Bol. Soc. Paran. Mat. (3s.) v. 2024 (42) : 1-19.
©SPM ~ISSN-2175-1188 ON LINE ISSN-0037-8712 IN PRESS
SPM: www.spm.uem.br/bspm d0i:10.5269/bspm.64571

Existence and Ulam-Hyers Stability Results for a Class of Fractional Integro-Differential
Equations Involving Nonlocal Fractional Integro-Differential Boundary Conditions
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ABSTRACT: In this paper, we investigate the existence and uniqueness of solutions for a class of fractional
integro-differential boundary value problems involving both Riemann-Liouville and Caputo fractional deriva-
tives, and supplemented with multi-point and nonlocal Riemann-Liouville fractional integral and Caputo
fractional derivative boundary conditions. Our results are based on some known tools of fixed point the-
ory. We also study the Ulam-Hyers stability for the proposed fractional problems. Finally, some illustrative
examples are included to verify the validity of our results.
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1. Introduction

Fractional differential equations have recently proved to be valuable tools in many fields, such as
viscoelasticity, engineering, physics, chemistry, mechanics, and economics, see [30], [36], [34], [37], [25].
In the recent years, there has been a significant development in ordinary and partial differential equations
involving fractional derivatives, see the monographs of Kilbas et al. [25], Miller and Ross [32], [38], and
the papers [9,27,46,47,26,23,8] and the cited references therein. Integral boundary conditions received
much attention due to its applicability in various fields such as population dynamics, blood flow mod-
els, chemical engineering, cellular systems, underground water flow, heat transmission, plasma physics,
thermoelasticity, etc.

Nowadays, there is a huge increase in investigation of nonlocal conditions for their many successful
applications in various physical phenomena and engineering such as thermodynamics, elasticity and wave
propagation. Further details can be found in the work by Byszewski [12,13].

Recently, boundary value problems of fractional differential equations involving both Riemann-Liou-
ville fractional integral and Caputo fractional derivative in boundary conditions have received much
interest and attention of several researchers. Many authors have studied the existence of solutions of the
fractional boundary value problems using various boundary conditions and by different approaches. We
refer the readers to the papers [1,2,3,4,24,16,17,18,28,40,41,42,43,44,19,20,21,22].

Very recently, Agarwal et al. [1] studied the following fractional order boundary value problem

ODix(t) = f(t,x(t), 1< q<2, te(0,1],

supplemented by boundary conditions, of the form

2010 Mathematics Subject Classification: 34A08, 26A33, 34B15.
Submitted August 01, 2022. Published August 25, 2022

Typeset by Esﬁstyle.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.64571

2 F. HADDOUCHI

m—2
2(0) = 62(0), a “DPx(¢,) +b “DPx((y) = > aim(B,), 0<p<1.
i=1

Together with the above fractional differential equation they also investigated the boundary conditions

o m—2
z(0) = 51/0 a(s)ds, a “DPx((y) +b “DPu((,) = Z oz (), 0<p <1,
i=1

where € D9,¢ DP denote the Caputo fractional derivatives of orders ¢, p and f : [0,1] x R — R is a given

continuous function and §,01,a,b,a; € R, with 0 < 0 < {7 < 87 < By < ... < B,,,_0 < (5 < 1.

The existence and uniqueness results were proved via some well known tools of the fixed point theory.
In [4], the authors studied the existence and uniqueness of solutions to the fractional differential

equation with four-point nonlocal Riemann-Liouville fractional integral boundary conditions of different

order given by

ODYx(t) = f(t,z(t), 1 <q<2, te[0,1],
z(0) = a/(;7 Mm(s)ds, 0<p<l,

7 (o0 —s)> !
z(1) = b/ ¥x(s)d8, 0<a<l,
0 I'(a)

where © D1 is the Caputo fractional derivative of order ¢, f is a given continuous function, and a, b, n, &
are real constants with 0 < 77,0 < 1. The main results are based on standard tools of fixed point theory
and Leray-Schauder nonlinear alternative.

Bashir et al. in [3] discussed the existence and uniqueness of solutions of a new class of fractional
boundary value problems

“Dx(t) = f(t,z(t)), t €[0,1], ¢ € (1,2],

where ¢ D? denotes the Caputo fractional derivative of order ¢, f is a given continuous function, and a
is a positive real constant, £ € (0,1) with £ < < 1. The existence results are obtained with the aid of
some classical fixed point theorems.

In [41], Sudsutad and Tariboon studied the existence and uniqueness of solutions for a boundary value
problem of fractional order differential equation with three-point fractional integral boundary conditions
given by

ODYx(t) = f(t,x(t), t €[0,1], q € (1,2],
n —g)p—1
2(0) = 0, x(1)=a/0 %

where ¢ D4 denotes the Caputo fractional derivative of order ¢, f : [0,1] x R — R is a continuous
function and a € R is such that a # T'(p + 2)/nP*L.

z(s)ds, 0 <n <1, p>0,
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Tariboon et al. [43] have also studied the following fractional boundary value problem with three-point
nonlocal Riemann-Liouville integral boundary conditions

De(t) = f(t,xz(t)), 0<t<T, ac(l,2],

T J—
#(n) = 0, I"2(T) = / (TT

where D® denotes the Riemann-Liouville fractional derivative of order o > 0, n € (0,T") is a given
constant. The existence and uniqueness results were proved via the Banach contraction principle, the
Banach’s fixed point theorem and Holder’s inequality, the Krasnoselskii fixed point theorem and the
Leray-Schauder nonlinear alternative.

More recently, in [35], both Riemann-Liouville and Caputo fractional derivatives were considered in
the boundary values problem

RLDY(CDra(t)) = f(t,z(t)), t € (0,T),

2'(§) = A“D"x(n), u(T) = p[IP](Q),

where ' D7 denotes the Riemann-Liouville fractional derivative of order ¢, 0 < ¢ < 1, D", © D¥ denote
the Caputo fractional derivatives of orders r and v respectively, 0 < r < 1, 0 < v < g+ r, I? is the
Riemann-Liouville fractional integral of order p > 0, f : [0,T]xR — Rand A\, u € R, £, n,¢ € (0,T). Some
existence and uniqueness results are established via Banach contraction mapping principle, Krasnoselskii
fixed-point theorem and nonlinear alternative of Leray—Schauder type.

Inspired and motivated by the recent paper [35], in this work, we introduce a new class of boundary
value problems of integro-fractional differential equations supplemented with nonlocal Riemann-Liouville
fractional integral and Caputo fractional derivative boundary conditions. In precise terms, we consider
the following nonlocal problem:

REDI(CD a(t) + \) = f(t,x(t), (H)(t)), t € [0,T], (1.1)
#(€) = YD a(n,), o(T) = 3 B[Pl (o), (1.2)

where “D* is the Caputo fractional derivative of order p € {r,v} such that 0 < ¢ < 1,0 <r <1
0 <v<1<gq+r,I? is the Riemann-Liouville fractional integral of order p > 0, £,7,,0; € (0,T) and A,
a;, B;, i = 1,2 are appropriate real constants. f : [0,7] x R? — R is a given continuous function, and

(Hx)(t):/o U(t, s)x(s)ds,

where 4 : [0,T] x [0,T] — [0, 00) is a continuous function.

Integro-differential equations appear in a variety of different areas of applied mathematics and physics,
often as approximation to partial differential equations. Some of the applications are unsteady aerody-
namics and aero elastic phenomena, viscoelasticity, fluid dynamics, theory of population dynamics, etc.
For more details, see [5,29,31,33] and the references therein.

Many of the physical systems can be described by integral boundary conditions, for example in pop-
ulation dynamics, chemical engineering, thermoelasticity, blood flow problems, thermoelasticity, under-
ground water flow, and so forth. A detailed description of the integral boundary conditions can be found,
for instance, in [6]. For more details of boundary value problems with nonlocal and integral boundary
conditions, see [7,10,11,14,45] and references therein.
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The main contribution of this paper is the extension of some results found in [35] to a more general
type of integro-fractional differential equations.

The paper is organized as follows. In Section 2, we present some backgrounds on fractional calculus
and the fixed point theorems. Also, we give an useful auxiliary lemma. Section 3 deals with the existence
result for problem (1.1)-(1.2) which is obtained via the Banach contraction principle, Schaefer’s fixed
point Theorem, and Krasnoselskii’s fixed point Theorem. Besides, we discuss the Ulam—Hyers stability
criteria for the main fractional problem. Finally, some examples are given to illustrate the viability of
the main results

2. Preliminaries

In this section, we recall some basic definitions of fractional calculus and an auxiliary lemma to define
the solution for the problem (1.1)-(1.2) is presented.

Definition 2.1. The Riemann-Liouville fractional integral of order q for a continuous function f is
defined as

v L[ F)
190 = i [, ot 470

provided the integral exists, where I'(.) is the gamma function, which is defined by I'(x) = fooo t*~le7tdt.
Lemma 2.2. Let q,p > 0, then I1IP f(t) = I71P f(t).

Definition 2.3. For at least n-times continuously differentiable function f : [0,00) — R, the Caputo
derivative of fractional order q is defined as

e 1 A
Df(t):F(n—q)/O (t_s)qﬂ_nds,n—1<q<n,n:[q]+1,

where [q] denotes the integer part of the real number q, provided the right-hand side is pointwise defined
on (0,00).

Definition 2.4. The Riemann—Liouville fractional derivative of order q for a function f : (0,00) — R
is defined by

1 d\m [*
RLDq — _ / _ g\n—q-1 = 1
10 = o= () [ €= (s a0, m =g +1,
provided the right-hand side is pointwise defined on (0, 00).

Lemma 2.5 ([38], [25]). If 8 > o > 0 and x € L]0, 1], then

(i) D*IPz(t) = I°~*x(t), holds almost everywhere on [0,1] and it is valid at any point t € [0,1] if
x € C0,1]; cD*I%*x(t) = z(t), for all ¢ € [0,1].

(ii) D1 = G2stA 07l X > [a] and D1 =0, A < [a].

(iii) T°49~1 = Bhstpta=t,

Lemma 2.6 ([25]). For g > 0, the general solution of the fractional differential equation “Dix(t) =0 is
given by
z(t) =co+cit + ... Fep1t" L,

where ¢; €R, i =0,1,....,n—1 (n=[q] + 1).
According to Lemma 2.6, it follows that
I °DIg(t) = x(t) + co + crt + .. + cp1t" 1,

for some ¢; € R, i=0,1,....,n—1 (n=[¢] +1).
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Lemma 2.7 ([25]). Let ¢ > 0. Then, for x € C(0,T)N L(0,T), the following formula holds:
I9(REDIZ) (t) = 2(t) + ettt + cot T2 + .+ cpt? ™,
where ¢; €R, i =1,...,n (n=[q] +1).

Next, we define Ulam-Hyers and generalized Ulam-Hyers stability of the problem (1.1)-(1.2).
Definition 2.8. The fractional differential equation (1.1)-(1.2) is Ulam-Hyers stable if there exists ¢y > 0
such that for each € > 0 and for each solution y € C([0,T],R) of the inequality

FEDI(CD y(t) + ) — f(t,y(t), (Hy)(t))| < e t€[0,T], (2.1)

there exists a solution x of problem (1.1)-(1.2) with
ly(t) — z(t)| < cpe, t €[0,T).

Definition 2.9. The fractional differential equation (1.1)-(1.2) is called generalized Ulam-Hyers stable if
there exists p; € C(Ry,Ry) with ¢ (0) = 0 such that for each e > 0 and for each solutiony € C([0,T],R)
of the inequality (2.1), there exists a solution x of problem (1.1)-(1.2) for which

|y(t) — a(t)] < pg(e), t€0,T].

Remark 2.10. A function y € C([0,T],R) is a solution of (2.1) if and only if there exists a function
z € C([0,T],R) (which depends on y) such that

(i) |2(t)] < € t€[0,T],

(ii) FEDI(CDTy(t) + X) = f(t,y(t), (Hy)(t)) + =(1), t € [0, T].

Lemma 2.11. Let Ay # 0 and Ay # 0. Then, for any h € C([0,T],R), the linear fractional boundary
value problem
RLDI(CDr2(t) + \) = h(t), t € [0,T], (2.2)

Zach” x(n;), ZB [IPx](0;), (2.3)

has an integral solution given by

o(t) = IT7h(E) + Ail <§:am+r—uh(m) - IW—lh(g)) (FF&WM + 5)

(g+r) Ay
| S ) = 1) 4 i<%tw+§_z>
( r‘”“ ZW ) L(P(iﬁ _F(P—I—lr—kl)g;ﬁiUerT)
_F(TH) (2.4)
where
A= r(qi(z)— 7¢I i(ff)_ ,,)i; T
B p+1 Zﬁz"w (2.5)
- mimp St - L o
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Proof. Applying the Riemann-Liouville fractional integral of order ¢ to both sides of equation in (2.2),
and in view of Lemma 2.7, we get

D x(t) + X = I(t) + et (2.6)

where c¢; € R is arbitrary constant. Now, in view of Lemmas 2.5-2.6, by taking the Riemann-Liouville
fractional integral of order r to both sides of equation in (2.6), we get

I'(q) - t
t) = 17" h(t L _gatr=l —A—. 2.
() = I (D) + o st e <A (27)
From (2.7), we have
- I'(q) ot
() = IT I R() + ¢ = 11T )\ , 2.8
(1) 0+ s o (28)
- I'(q) . T
C v _ +r—v +r—v—1
DVz(t) =11 h(t 1 A 2.
=(t) O+ asgrr—o) T(r—v+1) (2.9)
I'(q) - tr e
IPa(t) = 17 Ph(t) 4 ¢y m——— 1P 4 - A : 2.10
z(t) ®) ClF(q+r+p) CQF(p—Fl) Fp+r+1) (2.10)
From (2.8) and (2.9), the boundary condition 2/(¢) = 7" | a;“ D¥x(n;) implies that
- I'(q) PN S - I'(q) -
Iq—i—r 1h + . ~\Y)  eqtr—2 A _ ; Iq—i—r uh ) S VA qur v
(5) CIF(q—f—’/‘—l)g F(T‘) ;OZ (771) Clr(q+r_y)771

U
S W
Ir—v+ 1))’

which, on solving yields

v - . A" n; "
o - A_<ZI ) — 17 1h<f>“(r<r>‘§“im)>'

Using the boundary condition z(T") = >, 3;[IPz](c;), we find that

m p+r

1 - r T TT 7
o = (S - o (sl - Sag S )

i=1

&1 - F(‘]) q+r+p—1 F(q) +r—1
+— — - —— T .
Az(?—;BT(qﬂLrﬂLp)ai [(g+7)
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Inserting the value of ¢; and ¢z in (2.7), we obtain

I'(q) - tr
t) = ITTh(t T _patr—l S QL —
=(?) O™ T2 A e
I'(q) L, a I'(q) 1 T(g) -
= JUTR(E) 4 ¢ —2 _gatr—1 T § iiafﬁﬂj — ) pgtr—l
O+ arg A, i:15r<q+r+p>i T(q+7)

+i i,@l‘l”“h(c;’v) — 19T R(T) +/\<L _ iﬁ'L>
A\ &= ! I(r+1) & 'Tp+r+1)

it
I(r+1)
= I7h(t) + Ail <§:ailq“”h( ) =1 1h(§)> <7(E(i)r) Tt 4 2—2)
i=1

ZﬁiqurTerh(U ) — 17t (T
i=1

W, f:a rev
I(r)  Tr—vt1&™h
t’f‘

CT(r+1)

A
q+r 1 3
+ —
< D(g+r) Az)

MA
< P—i—r—i—l ZB pH)

The converse of the Lemma follows by direct computation. This completes the proof. O

3. Existence results

In this section, we establish sufficient conditions for the existence of solutions to the fractional integro-
differential boundary value problem (1.1)-(1.2) using certain fixed point theorems.

Let C be the Banach space of all continuous functions from [0,7] into R equipped with the norm:
||z|| = sup{|z(t)|,t € [0,T]}. We define the operator A : € — € by

(Az)(t) = Iq”f(t,x(t),(Hx)(t))+ALI<ZO<J“T”f(m,ﬂf(m),(Hw)(m))

LI (6), (Hw><s>>> (%H n ﬁ—)

S BT f(04,2(04), (Ha) (7)) — I f(T,a(T), (Ha)(T))
i=1

1 L(@) qer, D gt 1 L
E(r@w) ' 1+A—§>< (r)_I‘(r—y—i—l);aml )

1 (T 1 i tr
+A_2<I‘(r+1)_I‘(p+r+l Zﬁla ) Tr+1)|

Obviously, the fixed points of the operator A are the solutions of the fractional integro-differential bound-
ary value problem (1.1)-(1.2).
In order to prove our main results, the following well known fixed point theorems are needed.

+A

(3.1)

Theorem 3.1 ([15]). Let (X,d) be a complete metric space and T : X — X be a contraction. Then T
has a unique fized point in X.
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Theorem 3.2 ([39]). Let X be a Banach space. Assume that F : X — X is a completely continuous
operator and the set V. ={x € X : 2 =vyFx, 0 <~y < 1} is bounded. Then F has a fized point in X.

Theorem 3.3 ([39]). Let E be a closed convex, bounded and nonempty subset of a Banach space X . Let
A, B be the operators such that

(1) Ax+ By € E, for any x,y € E;
(2) A is a completely continuous operator;
(3) B is a contraction operator.
Then there exists at least one fized point z € E such that z = Az + Bz.

In the following, for computational convenience, we set
Tqur 1 q+r—v q+r—1 1—\ A
0 = Z | l| ; + 5 (q) Tqurfl + =3
I‘(q—i—r—i—l) |[Aq] P(g+r—v+1) T(¢g+7) T(g+r) Ao
1 a.‘l+7’+;0 Ta+r
Z 18l & + ,
|A| Cg+r+p+1) T(¢g+r+1)
1 I'(g) _ Az ¢ 1
- 7Tq+r 1 4= + a; r—v -
|Aq] <F(q+r) Ay r'(r) 1/+1 Z' i |A2|
" 1 " "
x + o)+ —— |
<r@+1) r@+r+nZ;W*” ) T(r+1)

Now, we are in a position to present the main results of this paper. The first one existence result is based
on Banach’s contraction mapping principle (Theorem 3.1).

)

A=A

(3.2)

Theorem 3.4. Assume that ¢ : [0,T] x [0,T] — [0,00) is continuous, and let f : [0,T] x R? — R be a
continuous function with f(t,0,0) £ 0 on [0,T] and satisfying the Lipschitz condition:

(Hy) |f(t,z1,91) — f(t, 22, 92)| < Lilzy — 22| + Lalyr —y2|, L1,L2 >0, forallt €[0,T], z;,y; €R, i =
1,2.

Then the problem (1.1)-(1.2) has a unique solution on [0,T] provided that

(L +9LeT)Q < 1,
where 1 = max{(t, s) : (t,s) € [0,T] x [0,T]}, Q is given by (3.2).
Proof. Setting sup{|f(¢,0,0)|,t € [0,T]} = M < oo and define B, = {z € C: ||z| < p}, where

MQ+ A
—Q(Ly +¥LoT)’

>
p_l

where , A are given by (3.2). As a first step, we show that A(B,) C B,. From (H,), for x € B,, and
t € 10,7, we get

|f (&, 2(1), (He)(@)| < |f(E,2(1), (Hz)(t)) = f(£,0,0)[ + [f(2,0,0)]

<
< Lilz(t)] + Lo|(Hz)(t)| + M
< (Ly + L) |zl + M

< (L1 +¥LoT)p+ M.

Using (3.1) and (3.3), we obtain
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" ﬁ <Z | T7H Y| f (s, (), () ()]

i=1

[Az] < sup {Iq“If(t,x(t),(Hx)(t))

t€[0,T)

3

)

I (), (Hx)(f))l> (FF&W* +| 2

(q+)

m

Tl Z BT\ f (01, 2(04), (Ha) ()| + 177 f(T, 2(T), (Ha)(T))| }
F(q) gtr— & 57’—1 1 m -
- |A1I< R R A2><F(T)+F(T—V+1);| o )

1 T 1 L phr T
1A (r(r+1)+r(p+r+1)§|ﬁl|”l ) T(r+1)

< ((L1 +EL2T),)+M) tzﬁﬁ]{/ot (tr—(qs)jj) L e |<Z|°“|/ mgi;:’"—"_lds
+/o£ r f)::jd8> <F<E(i)r> o | )
T Z'B'/ et q++ H
+A| |A—11| <P(E(1)T)Tq+’“‘1 n 2—2 ) (ir(r; u+1 i |a¢|n§”>
+|A12| <I‘(TT4T— DT +1r+ 1) i |”8i|af+r> + F(;T:L 1)
_ q+r v gatr-1

As
Ay

F(q) q+r—1
X(I‘(q—i—r)T el

As

+[A| A,

1 F(q) q+r—1
|A|<< T

g/r ! o Vet %
)(F(r) V—|—1 Zl|04i|77¢ )

1 T" 1 L phr T"
ot +
A (r(r+1)+r(p+r+1)§|ﬁl|”l ) T(r+1)

- ((L1 +EL2T)p+M)Q+A < p.

Thus, A(B,) C B,. Now, for z,y € €, and for each ¢ € [0,T], we have

_ 5)q+f’—1

(A7)~ (Ap) < sup { |

S TEn |F(s,2(s), (Hz)(s)) = f(s,y(s), (Hy)(s))|ds

q+ru1
|A|<Z|l|/ O | f(sa(e) (Ha)(9) ~ (5,5(6),

13 (5_ )q+r 2
+/0 mﬁ(s,x(s),(Hx)(S))—f(say(s)v(Hy)(s))‘d*g)

_ T9t"
(<L1+¢L2T)p+M){ Tlgrr+1) |A|<Z|l| Tg+r—veD) T+

1 U‘I+7’+P Ta+r
>+ |Ay |<Z|ﬁ| Mg+r+p+1) F(q+r+1)>}

s))‘ds
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F(Q) Az

o[ LD _yarrr ]_
(I‘(q+r) As
q+r+p 1

Zlﬁ | / W
T (p _ g)atr—1
+/ &‘f(s,x(s),(ﬂx)(s))—f( y(s), (Hy)(s |d5”
0
Tt

T(g+7r)
1 m nngr v £q+r—1
T(g+r+1) * [Aq] (Z'a |I‘(q+r—1/+1) + L(g+7r)

o L@ g N ’& L i B A Tatr
I(g+7) Az Q2] \ = F(Q+7‘+p+1) ECEESY

<z —y]
< (L1 + L) — y].

F(s,2(s), (Hz)(s)) = f(s,y(s), (Hy)(s))|ds

IAI

IN

(L1 + ELQT){

According to the condition (Li +LoT)Q < 1, it follows that the operator A is a contraction. Therefore,
by Theorem 3.1 (Banach’s contraction principle), there exists a unique fixed point in B, for the operator
A which is a unique solution for the problem (1.1)-(1.2). This completes the proof. O

Corollary 3.5. Assume that f and v are as in Theorem 3.4. Then the boundary value problem

2(t) = f(t, 2(t), (Hz)(1)), t € [0.] (3.4)
PO =Y ), #(T) =Y 5, / " a(s)ds, (3.5)

has a unique solution x on [0,T] provided that

(L +9LoT)Q < 1,

where ¥ = max{y(t,s) : (t,s) € [0,T] x [0,T]}, Q is given by

1" Bioi-T
+ >0 o l) T+ | t==—— Z"=}n — )
0= T_2 + (5 . ( 1), B g 2iet |Bilod + _.
2 ‘1_Zi:1ai| ’1 S Bioi
Proof. Tt follows from Theorem 3.4 by choosing g =r=v=p=1, and A = 0. U

Now, we establish another existence result for the fractional integro-differential boundary value prob-
lem (1.1)-(1.2) by applying Schaefer’s fixed point Theorem 3.2.

Theorem 3.6. Let f:[0,T] x R? — R be a continuous function. Assume that
(H3) There exists a constant L > 0 such that |f(t,z,y)| < L, for all t € [0,T], z,y € R.
Then the problem (1.1)-(1.2) has at least one solution on [0,T].

Proof. We prove that the operator A defined by (3.1) has a fixed point by utilizing Schaefer’s fixed point
theorem. The proof consists of several steps. Firstly, we show that the operator A is continuous.
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Let x, be a sequence such that 2, — x in €. Then for each t € [0, T, we have

t — g)4 r—1 — s q r—v—1
(ea)(0) = (A0l = {/0 Tt |A|< oo [ O
) D(g) pires, |Ds
+/0 F(q+r—1)d8><F(q+r)T+ + Ag)
s)atrp—1 T(T - s)atr—1
w[}]m/ e R M e d]}
<[[f(an (), (Hrn) () = f(2(), (Ha) ()
< QfCan(), (Han) () = f(oa(), (Ha)()]-

Since f is continuous, then ||Ax, — Az| — 0 as n — oco. Therefore A is continuous.

Now, it will be shown that A maps bounded sets into bounded sets in €. For p > 0, let B, = {z € C:
lz]] < p} be bounded set in €. In view of the condition (Hz), it is easy to establish that ||Az| < L+ A,
x € B,.

Thus A is uniformly bounded on B,,. Moreover, for t1,ts € [0,T] with ¢; < ¢t and x € B,, we get the
following estimates

(A2 (t2) — (Az)(t)] = / e =TT p (), (Ha)(s))ds

I(g+T)

AT(g+7)

m M4 . — )4 r—v—1
S [ (), () ) ds

h —g)rtr=t 1 r—1
- [ ), (s + o D i )
< — " Jo Tla+r-v)

F(Q) q+r— q+r—
= f(s,x(s), (Hx)(s))ds) + A(r) (t; bt 1)

(g+r
gri r—v tr_tr
AT~ r—v+1 Zaml >_ (r+1>>

q+r _ F(q)
1" =) + 20t~ )™ + ZE T

1
<L{ ——MM
- {I‘(q—i—r—i—l)[
q+r—v £q+r71

tq+r—1_tq+r—1) |O[1|7’] A
X(2 ! ;FQ+T’—V—|—1)+F((]+T‘)+||

fril = |05i|77:711 |/\| r r
~ (r(r) + ; Tr—v+t 1))) trernte T tl)}'

As ty — ty, the right-hand side tends to zero independently of x € B,. Thus, by the Arzeld-Ascoli
theorem, the operator A is completely continuous.

Next, we need to show that the set V= {x € C: 2 =~vAz, 0 <~ <1} is bounded.
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Let z € Vand ¢t € [0,T]. Then

x(t) = 7{1"+’"f(t,x()( A—(Z T f (g, (), (Ha)(n;))
—I‘Z*T*lf(g, ( ) tq+r1+i_z>

S BT [0, 2(04), (Ha) (7)) — 19 f(T,a(T), (Ha)(T))
i=1

1 F(q) r—1 A fril - T—V
AE(mtJr +A_z>< r(r) T‘—I/+1 ;%m )

1 A 1 p+r
+A_2<F(7‘+1)_F(p+7‘+1)zﬁ +> r+1 }

which implies using v < 1 that

Therefore, V is bounded. By Schaefer’s fixed point Theorem 3.2, we conclude that the operator A has a
fixed point which is a solution of the fractional order boundary value problem (1.1)-(1.2). This completes
the proof. 0

llz|| = sup {|v(Az)(t)]} < LQ+ A.
t€[0,1]

Our next result on existence is based on Krasnoselskii’s fixed point Theorem 3.3.

Theorem 3.7. Let f : [0,T] x R? — R be a continuous function satisfying the assumption (Hy).
Moreover, it is assumed that

(Hs3) |f(t,z(t), (Hz)(t))| < o(t), V(t,z) € [0,T] x R, where o € C([0,T],RT).

Then the boundary value problem (1.1)-(1.2) has at least one solution on [0,T] if

_ Tq+r
(Ll + 1bLQCZ-’) (Q — m) <1,

where Q is given by (3.2), and ¢ = max ¢, s)e[0,7]x0,7] ¥ (1, §)-

Proof. If we denote B, = {z € C: |[z|| < p}, where p > Q| o + A with |lo| = sup,cjo 7 [o(t)], and © is
given by (3.2). Then B, is a bounded closed convex subset of C.
For t € [0,T], we define two operators on B, as

_ S)q+r—1

o)) = [ U fsat). (o) o),

1 T'(q) gtr—1 A

x <Z a I f(ngx (), (Ha)(n,) = 177771 F(€, 2 (8), (Hw)(é))>

=1
1 F(q) r—1 A3 57“—1 1 < r—U
A_1<F(q+r)tq+ +A_2>< (T)_F(T—V—Fl);aml )

1 T" 1 " phr tr
+A2<F(r+1) F(p+r+1);/jﬂi ) D(r+1)

+AL2 [ZﬁiI‘HrJrPf(Ui,x(Ui), (Hz)(0;)) — Iqurf(T,x(T), (Hz)(T))|.

i=1

+A
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For z,y € B,, we find that [|Az + Aay| < Q||o|| + A < p, which implies that A,z + Azy € B,,.
Using (H;) and (3.2), for z,y € C, we obtain

L[ [ €5 / (n; —s) 1
Aox) — (A < ds + i l—d
”( 215) ( Qy)” = til[ér,)l]{|Al| </0 F(q—|—r } S Z|04| q+r—z/) S
q+f’+p 1

I'(q)
) 8] ZW'/ q+r+p) *

+r—1
X <7F(q+r)tq +
}<L1 STLT) =

Az

T o q+r—1
+/ %ds
0 L(qg+r)

- 1 (&, gt L(@) gira
< (Ll+‘/’L2T){m<z|al|r(q+r—y+1) T [\ Tt
Ag oIt T+
+‘A_2 ) * [Ag |<Z|/B | I'g+r+p+1) I‘(q+r+1)>}|x_y”
— Tatr
< (L1+¢L2T)<Q—m)|x—y|,

which shows that the operator A, is a contraction since (L1 + ELQT) (Q — 1“(5427;:1)) < 1.

For x € B,, we have

g gy |z
el < s { [ ), (1) o | <

Therefore, A; is uniformly bounded on B,. Now, we prove the compactness of the operator A;.
Let t1,t2 € [0,T] with ¢; <ty and « € B,,. Then, we obtain

f .
Arz)(tz) — (Arz)(tr)|] < ——— (3" —t1™") + 2(t2 — t1)91"
[(Arz)(t2) = (Aiz)(tr)] < Tltrsl) (22 1) 2t =),
where Sup(; o yaye(o,1)x B, x5~ | f (¢, 2, H)| = f, with 5 = p/T. Obviously, the right-hand side of the

above inequality tends to zero irpldependently of x € B, as ta — t1. So A, is relatively compact on B,,.
Hence, by the Arzela-Ascoli theorem, A; is compact on B,. Continuity of f implies that the operator
Aj is continuous. Therefore, A; is completely continuous. Thus all the hypothesis of Theorem 3.3 are
satisfied and consequently the problem (1.1)-(1.2) has at least one solution on [0, T]. This completes the
proof. 1

Theorem 3.8. Let [ :[0,T] x R> — R be a continuous function and assume that the assumption (Hy)
holds with (Ly + Y LoT)Q < 1. Then the boundary value problem (1.1)-(1.2) is Ulam-Hyers stable on
[0,T] and consequently generalized Ulam-Hyers stable.

Proof. Let € > 0 and y € C([0,T],R) be the solution of inequality (2.1), and let € C(][0,T],R) be the
unique solution of the following problem

{“D%%V<>+» F(t2(t), (Hz) (1)), t € [0,T),
7€) = ¥, a,CD%a(n,), o(T) = X, B[P (os).

Since y is a solution of (2.1), we have by Remark 2.10

RLDI(CDry(t) + A) = f(t,y(t), (Hy)(t)) + 2(1), t € [0,T],
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and

y(t) = 177 f(t,y(t), (Hy)(t)) (Zazf‘”r “F (i y(n), (Hy) (1))

F(Q) tq+r—1 + A_

_]q+f"1f(£,y(§)a(Hy)(f))> (W Aj)

m

L1
AV

D BT f(oi,y(o0), (Hy)(o4)) — 177 f(T,y(T), (Hy)(T))

1=1

+Iq+r +_<Za1q+r v, _ Jatr— 1 (é—)) (F(E(—(’]—)T)thrrl_’_%)
2

& | A - 1)
1 F(q) r—1 Ag é—T ' 1 - TV

g E<r<q+> " +A_2>< ) T D & )

1 T" 1 - phr tr
+A2<I‘(r+1) F(p+r+1);/8iai ) L(r+1)|

+

Then y is a solution of the following inequality

y(t) — 177 f (¢, y(t), (Hy)(t) <Za 11T f (g y (), (Hy) ()

=1L (€ (9), (Hy)(&))) < P@ gy £>

s | BTy, (Hy) 00) - 17 F(T (D), (Hy) (D))

1 I'(q) gpre1 , A gt 1 L
- A_1<F(q—|—r)t+ 1+A_z>< (T)_F(T—V—i—l);aml )

m

1 1 1 i #r
+A_2< T(r +1) _r(p+r+1)zﬁﬂi ) T+

m

1
_ Ja+r+p AN
+4; ;511 2(03) — 1947 2(T)
q+r q+r v q+r—1
S T Z| | + f F(Q) Tq+7‘—1+ &
T(g+r+1) |A| q+7"—1/+1) T(g+r) T(g+r) Ag
1 q+r+p Tqur
Zlﬁ |t +
|A| Ng+r+p+1) T(g+r+1)
< €.

)
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Thus, for each t € [0,T], we have

ly(t) —z@)] =

y(t) = 177 f(t,2(t), (Ha)(t)) — Ai (Z ai 1777 f(n;, x(n), (Hz)(n,))

—I‘I“‘lf(f,x(f),(Ha:)(ﬁ))>( A tq+r—1+&>

_Aiz Zﬁﬂqwﬂf(maﬂ?(ai)v(Hx)(ai))—Iqwf(Tam(T)v(Hx)(T))
L[ T(Q v, As\ (& 1 N

- A_1<I‘(q—|—r)t+ lu—i)( o) _r(r—y+1);aml )

+A_2<F(r+1)_I‘(p+r+l Zﬁla >_P(r+1) |

y(t) — I f(t, y(t), (Hy)(t 11 <Za11‘”r Y (i y(ny), (Hy)(n;))

I y(6), (nyg))) (—F(I;(fr> ety ﬁ—)

—A% > BT f(o4,y(04), (Hy)(04)) — I f(T,y(T), (Hy)(T))
=1

FITf(ty(t), (Hy)(t (Zmlq” (i y(mi), (Hy)(n;))
I (6), (nyg))) <F(F(j) st ﬁ)

b | DB (o1 y(on) (Hy)(03)) - 177 (T (D), (Hy) (D))
i=1

1 (1, 2(0), (Ha) (1) - 5 (ZO‘” (), (Ha) ()
S A (73) (Hx)(f))> (—F D) _por-1 %)

(g+7)

_ALQ D BT f(og,a(04), (Ha)(o4)) = 1977 f(T,a(T), (Hx)(T))
i=1
1 Llg) gir1, A & 1 e
A A_1<I‘(q+r)t T A_z> ( L(r) T(r—v+1) Z%m )

1 T e tr
+A_2<F(r+l)_I‘(p+r+lzﬁlo ) T(r+1)

e+ (L1 +PLT) 2y — .

IN

Then, it follows that

ly — || < Q@+ (L1 + Lo T)Qly — ),
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which yields that
)

1— (Ly +9LT)Q
, then the problem (1.1)-(1.2) is Ulam-Hyers stable. Moreover, by choosing

ly —xfl <

If we set ¢f = ——2———
W ! 1- (L1479 LaT) 2
wre) = — 9 with ¢ 7(0) = 0, the generalized Ulam-Hyers stability condition is also satisfied.

1-(Li4+9L2T)
O

4. Examples
In this section, we present some numerical examples where our results can be applied.

Example 4.1. Consider the following fractional boundary value problem

—cos?t 39

{RLD%(CD%:L‘ t)+2) = (35:t+1)\/ﬂ_—1$1nx+ S f (t+cos(3s ))x(s)ds—i—@t%, te0,3],
1 . 3
#(3) = <Dia()+3Dia(d). 2(3) = alTa)(}) + A[rial(d).

(4.1)
Here,ng,TZ%,VZi,ng A_2 T_3 5_577]1:%77]2 5,0&1:1 052:3 61:4
By=1% 01=13,00=2, and f(t,z,y) = msmm+y+ﬁ$ U(t,s) = 2L (t + cos (55)).
With the given wvalues, it is easy to see that 0 < v < 1 < g+, ¢ = 110%2, Ay ~ —4.42055, Ay =
28 4 2
1-— #X)ﬂ ~ —1.74127 and A3 ~ 0.826943.

C’learly, we have |f(t,x, Hz) — f(t,y, Hy)| < 25|z — y| + 2L |Ha — Hy| and thus (Hy) is satisfied with
Ly = Lo = Furthermore, upon computation, we get

144’ 1233"
o 209 Tq—i—r l1+7“ v §q+r 1
L LT)Q) = o
(L +9LaT) 1512{I‘(q+r+1 |Aq |<Z| | q+r—u+1)+f‘(q+r)
['(q) _ Az
x| —L _patr=l L |22
(F(Q+7') AV

1 O.Q+T+P Tqur
|A|<Z|B| Flg+r+p+1) F(q+r+1)>}
0.927633 < 1.

12

Thus, for the given boundary value problem (4.1), all the conditions of Theorem 3.4 are salisfied. So,

by Theorem 3.4, there exists a unique solution for the problem (4.1) on [0,3]. In addition, we have

cp = — 8~ 9273449 > 0. Hence, by Theorem 3.8, problem (4.1) s Ulam—Hyers stable and
1-(L1+9LaT) 2

also generalized Ulam—Hyers stable.

Example 4.2. Consider a fractional boundary value problem given by

C 5 e 2t sin(t? —
{RLD%( Dra(t) —V2) = & C‘Ezi‘)(ﬁtsi)g])g + 15 cos (fot (2 + s)x(s)ds), t €10,2], (4.2)

¥(3) = 1 <Dha(3), =(2) = 3[rEa),

where,q:§ T:%JV:g;p:§7)‘:_\/§7T:2:a:%:ﬁ:%:n:%7£:%:0—:1:
and f(t,z,y) = (BHCCEfif;?ﬁgtl])z + %cos(y), W(t,s) = t2 +s. By simple calculations, we find that
O<v<1<qg+rand

53T (4 1
A= 1(3) S— 1_5,3) ~0.382722, and Ay = 1 — —— ~ 0.580058.
T(er)  29350(5) 2r'(3)
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We easily get | f(t, z,y)| < %. Hence, all the conditions of Theorem 3.6 are satisfied. Thus, by Theorem
3.6 the fractional order boundary value problem (4.2) has at least one solution on [0, 2]:

Example 4.3. As a third ezample we consider the fractional boundary value problem

1,C 3 e " cos t
{RLD2< DR2ll) +3) = (s + T s ( Jyd s+t —s >x<s>ds) b te 0.1,
#(3) = 2 °D¥a(2) +3 *D¥a(), a(1) = [[Fa)(}) +2(Fal(2), "
4.3
where, q:%;Ir:% y:g}p:% A:?’;T::Lal_g; 0[2:3 7]1:% :13_07ﬁ1:1762:2;§:
et cos(tV?2
S 01=7%,00=2 and f(t,z,y) = (1+‘$D(2+e(f)2\/)ﬂ_—2+ 13?;670\[ sin(y) + 7, ¥(t, s) = T(t+s+t3—s3).

With the given values, it is found that

svar (357 +3%10#) V7
Ay = ST — —6.64589
55T (3) I(3)
_5 13 __5
Ap=1- 2212500 19577
r'(s)

Also we have 1) = (1 + \/—)
Since |f(t,x, Hz) — f(t,y, Hy)| < &z —y|+ 132+7‘/§|H;U—Hy|, then (Hy) is satisfied with Ly = 4z,

13247y3 1560
_ 13247
Loy = 1560 Further,

et cos(tv/2) t ‘ 1 (et N 1692 + 7\/?_>>
5 :

ta ) = =+ <z
(&2, 9)l ‘(1+|x|)(2+et)2\/t+25 t+1 312

)

_ T 453 1 i g
(L1+wL2T)<Q_F(q+r+1)> CT20 { <Z| ! q+r—u+1)+F(q+r)>
% <FF(Q) Tqurfl + )

(g+r)
1 O.Q+T+p Tq+r
+
|A|<Z'B' Tg+riprD) F<q+r+1>>}
~ (0.941679 < 1.

Ag
Ay

2

Tq+'r
T(g+r+1)

~

Obuviously all the conditions of Theorem 3.7 are satisfied with (L1 + ELQT) Q-

0.941679 < 1. Hence, by Theorem 3.7, the fractional order boundary value problem (4.3) has at least
one solution on [0, 1].

5. Conclusion

In this paper, we have presented some existence results for a class of fractional integro-differential
boundary value problems involving both Riemann—Liouville and Caputo fractional derivatives with multi-
point and nonlocal Riemann-Liouville fractional integral and Caputo fractional derivative boundary con-
ditions. We have established the existence of a unique solution by using the Banach contraction mapping
principle, while Schaefer’s fixed point theorem and Krasnoselskii’s fixed point theorem are used to obtain
the existence result for the proposed problem. Also a special case is produced by fixing g =r=v =p =1,
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and A = 0. Furthermore, we have also discussed the Ulam-Hyers stability for the problem at hand. At
the end of this paper, some examples are presented to show the applicability of the obtained results.
We emphasize that the novelty of our work will contribute significantly to the existing literature on the
topic of research.
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