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Common Fuzzy Fixed Point Results for F-Contractive Mappings with Applications

Durdana Lateef

abstract: The aim of this article is to establish some common fixed point theorems for α-fuzzy mappings
under F -contraction in the framework of complete metric spaces. To extend and improve some well-known
results of literature, new results for multivalued mappings are obtained as application of established results.
We have illustrated an appropriate example to rationalize the notions and outcomes. Also we investigated the
solution of the domain of words as application of our results to theoretical computer science.
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1. Introduction and Preliminaries

Heilpern [13] used the concept of fuzzy set to introduce a family of fuzzy mappings, which is an
extension and generalization of the multivalued mapping in 1981. He established a fixed point result for
fuzzy mapping in metric linear space in 1981. It is important to note that the result proved by Heilpern
[13] is an extension of the Nadler fixed point theorem from multivalued mapping to fuzzy mapping.
Moreover, we shall use the following notations which have been recorded from [1,5,6,8]:

A fuzzy set in ℧ is a function with domain ℧ and values belongs to [0, 1]. If µ is a fuzzy set and ð ∈ ℧,
then the function values µ(ð) is alleged t be the grade of membership of ð in µ. The α -level set of µ is
denoted by [µ]α and is defined as follows:

[µ]α = {ð : µ(ð) ≥ α} if α ∈ (0, 1],

[µ]0 = {ð : µ(ð) > 0}.

Let F(℧) be the class of all fuzzy sets in a metric space ℧. For µ1, µ2 ∈ F(℧), µ1 ⊂ µ2 means
µ1(ð) ≤ µ2(ð) for each ð ∈ ℧. We denote the fuzzy set χ{ð} by {ð} unless and until it is stated, where
χ{ð} is the characteristic function of the crisp set µ1. Let ℧1 be an arbitrary set, ℧2 be a metric space. A
mapping a is called fuzzy mapping if a is a mapping from ℧1 into F(℧2 ). A fuzzy mapping a is a fuzzy
subset on ℧1 ×℧2 with membership function a(ð)(i). The function a(ð)(i) is the grade of membership
of i in a(ð).

Definition 1.1. [6] Let a1,a2 : ℧ → F(℧). A point ð∗ ∈ ℧ is alleged to be a common α- fuzzy fixed
point of a1 and a2 if ∃ α ∈ [0, 1] such that ð∗ ∈ [a1ð

∗]α ∩ [a2ð
∗]α .

Now, following the lines in [12], we denote by the set of all continuous mappings σ : (R+)5 → R+

satisfying the following conditions:
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(ρ1) σ(1, 1, 1, 2, 0), σ(1, 1, 1, 0, 2), σ(1, 1, 1, 1, 1) ∈ (0, 1],

(ρ2) for all (ð1, ð2, ð3, ð4, ð5) ∈ (R+)5 and α ≥ 0, we have

σ(αð1, αð2, αð3, αð4, αð5) ≤ ασ(ð1, ð2, ð3, ð4, ð5);

(ρ3) for ði,ii ∈ R+, ði ≤ ii, i = 1, ..., 5, we have

σ(ð1, ð2, ð3, ð4, ð5) ≤ σ(i1,i2,i3,i4,i5)

and if ði,ii ∈ R+, i = 1, ..., 4, then σ(ð1, ð2, ð3, ð4, 0) ≤ σ(i1,i2,i3,i4, 0) and σ(ð1, ð2, ð3, 0, ð4) ≤
σ(i1,i2,i3, 0,i4).

Example 1.2. The following functions σ : (R+)5 → R+ are the elements of :

(i) σ(ð1, ð2, ð3, ð4, ð5) = ð1.

(ii) σ(ð1, ð2, ð3, ð4, ð5) = ð2 + ð3.

(iii) σ(ð1, ð2, ð3, ð4, ð5) = ð4 + ð5.

(iv) σ(ð1, ð2, ð3, ð4, ð5) = k1ð1 +k2ð2 +k3ð3, where k1,k2, k3 ∈ [0, +∞) such that k1 +k2 +k3 ≤ 1.

(v) σ(ð1, ð2, ð3, ð4, ð5) = k1ð1 + k2ð2 +k3ð3 +k4ð4 + k5ð5, where k1,k2,k3,k4,k5 ∈ [0, +∞) such
that k1 + k2 + k3 + k4 + 2k5 ≤ 1.

(vi) σ(ð1, ð2, ð3, ð4, ð5) = k1ð1 + k5ð5, where k1 ∈ [0, 1) and k5 ≥ 0.

(vii) σ(ð1, ð2, ð3, ð4, ð5) = max
{

ð1, ð2, ð3, ð4+ð5

2

}

.

(viii) σ(ð1, ð2, ð3, ð4, ð5) = max {ð1, ð2, ð3, ð4, ð5} .

(ix) σ(ð1, ð2, ð3, ð4, ð5) = max
{

ð1, ð2+ð3

2 , ð4+ð5

2

}

.

Lemma 1.3. ( see. [18])If σ ∈ and ð1, ð2 ∈ R+ are such that

ð1 < max

{

σ (ð2, ð2, ð1, ð2 + ð1, 0) , σ (ð2, ð2, ð1, 0, ð2 + ð1) ,

σ (ð2, ð1, ð2, ð2 + ð1, 0) , σ (ð2, ð1, ð2, 0, ð2 + ð1)

}

,

then ð1 < ð2.

In 2012, Wardowski [23] commenced a new type of contractions which is alleged to be an F -contraction
which is associated with following functions.

Definition 1.4. Let F : (0, ∞) → R be a function satisfying

(F1) F (ð1) < F (ð2) for ð1 < ð2,

(F2) ∀{ðj} ⊆ R+, limj→∞ ðj = 0 ⇔ limj→∞ F (ðj) = −∞;

(F3) ∃ 0 < r < 1 such that limð→0+ ðrF (ð) = 0.

Consistent with Wardowski [23], we designate by ̥ the class of F : (0, ∞) → R satisfying F1, F2
and F3.

Definition 1.5. [23] Let (℧, ℘) be a metric space (MS). A mapping a :℧ → ℧ is alleged to be an
F−contraction if ∃ τ > 0 and F ∈ ̥ such that

℘(að,ai) > 0 =⇒ τ + F
(

℘(að,ai)
)

≤ F
(

℘(ð,i)
)

for ð,i ∈ ℧ .

Example 1.6. Here are some examples of the functions F : (0, ∞) → R.

(1) F (ð) = ln(ð),
(2) F (ð) = ð + ln(ð),
(3) F (ð) = − 1√

ð

for ð > 0.

Lemma 1.7. [18] Let (℧, ℘) be a MS and µ1, µ2 ∈ CL(℧) with H(µ1, µ2) > 0. Then, for each h > 1
and for each ð ∈ µ1, ∃ i = i(ð) ∈ µ2 such that ℘(ð,i) < hH(µ1, µ2).
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2. Main Results

In this section, we obtain common fixed point results for fuzzy mappings from ℧ into F(℧) satisfying
generalized F -contraction conditions in the setting of complete metric space.

Theorem 2.1. Let (℧, ℘) be a complete metric space and let a1,a2 : ℧ → F(℧) and for each ð,i ∈
℧, ∃ αa1(ð), αa2 (i) ∈ (0, 1] such that [a1ð]αa1

(ð) , [a2i]αa2
(i) ∈ CB(℧). Assume that there exists a

continuous from the right function F ∈ ̥ and τ > 0 such that

2τ + F (H([a1ð]αa1 (ð) , [a2i]αa2 (i))) ≤ F

(

σ

(

℘(ð,i), ℘(ð, [a1ð]αa1 (ð)), ℘(i, [a2i]αa2 (i)),

℘(ð, [a2i]αa2 (i)), ℘(i, [a1ð]αa1 (ð))

))

(2.1)

for all ð,i ∈ ℧ with H([a1ð]αa1 (ð) , [a2i]αa2 (i)) > 0.Then there exists ð∗ ∈ ℧ such that

ð∗ ∈ [a1ð
∗]αa1 (ð∗) ∩ [a2ð

∗]αa2 (ð∗) .

Remark 2.2. From (2.1), we have

2τ + F (H([a1ð]αa1 (ð) , [a2i]αa2 (i))) ≤ F

(

σ

(

℘(ð,i), ℘(ð, [a1ð]αa1 (ð)), ℘(i, [a2i]αa2 (i)),

℘(ð, [a2i]αa2 (i)), ℘(i, [a1ð]αa1 (ð))

))

which implies that

F (H([a1ð]αa1
(ð) , [a2i]αa2

(i))) ≤ F

(

σ

(

℘(ð,i), ℘(ð, [a1ð]αa1
(ð)), ℘(i, [a2i]αa2

(i)),

℘(ð, [a2i]αa2
(i)), ℘(i, [a1ð]αa1

(ð))

))

− 2τ

< F

(

σ

(

℘(ð,i), ℘(ð, [a1ð]αa1
(ð)), ℘(i, [a2i]αa2

(i)),

℘(ð, [a2i]αa2 (i)), ℘(i, [a1ð]αa1 (ð))

))

Since F is non-decreasing, we obtain

H([a1ð]αa1
(ð) , [a2i]αa2

(i)) < σ

(

℘(ð,i), ℘(ð, [a1ð]αa1
(ð)), ℘(i, [a2i]αa2

(i)),

℘(ð, [a2i]αa2
(i)), ℘(i, [a1ð]αa1

(ð))

)

for all ð,i ∈ ℧ with H([a1ð]αa1 (ð) , [a2i]αa2 (i)).

Proof. Let ð0 ∈ ℧, then by hypothesis, ∃ αa1(ð0) ∈ (0, 1] such that [a1ð0]αa1
(ð0) 6= ∅ and [a1ð0]αa1

(ð0) ∈

CB(℧). Let ð1 ∈ [a1ð0]αa1
(ð0) . For this ð1 there exists αa2(ð1) ∈ (0, 1] such that [a2ð1]αa2

(ð1) 6= ∅ and

[a2ð1]αa2 (ð1) ∈ CB(℧) such that

2τ + F
(

℘
(

ð1, [a2ð1]αa2
(ð1)

))

≤ 2τ + F
(

H
(

[a1ð0]αa1
(ð0) , [a2ð1]αa2

(ð1)

))

≤ F

(

σ

(

℘(ð0, ð1), ℘(ð0, [a1ð0]αa1 (ð0)), ℘(ð1, [a2ð1]αa2 (ð1)),

℘(ð0, [a2ð1]αa2 (ð1)), ℘(ð1, [a1ð0]αa1 (ð0))

))

≤ F

(

σ

(

℘(ð0, ð1), ℘(ð0, ð1), ℘(ð1, [a2ð1]αa2
(ð1)),

℘(ð0, [a2ð1]αa2
(ð1)), 0

))

and so

℘
(

ð1, [a2ð1]αa2
(ð1)

)

< σ

(

℘(ð0, ð1), ℘(ð0, ð1), ℘(ð1, [a2ð1]αa2
(ð1)),

℘(ð0, [a2ð1]αa2
(ð1)), 0

)
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Then Lemma 1.3 gives that ℘
(

ð1, [a2ð1]αa2
(ð1)

)

< ℘(ð0, ð1). Thus, we obtain

2τ + F
(

℘
(

ð1, [a2ð1]αa2 (ð1)

))

≤ 2τ + F
(

H
(

[a1ð0]αa1 (ð0) , [a2ð1]αa2 (ð1)

))

≤ F

(

σ

(

℘(ð0, ð1), ℘(ð0, [a1ð0]αa1
(ð0)), ℘(ð1, [a2ð1]αa2

(ð1)),

℘(ð0, ð1) + ℘(ð1, [a2ð1]αa2
(ð1)), 0

))

< F

(

σ

(

℘(ð0, ð1), ℘(ð0, ð1), ℘(ð0, ð1),
2℘(ð0, ð1), 0

))

≤ F (℘(ð0, ð1)σ (1, 1, 1, 2, 0))

≤ F (℘(ð0, ð1))

Thus we have
2τ + F

(

℘
(

ð1, [a2ð1]αa2 (ð1)

))

≤ F (℘(ð0, ð1)) (2.2)

�

Since F ∈ ̥ is right hand continuous function, so ∃ h > 1 such that

F
(

hH
(

[a1ð0]αa1 (ð0) , [a2ð1]αa2 (ð1)

))

< F
(

H
(

[a1ð0]αa1 (ð0) , [a2ð1]αa2 (ð1)

))

+ τ. (2.3)

Next as

℘
(

ð1, [a2ð1]αa2 (ð1)

)

≤ H
(

[a1ð0]αa1 (ð0) , [a2ð1]αa2 (ð1)

)

< hH
(

[a1ð0]αa1 (ð0) , [a2ð1]αa2 (ð1)

)

by Lemma 1.7, there exists ð2 ∈ [a2ð1]αa2
(ð1) (obviously, ð2 6= ð1) such that

℘(ð1, ð2) ≤ hH
(

[a1ð0]αa1 (ð0) , [a2ð1]αa2 (ð1)

)

. (2.4)

Thus by (2.3) and (2.4), we have

F (℘(ð1, ð2)) ≤ F
(

hH
(

[a1ð0]αa1 (ð0) , [a2ð1]αa2 (ð1)

))

< F
(

H
(

[a1ð0]αa1 (ð0) , [a2ð1]αa2 (ð1)

))

+ τ

which implies by (2.2) that

2τ + F (℘(ð1, ð2)) ≤ 2τ + F
(

H
(

[a1ð0]αa1
(ð0) , [a2ð1]αa2

(ð1)

))

+ τ

≤ F (℘(ð0, ð1)) + τ

Thus we have
τ + F (℘(ð1, ð2)) ≤ F (℘(ð0, ð1)). (2.5)

For this ð2, there exists αa1 (ð2) ∈ (0, 1] such that [a1ð2]αa1
(ð2) 6= ∅ and [a1ð2]αa1

(ð2) ∈ CB(℧). Thus

we have

2τ + F
(

℘
(

ð2, [a1ð2]αa1 (ð2)

))

≤ 2τ + F
(

H
(

[a2ð1]αa2 (ð1) , [a1ð2]αa1 (ð2)

))

= 2τ + F
(

H
(

[a1ð2]αa1
(ð2) , [a2ð1]αa2

(ð1)

))

≤ F

(

σ

(

℘(ð2, ð1), ℘(ð2, [a1ð2]αa1 (ð2)), ℘(ð1, [a2ð1]αa2 (ð1)),

℘(ð2, [a2ð1]αa2 (ð1)), ℘(ð1, [a1ð2]αa1 (ð2))

))

≤ F

(

σ

(

℘(ð2, ð1), ℘(ð2, [a1ð2]αa1 (ð2) , ℘(ð1, ð2),

0, ℘(ð1, [a1ð2]αa1
(ð2)

))

= F

(

σ

(

℘(ð1, ð2), ℘(ð2, [a1ð2]αa1
(ð2) , ℘(ð1, ð2),

0, ℘(ð1, [a1ð2]αa1
(ð2)

))



Common Fuzzy Fixed Point Results for F-Contractive Mappings with Applications 5

and so

℘
(

ð2, [a1ð2]αa1
(ð2)

)

< σ

(

℘(ð1, ð2), ℘(ð2, [a1ð2]αa1
(ð2) , ℘(ð1, ð2),

0, ℘(ð1, [a1ð2]αa1
(ð2)

)

Then Lemma 1.3 gives that ℘
(

ð2, [a1ð2]αa1 (ð2)

)

< ℘(ð1, ð2). Thus, we obtain

2τ + F
(

℘
(

ð2, [a1ð2]αa1 (ð2)

))

≤ 2τ + F
(

H
(

[a2ð1]αa2 (ð1) , [a1ð2]αa1 (ð2)

))

= 2τ + F
(

H
(

[a1ð2]αa1
(ð2) , [a2ð1]αa2

(ð1)

))

≤ F

(

σ

(

℘(ð1, ð2), ℘(ð2, [a1ð2]αa1 (ð2) , ℘(ð1, ð2),

0, ℘(ð1, [a1ð2]αa1 (ð2)

))

≤ F

(

σ

(

℘(ð1, ð2), ℘(ð1, ð2), ℘(ð1, ð2),
0, 2℘(ð1, ð2)

))

≤ F (℘(ð1, ð2)σ (1, 1, 1, 0, 2))

≤ F (℘(ð1, ð2))

Thus we have
2τ + F

(

℘
(

ð2, [a1ð2]αa1
(ð2)

))

≤ F (℘(ð1, ð2)) (2.6)

Since F ∈ ̥ is right hand continuous function, so ∃ h > 1 such that

F
(

hH
(

[a2ð1]αa2
(ð1) , [a1ð2]αa1

(ð2)

))

< F
(

H
(

[a2ð1]αa2
(ð1) , [a1ð2]αa1

(ð2)

))

+ τ. (2.7)

Next as

℘
(

ð2, [a1ð2]αa1
(ð2)

)

≤ H
(

[a2ð1]αa2
(ð1) , [a1ð2]αa1

(ð2)

)

< hH
(

[a2ð1]αa2
(ð1) , [a1ð2]αa1

(ð2)

)

by Lemma 1.7, there exists ð3 ∈ [a1ð2]αa1 (ð2) (obviously, ð3 6= ð2) such that

℘(ð2, ð3) ≤ hH
(

[a2ð1]αa2
(ð1) , [a1ð2]αa1

(ð2)

)

. (2.8)

Thus by (2.7) and (2.8), we have

F (℘(ð2, ð3)) ≤ F
(

hH
(

[a2ð1]αa2 (ð1) , [a1ð2]αa1 (ð2)

))

< F
(

H
(

[a2ð1]αa2 (ð1) , [a1ð2]αa1 (ð2)

))

+ τ

which implies by (2.6) that

2τ + F (℘(ð2, ð3)) ≤ 2τ + F
(

H
(

[a2ð1]αa2
(ð1) , [a1ð2]αa1

(ð2)

))

+ τ

≤ F (℘(ð1, ð2)) + τ

Thus we have
τ + F (℘(ð2, ð3)) ≤ F (℘(ð1, ð2)). (2.9)

So, doing in this way, we get {ðj} in ℧ such that ð2j+1 ∈ [a1ð2j ]αa1
(ð2j) and ð2j+2 ∈ [a2ð2j+1]αa2

(ð2j+1)

and
τ + F (℘(ð2j+1, ð2j+2)) ≤ F (℘(ð2j , ð2j+1)) (2.10)

and
τ + F (℘(ð2j+2, ð2j+3)) ≤ F (℘(ð2j+1, ð2j+2)) (2.11)

∀ j ∈ N. By (2.9) and (2.10), we have

τ + F (℘(ðj , ðj+1)) ≤ F (℘(ðj−1, ðj)) (2.12)



6 D. Lateef

for all j ∈ N. Therefore by (2.12), we have

F (℘(ðj , ðj+1)) ≤ F (℘(ðj−1, ðj)) − τ ≤ F (℘(ðj−2, ðj−1)) − 2τ

≤ ... ≤ F (℘(ð0, ð1)) − jτ. (2.13)

Letting j → ∞, we obtain lim
j→∞

F (℘(ðj , ðj+1)) = −∞ along with (F2) gives

lim
j→∞

℘(ðj , ðj+1) = 0.

Now by (F3), there exists r ∈ (0, 1) such that

lim
j→∞

[℘(ðj , ðj+1)]rF (℘(ðj , ðj+1)) = 0. (2.14)

From (2.14) we have

[℘(ðj , ðj+1)]rF (℘(ðj , ðj+1)) − [℘(ðj , ðj+1)]rF (℘(ð0, ð1))

≤ [℘(ðj , ðj+1)]r[F (℘(ð0, ð1)) − jτ ] − [℘(ðj , ðj+1)]rF (℘(ð0, ð1))

≤ −jτ [℘(ðj , ðj+1)]r ≤ 0.

Letting j → ∞ we get
lim

j→∞
j[℘(ðj , ðj+1)]r = 0. (2.15)

Hence lim
j→∞

j
1
r ℘(ðj , ðj+1) = 0 and ∃ j1 ∈ N such that j

1
r ℘(ðj , ðj+1) ≤ 1, ∀ j ≥ j1. So we get

℘(ðj , ðj+1) ≤ j
1
r

for all j ≥ j1. Now taking m, j ∈ N such that m > j ≥ j1, we have

℘ (ðj , ðm) ≤ ℘ (ðj , ðj+1) + ℘ (ðj+1, ðj+2) + ... + ℘ (ðm−1, ðm)

≤
∞
∑

i=j

1

i1/r
.

Since
∑∞

i=j
1

i1/r is convergent, so we get ℘ (ðj , ðm) → 0 as j, m → ∞. Therefore {ðj} is a Cauchy
sequence in ℧. Since ℧ is complete, there exists an element ð∗ ∈ ℧ such that ðj → ð∗ as j → ∞ that is

lim
j→∞

ðj = ð∗. (2.16)

Now, we prove that ð∗ ∈ [a2ð
∗]αa2

(ð∗) . We suppose on the contrary that ð∗ 6∈ [a2ð
∗]αa2

(ð∗), then there

exist a j0 ∈ N and a subsequence {ðjk
} of {ðj} such that ℘(ð2jk+1, [a2ð

∗]αa2
(ð∗)) > 0 for all jk ≥ j0.

Now, using (2.1) with ð = ð2jk+1 and i = ð∗. Taking Remark 2.2 into account, we have

℘(ð2jk+1, [a2ð
∗]αa2

(ð∗)) ≤ H([a1ð2jk
]αa1

(ð2jk
) , [a2ð

∗]αa2
(ð∗))

≤ σ

(

℘(ð2jk
, ð∗), ℘(ð2jk

, [a1ð2jk
]αa1

(ð2jk
)), ℘(ð∗, [a2ð

∗]αa2
(ð∗)),

℘(ð2jk
, [a2ð

∗]αa2
(ð∗)), ℘(ð∗, [a1ð2jk

]αa1
(ð2jk

))

)

≤ σ

(

℘(ð2jk
, ð∗), ℘(ð2jk

, ð2jk+1), ℘(ð∗, [a2ð
∗]αa2 (ð∗)),

℘(ð2jk
, [a2ð

∗]αa2 (ð∗)), ℘(ð∗, ð2jk+1)

)

.

Passing to limit as j → ∞ in the above inequality, we obtain

℘(ð∗, [a2ð
∗]αa2

(ð∗)) ≤ σ
(

0, 0, ℘(ð∗, [a2ð
∗]αa2

(ð∗)), ℘(ð∗, [a2ð
∗]αa2

(ð∗)), 0
)
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which implies by Lemma 1.3 that
0 < ℘(ð∗, [a2ð

∗]αa2
(ð∗)) < 0

which is a contradiction. Hence ℘(ð∗, [a2ð
∗]αa2

(ð∗)) = 0. Since [a2ð
∗]αa2

(ð∗) is closed, we deduce that

ð∗ ∈ [a2ð
∗]αa2

(ð∗) . Similarly, one can easily prove that ð∗ ∈ [a1ð
∗]αa1

(ð∗) . Thus ð∗ ∈ [a1ð
∗]αa1

(ð∗) ∩

[a2ð
∗]αa2

(ð∗) .

Note: From now onwrds, we consider (℧, ℘) as a complete metric space and F ∈ ̥ as a right hand
continuous function.

Example 2.3. Let ℧ = [0, 1] and define ℘ : ℧ × ℧ → R+ as follows:

℘ (ð,i) = |ð − i| .

Then (℧, ℘) is a complete metric space. Define a1,a2 : ℧ → F(℧), as follows:

a1(ð)(t) =















α if 0 ≤ t ≤ ð

16
α
2 if ð

16 < t ≤ ð

9
α
3 if ð

9 < t ≤ ð

4
α
5 if ð

4 < t ≤ 1

,

and

a2(ð)(t) =















α if 0 ≤ t ≤ ð

8
α
3 if ð

8 < t ≤ ð

5
α
4 if ð

5 < t ≤ ð

2
α
7 if ð

2 < t ≤ 1.

,

for α ∈ [0, 1] and ð ∈ ℧ such that

[a2ð]α =

[

0,
ð

8

]

,

[a1ð]α =

[

0,
ð

16

]

.

Let σ : (R+)5 → R+ be defined by σ(ð1, ð2, ð3, ð4, ð5) = max {ð1, ð2, ð3, ð4, ð5} and F (t) = ln(t) for
t > 0. Then ∃ τ = ln(3) . All the hypothesis of our main Theorem 2.1 to obtain 0 ∈ [a10]α ∩ [a20]α .

Corollary 2.4. Let a : (℧, ℘) → F(℧) and for each ð,i ∈ ℧, there exist αa(ð), αa(i) ∈ (0, 1] such that
[að]αa(ð) , [ai]αa(i) ∈ CB(℧). Assume that there exists a F ∈ ̥ and τ > 0 such that

2τ + F (H([að]αa(ð) , [ai]αa(i))) ≤ F

(

σ

(

℘(ð,i), ℘(ð, [að]αa(ð)), ℘(i, [ai]αa(i)),

℘(ð, [ai]αa(i)), ℘(i, [að]αa(ð))

))

for all ð,i ∈ ℧ with H([að]αa(ð) , [ai]αa(i)) > 0. Then there exists ð∗ ∈ ℧ such that ð∗ ∈ [að∗]αa(ð∗) .

Corollary 2.5. Let a: (℧, ℘) → F(℧) and for each ð,i ∈ ℧, there exist αa(ð), αa(i) ∈ (0, 1] such that
[að]αa(ð) , [ai]αa(i) ∈ CB(℧). Assume that there exists a F ∈ ̥ and τ > 0 such that

2τ + F (H([a1ð]αa1
(ð) , [a2i]αa2

(i))) ≤ F (℘(ð,i)) .

for all ð,i ∈ ℧ with H([að]αa(ð) , [ai]αa(i)) > 0. Then there exists ð∗ ∈ ℧ such that ð∗ ∈ [að∗]αa(ð∗) .

3. Consequences for Fuzzy Fixed Points

Remark 3.1. By Example 1.2 (i), we get the following contractive condition

2τ + F (H([a1ð]αa1 (ð) , [a2i]αa2 (i))) ≤ F (℘(ð,i)) .
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By Example 1.2 (ii), we get the following contractive condition

2τ + F (H([a1ð]αa1
(ð) , [a2i]αa2

(i))) ≤ F
(

℘(ð, [a1ð]αa1
(ð)) + ℘(i, [a2i]αa2

(i))
)

.

By Example 1.2 (iii), we get the following contractive condition

2τ + F (H([a1ð]αa1
(ð) , [a2i]αa2

(i))) ≤ F
(

℘(ð, [a2i]αa2
(i)) + ℘(i, [a1ð]αa1

(ð))
)

.

By Example 1.2 (iv), we get the following contractive condition

2τ + F (H([a1ð]αa1 (ð) , [a2i]αa2 (i))) ≤ F
(

k1℘(ð,i) + k2℘(ð, [a1ð]αa1 (ð)) + k3℘(i, [a2i]αa2 (i))
)

By Example 1.2 (v), we get the following contractive condition

2τ + F (H([a1ð]αa1
(ð) , [a2i]αa2

(i))) ≤ F

(

k1℘(ð,i) + k2℘(ð, [a1ð]αa1
(ð)) + k3℘(i, [a2i]αa2

(i))

+k4℘(ð, [a2i]αa2
(i)) + k5℘(i, [a1ð]αa1

(ð))

)

By Example 1.2 (vi), we get the following contractive condition

2τ + F (H([a1ð]αa1 (ð) , [a2i]αa2 (i))) ≤ F
(

k1℘(ð,i) + k5℘(i, [a1ð]αa1 (ð))
)

By Example 1.2 (vii), we get the following contractive condition

2τ + F (H([a1ð]αa1
(ð) , [a2i]αa2

(i))) ≤ F

(

max

{

℘(ð,i), ℘(ð, [a1ð]αa1
(ð)), ℘(i, [a2i]αa2

(i)),
℘(ð,[a2i]αa2

(i))+℘(i,[a1ð]αa1
(ð))

2

})

By Example 1.2 (viii), we get the following contractive condition

2τ + F (H([a1ð]αa1
(ð) , [a2i]αa2

(i))) ≤ F

(

max

{

℘(ð,i), ℘(ð, [a1ð]αa1
(ð)), ℘(i, [a2i]αa2

(i)),

℘(ð, [a2i]αa2
(i)), ℘(i, [a1ð]αa1

(ð))

})

By Example 1.2 (ix), we get the following contractive condition

2τ + F (H([a1ð]αa1
(ð) , [a2i]αa2

(i))) ≤ F



max







℘(ð,i),
℘(ð,[a1ð]αa1

(ð))+℘(i,[a2i]αa2
(i))

2 ,
℘(ð,[a2i]αa2

(i))+℘(i,[a1ð]αa1
(ð))

2











For all above results, there exists ð∗ ∈ ℧ such that ð∗ ∈ [a1ð
∗]αa1 (ð∗) ∩ [a2ð

∗]αa2 (ð∗) by Theorem 2.1.

4. Consequences for Multivalued Mappings

Theorem 4.1. Let P, (℧, ℘) : ℧ → CB(℧). If ∃ τ > 0 and F ∈ ̥ such that

2τ + F (H(Pð,Qi)) ≤ F

(

σ

(

℘(ð,i), ℘(ð,Pð), ℘(i,Qi),
℘(ð,Qi), ℘(i,Pð)

))

for all ð,i ∈ ℧ with H (Pð,Qi) > 0. Then ∃ ð∗ ∈ ℧ such that ð∗ ∈ Pð∗ ∩ Qð∗.

Proof. Consider α : ℧ → (0, 1] and a1,a2 : ℧ → F(℧) defined by

a1(ð)(t) =

{

α(ð), if t ∈ Pð,

0, if t 6∈ Pð

and

a2(ð)(t) =

{

α(ð), if t ∈ Qð,

0, if t 6∈ Qð.
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Then

[a1ð]α(ð) = {t : a1(ð)(t) ≥ α(ð)} = Pð and [a2ð]α(ð) = {t : a2(ð)(t) ≥ α(ð)} = Qð.

Thus, Theorem 2.1 can be applied to get ð∗ ∈ ℧ such that ð∗ ∈ [a1ð
∗]αa1

(ð∗) ∩ [a2ð
∗]αa2

(ð∗) = Pð∗ ∩Qð∗.

�

Corollary 4.2. Let Q : (℧, ℘) → CB(℧). If ∃ τ > 0 and F ∈ ̥ such that

2τ + F (H(Qð,Qi)) ≤ F

(

σ

(

℘(ð,i), ℘(ð,Qð), ℘(i,Qi),
℘(ð,Qi), ℘(i,Qð)

))

for all ð,i ∈ ℧ with H (Qð,Qi) > 0. Then ∃ ð∗ ∈ ℧ such that ð∗ ∈ Qð∗.

Corollary 4.3. Let Q : (℧, ℘) → CB(℧). If ∃ τ > 0 and F ∈ ̥ such that

2τ + F (H(Pð,Qi)) ≤ F (℘(ð,i)) .

for all ð,i ∈ ℧ with H (Qð,Qi) > 0. Then ∃ ð∗ ∈ ℧ such that ð∗ ∈ Qð∗.

Following the same procedure and Example 1.2, we have the following the remarks.

Remark 4.4. By Example 1.2 (ii), we get the following contractive condition

2τ + F (H(Pð,Qi)) ≤ F (℘(ð,Pð) + ℘(i,Qi)) .

By Example 1.2 (iii), we get the following contractive condition

2τ + F (H(Pð,Qi)) ≤ F (℘(ð,Qi) + ℘(i,Pð)) .

By Example 1.2 (iv), we get the following contractive condition

2τ + F (H(Pð,Qi)) ≤ F (α℘(ð,i) + β℘(ð,Pð) + γ℘(i,Qi))

By Example 1.2 (v), we get the following contractive condition

2τ + F (H(Pð,Qi)) ≤ F

(

α℘(ð,i) + β℘(ð,Pð) + γ℘(i,Qi)
+δ℘(ð,Qi) + L℘(i,Pð)

)

.

By Example 1.2 (vi), we get the following contractive condition

2τ + F (H(Pð,Qi)) ≤ F (α℘(ð,i) + L℘(i,Pð))

By Example 1.2 (vii), we get the following contractive condition

2τ + F (H(Pð,Qi)) ≤ F

(

max

{

℘(ð,i), ℘(ð,Pð), ℘(i,Qi),
℘(ð,Qi)+℘(i,Pð)

2

})

.

By Example 1.2 (viii), we get the following contractive condition

2τ + F (H(Pð,Qi)) ≤ F

(

max

{

℘(ð,i), ℘(ð,Pð), ℘(i,Qi),
℘(ð,Qi), ℘(i,Pð)

})

By Example 1.2 (ix), we get the following contractive condition

2τ + F (H(Pð,Qi)) ≤ F

(

max

{

℘(ð,i),
℘(ð,Pð) + ℘(i,Qi)

2
,

℘(ð,Qi) + ℘(i,Pð)

2

})

.

For all above cases, P and Q have common fixed point by Theorem 4.1.
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5. Applications to domain of words

Suppose Ω 6= ∅ and be set of alphabets and Ω∞ be the collection of all finite sequences and infinite
sequences (“words”) over Ω, where we assume the understanding that ∅ is a member of Ω∞. Furthermore,
on Ω∞, we take ≎ as the prefix order which is given in this way

ζ ≎ γ ⇐⇒ ζ is a prefix of γ.

For each ζ 6= ∅ and ζ ∈ Ω∞, l(ζ) presents the length of ζ. Now for each ζ 6= ∅ and l(∅) = 0, l(ζ) ∈ [0, ∞]
and ζ, γ ∈ Ω∞, ζ ⊓ γ denotes the common prefix of ζ and γ. Evidently, ζ = γ ⇐⇒ ζ ≎ γ and γ ≎ ζ and
l(ζ) = l(γ). Then, the the Baire metric σ≎ is given on Ω∞ × Ω∞ by

{

σ≎(ζ, γ) = 0, if ζ = γ

σ≎(ζ, γ) = 2−l(ζ⊓γ), otherwise

such that the metric space (Ω∞, σ≎) is complete.
Exactly, we deal with the following recurrence relation:

R(1) = 0 and R(j) =
2(j − 1)

j
+

j + 1

j
R(j − 1), j ≥ 2. (5.1)

Consider as an alphabet Ω = R+. We accomplice to R the functional Φ : Ω∞ → Ω∞ defined by

(Φ(ζ))1 = R(1)

and

(Φ(ζ))j =
2(j − 1)

j
+

j + 1

j
ζj−1

∀ j ≥ 2 (if ζ ∈ Ω∞ has length j < ∞, we write ζ := ζ1ζ2...ζj, and if ζ is a word, we write ζ := (ζ1ζ2.... ).
It follows by the formation that l(Φ(ζ)) = l(ζ) + 1, ∀ ζ ∈ Ω∞ and l(Φ(ζ)) = +∞ whenever l(ζ) = +∞.

We will prove that the functional Φ has an fuzzy fixed point by an application of Corollary 2.5. Let
P : Ω∞ → ℑ(Ω∞) be the fuzzy mapping given by

Pζ = (Φ(ζ))α for all ζ ∈ Ω∞ and α ∈ (0, 1].

and analyze these cases:
Case 01: If ζ = γ, then we have

H≎((Φ(ζ))α, (Φ(ζ))α) = 0 = σ≎(ζ, ζ).

Case 02: If ζ 6= γ, then we write

H≎((Φ(ζ))α, (Φ(γ))α) = σ≎((Φ(ζ))α, (Φ(γ))α) = 2−(l(Φ(ζ))α⊓(Φ(γ))α)

≤ 2−(l(Φ(ζ⊓γ))α) = 2−(l(ζ⊓γ)+1)

=
1

2
2−l(ζ⊓γ) =

1

2
σ≎(ζ, γ).

Instantly, we can achieve that all the assertions of the Corollary 2.5 are satisfied with F (t) = ln t and
τ = − ln 1√

2
> 0. Hence, the fuzzy mapping P has a fuzzy fixed point ζ = ζ1ζ2... ∈ Ω∞ that is, ζ ∈ (Pζ)αL

. Also, in the light of the definition of P, ζ is a fixed point of Φ, and thus, ζ is the solution of (5.1). We
have

ζ1 = 0,

ζj =
2(j − 1)

j
+

j + 1

j
ζj−1, j ≥ 2.
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