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Classification of the elements of the twisted Hessian curves in the ring Fq[e], e3 = e2

Moha Ben Taleb El Hamam , Abdelhakim Chillali and Lhoussain El Fadil

abstract: Let Fq denote the finite field of q elements, where q is a prime power. In this paper, we study
the twisted Hessian curves denoted Ha,d(Fq [e]) over the ring Fq[e], e is in an algebraic extension of Fq such
that e3 = e2 and (a, d) ∈ (Fq[e])2. More precisely, we study some arithmetical properties of this ring and
using the Twisted Hessian equation, we define the twisted Hessian curves Ha,d(Fq[e]). This work study the
twisted Hessian curve helped us to define two twisted Hessian over the finite field Fq. We end this paper by
giving the classification of the elements in Ha,d(Fq [e]).
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1. Introduction

Let Fq be the finite field of order q = pn where n is a positive integer and p is a prime number. In [10],
Elhamam et al. studied the binary Edwards curves on the ring F2n [e], e2 = e. Furthermore, they studied
the twisted Edwards curves over the ring Fq[e], e2 = e (see [8]) and studied the twisted Edwards curves
over the ring Fq[e], e2 = 0 (see [9]). In [1], Bernstein and his coautors have studied the twisted Hessian
curves Ha,d(K) defined over a field K. In [6], Grini et al studied the Twisted Hessian curves Ha,d(Fq[e])
defined over the local ring Fq[e] := Fq[X ]/(X2), where e2 = 0 and (a, b) ∈ (Fq[e])2. In [7], Elhamam et
al studied the twisted Hessian curves on the ring Fq[e] := Fq[X ]/(X2 − X), where e2 = e. In the present
work, we study the twisted Hessian curves on the ring Fq[X ]/(X3 − X2). Our main objective is the
continuation of our previous work. The motivation for this work is the search for new groups of points
of a twisted Hessian curve over finite rings. The plan of this paper is as follows. In the second section,
we collect some preliminaries. In Section 3, we define the twisted Hessian curves Ha,d(Fq[e]). The study
of its discriminant and its twisted Hessian equation, allowed us to define two Twisted Hessian curves
Hπ0(a),π0(d)(Fq) and Hπ1(a),π1(d)(Fq) defined over the finite field Fq, where π0 and π1 are two surjective
morphisms of rings defined by:

π0 : Fq[e] → Fq

x0 + x1e + x2e2 7→ x0

and
π1 : Fq[e] → Fq

x0 + x1e + x2e2 7→ x0 + x1 + x2
.

After that, in Section 4, we classified the elements of Ha,d(Fq[e]).
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2. The ring Fq[e], e3 = e2

Let Fq be the finite field of order q = pn where n is a positive integer and p is a prime number.
The ring Fq[e], e3 = e2 can be constructed as an extension of the ring Fq by using the quotient ring of
Fq[X ] by the polynomial X3 − X2. An element X ∈ Fq[e] is represented by X = x0 + x1e + x2e2 where
(x0, x1, x2) ∈ (Fq)3. The arithmetical operations in Fq[e] can be decomposed into operations in Fq and
they are computed as follows:

X + Y = (x0 + y0) + (x1 + y1)e + (x2 + y2)e2,

X · Y = (x0y0) + (x0y1 + x1y0)e + (x2y0 + (x1 + x2)y1 + (x0 + x1 + x2)y2)e2,

where X = x0 + x1e + x2e2 and Y = y0 + y1e + y2e2. We refer the reader to [3], where the authors have
proved the following facts:

1. (Fq[e], +, .) is a finite unitary commutative ring.

2. Fq[e] is an Fq-vector space of dimension 3 with Fq-basis {1, e, e2}.

3. X · Y = x0y0 + δXY e + ((x0 + x1 + x2)(y0 + y1 + y2) − x0y0 − δXY )e2, where: δXY = (x0 + x1)(y0 +
y1) − x0y0 − x1y1.

4. X2 = x2
0 + δX2e + ((x0 + x1 + x2)2 − (x0 + x1)2 + x2

1)e2, where: δX2 = δXX .

5. X3 = x3
0+δX3 e+((x0+x1+x2)3−(x0+x1)3+x3

1+3x0x2
1)e2, where: δX3 = (x0+x1)3−x3

0−x3
1−3x0x2

1

6. Let X = x0 + x1e + x2e2 ∈ Fq[e], then X ∈ (Fq[e])× if and only if x0 6= 0 and x0 + x1 + x2 6= 0.
The inverse is given by:

X−1 = x−1
0 − x1x−2

0 e + ((x0 + x1 + x2)−1 + x1x−2
0 − x−1

0 )e2.

7. Let X ∈ Fq[e], then X is not invertible if and only if X = xe + ye2 or X = x + ye − (x + y)e2,
where (x, y) ∈ F

2
q.

8. Fq[e] is a non local ring.

9. π0 and π1 are two surjective morphisms of rings.

3. Twisted Hessian curves over the ring Fq[e], e3 = e2

Let X, Y, Z, a and d be in the ring Fq[e], e3 = e2 such that X = x0 + x1e + x2e2, Y = y0 + y1e + y2e2,
Z = z0+z1e+z2e2, a = a0+a1e+a2e2 and d = d0+d1e+d2e2 where x0, x1, x2, y0, y1, y2, z0, z1, z2, a0, a1, a2,
d0, d1 and d2 are in Fq. We define a twisted Hessian curve over the ring Fq[e], as a curve in the projective
space P 2(Fq[e]), which is given by the equation:

aX3 + Y 3 + Z3 = dXY Z,

where the discriminant ∆ = a(27a − d3) is invertible in Fq[e]. We denote these curves by: Ha,d(Fq[e]) =
{

[X : Y : Z] ∈ P 2(Fq[e]) : aX3 + Y 3 + Z3 = dXY Z
}

.

Proposition 3.1. Let ∆0 = a0(27a0 − d3
0) and ∆1 = (a0 + a1 + a2)(27(a0 + a1 + a2) − (d0 + d1 + d2)3),

then

∆ = ∆0 + (27δa2 − a0δd3 − a1d3
0)e + (∆1 − ∆0 − 27δa2 + a0δd3 + a1d3

0)e2,

π0(∆) = ∆0 and π1(∆) = ∆1.
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Proof. We have:

∆ = a(27a − d3)

= 27a2 − ad3

= 27[a2
0 + δa2e + ((a0 + a1 + a2)2 − (a0 + a1)2 + a2

1)e2]

− (a0 + a1e + a2e2)[d3
0 + δd3e + ((d0 + d1 + d2)3 − (d0 + d1)3 + d3

1 + 3d0d2
1)e2]

= 27a2
0 + 27δa2 e + 27(a0 + a1 + a2)2e2 − 27(a0 + a1)2e2 + 27a2

1e2 − a0d3
0 − (a0δd3 + a1d3

0)e−

(a0 + a1 + a2)(d0 + d1 + d2)3e2 + a0d3
0e2 + a0δd3e2 + a1d3

0e2

= 27a2
0 − a0d3

0 + (27δa2 − a0δd3 − a1d3
0)e+

[27(a0 + a1 + a2)2 − (a0 + a1 + a2)(d0 + d1 + d2)3 − 27(a0 + a1)2

+ 27a2
1 + a0d3

0 + a0δd3 + a1d3
0]e2

= ∆0 + (27δa2 − a0δd3 − a1d3
0)e + (∆1 − ∆0 − 27δa2 + a0δd3 + a1d3

0)e2.

Which gives the results.

�

Corollary 3.2. ∆ is invertible in Fq[e] if and only if ∆0 6= 0 and ∆1 6= 0.

Using Corollary 3.2, if ∆ is invertible in Fq[e], then Hπ0(a),π0(d)(Fq) and Hπ1(a),π1(d)(Fq) are two twisted
Hessian curves over the finite field Fq, and we notice:

Hπ0(a),π0(d)(Fq) = {[x : y : z] ∈ P 2(Fq) | a0x3 + y3 + z3 = d0xyz},

Hπ1(a),π1(d)(Fq) = {[x : y : z] ∈ P 2(Fq) | (a0 + a1 + a2)x3 + y3 + z3 = (d0 + d1 + d2)xyz}.

Proposition 3.3. Let X, Y and Z in Fq[e], then [X : Y : Z] ∈ P 2(Fq[e]) if and only if [π0(X) : π0(Y ) :
π0(Z)] ∈ P 2(Fq) and [π1(X) : π1(Y ) : π1(Z)] ∈ P 2(Fq).

Proof. Suppose that [X : Y : Z] ∈ P 2(Fq[e]), then there exists (U, V, W ) ∈ (Fq[e])3 such that
UX + V Y + WZ = 1. Hence for i ∈ {0, 1}, we have: πi(U)πi(X) + πi(V )πi(Y ) + πi(W )πi(Z) = 1, so
(πi(X), πi(Y ), πi(Z)) 6= (0, 0, 0) , which proves that [πi(X) : πi(Y ) : πi(Z)] ∈ P 2(Fq) .
Reciprocally, let [πi(X) : πi(Y ) : πi(Z)] ∈ P 2(Fq) where i ∈ {0, 1}. Suppose that x0 6= 0, then we
distinguish between two case of x0 + x1 + x2:
a) If x0 + x1 + x2 6= 0, then X is invertible in Fq[e], so [X : Y : Z] ∈ P 2(Fq[e]).
b) If x0 + x1 + x2 = 0, then y0 + y1 + y2 6= 0 or z0 + z1 + z2 6= 0.

i) If y0 + y1 + y2 6= 0, then x0 + x1e + (y0 + y1 + y2 − x0 − x1)e2 = X + e2Y ∈ (Fq[e])×, so there exists
U ∈ Fq[e] : UX + e2UY = 1, hence [X : Y : Z] ∈ P 2(Fq[e]).

ii) If z0 + z1 + z2 6= 0 then X + e2Z ∈ (Fq[e])× , so [X : Y : Z] ∈ P 2(Fq[e]).
In the case where y0 6= 0 or z0 6= 0, we follow the same proof.

�

Let fa,d(X, Y, Z) = aX3 + Y 3 + Z3 − dXY Z.

Proposition 3.4. Let X, Y and Z in Fq[e], then the point [X : Y : Z] is a solution of the twisted

Hessian equation in Ha,d(Fq[e]) if and only if [πi(X) : πi(Y ) : πi(Z)] is a solution of the same equation

in Hπi(a),πi(d)(Fq), where i ∈ {0, 1} and

x1
∂fa0,d0

(x0, y0, z0)

∂x0
+ y1

∂fa0,d0
(x0, y0, z0)

∂y0
+ z1

∂fa0,d0
(x0, y0, z0)

∂z0
= d1x0y0z0 − a1x3

0.
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Proof. We have:

aX3 = (a0 + a1e + a2e2)(x0 + x1e + x2e2)3

= (a0 + a1e + a2e2)[x3
0 + δX3e + ((x0 + x1 + x2)3 − (x0 + x1)3 + x3

1 + 3x0x2
1)e2]

= a0x3
0 + (a0δX3 + a1x3

0)e + [(a0 + a1 + a2)x3
0 + (a0 + a1 + a2)δX3

+ (a0 + a1 + a2)(x0 + x1 + x2) − (a0 + a1 + a2)(x0 + x1)3 + (a0 + a1 + a2)x3
0

+ (a0 + a1 + a2)x0x2
1 − a0x3

0 − a0δX3 − a1x3
0]e2

= a0x3
0 + (a0δX3 + a1x3

0)e + [(a0 + a1 + a2)(x0 + x1 + x2)3 − a0x3
0 − a0δX3 − a1x3

0]e2,

Y 3 = y3
0 + δY 3 e + ((y0 + y1 + y2)3 − (y0 + y1)3 + y3

1 + 3y0y2
1)e2,

Z3 = z3
0 + δZ3e + ((z0 + z1 + z2)3 − (z0 + z1)3 + z3

1 + 3z0z2
1)e2,

dXY Z = (d0 + d1e + d2e2)(x0 + x1e + x2e2)(y0 + y1e + y2e2)(z0 + z1e + z2e2)

= d0x0y0z0 + (d0x0y0z1 + d0x0y1z0 + d0x1y0z0 + d1x0y0z0)e+

[(d0 + d1 + d2)(x0 + x1 + x2)(y0 + y1 + y2)(z0 + z1 + z2) − d0x0y0z0 − d0x0y0z1

− d0x0y1z0 − d0x1y0z0 − d1x0y0z0]e2,

so fa,d(X, Y, Z) = C + Be + Ae2, with:

C = a0x3
0 + y3

0 + z3
0 − d0x0y0z0 = fa0,d0

(x0, y0, z0),

B = a1x3
0 − d1x0y0z0 + x1

∂fa0,d0

∂x0
+ y1

∂fa0,d0

∂y0
+ z1

∂fa0,d0

∂z0
,

A = fa0+a1+a2,d0+d1+d2
(x0 + x1 + x2, y0 + y1 + y2, z0 + z1 + z2) − B − C.

Or {1, e, e2} a basis of the Fq-vector space Fq[e], then: aX3 + Y 3 + Z3 = dXY Z if and only if
• a0x3

0 + y3
0 + z3

0 = d0x0y0z0,
• (a0 + a1 + a2)(x0 + x1 + x2)3 + (y0 + y1 + y2)3 + (z0 + z1 + z2)3 = (d0 + d1 + d2)(x0 + x1 + x2)(y0 +
y1 + y2)(z0 + z1 + z2) and

• x1
∂fa0,d0

∂x0
+ y1

∂fa0,d0

∂y0
+ z1

∂fa0,d0

∂z0
= d1x0y0z0 − a1x3

0.

�

From the Propositions 3.1, 3.3 and 3.4, we deduce the next theorem.

Theorem 3.5. Let X, Y and Z in Fq[e], then

[X : Y : Z] ∈ Ha,d(Fq[e]) if and only if [πi(X) : πi(Y ) : πi(Z)] ∈ Hπi(a),πi(d)(Fq), for i ∈ {0, 1}, and

B = 0.

Corollary 3.6. For i ∈ {0, 1}, the mapping π̃i given by:

π̃i : Ha,d(Fq[e]) → Hπi(a),πi(d)(Fq)
[X : Y : Z] 7→ [πi(X) : πi(Y ) : πi(Z)]

is well defined.

Proof. From the previous theorem, we have [πi(X) : πi(Y ) : πi(Z)] ∈ Hπi(a),πi(d)(Fq).
If [X : Y : Z] = [X ′ : Y ′ : Z ′], then there exists λ ∈ (Fq[e])× such that: X ′ = λX , Y ′ = λY and Z ′ = λZ,
then:

π̃i([X
′ : Y ′ : Z ′]) = [πi(X

′) : πi(Y
′) : πi(Z

′)]

= [πi(λ)πi(X) : πi(λ)πi(Y ) : πi(λ)πi(Z)]
︸ ︷︷ ︸

πi(λ)∈(Fq)×

= [πi(X) : πi(Y ) : πi(Z)]

= π̃i([X : Y : Z]).

�
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4. Classification of elements in Ha,d(Fq[e])

Let Ha,d(Fq[e]) be the twisted Hessian curve aX3 + Y 3 + Z3 = dXY Z over the ring Fq[e]. In the
following, we assume that −3 is not a square in Fq, and in this section we will classify the elements of the
twisted Hessian curves, into three types, depending on whether the projective coordinate X is invertible
or not. We have;

Proposition 4.1. The elements of Ha,d(Fq[e]), are of the form:

1. [1 : Y : Z],

2. [0 : −1 : 1],

3. [x1e + x2e2 : 1 : −1 + z1e + z2e2],

4. [x1e + x2e2 : −1 + y1e + y2e2 : 1],

5. [x1 + x2e − (x1 + x2)e2 : 1 : −1 − z1 − z2 + z1e + z2e2],

6. [x1 + x2e − (x1 + x2)e2 : −1 − y1 − y2 + y1e + y2e2 : 1].

Proof. Let P = [X : Y : Z] ∈ Ha,d(Fq[e])), where X = x0 + x1e + x2e2, Y = y0 + y1e + y2e2 and
Z = z0 + z1e + z2e2.
We have two cases of the projective coordinate X:
1) the first case; if X is invertible, then: [X : Y : Z] ∼ [1 : Y : Z].
2) the second case; if X is no invertible, in this case we have:
i) X = x1e + x2e2, where (x1, x2) ∈ F

2
q, then

• if x1 = x2 = 0, then [X : Y : Z] = [0 : −1 : 1].
• if x1 6= 0 or x2 6= 0:
a) if Y invertible, then

[X : Y : Z] ∼ [x1e + x2e2 : 1 : −1 + z1e + z2e2].

From the curve equation, Y and Z are symmetric, so we also have this types elements:

[X : Y : Z] ∼ [x1e + x2e2 : −1 + y1e + y2e2 : 1].

b) if Y is not invertible, then we have:
Assume that: Y = y1e + y2e2, then

[X : Y : Z] ∼ [x1e + x2e2 : y1e + y2e2 : z0 + z1e + z2e2].

We have:
π̃0([x1e + x2e2 : y1e + y2e2 : z0 + z1e + z2e2]) = [0 : 0 : z0],

then z0 = 0, so
π̃0([x1e + x2e2 : y1e + y2e2 : z0 + z1e + z2e2]) = [0 : 0 : 0]

which is absurd. Therefore, Y = y1 + y2e − (y1 + y2)e2 i.e:

[X : Y : Z] ∼ [x1e + x2e2 : y1 + y2e − (y1 + y2)e2 : z0 + z1e + z2e2].

We have:
π̃0([x1e + x2e2 : y1 + y2e − (y1 + y2)e2 : z0 + z1e + z2e2]) = [0 : y1 : z0],

then y1 = −1 and z0 = 1, so

[X : Y : Z] ∼ [x1e + x2e2 : −1 + y2e − (−1 + y2)e2 : 1 + z1e + z2e2].

According to the twisted equation, Z is not invertible which implies

[X : Y : Z] ∼ [x1e + x2e2 : −1 + y2e − (−1 + y2)e2 : 1 + z1e − (1 + z1)e2],
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we have:

π̃1([x1e + x2e2 : −1 + y2e − (−1 + y2)e2 : 1 + z1e − (1 + z1)e2]) = [x1 + x2 : 0 : 0],

then x1 + x2 = 0 i:e:

π̃1([x1e + x2e2 : −1 + y2e − (−1 + y2)e2 : 1 + z1e − (1 + z1)e2]) = [0 : 0 : 0],

which is impossible.
ii) X = x1 + x2e − (x1 + x2)e2, where (x1, x2) ∈ F

2
q, then

• if x1 = x2 = 0, then [X : Y : Z] = [0 : −1 : 1].
• if x1 6= 0 or x2 6= 0:
a) if Y invertible, then

[X : Y : Z] ∼ [x1 + x2e − (x1 + x2)e2 : 1 : −1 − z1 − z2 + z1e + z2e2].

Likewise as Y and Z are symmetric, we have this types elements:

[X : Y : Z] ∼ [x1 + x2e − (x1 + x2)e2 : −1 − y1 − y2 + y1e + y2e2 : 1].

b) if Y is not invertible, in this case we have
Assume that: Y = y1e + y2e2, then

[X : Y : Z] ∼ [x1 + x2e − (x1 + x2)e2 : y1e + y2e2 : z0 + z1e + z2e2].

According to twisted equation Z is not invertible which implies that:
Z = z1e + z2e2 or Z = z1 + z2e − (z1 + z2)e2 i.e:

π̃0([x1 + x2e − (x1 + x2)e2 : y1e + y2e2 : z1e + z2e2]) = [x1 : 0 : 0]

or
π̃1([x1 + x2e − (x1 + x2)e2 : y1e + y2e2 : z1 + z2e − (z1 + z2)e2]) = [0 : y1 + y2 : 0],

which is absurd. So Y = y1 + y1e − (y1 + y2)e2, then

[X : Y : Z] ∼ [x1 + x2e − (x1 + x2)e2 : y1 + y1e − (y1 + y2)e2 : z0 + z1e + z2e2],

we have:

π̃1([x1 + x2e − (x1 + x2)e2 : y1 + y1e − (y1 + y2)e2 : z1 + z2e + z2e2]) = [0 : 0 : z1 + z2 + z2],

which is impossible.

�

From this proposition, we put:

G1 = {[1 : Y : Z] | a + Y 3 + Z3 = dY Z},

G2 = {[x1e + x2e2 : 1 : −1 + z1e + z2e2] | [x1 + x2 : 1 : −1 + z1 + z2] ∈ Hπ1(a),π1(d)(Fq) and B = 0},

G4 = [x1e + x2e2 : −1 + y1e + y2e2 : 1] | [x1 + x2 : −1 + y1 + y2 : 1] ∈ Hπ1(a),π1(d)(Fq) and B = 0},

G4 = {[x1 + x2e − (x1 + x2)e2 : 1 : −1 − z1 − z2 + z1e + z2e2] |

[x1 : 1 : −1 − z1 − z2] ∈ Hπ0(a),π0(d)(Fq) and B = 0},

G5 = {[x1 + x2e − (x1 + x2)e2 : −1 − y1 − y2 + y1e + y2e2 : 1] |

[x1 : −1 − y1 − y2 : 1] ∈ Hπ0(a),π0(d)(Fq) and B = 0}.

We deduce the following corollaries.
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Corollary 4.2. Ha,d(Fq[e]) = G1 ∪ G2 ∪ G3 ∪ G4 ∪ G5 ∪ {[0 : −1 : 1]}.

Corollary 4.3. π̃0 is a surjective mapping.

Proof. Let [x : y : z] ∈ Hπ0(a),π0(d)(Fq), then
• if x = 0, then [x : y : z] ∼ [0 : −1 : 1]; hence [0 : −1 : 1] is an antecedent of [0 : −1 : 1].
• if x 6= 0, then [x : y : z] ∼ [1 : y : z].
Let P = [1 + x1e − (1 + x1)e2 : y + (−1 − y + y1)e + y1e2 : z + (1 − z − z1)e + z1e2] ∈ Ha,d(Fq[e]),

we have:







π̃0(P ) = [1 : y : z] ∈ Hπ0(a),π0(d)(Fq)
and
π̃1(P ) = [0 : −1 : 1] ∈ Hπ1(a),π1(d)(Fq)
and
B = a1 − d1yz + x1(3a0 − d0yz) + y1(3y2 − d0z) + z1(3z2 − d0y).

Hence there exists (x1, y1, z1) ∈ (Fq)3 such as B = 0. In fact, 3a0 − d0yz, 3y2 − d0z and 3z2 − d0y are
not all zero. Then there is an antecedent of [1 : y : z].

�

Corollary 4.4. π̃1 is a surjective mapping.

Proof. Let [x : y : z] ∈ Hπ1(a),π1(d)(Fq), then
• if x = 0, then [x : y : z] ∼ [0 : −1 : 1], hence [0 : −1 : 1] is an antecedent of [0 : −1 : 1].
• if x 6= 0, then [x : y : z] ∼ [1 : y : z], hence [e2 : −1 + e + ye2 : 1 − e + ze2] is an antecedent of [1 : y : z].

�

5. Conclusion

In [7], the authors found a bijection between the sets Ha,d(Fq[e]) and Hπ0(a),π0(d)(Fq)×Hπ1(a),π1(d)(Fq)
over the ring Fq[e], where e2 = e. In this work, we studied the twisted Hessian curves denoted Ha,d(Fq[e])
over the ring Fq[e], where e3 = e2 and (a, d) ∈ (Fq[e])2. Furthermore, we gave a classification of elements
in the twisted Hessian curves Ha,d(Fq[e]) and we conclude that we have not a bijection between the sets
Ha,d(Fq[e]) and Hπ0(a),π0(d)(Fq) × Hπ1(a),π1(d)(Fq). Thus, we suggestion the following open question,
which has relation ship with cryptography, is there a cyclic subgroup G of Ha,d(Fq[e]) such that, G ≃
Hπ0(a),π0(d)(Fq) × Hπ1(a),π1(d)(Fq). Then, in this case, Ha,d(Fq[e]) and Hπ0(a),π0(d)(Fq) × Hπ1(a),π1(d)(Fq)
have the same discrete logarithm problem.
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