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Multiplicity of Solutions for Anisotropic Dirichlet Problem With Variable Exponent

Fouad Kissi and Abdelrachid El Amrouss

ABSTRACT: We establish some results on the existence of multiple nontrivial solutions for a general anisotropic
elliptic equations. Our approach relies on the variable exponent theory of generalized Lebesgue-Sobolev spaces,
combined with adequate variational methods and a variant of the Mountain Pass lemma.
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1. Introduction

In the last few decades, one of the topics from the field of partial differential equations that has
continuously attracted interest is that concerning the Sobolev space with variable exponents, W1()
(where p(.) is a function depending on z), see for example the monograph [4] and the references therein.
Naturally, problems involving the p(z)-Laplacian operator were intensively studied.

On the other hand, it has been experimentally shown that the above-mentioned fluids may have
their viscosity undergoing a significant change, see [1]. Consequently, the mathematical modelling of
such fluids requires the introduction of the so-called anisotropic variable spaces. Indeed, there is by now
a large number of papers and increasing interest about anisotropic problems. With no hope of being
complete, let us mention some pioneering works on anisotropic Sobolev spaces [12,15]. Therefore, in the
recent years, the study of various mathematical problems modeled by quasilinear elliptic and parabolic
equations with both anisotropic and variable exponent has received considerable attention.

Let Q@ € RY(N > 2) be a bounded domain with smooth boundary. In this paper we study the
following nonlinear anisotropic elliptic equations

A gy (u) = f(x,u) in Q
(:P){ uzO() on 0N,

where A4 () represents the ?(.)—Laplace operator, that is,

N

A y() = 0, (|00, ulP D720, u),

i=1
f:Q xR — R be a Caratheodory function, 7' (z) = (p1(z), p2(z), ..., pn (2)) |

pum(x) = ie{gj\_?fﬂ}pi(m), pm(z) = ie{lfg}_r_l_,N}pi(w)

and for i = 1,..., N, we assume that p; is a continuous function on  such that iréfpi(x) > 1.

We set,

C.(@Q) = {he C@) min h(z) > 1}
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For any h € C(Q), we define

ht =suph(z) and h~ = inf h(z).
z€Q €N

Moreover, let’s put the positive real numbers PJJV}, Pt P which defined as the following
Py, = max{p{,....p%}, Pb =max{p,...py}, P, =min{py,...,px}-

Throughout this paper, we assume that

N
>t "
i—1 Pi
Define P*, P_ ., € Rt by
N
P! = ——— P-c =max{P},P}.
Zi:l . 1

The A4 ()-Laplacian problems on a bounded domain have been investigated and some interesting results
have been obtained (see [6,8,13,14] and references therein).

Inspired by the above references and the work in [7], we prove that there exist two nontrivial solutions
for (P).

Let F(x fo x,s)ds, and we assume that f satisfies the following conditions:
(Fo) |f(z, t)| < c(1+ |t|q(x) D, Vt eR, ae. x €,
for some ¢ >0, g € C(R2) and 1 < ¢(x )<P_OO,V33€Q
(F1) There exist § > P;;; and M > 0 such that

[t|> M= 0<0F(z,t) <tf(z,t)

for a.e. x € Q and each t € R.
(Fy) f(z,t) =o| t |P;;71) as t — 0 and uniformly for z € Q, with ¢= > Py,.
Now, we can state the following result.

Theorem 1.1. Suppose (Fy), (F1), (F2) and f(z,0) =0 for a.e. x € Q. Then the problem (P) has at
least two montrivial solutions, in which one is non-negative and one is non-positive.

The A (- laplacian operator possesses more complicated nonlinearities than the p -laplacian oper-
ator, mainly due to the fact that it is not homogeneous.

This paper contains three sections. We will first introduce some basic preliminary results and lemmas
in section 2. In section 3, we will give the proof of our main result.

2. Preliminary results

We recall in this section some definitions and basic properties of the variable exponent Lebesgue-
Sobolev spaces LP(*) () and Wol’p(z)(Q), where ) is a bounded domain in RY.

Throughout this paper, we assume that p(x) > 1, p(x) € C%*(Q) with a € (0, 1).

For any p(z) € C (), we define the variable exponent Lebesgue space

LP@(Q) = {u : Q — R mesurable and / | u(z) P de < oo}
Q
We define a norm, the so-called Luxemburg norm, on this space by the formula
| [y gay= inf{ > 0: / U2 @) gy < 1y,

Variable exponent Lebesgue space resemble classical Lebesgue space in many respects: they are Banach
spaces, the Holder inequality holds, they are reflexive if and only if 1 < p~ < p™ < oo and continuous
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functions are dense, if p™ < co. The inclusion between Lebesgue spaces also generalizes naturally: if
0 <] Q|< 0o and py, pe are variable exponents so that pi(x) < pa(z) almost everywhere in  then there
exists the continuous embedding LP2(®)(Q) — LP1(#) ().

We denote by L4(*)(Q) the conjugate space of LP(*)(2), where Tlm + —A~ = 1. For any u € LP®)(Q)

q(z)
and v € L1®)(Q), the Holder type inequality

1 1
wodr |[<(— + —) | u |y | Vo),
|/Q < (= ) ol 0 oo

holds true. For more details, we can refer to [11].
An important role in manipulating the generalized Lebesgue-Sobolev spaces is played by the Modular
of the LP(*)(Q) space, which is the mapping .J : LP(*)(Q) — R defined by

J(u) = / | u |P@®) d.
Q

If (uy,), u € LP™®)(Q) and p* < oo then the following relations hold true

- +
| lpy> 1= u ) < Jw) <[ul),), (2.1)
4 -
| lp@y<t=ul) < I <[ul),), 2.2)
Up — U |py— 0 J(uy —u) — 0, 2.3
p(x)

| U |y < L(resp. = 15> 1) < J(u) < 1(resp. = 1;> 1).
Spaces with p™ = co have been studied by [5].

Next, we define VVO1 ’?(')(Q), the anisotropic variable exponent Sobolev space, as the closure of C§°(12)
with respect to the norm

N
Fu (=l w llg )= D 10ty (2.5)

i=1

The space (WOI’?(')(Q), || . |l) is a separable and reflexive Banach space (see [3,6]). We note that if
q € C(Q) and ¢(z) < P_ « for all z € Q, then the embedding Wol’?(')(Q) — L1®)(Q) is compact and
continuous. We refer to [2,14] for further properties of variable exponent Lebesgue- anisotropic sobolev
spaces.

Recall that the weak solutions of (P) are the critical points of the associated energy functional @,
given by
pi()

@(u)zéi%dm—/gF(x,u)dm

acting on the generalized Sobolev space WO1 ’?(')(Q). It is well known that under (Fp), ® is well defined
and is a O functional with derivative given by

N
(@ (u),v) = / > 10z, ulP 20, udy, v da — / f (@, w)v d,
Q= Q

for all u,v € W2 P (@),
Now, we consider the truncated problem

N 00, (105, uP 20, 1) = fr(zu)  inQ
(P+) { u =20 on 0f,

where fen) it
x,t) if £¢>0,
e, t) = { 0 otherwise.

We denote by ut = max(u,0) and u~ = max(—u,0) the positive and negative parts of .
We need the following lemmas.
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Lemma 2.1. 1. Ifue€ Wol’?(')(ﬂ) then ut, u~ € Wol’?(')(ﬂ) and
Vu+:{ Vu, if [u>0], W_:{ 0, if [u>0],

0, if [u <0, Vu, if [u<0].
2. The mappings u — u* are continuous on Wol’?(')(ﬂ).

Proof. 1. Let u € W&’?(')(Q) be fixed. Then there exists a sequence (¢,,) € C5°(£2) such that

| aﬂ:i ((bn - ’LL)

pi( )7 0, fori e {1, ,N}

Since 1 < P, < pi(z) for all x € Q, it follows that LPi(*) is continuously embedded in L= () and
thus

| O, (¢, — ) |P,,;_> 0.

Hence u € Wol’P"; (€2). We obtain

wtoum e Wt () ¢ Wi (9). (2.6)

On the other hand, Theorem 7.6 in [10] implies
Vu, if [u> 0] _ 0, if [u>0]
+ ’ ) _ ) 5
Vu _{o, ifu<o, VU _{Vu, if [u < 0].
By the above equalities we deduce that

| u* (@) [P < ula) [P0, | Oy ut (@) PO <) Oy u(a) (1) (2.7)
and
| u” (@) PO <] u(z) [P, ] 0w (2) [P <] By ula) P, (2.8)
for a.e. x € Q.
Since u € Wol’?(')(ﬂ) we have
| u(@) [P, ] 8y, u(z) [P e LY(Q). (2.9)
By (2.7), (2.8) and (2.9) and Lebesgue theorem we obtain that
utum e WHPO(Q), (2.10)

where WLP ()(Q) = {u € LP»@)(Q): 0,,u € LP(®(Q),Vi € {1,....,N}}.
By (2.6) and (2.10) we conclude that

ut u™ € Wl’ﬁ(')(Q) N, (Q).

Since p; € C%%(Q), Theorem 2.6 and Remark 2.9 in [9] show that
We7O(@Q) = WhTOQ) N WEL(Q). Thus ut,u™ € Wo'? O (Q).

2. Since u® = L(] u | £u), it suffices to prove that the mapping u | u | is continuous on W&’?(')(Q)
ie. u, — u implies | u, |[=| u |. We have | u, |—=| u | in LP»@)(Q) and | u, | is bounded in
Wol’?(')(Q). Thus, from reflexivity of Wol’?(')(Q), | wy |— 2z in W(}’?(')(Q) for a subsequence. Hence
z=|u|and | u, |—| u | for the whole sequence. On the other hand, we have 9., | u |= sgn(u)d,,u,
fori=1,2,...,N and ||| u |[|=]| w ||. By uniform convexity of W&’?(')(Q) it follows that | u, |—| u |
in W& P (Q). Thus, the lemma follows.

U

Lemma 2.2. All solutions of (P4) (resp. (P_)) are non-negative (resp. non-positive) solutions of (P).
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Proof. Define ® : W&’?(')(Q) — R,

Py(u) = /Z'a UM) /Fixu
= /Z|5@u|p d—/qu

where Fy(z,s) = fOS f(z,t)dt. Tt is well known that from lemma 2.1 and the condition (Fp), @4 is well

defined on WO1 ’?(')(Q), weakly lower semi-continuous and C*-functionals.
Let u be a solution of (Py), or equivalently, u be a critical point of ®,. Taking v =u~ in

N

(@, (u),v) = /Q<Z<|6z7»,u|m<$>*261,;u>az,;v — fi(w,u))de =0,

i=1

shows that [, vazl |0, u”[Pi®) de = 0. In view of (2.1) and (2.2) we have || u~ ||= 0, so v~ = 0 and
u=wu" is also a critical point of ® with critical value ®(u) = 4 (u).
Similarly, nontrivial critical points of ®_ are non-positive solutions of (). This ends the proof. [

3. Proof of main result

To apply the mountain pass theorem, we will do separate studies of the compactness of ®1 and its
geometry.

Lemma 3.1. Under (Fy) and (Fy), the functional ®4 satisfies the (PS) condition.

Proof. Let (un), be a (PS) sequence for the functional ®: ® (u,) bounded and @', (u,) — 0. Let us
show that (uy, ), is bounded in W&’?(')(Q). Using the hypothesis (F}), since @4 (u,,) is bounded, we have

pi(
012/Z|8un| /qu

. Uy
> PX’/}/Z|8 U |p‘()dx—/97f(x,u:{)dx+02,

where C7 and Cy are two constants. Note that

(@, (1), ) = /Zié‘ R R
(ot )

1
Pil®) dy 4 §<<I>’+(un), Un) + Ca. (3.1)

which implies

11 N
az(———)/ Ot
r 0 Jo 2

Suppose, by contradiction that (), unbounded in Wol’?(')(ﬂ), S0 || up, [|> 1 for rather large values
of n. For each i € {1,..., N} and n we define

Pl\-i/_l if |a$7uﬂ|p1() < 1;
P,; if |6w1un pi()) > 1.

A p =

s
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Using relations (2.1) and (2.2) we have

N
A Pnl
[ S ol an waiw,,() S (10wl 100 unl )
=1 {z:ai,n:PJtI}
1
> fun [P N
N

Furthermore, ®/ (u,,) — 0 assure that there exists C3 > 0 such that
=Cs [l un [|< (D (un), un) < Cs || up ||

for rather large values of n. Consequently,

1 1. 1 — 1 1 Cs
O > (2 wn [P —(— — I\ = & |, || +Co
1*(P+ H)NP‘H I (PAJZ 7) g |l un | +C2
Since P,, > 1 and (5= — 5) > 0, we have

1\/]
1 1. 1 1 1 Cg
— - (= — - o |l +Cs — + -+
(i~ 3 0 177 (e = )N = G 140 o0 a5 420

what is a contradiction. So (un), is a bounded sequence in Wol’?(')(ﬂ). The proof of lemma 3.1 is
complete. 0

Lemma 3.2. There exist r > 0 and o > 0 such that @4 (u) > «, for all u € W(}’?(')(Q) with || w ||=r.

Proof. The conditions (Fj) and (F») assure that
| Fz,t) |[<e|t|P +Ce) | ¢ 7™ for all (z,¢) € O x R.

For || u || small enough, we have

N
5o [ 1o
M G

pi() < 1 and , by relation (2.2), we obtain

W< /Zm i@ (3.3)

Pil@) gy — / F(z,u™)dz (3.2)
Q

For such an element u we have |0,,u

+
[RARA—- 110slpi) 1
NP1 = N( N 1< E |8z7u|p() < E |8r1u

Relations (3.2)-(3.3) imply

1 + +
P, (u) > — ||u PM—E/ ut |Pur d{E—CE/ ut |9) gy
+(u) PENT [l Q| | (€) Q| |
1
L —5/ | [P dx—(](s)/ | |1®) g, (3.4)
Py, NPu—1 Q Q

By the condition (Fp), it follows
Py <q” <q(z) < P o

then
WETOQ) ¢ P (Q) and WPV (Q) ¢ L90)(Q),
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with a continuous and compact embedding, what implies the existence of Cy, C5 > 0 such that

lull me < Callull and |ulg@)< Cs ||l
for all u € Wol’?(')(ﬂ). Since || w || is small enough, we deduce
[l st < collulr

Replacing in (3.4), it results that

1 + P p+ -
O (u) 2 ———— [ u || —eCy™ ||u P —Cr [ u||?,
S — —
PJV[NPM 1
+
with C; are positives constants. Let us choose € > 0 such that ECfM S — 1P —, we obtain
2P N M
@ (u) R e T O
+ n + T
2P NPu—1
1 - _p+
_ q —P
>l (e = Or w7,
Since PJr < q~, the function t — (% — Crt? _PAE) is strictly positive in a neighborhood of zero.
2Pf,N
It follows that there exist r > 0 and al > 0 such that
O, () >avue WoPOWQ): |ull=r
The proof is completed. O

Proof of theorem 1.1. In order to apply the Mountain Pass Theorem, we must prove that

®, (su) — —o0 as s — 400,
for a certain u € Wol’?(')(Q). From the condition (F}), we obtain
F(x,t)>c|t]” forall (x,t) € Q x R.
Let u € WOI’?(')(Q) and s > 1 we have

By = [ Z

Spl( )

|(9z7u

i) g — / F(z, (su)™) dz,

dx — cs /|uJr 19 da.

b, (su) — —o0 as s — +00.

It follows that there exists e € VV1 7O ( ) such that || e ||> r and &4 (e) < 0.
According to the Mountain Pass Theorem, ®, admits a critical value p > « which is characterized by

j=inf sup @, (h(t))
heA ie(0,1)

IN

V2]

<
:o\
MZ

E
=
:\ =

_~a

=1

The fact § > Py, gives that

where
A= {heC(o1],Wr7(Q)) : h(0) = 0 and h(1) = e}.

Then, the functional @ has a critical point ™ with @4 (u™) > a. But, ®4(0) = 0, that is, u™ # 0.
Therefore, the problem (P4 ) has a nontrivial solution which, by lemma 2.2, is a non-negative solution of
the problem ().

Similarly, using ®_, we show that there exists furthermore a non-positive solution. The proof of
theorem 1.1 is now complete. O
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