl

}

= 0,
∑n

j=1

{

sh
′

jm (t) δjl + hjmρ (t) δjl

}

= 0,
∑n

j=1

{

sh
′′

jm (t) δjl + h
′

jmρ (t) δjl

}

= 0,

(3.9)

with

ξjm (0) = (ϕm (x, 0) , uj (x))
L2(0,1) ,

ξ
′

jm (0) = (ϕmt (x, 0) , uj (x))
L2(0,1) ,

kjm (0) = (ψm (x, 0) , vj (x))
L2(0,1) ,

ljm (0) = (θm (x, 0) , wj (x))
L2(0,1) ,

fjm (0) = (qm (x, 0) , zj (x))
L2(0,1) ,

hjm (0) =
(

ym (x, ρ, 0) , φj (x, ρ, s)
)

L2(0,1)
, (3.10)

h
′

jm (0) =
(

ymt (x, ρ, 0) , φj (x, ρ, s)
)

L2(0,1)
.

We obtain a system of differential equations of two orders with respect to the variable t with constant
coefficients and the initial conditions (3.10), consequently, we get a Cauchy problem of linear differential
equations with smooth coefficients that is uniquely solvable. Thus for every m there exists a function
(ϕm, ψm, θm, qm, ym) satisfying (3.5) .

3.2. A priori estimate I

Firstly, multiplying the first equation of (3.5) by ξ´lm and integrating over (0, 1) , we get

ρ1

2

d

dt

∫ 1

0

ϕ2
mtdx+K

∫ 1

0

(ϕmx + ψm)ϕmtxdx

+µ1

∫ 1

0

ϕ2
mtdx+

∫ 1

0

ϕmt

∫ τ2

τ1

µ2 (s) ym (x, 1, s) dsdx = 0. (3.11)
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Then, multiplying the second equation of (3.5) by k´lm and integrating over (0, 1) , we get

ρ2

∫ 1

0

ϕmttψmxtdx+
b

2

d

dt

∫ 1

0

ψ2
mxdx+K

∫ 1

0

(ϕmx + ψm)ψmtdx

+γ

∫ 1

0

θmxψmtdx = 0, (3.12)

now, substituting: ψmxt = ρ
1

K
ϕmttt − ϕmxxt + µ

1

K
ϕmtt + 1

K

∫ τ2

τ1

µ2 (s) ymt (x, 1, s) ds, obtained from the

first equation of (3.5) ,we get

ρ2ρ1

2K

d

dt

∫ 1

0

ϕ2
mttdx+

ρ2

2

d

dt

∫ 1

0

ϕ2
mxtdx+

b

2

d

dt

∫ 1

0

ψ2
mxdx

+K

∫ 1

0

(ϕmx + ψm)ψmtdx+
ρ2µ1

K

∫ 1

0

ϕ2
mttdx

+γ

∫ 1

0

θmxψmtdx+
ρ2

K

∫ 1

0

ϕmtt

∫ τ 2

τ 1

µ2 (s) ymt (x, 1, s) dsdx = 0. (3.13)

Next, multiplying the third equation of (3.5) by llm and integrating over (0, 1) , we get

ρ3

2

d

dt

∫ 1

0

θ2
mdx+ κ

∫ 1

0

qmxθmdx− γ

∫ 1

0

ψmtθmxdx = 0. (3.14)

Finally, multiplying the fourth equation of (3.5) by flm and integrating over (0, 1) , we get

τ0

2

d

dt

∫ 1

0

q2
mdx+ δ

∫ 1

0

q2
mdx− κ

∫ 1

0

θmqmxdx = 0. (3.15)

By combining (3.11) , (3.13) , (3.14) and (3.15), we get

1

2

d

dt

∫ 1

0

[

ρ1ϕ
2
mt +K (ϕmx + ψm)

2
+
ρ1ρ2

K
ϕ2

mtt + ρ2ϕ
2
mtx + bψ2

mx

+ρ3θ
2
m + τ0q

2
m

]

dx+ µ1

∫ 1

0

ϕ2
mtdx+ δ

∫ 1

0

q2
mdx+

ρ2µ1

K

∫ 1

0

ϕ2
mttdx

+

∫ 1

0

ϕmt

∫ τ 2

τ 1

µ2 (s) ym (x, 1, s) dsdx

+
ρ2

K

∫ 1

0

ϕmtt

∫ τ 2

τ1

µ2 (s) ymt (x, 1, s)dsdx = 0. (3.16)

Now, multiplying the fifth equation of (3.5) by µ2 (s)hlm and integrating over (0, t) × (0, 1) × (0, 1) ×
(τ1, τ2) , we get

1

2

∫ 1

0

∫ 1

0

∫ τ2

τ1

sµ2 (s) y2
m (x, ρ, s, t) dsdρdx

−
1

2

∫ 1

0

∫ 1

0

∫ τ 2

τ1

sµ2 (s) y2
m (x, ρ, s, 0)dsdρdx

= −
1

2

∫ t

0

∫ 1

0

∫ τ 2

τ 1

µ2 (s) y2
m (x, 1, s, τ) dsdxdτ

+
1

2

(
∫ τ 2

τ 1

µ2 (s) ds

)
∫ t

0

∫ 1

0

ψ2
mtdxdτ . (3.17)
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Then, multiplying the last equation of (3.5) by µ2 (s)h´lm and integrating over (0, t) × (0, 1) × (0, 1) ×
(τ1, τ2) , we get

ρ2

2K

∫ 1

0

∫ 1

0

∫ τ2

τ1

sµ2 (s) y2
mt (x, ρ, s, t) dsdρdx

−
ρ2

2K

∫ 1

0

∫ 1

0

∫ τ2

τ 1

sµ2 (s) y2
mt (x, ρ, s, 0) dsdρdx

= −
ρ2

2K

∫ t

0

∫ 1

0

∫ τ2

τ 1

µ2 (s) y2
mτ (x, 1, s, τ) dsdxdτ

+
ρ2

2K

(
∫ τ2

τ1

µ2 (s) ds

)
∫ t

0

∫ 1

0

ϕ2
mττdxdτ . (3.18)

Next, integrating (3.16) over (0, t) and using (3.17) and (3.18), we obtain

Em (t) +

(

µ1 −
1

2

∫ τ 2

τ1

µ2 (s) ds

)
∫ t

0

∫ 1

0

ϕ2
mτdxdτ

+
ρ2

K

(

µ1 −
1

2

∫ τ2

τ1

µ2 (s) ds

)
∫ t

0

∫ 1

0

ϕ2
mττdxdτ

+δ

∫ t

0

∫ 1

0

q2
mdxdτ +

∫ t

0

∫ 1

0

ϕmτ

∫ τ2

τ1

µ2 (s) ym (x, 1, s)dsdxdτ

+
ρ2

K

∫ t

0

∫ 1

0

ϕmττ

∫ τ2

τ1

µ2 (s) ymτ (x, 1, s) dsdxdτ

+
1

2

∫ t

0

∫ 1

0

∫ τ2

τ 1

µ2 (s) y2
m (x, 1, s, τ) dsdxdτ −

+
ρ2

2K

∫ t

0

∫ 1

0

∫ τ2

τ1

µ2 (s) y2
mτ (x, 1, s, τ) dsdxdτ

= Em (0) , (3.19)

where

Em (t) =
1

2

∫ 1

0

[

ρ1ϕ
2
mt +K (ϕmx + ψm)2 +

ρ2ρ1

K
ϕ2

mtt

+ρ2ϕ
2
mxt + bψ2

mx + ρ3θ
2
m + τ0q

2
m

]

dx

+
1

2

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
m (x, ρ, s) dsdρdx

+
ρ2

2K

∫ 1

0

∫ 1

0

∫ τ2

τ 1

s |µ2 (s)| y2
mt (x, ρ, s) dsdρdx,

and using Young’s inequality, we have

∫ t

0

∫ 1

0

ϕmt

∫ τ2

τ1

µ2 (s) ym (x, 1, s) dsdxdτ

≥ −

(

1

2

∫ τ 2

τ 1

µ2 (s) ds

)
∫ t

0

∫ 1

0

ϕ2
mtdxdτ

−
1

2

∫ t

0

∫ 1

0

∫ τ2

τ1

µ2 (s) y2
m (x, 1, s, τ) dsdxdτ , (3.20)
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and

ρ2

K

∫ t

0

∫ 1

0

ϕmtt

∫ τ 2

τ 1

µ2 (s) ymt (x, 1, s) dsdxdτ

≥ −
ρ2

2K

∫ τ2

τ1

µ2 (s) ds

∫ t

0

∫ 1

0

ϕ2
mttdxdτ

−
ρ2

2K

∫ t

0

∫ 1

0

∫ τ 2

τ 1

µ2 (s) y2
mt (x, 1, s, τ) dsdxdτ . (3.21)

Which, together with (3.19), yields

Em (t) +

(

µ1 −

∫ τ 2

τ 1

µ2 (s) ds

)
∫ t

0

∫ 1

0

ϕ2
mτdxdτ

+
ρ2

K

(

µ1 −

∫ τ2

τ1

µ2 (s) ds

)
∫ t

0

∫ 1

0

ϕ2
mττdxdτ

+δ

∫ t

0

∫ 1

0

q2
mdxdτ

≤ Em (0) ,

implies

Em (t) + η0

∫ t

0

∫ 1

0

ϕ2
mτdxdτ

+δ

∫ t

0

∫ 1

0

q2
mdxdτ +

ρ2

K
η0

∫ t

0

∫ 1

0

ϕ2
mττdxdτ

≤ Em (0) , (3.22)

where η0 = µ1 −
∫ τ 2

τ 1

µ2 (s) ds > 0.
So, we have

Em (t) ≤ Em (0) , (3.23)

and make use of the following inequality

ρ1

∫ 1

0

ϕ2
mdx ≤ ρ1

∫ t

0

∫ 1

0

ϕ2
m (x, τ) dxdτ

+ρ1

∫ t

0

∫ 1

0

ϕ2
mτ (x, τ) dxdτ + ρ1

∫ 1

0

ϕ2
m (x, 0) dx, (3.24)

combining inequalities (3.23) and (3.24), we get

Em (t) + ρ1

∫ 1

0

ϕ2
mdx ≤ Em (0) + ρ1

∫ t

0

∫ 1

0

ϕ2
m (x, τ) dxdτ

+ρ1

∫ t

0

∫ 1

0

ϕ2
mτ (x, τ) dxdτ + ρ1

∫ 1

0

ϕ2
m (x, 0) dx,

we put

Pm (t) = Em (t) + ρ1

∫ 1

0

ϕ2
mdx, (3.25)

we get

Pm (t) ≤ Pm (0) +

∫ t

0

Pm (τ) dτ . (3.26)
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Applying the Gronwall inequality to (3.26), we obtain

Pm (t) ≤ Pm (0) exp (T ) ,

thus, there exist a positive constant C independent on m such that

Pm (t) ≤ C, t ≥ 0, (3.27)

it follows from (1.15) and (3.27) that

ρ1

∫ 1

0

ϕ2
mdx+ ρ1

∫ 1

0

ϕ2
mtdx+K

∫ 1

0

(ϕmx + ψm)
2
dx+

ρ1ρ2

K

∫ 1

0

ϕ2
mttdx

+ρ2

∫ 1

0

ϕ2
mxtdx+ b

∫ 1

0

ψ2
mxdx+ ρ3

∫ 1

0

θ2
mdx+ τ0

∫ 1

0

q2
mdx

+

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
m (x, ρ, s) dsdρdx

+
ρ2

K

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
mt (x, ρ, s) dsdρdx

≤ C. (3.28)

3.3. A priori estimate II

Firstly, differentiating the first equation of (3.5) and multiplying by ξ´́lm, and then integrating the
result over (0, 1) ,we obtain

ρ1

2

d

dt

∫ 1

0

ϕ2
mttdx+K

∫ 1

0

(ϕmxt + ψmt)ϕmttxdx

+µ1

∫ 1

0

ϕ2
mttdx +

∫ 1

0

ϕmtt

∫ τ2

τ 1

µ2 (s) ymt (x, 1, s) dsdx = . (3.29)

Next, differentiating the second equation of (3.5) and multiplying by k´́lm,and integrating over (0, 1) , we
obtain

ρ2

∫ 1

0

ϕmtttψmxttdx+
b

2

d

dt

∫ 1

0

ψ2
mxtdx+K

∫ 1

0

(ϕmxt + ψmt)ψmttdx

+γ

∫ 1

0

θmxtψmttdx = 0,

now, substituting: ψmxtt = ρ
1

K
ϕmtttt −ϕmxxtt + µ

1

K
ϕmttt + 1

K

∫ τ2

τ1

µ2 (s) ymtt (x, 1, s) ds, obtained from the

first equation of (3.5) ,we obtain

ρ2ρ1

2K

d

dt

∫ 1

0

ϕ2
mtttdx+

ρ2

2

d

dt

∫ 1

0

ϕ2
mxttdx+

b

2

d

dt

∫ 1

0

ψ2
mxtdx

+K

∫ 1

0

(ϕmxt + ψmt)ψmttdx+
ρ2µ1

K

∫ 1

0

ϕ2
mtttdx

+γ

∫ 1

0

θmxtψmttdx+
ρ2

K

∫ 1

0

ϕmttt

∫ τ 2

τ1

µ2 (s) ymtt (x, 1, s)dsdx = 0. (3.30)

Then, differentiating the third equation of (3.5) and multiplying by l´lm, and integrating over (0, 1) , we
obtain

ρ3

2

d

dt

∫ 1

0

θ2
mtdx+ κ

∫ 1

0

qmtxθmtdx− γ

∫ 1

0

ψmttθmtxdx = 0. (3.31)
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Finally, differentiating the fourth equation of (3.5) and multiplying by f´lm, and integrating over (0, 1) ,
we obtain

τ0

2

d

dt

∫ 1

0

q2
mtdx+ δ

∫ 1

0

q2
mtdx− κ

∫ 1

0

θmtqmxtdx = 0. (3.32)

By combining (3.29) , (3.30) , (3.31) and (3.32) , we get

1

2

d

dt

∫ 1

0

[

ρ1ϕ
2
mtt +K (ϕmxt + ψmt)

2
+
ρ1ρ2

K
ϕ2

mttt + ρ2ϕ
2
mttx + bψ2

mxt

+ρ3θ
2
mt + τ0q

2
mt

]

dx+ µ1

∫ 1

0

ϕ2
mttdx+ δ

∫ 1

0

q2
mtdx+

ρ2µ1

K

∫ 1

0

ϕ2
mtttdx

+

∫ 1

0

ϕmtt

∫ τ2

τ1

µ2 (s) ymt (x, 1, s) dsdx

+
ρ2

K

∫ 1

0

ϕmttt

∫ τ2

τ1

µ2 (s) ymtt (x, 1, s) dsdx = 0. (3.33)

Now, differentiating the fifth equation of (3.5) and multiplying by µ2 (s)h´lm, and integrating over (0, t)×
(0, 1) × (0, 1) × (τ1, τ2) , we get

1

2

∫ 1

0

∫ 1

0

∫ τ 2

τ 1

sµ2 (s) y2
mt (x, ρ, s, t)dsdρdx

−
1

2

∫ 1

0

∫ 1

0

∫ τ2

τ1

sµ2 (s) y2
mt (x, ρ, s, 0) dsdρdx

= −
1

2

∫ t

0

∫ 1

0

∫ τ2

τ1

µ2 (s) y2
mτ (x, 1, s, τ) dsdxdτ

+
1

2

(
∫ τ2

τ1

µ2 (s) ds

)
∫ t

0

∫ 1

0

ϕ2
mττdxdτ , (3.34)

then, differentiating the last equation of (3.5) and multiplying by µ2 (s)h´́lm, and integrating over (0, t) ×
(0, 1) × (0, 1) × (τ1, τ2) , we get

ρ2

2K

∫ 1

0

∫ 1

0

∫ τ2

τ1

sµ2 (s) y2
mtt (x, ρ, s, t) dsdρdx

−
ρ2

2K

∫ 1

0

∫ 1

0

∫ τ2

τ1

sµ2 (s) y2
mtt (x, ρ, s, 0)dsdρdx

= −
ρ2

2K

∫ t

0

∫ 1

0

∫ τ2

τ1

µ2 (s) y2
mττ (x, 1, s, τ) dsdxdτ

+
ρ2

2K

(
∫ τ 2

τ1

µ2 (s) ds

)
∫ t

0

∫ 1

0

ϕ2
mτττdxdτ . (3.35)



14 I. Atmania, S. Zitouni, F. Mesloub and D. Ouchenane

next, integrating (3.33) over (0, t) and using (3.34) and (3.35), we obtain

Mm (t) +

(

µ1 −
1

2

∫ τ2

τ1

µ2 (s) ds

)
∫ t

0

∫ 1

0

ϕ2
mττdxdτ

+
ρ2

K

(

µ1 −
1

2

∫ τ2

τ1

µ2 (s) ds

)
∫ t

0

∫ 1

0

ϕ2
mτττdxdτ

+δ

∫ t

0

∫ 1

0

q2
mτdxdτ +

∫ t

0

∫ 1

0

ϕmττ

∫ τ 2

τ 1

µ2 (s) ymτ (x, 1, s)dsdxdτ

+
ρ2

K

∫ t

0

∫ 1

0

ϕmτττ

∫ τ2

τ1

µ2 (s) ymττ (x, 1, s) dsdxdτ

+
1

2

∫ t

0

∫ 1

0

∫ τ2

τ 1

µ2 (s) y2
mτ (x, 1, s, τ) dsdxdτ −

+
ρ2

2K

∫ t

0

∫ 1

0

∫ τ2

τ1

µ2 (s) y2
mττ (x, 1, s, τ) dsdxdτ

= Mm (0) , (3.36)

where

Mm (t) =
1

2

∫ 1

0

[

ρ1ϕ
2
mtt +K (ϕmxt + ψmt)

2
+
ρ2ρ1

K
ϕ2

mttt

+ρ2ϕ
2
mxtt + bψ2

mxt + ρ3θ
2
mt + τ0q

2
mt

]

dx

+
1

2

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
mt (x, ρ, s) dsdρdx

+
ρ2

2K

∫ 1

0

∫ 1

0

∫ τ 2

τ 1

s |µ2 (s)| y2
mtt (x, ρ, s) dsdρdx,

and using Young’s inequality, we have

∫ t

0

∫ 1

0

ϕmττ

∫ τ2

τ1

µ2 (s) ymτ (x, 1, s) dsdxdτ

≥ −

(

1

2

∫ τ2

τ1

µ2 (s) ds

)
∫ t

0

∫ 1

0

ϕ2
mττdxdτ

−
1

2

∫ t

0

∫ 1

0

∫ τ2

τ1

µ2 (s) y2
mτ (x, 1, s, τ) dsdxdτ , (3.37)

and

ρ2

K

∫ t

0

∫ 1

0

ϕmτττ

∫ τ2

τ1

µ2 (s) ymττ (x, 1, s) dsdxdτ

≥ −
ρ2

2K

∫ τ2

τ1

µ2 (s) ds

∫ t

0

∫ 1

0

ϕ2
mτττdxdτ

−
ρ2

2K

∫ t

0

∫ 1

0

∫ τ2

τ1

µ2 (s) y2
mττ (x, 1, s, τ) dsdxdτ . (3.38)



Exponential Stability Results of a Class of Bresse-Timoshenko System 15

Which, together with (3.36), yields

Mm (t) +

(

µ1 −

∫ τ2

τ1

µ2 (s) ds

)
∫ t

0

∫ 1

0

ϕ2
mττdxdτ

+
ρ2

K

(

µ1 −

∫ τ2

τ1

µ2 (s) ds

)
∫ t

0

∫ 1

0

ϕ2
mτττdxdτ

+δ

∫ t

0

∫ 1

0

q2
mτdxdτ

≤ Mm (0) , (3.39)

implies

Mm (t) + η0

∫ t

0

∫ 1

0

ϕ2
mττdxdτ

+δ

∫ t

0

∫ 1

0

q2
mτdxdτ +

ρ2

K
η0

∫ t

0

∫ 1

0

ϕ2
mτττdxdτ

≤ Mm (0) , (3.40)

where η0 = µ1 −
∫ τ 2

τ 1

µ2 (s) ds > 0.

Then
Mm (t) ≤ Mm (0) , (3.41)

thus, there exist a positive constant C independent on m such that

Mm (t) ≤ C, t ≥ 0, (3.42)

it follows from (1.15) and (3.42) that

ρ1

∫ 1

0

ϕ2
mttdx+K

∫ 1

0

(ϕmxt + ψmt)
2
dx+

ρ1ρ2

K

∫ 1

0

ϕ2
mtttdx

+ρ2

∫ 1

0

ϕ2
mxttdx+ b

∫ 1

0

ψ2
mxtdx+ ρ3

∫ 1

0

θ2
mtdx+ τ0

∫ 1

0

q2
mtdx

+

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
mt (x, ρ, s) dsdρdx

+
ρ2

K

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
mtt (x, ρ, s) dsdρdx

≤ C. (3.43)

3.4. A priori estimate III

Firstly, let ul = −ϕmtxx in the first equation of (3.5) , we get

ρ1

2

d

dt

∫ 1

0

ϕ2
mtxdx+K

∫ 1

0

(ϕmxx + ψmx)ϕmtxxdx

+µ1

∫ 1

0

ϕ2
mtxdx +

∫ 1

0

ϕmtx

∫ τ2

τ1

µ2 (s) ymx (x, 1, s) dsdx = 0. (3.44)

Then, let vl = −ψmtxx in the second equation of (3.5) , we get

ρ2

∫ 1

0

ϕmxttψmxxtdx+
b

2

d

dt

∫ 1

0

ψ2
mxxdx+K

∫ 1

0

(ϕmxx + ψmx)ψmxtdx

+γ

∫ 1

0

θmxxψmxtdx = 0, (3.45)
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now, substituting: ψmxxt =
ρ

1

K
ϕmxttt − ϕmxxxt +

µ
1

K
ϕmxtt + 1

K

∫ τ 2

τ 1

µ2 (s) ymtx (x, 1, s) ds, obtained from

the first equation of (3.5) ,we get

ρ2ρ1

2K

d

dt

∫ 1

0

ϕ2
mxttdx+

ρ2

2

d

dt

∫ 1

0

ϕ2
mxxtdx+

b

2

d

dt

∫ 1

0

ψ2
mxxdx

+K

∫ 1

0

(ϕmxx + ψmx)ψmxtdx+
ρ2µ1

K

∫ 1

0

ϕ2
mxttdx

+γ

∫ 1

0

θmxxψmxtdx+
ρ2

K

∫ 1

0

ϕmxtt

∫ τ2

τ1

µ2 (s) ymxt (x, 1, s) dsdx = 0. (3.46)

Next, let wl = −θmxx in the third equation of (3.5) , we get

ρ3

2

d

dt

∫ 1

0

θ2
mxdx− κ

∫ 1

0

qmxθmxxdx+ γ

∫ 1

0

ψmtxxθmxdx = 0. (3.47)

Finally, let zl = −qmxx in the fourth equation of (3.5) , we get

τ0

2

d

dt

∫ 1

0

q2
mxdx+ δ

∫ 1

0

q2
mxdx+ κ

∫ 1

0

θmxxqmxdx = 0. (3.48)

By combining (3.44) , (3.46) , (3.47) and (3.48) , we get

1

2

d

dt

∫ 1

0

[

ρ1ϕ
2
mxt +K (ϕmxx + ψmx)

2
+
ρ1ρ2

K
ϕ2

mxtt + ρ2ϕ
2
mtxx + bψ2

mxx

+ρ3θ
2
mx + τ0q

2
mx

]

dx+ µ1

∫ 1

0

ϕ2
mxtdx+ δ

∫ 1

0

q2
mxdx+

ρ2µ1

K

∫ 1

0

ϕ2
mxttdx

+

∫ 1

0

ϕmxt

∫ τ2

τ1

µ2 (s) ymx (x, 1, s)dsdx

+
ρ2

K

∫ 1

0

ϕmxtt

∫ τ2

τ1

µ2 (s) ymxt (x, 1, s) dsdx = 0. (3.49)

Now, let φl = −µ2 (s) ymxx in 5th equation of (3.5) , and integrating over (0, t) × (0, 1) × (τ1, τ2) , we get

1

2

∫ 1

0

∫ 1

0

∫ τ2

τ1

sµ2 (s) y2
mx (x, ρ, s, t) dsdρdx

−
1

2

∫ 1

0

∫ 1

0

∫ τ2

τ1

sµ2 (s) y2
mx (x, ρ, s, 0) dsdρdx

= −
1

2

∫ t

0

∫ 1

0

∫ τ2

τ1

µ2 (s) y2
mx (x, 1, s, τ) dsdxdτ

+
1

2

(
∫ τ 2

τ1

µ2 (s) ds

)
∫ t

0

∫ 1

0

ψ2
mτxdxdτ , (3.50)

and let φl = −µ2 (s) ymxxt in the last equation of (3.5) , and integrating over (0, t) × (0, 1) × (τ1, τ2) , we
get

ρ2

2K

∫ 1

0

∫ 1

0

∫ τ2

τ1

sµ2 (s) y2
mxt (x, ρ, s, t)dsdρdx

−
ρ2

2K

∫ 1

0

∫ 1

0

∫ τ 2

τ 1

sµ2 (s) y2
mxt (x, ρ, s, 0) dsdρdx

= −
ρ2

2K

∫ t

0

∫ 1

0

∫ τ 2

τ 1

µ2 (s) y2
mxτ (x, 1, s, τ) dsdxdτ

+
ρ2

2K

(
∫ τ 2

τ 1

µ2 (s) ds

)
∫ t

0

∫ 1

0

ϕ2
mxττdxdτ . (3.51)
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Next, integrating (3.49) over (0, t) and using (3.50) and (3.51), we obtain

Km (t) +

(

µ1 −
1

2

∫ τ2

τ1

µ2 (s) ds

)
∫ t

0

∫ 1

0

ϕ2
mxτdxdτ

+
ρ2

K

(

µ1 −
1

2

∫ τ 2

τ 1

µ2 (s) ds

)
∫ t

0

∫ 1

0

ϕ2
mxττdxdτ

+δ

∫ t

0

∫ 1

0

q2
mxdxdτ +

∫ t

0

∫ 1

0

ϕmxτ

∫ τ 2

τ1

µ2 (s) ymx (x, 1, s) dsdxdτ

+
ρ2

K

∫ t

0

∫ 1

0

ϕmxττ

∫ τ2

τ1

µ2 (s) ymxt (x, 1, s)dsdxdτ

+
1

2

∫ t

0

∫ 1

0

∫ τ2

τ1

µ2 (s) y2
mx (x, 1, s, τ) dsdxdτ −

+
ρ2

2K

∫ t

0

∫ 1

0

∫ τ2

τ 1

µ2 (s) y2
mxτ (x, 1, s, τ) dsdxdτ

= Km (0) , (3.52)

where

Km (t) =
1

2

∫ 1

0

[

ρ1ϕ
2
mxt +K (ϕmxx + ψmx)

2
+
ρ2ρ1

K
ϕ2

mxtt

+ρ2ϕ
2
mxxt + bψ2

mxx + ρ3θ
2
mx + τ0q

2
mx

]

dx

+
1

2

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
mx (x, ρ, s) dsdρdx

+
ρ2

2K

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
mxt (x, ρ, s) dsdρdx,

and using Young’s inequality, we have

∫ t

0

∫ 1

0

ϕmxτ

∫ τ2

τ 1

µ2 (s) ymx (x, 1, s) dsdxdτ

≥ −

(

1

2

∫ τ 2

τ1

µ2 (s) ds

)
∫ t

0

∫ 1

0

ϕ2
mxτdxdτ

−
1

2

∫ t

0

∫ 1

0

∫ τ2

τ1

µ2 (s) y2
mx (x, 1, s, τ) dsdxdτ , (3.53)

and

ρ2

K

∫ t

0

∫ 1

0

ϕmxττ

∫ τ2

τ1

µ2 (s) ymxτ (x, 1, s) dsdxdτ

≥ −
ρ2

2K

∫ τ 2

τ 1

µ2 (s) ds

∫ t

0

∫ 1

0

ϕ2
mxττdxdτ

−
ρ2

2K

∫ t

0

∫ 1

0

∫ τ2

τ1

µ2 (s) y2
mxτ (x, 1, s, τ) dsdxdτ . (3.54)
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Which, together with (3.52), yields

Km (t) +

(

µ1 −

∫ τ2

τ1

µ2 (s) ds

)
∫ t

0

∫ 1

0

ϕ2
mxτdxdτ

+
ρ2

K

(

µ1 −

∫ τ 2

τ 1

µ2 (s) ds

)
∫ t

0

∫ 1

0

ϕ2
mxττdxdτ

+δ

∫ t

0

∫ 1

0

q2
mxdxdτ

≤ Km (0) ,

implies

Km (t) + η0

∫ t

0

∫ 1

0

ϕ2
mxτdxdτ

+δ

∫ t

0

∫ 1

0

q2
mxdxdτ +

ρ2

K
η0

∫ t

0

∫ 1

0

ϕ2
mxττdxdτ

≤ Km (0) , (3.55)

where η0 = µ1 −
∫ τ 2

τ 1

µ2 (s) ds > 0.

Then

Km (t) ≤ Km (0) , (3.56)

and make use of the following inequality

λ1

∫ 1

0

ϕ2
mxdx+ λ2

∫ 1

0

ϕ2
mxxdx

≤ λ1

∫ t

0

∫ 1

0

ϕ2
mx (x, τ) dxdτ + λ2

∫ t

0

∫ 1

0

ϕ2
mxx (x, τ) dxdτ

+λ1

∫ t

0

∫ 1

0

ϕ2
mxτ (x, τ) dxdτ + λ2

∫ t

0

∫ 1

0

ϕ2
mxxτ (x, τ) dxdτ

+λ1

∫ 1

0

ϕ2
mx (0) dx+ λ2

∫ 1

0

ϕ2
mxx (0) dx. (3.57)

Combining inequalities (3.56) and (3.57), we get

Km (t) + λ1

∫ 1

0

ϕ2
mxdx+ λ2

∫ 1

0

ϕ2
mxxdx

≤ Km (0) + λ1

∫ t

0

∫ 1

0

ϕ2
mx (x, τ) dxdτ + λ2

∫ t

0

∫ 1

0

ϕ2
mxx (x, τ) dxdτ

+λ1

∫ t

0

∫ 1

0

ϕ2
mxτ (x, τ) dxdτ + λ2

∫ t

0

∫ 1

0

ϕ2
mxxτ (x, τ) dxdτ

+λ1

∫ 1

0

ϕ2
mx (0) dx+ λ2

∫ 1

0

ϕ2
mxx (0)dx,

we put

Sm (t) = Km (t) + λ1

∫ 1

0

ϕ2
mxdx+ λ2

∫ 1

0

ϕ2
mxxdx, (3.58)

we get

Sm (t) ≤ Sm (0) +

∫ t

0

Sm (τ ) dτ . (3.59)
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Applying the Gronwall inequality to (3.59), we obtain

Sm (t) ≤ Sm (0) exp (T ) , (3.60)

thus, there exists a positive constant C independent on m such that

Sm (t) ≤ C, t ≥ 0, (3.61)

it follows from (1.15) and (3.61) that

ρ1

∫ 1

0

ϕ2
mxtdx+K

∫ 1

0

(ϕmxx + ψmx)
2
dx+ τ0

∫ 1

0

q2
mxdx

+λ1

∫ 1

0

ϕ2
mxdx+ λ2

∫ 1

0

ϕ2
mxxdx+

ρ2ρ1

K

∫ 1

0

ϕ2
mxttdx

+ρ2

∫ 1

0

ϕ2
mxxtdx+ b

∫ 1

0

ψ2
mxxdx+ ρ3

∫ 1

0

θ2
mxdx

+

∫ 1

0

∫ 1

0

∫ τ 2

τ 1

s |µ2 (s)| y2
mx (x, ρ, s) dsdρdx

+
ρ2

K

∫ 1

0

∫ 1

0

∫ τ 2

τ1

s |µ2 (s)| y2
mxt (x, ρ, s) dsdρdx

≤ C. (3.62)

Now, combining inequalities (3.62), (3.43), and (3.28) , we obtain

ρ1

∫ 1

0

ϕ2
mdx+ λ1

∫ 1

0

ϕ2
mxdx + ρ1

∫ 1

0

ϕ2
mtdx

+ (ρ1 + ρ2)

∫ 1

0

ϕ2
mxtdx+

(

ρ1 +
ρ1ρ2

K

)

∫ 1

0

ϕ2
mttdx

+ λ2

∫ 1

0

ϕ2
mxxdx+

(

ρ2 +
ρ2ρ1

K

)

∫ 1

0

ϕ2
mxttdx

+
ρ1ρ2

K

∫ 1

0

ϕ2
mtttdx + ρ2

∫ 1

0

ϕ2
mxxtdx

+ b

∫ 1

0

ψ2
mxdx+ b

∫ 1

0

ψ2
mxtdx+ b

∫ 1

0

ψ2
mxxdx

+K

∫ 1

0

(ϕmx + ψm)
2
dx+K

∫ 1

0

(ϕmxx + ψmx)
2
dx

+K

∫ 1

0

(ϕmxt + ψmt)
2
dx + ρ3

∫ 1

0

θ2
mdx

+ ρ3

∫ 1

0

θ2
mxdx+ ρ3

∫ 1

0

θ2
mtdx

+ τ0

∫ 1

0

q2
mdx+ τ0

∫ 1

0

q2
mxdx + +τ0

∫ 1

0

q2
mtdx

+

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
m (x, ρ, s) dsdρdx
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+

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
mx (x, ρ, s) dsdρdx

+
(

1 +
ρ2

K

)

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
mt (x, ρ, s) dsdρdx

+
ρ2

K

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
mxt (x, ρ, s) dsdρdx

+

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
mtt (x, ρ, s) dsdρdx

≤C, (3.63)

using Young’s inequality with ε, we have

ρ1

∫ 1

0

ϕ2
mdx+ λ1

∫ 1

0

ϕ2
mxdx+ ρ1

∫ 1

0

ϕ2
mtdx

+ (ρ1 + ρ2)

∫ 1

0

ϕ2
mxtdx+

(

ρ1 +
ρ1ρ2

K

)

∫ 1

0

ϕ2
mttdx

+λ2

∫ 1

0

ϕ2
mxxdx+

(

ρ2 +
ρ2ρ1

K

)

∫ 1

0

ϕ2
mxttdx

+
ρ1ρ2

K

∫ 1

0

ϕ2
mtttdx+ ρ2

∫ 1

0

ϕ2
mxxtdx

+b

∫ 1

0

ψ2
mxdx+ b

∫ 1

0

ψ2
mxtdx+ b

∫ 1

0

ψ2
mxxdx

+K

(

1 −
1

ε

)
∫ 1

0

ϕ2
mxdx+K (1 − ε)

∫ 1

0

ψ2
mdx

+K

(

1 −
1

ε

)
∫ 1

0

ϕ2
mxtdx+K (1 − ε)

∫ 1

0

ψ2
mtdx+ ρ3

∫ 1

0

θ2
mdx

+ρ3

∫ 1

0

θ2
mxdx+ ρ3

∫ 1

0

θ2
mtdx

+τ0

∫ 1

0

q2
mdx+ τ0

∫ 1

0

q2
mxdx+ +τ0

∫ 1

0

q2
mtdx

+

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
m (x, ρ, s) dsdρdx

+

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
mx (x, ρ, s) dsdρdx

+
(

1 +
ρ2

K

)

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
mt (x, ρ, s) dsdρdx

+
ρ2

K

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
mxt (x, ρ, s) dsdρdx

+

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
mtt (x, ρ, s) dsdρdx

≤ C, (3.64)
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we choose ε = 1
2 , and λ = λ1 −K > 0,such that λ1 = ρ1 + ρ2 > K, we obtain

Nm (t) = ρ1

∫ 1

0

ϕ2
mdx+ λ

∫ 1

0

ϕ2
mxdx+ ρ1

∫ 1

0

ϕ2
mtdx

+λ

∫ 1

0

ϕ2
mxtdx+

(

ρ1 +
ρ1ρ2

K

)

∫ 1

0

ϕ2
mttdx

+λ2

∫ 1

0

ϕ2
mxxdx+

(

ρ2 +
ρ2ρ1

K

)

∫ 1

0

ϕ2
mxttdx

+
ρ1ρ2

K

∫ 1

0

ϕ2
mtttdx+ ρ2

∫ 1

0

ϕ2
mxxtdx

+
K

2

∫ 1

0

ψ2
mdx+ b

∫ 1

0

ψ2
mxdx

+
K

2

∫ 1

0

ψ2
mtdx+ b

∫ 1

0

ψ2
mxtdx+ b

∫ 1

0

ψ2
mxxdx

+ρ3

∫ 1

0

θ2
mdx+ ρ3

∫ 1

0

θ2
mxdx + ρ3

∫ 1

0

θ2
mtdx

+τ0

∫ 1

0

q2
mdx+ τ0

∫ 1

0

q2
mxdx+ +τ0

∫ 1

0

q2
mtdx

+

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
m (x, ρ, s) dsdρdx

+

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
mx (x, ρ, s) dsdρdx

+
(

1 +
ρ2

K

)

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
mt (x, ρ, s) dsdρdx

+
ρ2

K

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
mxt (x, ρ, s) dsdρdx

+

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
mtt (x, ρ, s) dsdρdx

≤ C. (3.65)

3.5. Passage to limit

Now, to prove that (3.5) holds, we multiply each of the equation (3.5) by a functions wl (t) , sl (t),
vl (t), rl (t), and pl (t) respectivly, we obtain

ρ1 (ϕmtt, ul)wl (t) +K ((ϕmx + ψm) , ulx)wl (t) + µ1 (ψmt, ul)wl (t)

+
(

∫ τ 2

τ 1

µ2 (s) ym (x, 1, s) ds, ul

)

wl (t) = 0,

ρ2 (ϕmtt, vlx) sl (t) + b (ψmx, vlx) sl (t) +K ((ϕmx + ψm) , vl) sl (t)
+γ (θmx, vl) sl (t) = 0,
ρ3 (θmt, wl) vl (t) + (qmx, wl) vl (t) + γ (ψmtx, wl) vl (t) = 0,
τ0 (qmt, zl) rl (t) + δ (qm, zl) rl (t) + κ (θmx, zl) rl (t) = 0,
s (ymt (x, ρ, s) , φl) pl (t) + (ymρ (x, ρ, s) , φl) pl (t) = 0,
s (ymtt (x, ρ, s) , φl) pl (t) + (ymρt (x, ρ, s) , φl) pl (t) = 0.

(3.66)
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Then, summing over l from 1 to m and if we let

λm =

l=m
∑

l=1

ul (x)wl (t) , γm =

l=m
∑

l=1

vl (x) sl (t) ,

µm =

l=m
∑

l=1

wl (x) vl (t) , ηm =

l=m
∑

l=1

zl (x) rl (t) ,

σm =

l=m
∑

l=1

φl (x, ρ, s) pl (t) , (3.67)

then, we have

ρ1 (ϕmtt, λm) +K ((ϕmx + ψm) , λmx) + µ1 (ψmt, λm)

+
(

∫ τ2

τ1

µ2 (s) ym (x, 1, s) ds, λm

)

= 0,

ρ2 (ϕmtt, γmx) + b (ψmx, γmx) +K ((ϕmx + ψm) , γm)
+γ (θmx, γm) = 0,
ρ3 (θmt, µm) + (qmx, µm) + γ (ψmtx, µm) = 0,
τ0 (qmt, ηm) + δ (qm, ηm) + κ (θmx, ηm) = 0,
s (ymt (x, ρ, s, t) , σm (x, ρ, s)) + (ymρ (x, ρ, s, t) , σm (x, ρ, s)) = 0,
s (ymtt (x, ρ, s, t) , σm (x, ρ, s, t)) + (ymρt (x, ρ, s, t) , σm (x, ρ, s, t)) = 0.

(3.68)

Now, we integrate over t on (0,∞), we obtain

−ρ1 (ϕmt, λmt)L2(Q) − ρ1 (ϕmt (x, 0) , λm (x, 0))L2(0,1)

+K ((ϕmx + ψm) , λmx)L2(Q) − µ1 (ψm, λmt)L2(Q)

−µ1 (ψm (x, 0) , λm (x, 0))L2(0,1) +

(
∫ τ2

τ1

µ2 (s) ym (x, 1, s) ds, λm

)

L2(Q)

= 0,

−ρ2 (ϕmt, γmxt)L2(Q) − ρ2 (ϕmt (x, 0) , γmx (x, 0))L2(0,1)

+b (ψmx, γmx)L2(Q) +K ((ϕmx + ψm) , γm)L2(Q) + γ (θmx, γm)L2(Q) = 0,

−ρ3 (θm, µmt)L2(Q) − ρ3 (θm (x, 0) , µm (x, 0))L2(0,1) + (qmx, µm)L2(Q)

−γ (ψmx, µmt)L2(Q) − γ (ψmx (x, 0) , µm (x, 0))L2(0,1) = 0,

−τ0 (qm, ηmt)L2(Q) − τ0 (qm (x, 0) , ηm (x, 0))L2(0,1)

+δ (qm, ηm)L2(Q) + κ (θmx, ηm)L2(Q) = 0,

−s (ym (x, ρ, s, t) , σmt (x, ρ, s, t))L2(Q) − s (ym (x, ρ, s, 0) , σm (x, ρ, s, 0))L2(0,1)

+ (ymρ (x, ρ, s, t) , σm (x, ρ, s, t))
L2(Q) = 0,

−s (ymt (x, ρ, s, t) , σmt (x, ρ, s, t))L2(Q) − s (ymt (x, ρ, s, 0) , σm (x, ρ, s, 0))L2(0,1) (3.69)

+ (ymρ (x, ρ, s, t) , σm (x, ρ, s, t))
L2(Q) = 0.
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From (3.27) , (3.42) and (3.61) , we conclude that for any m ∈ N ,

ϕm is bounded in L∞
(

R+, H
2 ∩H1

0

)

,

ϕmt is bounded in L∞
(

R+, H
1
)

,

ϕmtt is bounded in L∞
(

R+, H
1
)

,

ψm is bounded in L∞
(

R+, H
1
0

)

,

ψmxt is bounded in L∞
(

R+, L
2
)

,

θm is bounded in L∞
(

R+, H
1
0

)

,

θmt is bounded in L∞
(

R+, L
2
)

,

qm is bounded in L∞
(

R+, H
1
0

)

,

qmt is bounded in L∞
(

R+, L
2
)

,

ym is bounded in L∞
(

R+, H
1 ((0, 1) × (0, 1) × (τ1, τ2))

)

,

ymt is bounded in L∞
(

R+, H
1 ((0, 1) × (0, 1) × (τ1, τ2))

)

. (3.70)

Thus, we get

ϕm weakly in L2
(

R+, H
2 ∩H1

0

)

,

ϕmt weakly in L2
(

R+, H
1
)

,

ϕmtt weakly in L2
(

R+, H
1
)

,

ψm weakly in L2
(

R+, H
1
0

)

,

ψmxt weakly in L2
(

R+, L
2
)

,

θm weakly in L2
(

R+, H
1
0

)

,

θmt weakly in L2
(

R+, L
2
)

,

qm weakly in L2
(

R+, H
1
0

)

,

qmt weakly in L2
(

R+, L
2
)

,

ym weakly in L2
(

R+, H
1 ((0, 1) × (0, 1) × (τ1, τ2))

)

,

ymt weakly in L2
(

R+, H
1 ((0, 1) × (0, 1) × (τ1, τ2))

)

. (3.71)

Thus, the limit function (ϕ, ψ, θ, q, y) satisfies (2.5) for every (3.67) . We denote by Qm the totality of all
functions of the forme (3.67) with limwl (T )

T →∞

= lim sl (T )
T →∞

= lim vl (T )
T →∞

= lim rl (T )
T →∞

= lim pl (T )
T →∞

= 0. But

∪∞

m=1Qm is dense in W (Q) , then the relation (2.5) holds for all (ϕ, ψ, θ, q, y) ∈ W (Q) . Thus, we have
shown that the limit function (ϕ, ψ, θ, q, y) is a generalized solution of system (2.3) in V (Q) .

3.6. Continuous dependence and uniqueness

First, we prove the continuous dependence and uniqueness for weak solutions of system (2.3) .Let
(ϕ,ϕt, ϕtt, ψ, θ, q, y, yt) and (Γ,Γt,Γtt,Ξ,Ω, ξ,Π,Πt) be two global solutions of system (2.3) with respect
to initial data (ϕ0, ϕ1, ϕ2, ψ0, θ0, q0,Θ0,Θ1) and (Γ0,Γ1,Γ2,Ξ0,Ω0, ξ0,Φ0,Φ1), respectively. Let

Λ (t) = ϕ− Γ,

Σ (t) = ψ − Ξ,

M (t) = θ − Ω,

R (t) = q − ξ,

χ (t) = Π − Φ. (3.72)
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Then, (Λ, λ,M,R, χ) verifies (2.3) , and we have

ρ1Λtt −K (Λx + Σ)x + µ1Λt +

∫ τ2

τ1

µ2 (s)χ (x, 1, s) ds = 0,

−ρ2Λttx − bλxx +K (Λx + λ) + γMx = 0,

ρ3Mt + κRx + γλtx = 0,

τ0Rt + δR + κMx = 0,

sχt + χρ = 0,

sχtt + χρt = 0. (3.73)

Now, multiplying (3.73)1 , (3.73)2 , (3.73)3 and (3.73)4 by Λt, λt, Mt,Rt, respectively, and integrating
over (0, 1) (the same arguments as in energy method), we get

ρ1

2

d

dt

∫ 1

0

Λ2
tdx+K

∫ 1

0

(Λx + Σ) Λtxdx+ µ1

∫ 1

0

Λ2
tdx

+

∫ 1

0

Λt

∫ τ2

τ1

µ2 (s)χ (x, 1, s) dsdx = 0, (3.74)

then,

ρ2ρ1

2K

d

dt

∫ 1

0

Λ2
ttdx+

ρ2

2

d

dt

∫ 1

0

Λ2
xtdx+

b

2

d

dt

∫ 1

0

Σ2
xdx

+K

∫ 1

0

Σt (Λx + Σ) dx+ γ

∫ 1

0

ΣtMxdx

ρ2µ1

K

∫ 1

0

Λ2
ttdx+

ρ2

K

∫ 1

0

Λtt

∫ τ 2

τ 1

µ2 (s)χt (x, 1, s) dsdx = 0, (3.75)

after that,
ρ3

2

d

dt

∫ 1

0

M
2dx+ κ

∫ 1

0

MRxdx − γ

∫ 1

0

ΣtMxdx = 0, (3.76)

finally,
τ0

2

d

dt

∫ 1

0

R
2dx+ δ

∫ 1

0

R
2dx− κ

∫ 1

0

MRxdx = 0. (3.77)

By combining (3.74) , (3.75) , (3.76) and (3.77) , we get

1

2

d

dt

∫ 1

0

[

ρ1Λ2
t +K (Λx + Σ)2 +

ρ2ρ1

K
Λ2

tt + bΣ2
x + ρ2Λ2

xt (3.78)

ρ3M
2 + τ0R

2
]

dx + µ1

∫ 1

0

Λ2
tdx+ δ

∫ 1

0

R
2dx

+

∫ 1

0

Λt

∫ τ2

τ1

µ2 (s)χ (x, 1, s) dsdx+
ρ2µ1

K

∫ 1

0

Λ2
ttdx

+
ρ2

K

∫ 1

0

Λtt

∫ τ2

τ1

µ2 (s)χt (x, 1, s) dsdx = 0.

Now, multiplying (3.73)5 by |µ2 (s)|χ (x, ρ, s) and integrating over (0, 1) × (0, 1) × (τ1, τ2), we obtain

1

2

d

dt

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)|χ2 (x, ρ, s)dsdρdx

−
1

2

(
∫ τ 2

τ 1

|µ2 (s)| ds

)
∫ 1

0

Λ2
tdx

+
1

2

∫ 1

0

∫ τ 2

τ 1

|µ2 (s)|χ2 (x, 1, s) dsdx = 0. (3.79)
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Then, multiplying (3.73)6 by |µ2 (s)|χt (x, ρ, s) and integrating over (0, 1) × (0, 1) × (τ1, τ2), we obtain

ρ2

2K

d

dt

∫ 1

0

∫ 1

0

∫ τ2

τ 1

s |µ2 (s)|χ2
t (x, ρ, s) dsdρdx

−
ρ2

2K

(
∫ τ 2

τ1

|µ2 (s)| ds

)
∫ 1

0

Λ2
ttdx

+
ρ2

2K

∫ 1

0

∫ τ 2

τ1

|µ2 (s)|χ2
t (x, 1, s) dsdx = 0. (3.80)

By combining (3.78), (3.79) and (3.80) , we obtain

d

dt
E (t) = −

(

µ1 −
1

2

∫ τ2

τ1

|µ2 (s)| ds

)
∫ 1

0

Λ2
tdx

−
ρ2

K

(

µ1 −
1

2

∫ τ2

τ1

|µ2 (s)| ds

)
∫ 1

0

Λ2
ttdx

−

∫ 1

0

Λt

∫ τ 2

τ1

µ2 (s)χ (x, 1, s)dsdx − δ

∫ 1

0

R
2dx

−
ρ2

K

∫ 1

0

Λtt

∫ τ2

τ1

µ2 (s)χt (x, 1, s) dsdx

−
1

2

∫ 1

0

∫ τ 2

τ 1

|µ2 (s)|χ2 (x, 1, s) dsdx

−
ρ2

2K

∫ 1

0

∫ τ2

τ1

|µ2 (s)|χ2
t (x, 1, s) dsdx

≤ −η0

∫ 1

0

Λ2
tdx− η0

ρ2

K

∫ 1

0

Λ2
ttdx− δ

∫ 1

0

R
2dx ≤ 0

≤ c

(
∫ 1

0

[

Λ2
t + (Λx + Σ)

2
+ Λ2

tt + Λ2
xt + Σ2

x + M
2 + R

2
]

dx

+

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)|χ2 (x, ρ, s) dsdxdρ (3.81)

+

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)|χ2
t (x, ρ, s) dsdxdρ

)

.

By integrating (3.81) over (0, t) , we obtain

E (t) − E (0) ≤ c

(
∫ t

0

[

‖Λt‖
2 + ‖(Λx + Σ)‖2 + ‖Λtt‖

2 + ‖Λxt‖
2 + ‖Σx‖2 + ‖M‖2 + ‖R‖2

]

dτ

+

∫ t

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| ‖χ (x, ρ, s)‖2
dsdρdτ +

∫ t

0

∫ 1

0

∫ τ2

τ 1

s |µ2 (s)| ‖χt (x, ρ, s)‖2
dsdρdτ

)

,

implies,

E (t) ≤ E (0) + c

∫ t

0

[

‖Λt‖
2

+ ‖(Λx + Σ)‖
2

+ ‖Λtt‖
2

+ ‖Λxt‖
2

+ ‖M‖
2

+ ‖Σx‖
2

+ ‖R‖
2
]

dτ

+c

∫ t

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| ‖χ (x, ρ, s)‖
2
dsdρdτ (3.82)

+c

∫ t

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| ‖χt (x, ρ, s)‖
2
dsdρdτ .
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On the other hand, we have

E (t) =
1

2

∫ 1

0

[

ρ1Λ2
t +K (Λx + Σ)2 +

ρ2ρ1

K
Λ2

tt + ρ2Λ2
xt + bΣ2

x + ρ3M
2 + τ0R

2
]

dx

+
1

2

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)|χ2 (x, ρ, s) dsdρdx

+
ρ2

2K

∫ 1

0

∫ 1

0

∫ τ2

τ 1

s |µ2 (s)|χ2
t (x, ρ, s) dsdρdx

≥
1

2
min

(

ρ1,K,
ρ2ρ1

K
, ρ2, b, ρ3, τ0,

ρ2

K
, 1

)

×
(

‖Λt‖
2

+ ‖(Λx + λ)‖
2

+ ‖Λtt‖
2

+ ‖Λxt‖
2

+ ‖λx‖
2

+ ‖M‖
2

+ ‖R‖
2

+

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| ‖χ (x, ρ, s)‖
2
dsdρ

+

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| ‖χt (x, ρ, s)‖
2
dsdρ

)

,

implies,

E (t) ≥ m0

(

‖Λt‖
2

+ ‖(Λx + λ)‖
2

+ ‖Λtt‖
2

+ ‖Λxt‖
2

+ ‖λx‖
2

+ ‖M‖
2

+ ‖R‖
2

+

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| ‖χ (x, ρ, s)‖
2
dsdρ

+

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| ‖χt (x, ρ, s)‖
2
dsdρ

)

. (3.83)

So, we have

m0

(

‖Λt‖
2 + ‖(Λx + λ)‖2 + ‖Λtt‖

2 + ‖Λxt‖
2

+ ‖λx‖
2

+ ‖M‖
2

+ ‖R‖
2

+

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| ‖χ (x, ρ, s)‖
2
dsdρ

+

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| ‖χt (x, ρ, s)‖
2
dsdρ

)

≤ E (0) + c

∫ t

0

[

‖Λt‖
2

+ ‖(Λx + λ)‖
2

+ ‖Λtt‖
2

+ ‖Λxt‖
2 + ‖M‖2 + ‖λx‖2 + ‖R‖2

dτ
]

+c

∫ t

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| ‖χ (x, ρ, s)‖2
dsdρdτ

+c

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| ‖χt (x, ρ, s)‖
2
dsdρ. (3.84)

Applying Gronwall’s inequality to (3.84) , we get

‖Λt‖
2

+ ‖(Λx + λ)‖
2

+ ‖Λtt‖
2

+ ‖Λxt‖
2

+ ‖λx‖
2

+ ‖M‖
2

+ ‖R‖
2

+

∫ 1

0

∫ τ 2

τ 1

s |µ2 (s)| ‖χ (x, ρ, s)‖
2
dsdρ

+

∫ 1

0

∫ τ 2

τ 1

s |µ2 (s)| ‖χt (x, ρ, s)‖
2
dsdρ

≤
1

m0
E (0) exp (Mt) , (3.85)
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where M = c
m0

.

This shows that solution of system (2.3) , depends continuously on the initial data.

4. Stability Results

In this section, we state and prove our stability results for the energy of the solution of system (2.3),
using the multiplier technique. To achieve our goal, we need the following lemmas.

Lemma 4.1. Define the energy of solution as

E (t) =
1

2

∫ 1

0

[

ρ1ϕ
2
t +K (ϕx + ψ)

2
+
ρ2ρ1

K
ϕ2

tt + ρ2ϕ
2
xt + bψ2

x + ρ3θ
2 + τ0q

2
]

dx

+
1

2

∫ 1

0

∫ 1

0

∫ τ 2

τ 1

s |µ2 (s)| y2 (x, ρ, s) dsdρdx

+
ρ2

2K

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
t (x, ρ, s) dsdρdx,

satisfies

E′ (t) ≤ −

(

µ1 −

∫ τ2

τ1

|µ2 (s)| ds

)
∫ 1

0

ϕ2
tdx− δ

∫ 1

0

q2dx

−
ρ2

K

(

µ1 −

∫ τ2

τ1

|µ2 (s)| ds

)
∫ 1

0

ϕ2
ttdx

≤ −η0

∫ 1

0

ϕ2
tdx− δ

∫ 1

0

q2dx

−
ρ2

K
η0

∫ 1

0

ϕ2
ttdx

≤ 0,

where η0 =
(

µ1 −
∫ τ2

τ1

|µ2 (s)| ds
)

> 0.

Proof. First, multiplying (2.3)1, (2.3)2, (2.3)3 and (2.3)4 by ϕt, ψt, θ and q,respectively, and integrating
over (0, 1), using integration by parts and the boundary conditions, we obtain

ρ1

2

d

dt

∫

ϕ2
tdx+K

∫ 1

0

ϕtx (ϕx + ψ) dx+ µ1

∫ 1

0

ϕ2
tdx

+

∫ 1

0

ϕt

∫ τ 2

τ1

µ2 (s) y (x, 1, s) dsdx = 0, (4.1)

then,

ρ2

∫ 1

0

ψtxϕttdx+
b

2

d

dt

∫ 1

0

ψ2
xdx+K

∫ 1

0

ψt (ϕx + ψ) dx

+γ

∫ 1

0

ψtθxdx = 0, (4.2)

next,
ρ3

2

d

dt

∫ 1

0

θ2dx− κ

∫ 1

0

θxqdx− γ

∫ 1

0

θxψtdx = 0, (4.3)

finally,
τ0

2

d

dt

∫ 1

0

q2dx+ δ

∫ 1

0

q2dx+ κ

∫ 1

0

qθxdx = 0, (4.4)
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now, substituting ψtx =
ρ

1

K
ϕttt − ϕxxt +

µ
1

K
ϕtt + 1

K

∫ τ 2

τ 1

µ2 (s) yt (x, 1, s)dx into first integral of (4.2) and
using the integral by parts, we get

ρ2ρ1

2K

d

dt

∫ 1

0

ϕ2
ttdx+

ρ2

2

d

dt

∫ 1

0

ϕ2
xtdx+

b

2

d

dt

∫ 1

0

ψ2
xdx

+K

∫ 1

0

ψt (ϕx + ψ) dx+ γ

∫ 1

0

ψtθxdx+
µ1ρ2

K

∫ 1

0

ϕ2
ttdx

+
ρ2

K

∫ 1

0

ϕtt

∫ τ 2

τ1

µ2 (s) yt (x, 1, s)dsdx = 0, (4.5)

summing (4.1) , (4.3) , (4.4) and (4.5) , we obtain

1

2

d

dt

∫ 1

0

[

ρ1ϕ
2
t +K (ϕx + ψ)

2
+
ρ2ρ1

K
ϕ2

tt

+ρ2ϕ
2
xt + bψ2

x + ρ3θ
2 + τ0q

2
]

dx

+µ1

∫ 1

0

ϕ2
tdx+ δ

∫ 1

0

q2dx+

∫ 1

0

ϕt

∫ τ2

τ 1

µ2 (s) y (x, 1, s) dsdx

+µ1

ρ2

K

∫ 1

0

ϕ2
ttdx+

ρ2

K

∫ 1

0

ϕtt

∫ τ2

τ1

µ2 (s) yt (x, 1, s) dsdx = 0. (4.6)

Second, multiplying (2.3)5 by (y |µ2 (s)|) , integrating the product over (0, 1) × (0, 1) × (τ1, τ2) , and
recall that y (x, 0, s) = ϕt, yield

1

2

d

dt

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2 (x, ρ, s) dsdρdx

= −
1

2

∫ 1

0

∫ τ2

τ1

|µ2 (s)|
(

y2 (x, 1, s) − y2 (x, 0, s)
)

dsdx

=
1

2

(
∫ τ 2

τ 1

|µ2 (s)| ds

)
∫ 1

0

ϕ2
tdx

−
1

2

∫ 1

0

∫ τ2

τ1

|µ2 (s)| y2 (x, 1, s) dsdx = 0, (4.7)

now, differentiating and multiplying (2.3)5 by (yt |µ2 (s)|) , integrating the product over (0, 1)×(0, 1)×
(τ1, τ2) , we get

ρ2

2K

d

dt

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
t (x, ρ, s) dsdρdx

= −
ρ2

2K

∫ 1

0

∫ τ2

τ 1

|µ2 (s)|
(

y2
t (x, 1, s) − y2

t (x, 0, s)
)

dsdx

ρ2

2K

d

dt

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
t (x, ρ, s) dsdρdx

=
ρ2

2K

(
∫ τ2

τ1

|µ2 (s)| ds

)
∫ 1

0

ϕ2
ttdx

−
ρ2

2K

∫ 1

0

∫ τ2

τ 1

|µ2 (s)| y2
t (x, 1, s) dsdx = 0. (4.8)
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A combination of (4.6), (4.7) and (4.8), gives

1

2

d

dt

∫ 1

0

[

ρ1ϕ
2
t +K (ϕx + ψ)

2
+
ρ2ρ1

K
ϕ2

tt + ρ2ϕ
2
xt + bψ2

x + ρ3θ
2 + τ0q

2
]

dx

+
1

2

d

dt

∫ 1

0

∫ 1

0

∫ τ 2

τ1

s |µ2 (s)| y2 (x, ρ, s) dsdρdx

+
ρ2

2K

d

dt

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
t (x, ρ, s) dsdρdx

= −

(

µ1 −
1

2

(
∫ τ2

τ1

|µ2 (s)| ds

))
∫ 1

0

ϕ2
tdx− δ

∫ 1

0

q2dx

−
ρ2

K

(

µ1 −
1

2

(
∫ τ2

τ1

|µ2 (s)| ds

))
∫ 1

0

ϕ2
ttdx

−

∫ 1

0

ϕt

∫ τ2

τ 1

µ2 (s) y (x, 1, s) dsdx−
1

2

∫ 1

0

∫ τ2

τ1

|µ2 (s)| y2 (x, 1, s) dsdx

−
ρ2

K

∫ 1

0

ϕtt

∫ τ 2

τ 1

µ2 (s) yt (x, 1, s)dsdx −
ρ2

2K

∫ 1

0

∫ τ 2

τ1

|µ2 (s)| y2
t (x, 1, s) dsdx,

where

E (t) =
1

2

d

dt

∫ 1

0

[

ρ1ϕ
2
t +K (ϕx + ψ)

2
+
ρ2ρ1

K
ϕ2

tt

+ρ2ϕ
2
xt + bψ2

x + ρ3θ
2 + τ0q

2
]

dx

+
1

2

d

dt

∫ 1

0

∫ 1

0

∫ τ2

τ 1

s |µ2 (s)| y2 (x, ρ, s) dsdρdx

+
ρ2

2K

d

dt

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
t (x, ρ, s) dsdρdx, (4.9)

and

d

dt
E (t) = −

(

µ1 −
1

2

(
∫ τ 2

τ 1

|µ2 (s)|ds

))
∫ 1

0

ϕ2
tdx− δ

∫ 1

0

q2dx

−
ρ2

K

(

µ1 −
1

2

(
∫ τ2

τ1

|µ2 (s)| ds

))
∫ 1

0

ϕ2
ttdx

−

∫ 1

0

ϕt

∫ τ2

τ 1

µ2 (s) y (x, 1, s) dsdx−
1

2

∫ 1

0

∫ τ2

τ1

|µ2 (s)| y2 (x, 1, s) dsdx

−
ρ2

K

∫ 1

0

ϕtt

∫ τ 2

τ 1

µ2 (s) yt (x, 1, s)dsdx −
ρ2

2K

∫ 1

0

∫ τ 2

τ1

|µ2 (s)| y2
t (x, 1, s) dsdx. (4.10)

Meanwhile, using Young’s and Cauchy Shwarz’s inequalities, we have

−

∫ 1

0

ϕt

∫ τ2

τ1

µ2 (s) y (x, 1, s)dsdx

≤
1

2

∫ 1

0

∫ τ2

τ1

|µ2 (s)| y2 (x, 1, s) dsdx+
1

2

(
∫ τ2

τ1

|µ2 (s)| ds

)
∫ 1

0

ϕ2
tdx, (4.11)

and

−
ρ2

K

∫ 1

0

ϕt

∫ τ2

τ1

µ2 (s) yt (x, 1, s) dsdx

≤
ρ2

2K

∫ 1

0

∫ τ2

τ1

|µ2 (s)| y2
t (x, 1, s) dsdx+

ρ2

2K

(
∫ τ2

τ1

|µ2 (s)| ds

)
∫ 1

0

ϕ2
ttdx. (4.12)
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Now, substituting (4.11) and (4.12) into (4.10), we obtain

d

dt
E (t) ≤ −

(

µ1 −

(
∫ τ 2

τ1

|µ2 (s)| ds

))
∫ 1

0

ϕ2
tdx− δ

∫ 1

0

q2dx

−
ρ2

K

(

µ1 −

(
∫ τ 2

τ1

|µ2 (s)| ds

))
∫ 1

0

ϕ2
ttdx

≤ − η0

∫ 1

0

ϕ2
tdx− δ

∫ 1

0

q2dx −
ρ2

K
η0

∫ 1

0

ϕ2
ttdx, (4.13)

where η0 =
(

µ1 −
∫ τ 2

τ 1

|µ2 (s)| ds
)

> 0.then we obtain that E is decreasing. �

Lemma 4.1. The functional

F1 (t) = −
µ1

2

∫ 1

0

ϕ2
tdx−K

∫ 1

0

ϕtxϕxdx, (4.14)

satisfies

F ′

1 (t) ≤ −K

∫ 1

0

ϕ2
txdx+ c

(

1 +
1

ε1

)
∫ 1

0

ϕ2
ttdx+ ε1

∫ 1

0

ψ2
xdx

+c

∫ 1

0

∫ τ2

τ1

|µ2 (s)| y2 (x, 1, s) dsdx. (4.15)

Proof. A simple differentiation of F1 (t), using parametric integral, (2.3)1, integration by parts, Young’s
and Poincaré inequalities, we get

F ′

1 (t) = ρ1

∫ 1

0

ϕ2
ttdx −K

∫ 1

0

ϕttψxdx −K

∫ 1

0

ϕ2
txdx

+

∫ 1

0

ϕtt

∫ τ2

τ1

µ2 (s) y (x, 1, s)dsdx

≤ −K

∫ 1

0

ϕ2
txdx+ ρ1

∫ 1

0

ϕ2
ttdx+

K2

ε1

∫ 1

0

ϕ2
ttdx+ ε1

∫ 1

0

ψ2
xdx

+ρ1

∫ 1

0

ϕ2
ttdx+

µ1

ρ1

∫ 1

0

∫ τ 2

τ 1

|µ2 (s)| y2 (x, 1, s)dsdx

≤ −K

∫ 1

0

ϕ2
txdx+ c

(

1 +
1

ε1

)
∫ 1

0

ϕ2
ttdx + ε1

∫ 1

0

ψ2
xdx

+

∫ 1

0

∫ τ 2

τ 1

|µ2 (s)| y2 (x, 1, s)dsdx,

where c = max
(

µ
1

ρ
1

, 2ρ1

)

and

∫ 1

0

ϕtt

∫ τ 2

τ 1

µ2 (s) y (x, 1, s) dsdx

≤ ρ1

∫ 1

0

ϕ2
ttdx+

µ1

ρ1

∫ 1

0

∫ τ2

τ1

|µ2 (s)| y2 (x, 1, s) dsdx.

�
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Lemma 4.2. The functional

F2 (t) = ρ1

∫ 1

0

ϕϕtdx+
µ1

2

∫ 1

0

ϕ2dx

+
µ1ρ2

2K

∫ 1

0

ϕ2
tdx+ ρ2

∫ 1

0

ϕtxϕxdx, (4.16)

satisfies

F
′

2 (t) ≤ −
b

2

∫ 1

0

ψ2
xdx−

K

2

∫ 1

0

(ϕx + ψ)2
dx−

ρ1ρ2

2K

∫ 1

0

ϕ2
ttdx

+ρ2

∫ 1

0

ϕ2
txdx+

ρ3κ

4

∫ 1

0

θ2dx + ρ1

∫ 1

0

ϕ2
tdx

+c

∫ 1

0

∫ τ 2

τ1

|µ2 (s)| y2 (x, 1, s) dsdx. (4.17)

Proof. A simple differentiation of F2 (t), using parametric integral, (2.3)1, (2.3)2 integration by parts,
Young’s, Cauchy Schwarz and Poincaré inequalities, we get

F
′

2 (t) = ρ1

∫ 1

0

ϕ2
tdx−K

∫ 1

0

(ϕx + ψ)
2
dx−

∫ 1

0

ϕ

∫ τ 2

τ 1

µ2 (s) y (x, 1, s) dsdx

−
ρ1ρ2

K

∫ 1

0

ϕ2
ttdx− b

∫ 1

0

ψ2
xdx+ γ

∫ 1

0

θψxdx+ ρ2

∫ 1

0

ϕ2
txdx

−
ρ2

K

∫ 1

0

ϕtt

∫ τ 2

τ1

µ2 (s) y (x, 1, s) dsdx

≤ −
K

2

∫ 1

0

(ϕx + ψ)
2
dx−

b

2

∫ 1

0

ψ2
xdx−

ρ1ρ2

2K

∫ 1

0

ϕ2
ttdx

+ρ2

∫ 1

0

ϕ2
txdx+ ρ1

∫ 1

0

ϕ2
tdx+

ρ3κ

4

∫ 1

0

θ2dx

+c

∫ 1

0

∫ τ2

τ1

|µ2 (s)| y2 (x, 1, s) dsdx,

where

−

∫ 1

0

ϕ

∫ τ 2

τ 1

µ2 (s) y (x, 1, s) dsdx

≤
1

2

∫ 1

0

ϕ2dx +
1

2

∫ 1

0

[
∫ τ2

τ1

|µ2 (s)| ds

∫ τ2

τ 1

|µ2 (s)| y2 (x, 1, s) ds

]

dx

≤
K

2

∫ 1

0

ϕ2
xdx+

µ1

2

∫ 1

0

∫ τ 2

τ 1

|µ2 (s)| y2 (x, 1, s)dsdx

≤
K

2

∫ 1

0

(ϕx + ψ)
2
dx+

µ1

2

∫ 1

0

∫ τ 2

τ1

|µ2 (s)| y2 (x, 1, s) dsdx,

and

−

∫ 1

0

ϕtt

∫ τ 2

τ1

µ2 (s) y (x, 1, s) dsdx

≤
ρ1

2

∫ 1

0

ϕ2
ttdx+

µ1

2ρ1

∫ 1

0

∫ τ2

τ1

|µ2 (s)| y2 (x, 1, s) dsdx.

�
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Lemma 4.3. The functional

F3 (t) = −ρ3τ0

∫ 1

0

q

∫ x

0

θ (y, t)dydx

−τ0γ

∫ 1

0

qψdx, (4.18)

satisfies

F ′

3 (t) ≤ −
κρ3

2

∫ 1

0

θ2dx+
b

4

∫ 1

0

ψ2
xdx

+c

∫ 1

0

q2dx. (4.19)

Proof. A simple differentiation of F3 (t), using parametric integral, (2.3)3, (2.3)4, integration by parts,
Young’s, Poincaré and Cauchy Schwarz inequalities, we get

F ′

3 (t) = ρ3δ

∫ 1

0

q

∫ x

0

θ (y, t)dydx− ρ3κ

∫ 1

0

θ2dx+ τ0κ

∫ 1

0

q2dx

+γδ

∫ 1

0

ψqdx− γκ

∫ 1

0

ψxθdx

≤ −
ρ3κ

2

∫ 1

0

θ2dx+ c

∫ 1

0

q2dx+
b

4

∫ 1

0

ψ2
xdx,

�

Lemma 4.4. The functional

F4 (t) =

∫ 1

0

∫ 1

0

∫ τ 2

τ 1

s exp (−sρ) |µ2 (s)| y2 (x, ρ, s) dsdρdx, (4.20)

satisfies

F ′

4 (t) ≤ −m1

∫ 1

0

∫ τ 2

τ1

|µ2 (s)| y2 (x, 1, s) dsdx+ µ1

∫ 1

0

ϕ2
t (t) dx

−m1

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2 (x, ρ, s) dsdρdx. (4.21)

Proof. A simple differentiation of F4 (t), using parametric integral and (2.3)5, we get

F ′

4 (t) = −2

∫ 1

0

∫ 1

0

∫ τ2

τ 1

s exp (−sρ) |µ2 (s)| y (x, ρ, s) yρ (x, ρ, s) dsdρdx

= −

∫ 1

0

∫ τ2

τ1

|µ2 (s)|
[

exp (−s) y2 (x, 1, s) − y2 (x, 0, s)
]

dsdx

−

∫ 1

0

∫ 1

0

∫ τ2

τ1

s exp (−sρ) |µ2 (s)| y2 (x, ρ, s)dsdρdx.

Using the equality y (x, 0, s) = ϕt (t) and − exp (−sρ) ≤ − exp (−s) ≤ − exp (−τ2) for all 0 ≤ ρ ≤ 1
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and τ1 ≤ s ≤ τ2 , we get

F ′

4 (t) ≤ −

∫ 1

0

∫ τ2

τ 1

|µ2 (s)| exp (−s) y2 (x, 1, s) dsdx+ µ1

∫ 1

0

ϕ2
t (t) dx

−

∫ 1

0

∫ 1

0

∫ τ 2

τ 1

s exp (−s) |µ2 (s)| y2 (x, ρ, s) dsdρdx

≤ −

∫ 1

0

∫ τ2

τ 1

|µ2 (s)| exp (−τ2) y2 (x, 1, s) dsdx+ µ1

∫ 1

0

ϕ2
t (t) dx

−

∫ 1

0

∫ 1

0

∫ τ 2

τ 1

s exp (−τ2) |µ2 (s)| y2 (x, ρ, s) dsdρdx

≤ −m1

∫ 1

0

∫ τ 2

τ 1

|µ2 (s)| y2 (x, 1, s)dsdx + µ1

∫ 1

0

ϕ2
t (t) dx

−m1

∫ 1

0

∫ 1

0

∫ τ 2

τ 1

s |µ2 (s)| y2 (x, ρ, s) dsdρdx,

where m1 = exp (−τ2) . �

Lemma 4.5. The functional

F5 (t) =

∫ 1

0

∫ 1

0

∫ τ 2

τ 1

s exp (−sρ) |µ2 (s)| y2
t (x, ρ, s) dsdρdx, (4.22)

satisfies

F ′

5 (t) ≤ −m1

∫ 1

0

∫ τ2

τ1

|µ2 (s)| y2
t (x, 1, s) dsdx+ µ1

∫ 1

0

ϕ2
tt (t) dx

−m1

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
t (x, ρ, s) dsdρdx. (4.23)

Proof. A simple differentiation of F5 (t), using parametric integral and (2.3)6, we get

F ′

5 (t) = −2

∫ 1

0

∫ 1

0

∫ τ 2

τ1

s exp (−sρ) |µ2 (s)| yt (x, ρ, s) ytρ (x, ρ, s) dsdρdx

= −

∫ 1

0

∫ τ2

τ1

|µ2 (s)|

∫ 1

0

∂

∂ρ

[

exp (−sρ) y2
t (x, ρ, s)

]

dρdsdx

−

∫ 1

0

∫ 1

0

∫ τ2

τ1

s exp (−sρ) |µ2 (s)| y2
t (x, ρ, s) dsdρdx

= −

∫ 1

0

∫ τ2

τ1

|µ2 (s)|
[

exp (−s) y2
t (x, 1, s) − y2

t (x, 0, s)
]

dsdx

−

∫ 1

0

∫ 1

0

∫ τ2

τ1

s exp (−sρ) |µ2 (s)| y2
t (x, ρ, s) dsdρdx.

Using the equality yt (x, 0, s) = ϕtt (t) and − exp (−sρ) ≤ − exp (−s) ≤ − exp (−τ2) for all 0 ≤ ρ ≤ 1
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and τ1 ≤ s ≤ τ2 , we get

F ′

5 (t) ≤ −

∫ 1

0

∫ τ2

τ1

|µ2 (s)| exp (−s) y2
t (x, 1, s) dsdx+ µ1

∫ 1

0

ϕ2
tt (t) dx

−

∫ 1

0

∫ 1

0

∫ τ2

τ1

s exp (−s) |µ2 (s)| y2
t (x, ρ, s) dsdρdx

≤ −

∫ 1

0

∫ τ2

τ1

|µ2 (s)| exp (−τ2) y2
t (x, 1, s) dsdx + µ1

∫ 1

0

ϕ2
tt (t) dx

−

∫ 1

0

∫ 1

0

∫ τ2

τ1

s exp (−τ2) |µ2 (s)| y2
t (x, ρ, s) dsdρdx

≤ −m1

∫ 1

0

∫ τ2

τ1

|µ2 (s)| y2
t (x, 1, s) dsdx+ µ1

∫ 1

0

ϕ2
tt (t) dx

−m1

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
t (x, ρ, s) dsdρdx,

where m1 = exp (−τ2) . �

Next, we define a Lyapunov functional L and show that it is equivalent to the energy functional E.

Theorem 4.2. Assume that (1.15) holds, then there exist positive constants ℓ1 and ℓ2 such that the

energy functional (4.9) satisfies

E (t) ≤ ℓ2 exp (−ℓ1t) , ∀t ≥ 0. (4.24)

Proof. We define a Lyapunov functional

L (t) = NE (t) +N1F1 (t) +N2 (F2 (t) + F3 (t)) +N4 (F4 (t) + F5 (t)) , (4.25)

where N, N1, N2, N4 > 0, by differentiating (4.25) and using (4.13), (4.15), (4.17), (4.19), (4.21) and
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(4.23) , we have

L
′ (t) = NE′ (t) +N1F

′

1 (t) +N2 (F ′

2 (t) + F ′

3 (t)) +N4 (F ′

4 (t) + F ′

5 (t))

≤ − [Nη0 −N2ρ1 −N4µ1]

∫ 1

0

ϕ2
tdx

−

[

N
ρ2

K
η0 +N2

ρ1ρ2

2K
−N1c

(

1 +
1

ε1

)

−N4µ1

]
∫ 1

0

ϕ2
ttdx

− [Nδ − cN2]

∫ 1

0

q2dx

− [N1K −N2ρ2]

∫ 1

0

ϕ2
xtdx

−

[

N2
b

2
−N1ε1 −N2

b

4

]
∫ 1

0

ψ2
xdx

−N2
K

2

∫ 1

0

(ϕx + ψ)
2
dx

−N2
ρ3κ

4

∫ 1

0

θ2dx

− [N4m1 −N1c−N2c]

∫ 1

0

∫ τ2

τ1

|µ2 (s)| y2 (x, 1, s) dsdx

−N4m1

∫ 1

0

∫ τ2

τ1

|µ2 (s)| y2
t (x, 1, s) dsdx

−N4m1

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2 (x, ρ, s) dsdρdx

−N4m1

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
t (x, ρ, s) dsdρdx,

By setting

ε1 =
bN2

8N1
.

Once N2 is fixed, we then choose N1 large enough such that

γ4 = N1K −N2ρ2 > 0.

Then we choose N4 large enough so that

γ5 = m1N4 > 0,

γ6 = N4m1 −N1c−N2c > 0.
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Thus, we arrive at

L
′ (t) ≤ − (Nη0 − c)

∫ 1

0

ϕ2
tdx−

(

N
ρ2

K
η0 + γ0 − c

)

∫ 1

0

ϕ2
ttdx

−γ1

∫ 1

0

ψ2
xdx− γ2

∫ 1

0

(ϕx + ψ)
2
dx− γ3

∫ 1

0

θ2dx

− (Nη0 − c)

∫ 1

0

q2dx

−γ4

∫ 1

0

ϕ2
xtdx − γ6

∫ 1

0

∫ τ 2

τ 1

|µ2 (s)| y2 (x, 1, s)dsdx

−γ5

∫ 1

0

∫ τ 2

τ 1

|µ2 (s)| y2
t (x, 1, s)dsdx

−γ5

∫ 1

0

∫ 1

0

∫ τ 2

τ 1

s |µ2 (s)| y2 (x, ρ, s) dsdρdx

−γ5

∫ 1

0

∫ 1

0

∫ τ 2

τ 1

s |µ2 (s)| y2
t (x, ρ, s) dsdρdx, (4.26)

where γ0 = N2
ρ

1
ρ

2

2K
, γ1 = N2

b
8 , γ2 = N2

K
2 and γ3 = N2

ρ
3
κ

4
.On the other hand, if we let

Z (t) = N1F1 (t) +N2 (F2 (t) + F3 (t)) +N4 (F4 (t) + F5 (t)) ,

then

|Z (t)| = |N1F1 (t) +N2 (F2 (t) + F3 (t)) +N4 (F4 (t) + F5 (t))|

≤ N1 |F1 (t)| +N2 |F2 (t)| +N2 |F3 (t)| +N4 |F4 (t)| +N4 |F5 (t)|

≤ N1
µ1

2

∫ 1

0

ϕ2
tdx+N1K

∫ 1

0

|ϕtxϕx| dx

+N2ρ1

∫ 1

0

|ϕϕt| dx +N2
µ1

2

∫ 1

0

ϕ2dx

+N2
µ1ρ2

2K

∫ 1

0

ϕ2
tdx+N2ρ2

∫ 1

0

|ϕxϕtx| dx

+N2ρ3τ0

∫ 1

0

∣

∣

∣

∣

q

∫ x

0

θ (y, t) dy

∣

∣

∣

∣

dx+N2

∫ 1

0

|qψ| dx

+N4

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |exp (−sρ)| |µ2 (s)| y2 (x, ρ, s)dsdρdx

+N4

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |exp (−sρ)| |µ2 (s)| y2
t (x, ρ, s)dsdρdx.
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Exploiting Young’s, Poincaré, Cauchy-Schwarz inequalities, we get

|Z (t)| ≤

[

N1
µ1

2
+
N2ρ1

2
+N2

µ1ρ2

2K

]
∫ 1

0

ϕ2
tdx

+

[

N1K

2
+
N2ρ2

2

]
∫ 1

0

ϕ2
txdx

+
N2c

2

∫ 1

0

ψ2
xdx+

∫ 1

0

ϕ2
ttdx

+

[

N1K

2
+
N2ρ1c

2
+N2

µ1C

2
+
N2ρ2

2

]
∫ 1

0

(ϕx + ψ)2
dx

+

(

N2ρ3τ0

2
+
N2

2

)
∫ 1

0

q2dx+
N2ρ3τ0C

2

∫ 1

0

θ2dx

+N4

∫ 1

0

∫ 1

0

∫ τ 2

τ1

s |µ2 (s)| y2 (x, ρ, s) dsdρdx

+N4

∫ 1

0

∫ 1

0

∫ τ 2

τ1

s |µ2 (s)| y2
t (x, ρ, s) dsdρdx

≤ c

∫ 1

0

[

ϕ2
t + ϕ2

tt + ϕ2
tx + ψ2

x + (ϕx + ψ)
2

+ q2 + θ2
]

dx

+c

∫ 1

0

∫ 1

0

∫ τ 2

τ1

s |µ2 (s)| y2 (x, ρ, s) dsdρdx

+c

∫ 1

0

∫ 1

0

∫ τ 2

τ1

s |µ2 (s)| y2
t (x, ρ, s) dsdρdx

≤ cE (t) .

Consequently

|Z (t)| = |L (t) −NE (t)| ≤ cE (t) ,

implies

−cE (t) ≤ L (t) −NE (t) ≤ cE (t) ,

which yields

(N − c)E (t) ≤ L (t) ≤ (c+N)E (t) .

Now, we choose N large enough so that

N
ρ2

K
η0 − c > 0, Nη0 − c > 0, Nδ − c > 0, N − c > 0,

we obtain

β1E (t) ≤ L (t) ≤ β2E (t) , ∀t ≥ 0, (4.27)

where β1 and β2 are positive constants.
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So

L
′ (t) ≤ −γ7

∫ 1

0

ϕ2
tdx− γ8

∫ 1

0

ϕ2
ttdx− γ1

∫ 1

0

ψ2
xdx

−γ2

∫ 1

0

(ϕx + ψ)
2
dx− γ4

∫ 1

0

ϕ2
xtdx

−γ9

∫ 1

0

q2dx− γ3

∫ 1

0

θ2dx

−γ6

∫ 1

0

∫ τ2

τ 1

|µ2 (s)| y2 (x, 1, s) dsdx

−γ5

∫ 1

0

∫ τ2

τ 1

|µ2 (s)| y2
t (x, 1, s) dsdx

−γ5

∫ 1

0

∫ 1

0

∫ τ 2

τ 1

s |µ2 (s)| y2 (x, ρ, s)dsdρdx

−γ5

∫ 1

0

∫ 1

0

∫ τ 2

τ 1

s |µ2 (s)| y2
t (x, ρ, s)dsdρdx

≤ −γ7

∫ 1

0

ϕ2
tdx− γ8

∫ 1

0

ϕ2
ttdx− γ1

∫ 1

0

ψ2
xdx

−γ2

∫ 1

0

(ϕx + ψ)
2
dx− γ4

∫ 1

0

ϕ2
xtdx

−γ9

∫ 1

0

q2dx− γ3

∫ 1

0

θ2dx

−γ5

∫ 1

0

∫ 1

0

∫ τ 2

τ 1

s |µ2 (s)| y2 (x, ρ, s)dsdρdx

−γ5

∫ 1

0

∫ 1

0

∫ τ 2

τ 1

s |µ2 (s)| y2
t (x, ρ, s)dsdρdx

≤ −γ7

∫ 1

0

ϕ2
tdx− γ8

∫ 1

0

ϕ2
ttdx− γ1

∫ 1

0

ψ2
xdx

−γ2

∫ 1

0

(ϕx + ψ)2
dx− γ4

∫ 1

0

ϕ2
xtdx

−γ9

∫ 1

0

q2dx− γ3

∫ 1

0

θ2dx

−γ5

∫ 1

0

∫ 1

0

∫ τ 2

τ 1

s |µ2 (s)| y2 (x, ρ, s)dsdρdx

−γ5

∫ 1

0

∫ 1

0

∫ τ 2

τ 1

s |µ2 (s)| y2
t (x, ρ, s)dsdρdx

≤ −η

∫ 1

0

[

ϕ2
t + ϕ2

tt + ϕ2
tx + ψ2

x + (ϕx + ψ)
2

+ q2 + θ2
]

dx

−η

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2 (x, ρ, s) dsdρdx

−η

∫ 1

0

∫ 1

0

∫ τ2

τ1

s |µ2 (s)| y2
t (x, ρ, s) dsdρdx

≤ −ηE (t) , ∀t ≥ 0, (4.28)

where η = min (γ1, γ2, γ3, γ4, γ5, γ6, γ7, γ8, γ9) > 0.
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A combination (4.27) with (4.28) gives,

L
′ (t) ≤ −ηE (t) ≤ −

η

β2

L (t) .

We choose h1 = m
α2

, we get
L

′ (t) ≤ −ℓ1L (t) , ∀t ≥ 0. (4.29)

A simple integration of (4.29) over (0, t) and using (4.28), we obtain

L (t) ≤ L (0) exp (−ℓ1t) , ∀t ≥ 0,

implies
E (t) ≤ ℓ2 exp (−ℓ1t) , ∀t ≥ 0,

because
β1E (t) ≤ L (t) ≤ L (0) exp (−ℓ1t) , ∀t ≥ 0,

where ℓ2 = L(0)
β

1

≤ β
2

β
1

E (0) . �
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