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Lagrangian and Clairaut anti-invariant semi-Riemannian submersions in para-Kaehler
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ABSTRACT: Purpose of this article is to examine some geometric features of Clairaut anti-invariant semi-
Riemannian submersions from para-Kaehler manifold to a Riemannian manifold. We give Lagrangian semi-
Riemannian submersion in para-Kachler space froms. Then, we investigate under what conditions Clairaut
submersions can become anti-invariant semi-Riemannian submersions. After, we obtain conditions for totally
geodesic on vertical and horizontal distributions. We also supply a non-trivial example of Clairaut submersion.
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1. Introduction

Clairaut’s theorem specifies that for any timelike geodesic ¢ on a surface of revolution My, for p is the
distance from a point on the surface to the rotation axis, pcosh ¢ is constant along timelike geodesic (,
where ¢ is the angle between ¢ and the meridian through ¢ in the theory of surface. Allison in ([3]) was
applied this opinion to the pseudo-Riemannian submersions ([27]). He also presented a necessary and
sufficient condition for Clairaut submersions can become anti-invariant semi-Riemannian submersions
and the submersions have quirky implementations in static space-times.

Some researchers studies of C°°—submersion ® from a (semi)Riemannian manifold (M, gxr,) onto

a (semi)-Riemannian manifold (M, 9a1,), according to the circumstances on the map @ : (M, 9ir,) —
(]\ng,g]%) such as:
a (semi) Riemannian submersion ([4], [12],[18],[26],[30]), an almost Hermitian submersion ([32]), a
Clairaut submersion ( [6],[31],]24]), an anti-invariant submersion ( [13],[16,17], [25],[29], [23]), a conformal
anti-invariant submersion ([1],[2]), a para-contact para-complex submersion ([15]), a para-contact sub-
mersion ([14]), a (para) quaternionic submersion ( [21],[9]), a H-anti-invariant submersion ([28]), etc. As
we know that O’Neill ([26]) and Gray ([18]) were severally introduced Riemannian submersions in 1960s.
Especially, in ([32]), Watson presented several differential geometric properties between total manifolds,
fibers and base manifolds by utilize the notion of almost Hermitian submersions. After that, there are
many consequences on this issue. As we know that Riemannian submersions are related to physics and
have their applications such as in the Kaluza-Klein theory ([7],[19]), supergravity and superstring theo-
ries ([20]), Yang-Mills theory ([8]) and many more.

The paper is organized as follows. In part 2, we give brief information about semi-Riemannian
manifolds, para-Kaehler manifolds and distributions that are defined by the semi-Riemannian submersion.
In part 3, we give Lagrangian semi-Riemannian submersion in para-Kaehler space forms. In part 4, we
describe Clairaut anti-invariant semi Riemannian submersions and symbolize them as semi-Riemannian
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submersions which have totally umbilic fibers with a gradient field as mean curvature vector field. Finally,
we give a non-trivial example for Clairaut anti-invariant semi-Riemannian submersion.

2. Preliminaries

Let @ : (Mi,gy;,) — (Ma,g;;,) be a semi-Riemannian submersion between two Riemannian mani-
folds. The map satisfies the following axioms:
1. ®,|, is onto for all ¢ € My;
2. The fibers ®~1(g), ¢ € M>, are k— dimensional semi-Riemannian submanifolds of M;, where k =
dim (M) — dim(My).
3. @, preserves scalar products of vectors normal to fibres.

The tangent bundle TM; of M; has got an orthogonal decomposition
TM, = ker®, @ (kerd,)™*,

where ker®, is called the vertical distribution and (ker®, )+ denotes its orthogonal distribution. A semi-
Riemannian submersion ® : (M, 9nr,) — (M, 9gx1,) specifies two tensor fields as T and A on M, with
O’Neill formulas ([26]):

TE1 Ey = hval vEy + ’vaEl hEs (21)

and
Ap Ey = vVpp hEs + hVpp vEs (2.2)

for any F1, Fy € X(]\Zfl), where h and v are the horizontal and vertical projections respectively. It is
simple to see that Ag, and Tg, are skew-symmetric operators on the tangent bundle T M, of the total
space M, reversing the horizontal and the vertical distributions.

From (2.1) and (2.2), we obtain the followings:

Vg, By = Tp Ey + Vi, E; (2.3)
VElFl :TE1F1+h(VE1F1); (24)
VFlEl = AF1E1 + U(VFlEl), (25)
Vi Fy=Ap Fo+ h(VFlFQ), (2.6)

for any Fy, s € T'((ker®,)t), By, B2 € T'(ker®,). Besides, if F is fundamental vector field then we have
Ve, F1)=hVrE)=ApE. -

Let Fi, F5 be horizontal and Eq, Fs be vertical vector fields on M;. Then, we have the fundamental
tensor fields T, A as follows:

TElEg = TE2E1, FEq,E;5 € F(ker@*), (27)
1
ARF = —ApFi = o[, B, P F e T((ker®,)*). (2.8)

Lemma 2.1. (see [12],[27])Let ® : (My,gy;,) — (Ma,gy;,) be a semi-Riemannian submersion and
Fy, Fy basic vector fields on M;. If d—related to Fy. and Fs, on ]\7[2, then we can say that the following
properties are valid:

1.h[F1, Fy] is a fundamental and @ h[Fy, Fy] = [Fi., Fby] o ®;

2.0(Vp Fy) is a fundamental ®—related to (Vi Fa.), where V™ and ¥V are respectively the Rieman-
nian connection on Mg and Ml, ;

3.|E, Ey] € T'(kerd®..), for every Ey € T'(ker®.) and any vector field E.

Remark 2.1. Let ® be a semi-Riemannian submersion from a semi-Riemannian manifold (Ml,ng)

onto a Riemannian manifold (Mg,gM2). In this case, one can see that the main equations are the same
in the semi-Riemannian case( [5]).
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Let (M, gy;,) and (Ma, gjy,) be (semi) Riemannian manifolds and @ : (My,gy;,) — (M2, gy;,) is a
differentiable map. At that time, the second fundamental form of ® is given by

(VO.)(E1, B2) = Vi, @ Ey — ©.(V, E») (2.9)

for By, By € T(TM;). Remind that ® is called harmonic if trace(V®,) = 0 and @ is said to be a totally
geodesic map if (V®,)(Ey, Ey) =0 for Eq, By € I'(T M) [22].

Let M, be an almost para-Hermitian manifold equipped with a semi-Riemannian metric g i1, and an
almost para-complex structure P # +1, where [ is the identity map. Then, we have

P? =1, gy, (PE,PEsy) = —g;;, (E1, E») (2.10)

for Ey,Ey tangent to Mj. The signature of g, is (n,n) and the dimension of M; is even, where
dimM, = 2n. Take into account an almost para-Hermitian manifold (M, P, g 4r,) and denote the Levi-
Civita connection by V on M; with respect to 9z, - If P is parallel with respect to V then we can say
that M is said to be a para-Kaehler manifold, that means,

(VE,P)E; =0 (2.11)

for Ey, By tangent to M [11].

Definition 2.2. ([16]) Let (M1, P, gy;,) be an almost para-Hermitian manifold and (Mz, gy;,) a (semi)
Riemannian manifold. Suppose that there exists a semi-Riemannian submersion ® : My — My such that
ker®, is anti-invariant with respect to P, i.e., P(ker®,) C (ker®,)*. Then we say that ® is an anti-
invariant semi-Riemannian submersion from an almost para-Hermitian manifold to a (semi) Riemannian

manifold.

We can see that P(ker®,)®: N (ker®,) # 0, from Definition (2.2), If we indicate the complementary
orthogonal distribution to P(ker®,) in (ker®,)* by 1, then we can write

(ker®, )t = P(ker®,) ®n, Pncn. (2.12)
Thus, for space-like vector field Fy € T'((ker®,)"), we have
PFy = uFy + vFy, (2.13)
here pFy € I'(ker®,) and vF; € I'(n). Moreover, we can write
TMy = ®,(P(ker®,)) © ®.(n). (2.14)

An anti-invariant semi-Riemannian submersion @ is called a Lagrangian semi-Riemannian submersion
if P(ker®,) = (ker®,)t. So, if ® is a Lagrangian semi-Riemannian submersion, then we have PF; =
wFy, vF =0, for any space-like vector field Fy € T'((ker®,)").

Let R3 be a semi-Euclidean space given with coordinates (21,22, 23, z4). Naturally, we can get an
almost para-complex structure P on Rj as given follows:

0 0 0 0 0 0 0 0

821 ({9227 (622) 821, (823) ({924, ( 24) 623

P(

4 . . . . . ) ) ) ) .
Let R5 be a semi-Euclidean space with respect to the canonical basis (8—21, 325 Do 8_24) and have signa-
ture (—, 4+, —, +).

Thus, we can give an example of anti-invariant semi-Riemannian submersions.
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Example 2.3. Let ® be a map from semi-Euclidean space R3 to a Riemannian manifold R2 given by
®(z1, ..., 24) = (sinh azy + cosh azy, sinh bzs + cosh bzy).

By direct calculations, we have

ker®, = Span{E; = — cosh aﬁizl + sinh aﬁizQ’ FEy = — cosh baiz3 + sinh bﬁim}

and

(ker®,)* = Span{F; = — sinhaaiz1 + cosh aaizz, Fy = —sinh baiz3 + COShbaia}'

We can easily see that ® satisfies the conditions for being a semi-Riemannian submersion. Moreover,
PE, = —F, PEy, = —F, imply that P(ker®,) C (ker®,)*. Consequently, ® is an anti-invariant semi-
Riemannian submersion.

We note that ker®, is a time-like subspace and (ker®,)" is a space-like subspace of Tq]:Z‘Ql for every
q € R3.

Remark 2.2. In ([5]), the authors stated the semi-Riemannian submersions from a semi-Riemannian
manifold (My, gy;,) onto a Riemannian manifold (Ma, g,z,).

That is why we have defined the Definition (2.2) anti-invariant semi-Riemannian submersions from an
almost para-Hermitian manifold onto a Riemannian manifold.

3. Lagrangian semi-Riemannian submersions in para-Kaehler space forms

Let (M?",P,g sr,) be a para-Hermitian manifold and (Ms, g iz,) be a Riemannian manifold and let
D : Mf” — M, be an anti-invariant Riemannian submersion. Then we call ® a Lagrangian Rieman-
nian submersion, if dim(ker®,) = dim(ker®,)*. In this instance, the para-complex structure P of M
reverses the horizontal and the vertical distributions, i.e., P(ker®,)* = ker®, and P(ker®,) = (ker®,)= .

The Riemannian curvature tensor of para-Kaehler space forms (MZ"(v),P, gnz,) of constant para-
sectional curvature v satisfies [10]

1%
Ri(Ey, Eo)E3 = Z{ng(EZaEB)El_ng(ElaEB)EZ (3.1)

—|—ng (PEQ, Eg)PEl
—ng (PEl, E3)PE2 + 2gN11 (El, PEQ)PEg}

for all non-null Ey, By, E3 € (TM,).

Let ® be a Lagrangian semi-Riemannian submersion from a para-Kaehler space form (M?"(v),P, g i)
to a Riemannian manifold (MQ,QMQ). Suppose {X1, Xs, ..., X,,} is a timelike orthonormal basis of the
vertical space ker®.,, for ¢ € My, and {X,,41, ..., Xa,, } be a spacelike orthonormal basis of the horizontal
space (ker®.,)*.

We defined the scalar curvature 7°¢"®+ on the vertical space ker®., by

Lher®. _ Eﬁ,s:ﬁkesgml (R(Xk,Xs)Xsan).

We obtain Y, (Xk, Xs) = €,0ks for every k, s (here €, € {—1}).
Then, we can write

—
>
w

|

exgnr, (T (Xk, Xs), Xp), kys=1,..,n, B=n+1,..,2n,
ITI? = S acreresgnr, (T(Xk, X)), T(X, X,)),
traceT = X0_ e T(Xg, Xi), |[traceT||* = 9np, (traceT, traceT)
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and the squared norm of T over the manifold M, denoted by €*¢"®+ is called the vertical Casorati
curvatures of the vertical space (ker®,),. Thus, we get

1
Eker®. _ HTH2 B n+122’5:15k58(T£s)2'

Using (3.1) and Proposition 1.3 (i) of ([4]) we have
orher®. %n(n — 1) + n€Fer® _ |[traceT]. (3.2)

From here, we obtain:

Theorem 3.1. Let ® be a Lagrangian semi-Riemannian submersion from a para-Kaehler space form
(M?™(v),P,g4;,) to a Riemannian manifold (Ma, gy, )with 3 < n. Then the vertical Casorati curvature
on the vertical space satisfies

1 2
Eher®. — —z(n — 1) + —|[traceT||? + =7her®-,
4 n n

Theorem 3.2. Let ® be a Lagrangian semi-Riemannian submersion from a para-Kaehler space form
(M (v), P, gxr,) to a Riemannian manifold (Mz, gy, )with 3 < n. We deduce that if the fibres are totally
geodesic, ker®, is Finstein.

Proof. Let’s remember that the trace of scalar curvature is Ricci curvature. Then, we get

S(E1, By) =Y exR(Ey1, Xy, Xy, )
k=1

for all timelike vector fields Fy, Fy € (ker®.) and {X1,...X,} is timelike orthonormal basis on (ker®,).
Then, if the fibres are totally geodesic, from (3.1) and Proposition 1.3 (i) of ([4]), we obtain

S(Ey, E2) = =(n— 1)y, (E1, Es),

124
4
where S is the scalar curvature of fibres. O

Lemma 3.3. Let ® be a Lagrangian semi-Riemannian submersion from a para-Kaehler manifold
(M?",P,gy;,) to a Riemannian manifold (Ms, gy;,). Then we have

Ap PFy, = —Ap,PF,
for any spacelike vector fields Fy, Fy € T'((ker®,)*).

Proof. For any spacelike vector fields Fy, I € I'((ker®,,)*), Since M is a para-Kaehler manifold and
using (2.5),(2.6) and (2.11) we have Ap PFy = PAp, Fy. By (2.8), we obtain PAp, F» = —PAp,F| =
—AF2PF1. O

Proposition 3.4. Let ® be a Lagrangian semi-Riemannian submersion from a para-Kaehler manifold
(M?™,P,gy;,) to a Riemannian manifold (M, gy;,). Then, the horizontal distribution (ker®,)* is inte-
grable.

Proof. For any spacelike vector fields Fy, Fy € T'((ker®.4)*%), since Ap, Fy = 1[Fy, Fy], it is sufficient to
show thatAr, = 0. For spacelike vector fields F3 € I'((ker®.)"), then using (2.6), (2.8),(2.10) and (2.11)
and Lemma (3.3), we get

9nr, (AFlPFQa F3
= _ng (PVFQFIa 3

_ng(AFl:PF?)a 1
—39n 1(AF2F3,PF1

= i, (AR PP, F3) = —gy;, (VR PF1, F3)
951, (Ve F1,PF3) = —gy; (AR, 1, PF)
—951, (AR PFy, Fy) = gy7, (AR, 2, PFy)
= 9i(ARPF, F3) = —gi; (Ap, PRy, F).

)
)
)
)
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Thus Ap, PFy = 0. Hence, we obtain Ap, = 0.
Since A vanishes, for any spacelike vector fields Fy, F, F3, Fy € T'((ker®.,)"), using Proposition 1.3 (vi)
of ([4]) we have

R\(F1, Fy, F3, Fy) = R*(Fiu, Fau, F3, Fuy) (3.3)

here we denote by R, R* the Riemannian tensors of the metrics g7, , g5z,, respectively. O

Using (3.1) and (3.3) we have:

Theorem 3.5. Let ® be a Lagrangian semi-Riemannian submersion from a para-Kaehler space form
(M"(v),P,g5;,) to a Riemannian manifold (My, gy, )with 3 < n. Then the scalar curvature T on M
satisfies

T = %n(n —1).
From (3.1) and (3.3) we obtain:

Theorem 3.6. Let ® be a Lagrangian semi-Riemannian submersion from a para-Kaehler space form
(M?™(v), P, g5z,) to a Riemannian manifold (Ma, g7, )with 3 < n. Then the base manifold M is Einstein.

4. Clairaut anti-invariant semi Riemannian submersions

Let (M1, gy;,) be a semi Riemannian manifold and (Ms,gy;,) a Riemannian manifold. Let ® :
(M1, 957,) — (Ma,gyz,) be a semi Riemannian submersion. Every horizontal vector field in T, M is

space-like. So, (ker®,)* is a space-like subspace and ker®, is a time-like subspace of TqJ\Z/l for every
q € Mi([27]).

Suppose that ¢ is a time-like geodesic in (Ml,ng). Using the notation above, ( = Z = F| + E,
here F} is horizontal and E; is vertical. Fj is space-like and the time-like character of ¢ implies E; is
timelike. At each point ((r), we define ¢(r) to be the hyperbolic angle between Z and Ei, i.e., ¢ > 0 is
the number satisfying

931,(Z, F1) = —|Z|| Ex | cosh (4.1)

where |Z|? = —g;, (2, Z) and |E1|* = —gy;, (E1, Er).

Let ¢ be the angle among a meridian and the velocity vector of a timelike geodesic. Clairaut’s relation
implies that pcosh ¢ is constant, where p is the distance to the axis of a surface of revolution. As we
know that this concept was defined by Allison in ([3]), in the submersions theory. According to this
expression, a submersion ® : M; — M, to be a Clairaut submersion if there is a function p : M; — Rt
such that for every timelike geodesic, making angles ¢ with the spacelike subspaces (ker®,)*, pcosh ¢ is
constant.

Theorem 4.1. ([3]) Let  : (]\Zfl,ng) — (]\7[2,9]%) be a semi Riemannian submersion with connected
fibers. Then ® is a Clairaut submersion with p = €® if and only if each fibre is totally umbilical and has
the mean curvature vector field H = —V4, here Vo is the gradient of the function & with respect to gy, -

From the above it follows that timelike geodesic on a surface creates the origin of the concept of
Clairaut submersion. Then, for a curve on the total space to be timelike geodesic we will try to find
necessary conditions.

Lemma 4.2. Let ® be an anti-invariant semi-Riemannian submersion from a para-Kaehler manifold
(M1,P,g5;,) onto a Riemannian manifold (Ma, gy,). If ¢+ J C R — My is a regular curve and Ex(s)
and Fy(s) are respectively the vertical and horizontal parts of the tangent vector field C(r) =7 of ((r),
then we can say that ¢ is a timelike geodesic if and only if along ¢ the followings hold:

WVepFy + Ap,PEy + T, PE + (Ap, + Tg,)ZFy =0, (4.2)

and
hVCZFl + hVCPEl + (AF1 + TEl),UFl =0. (43)
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Proof. From (2.11), we get ) )
PV:( = (V:PCQ).

Since C = F1 + F1, we can write )
PV:C = (Ve +rP(E1L+ 1))

By direct computations, we get
PV = (VE,PE + Vg, PP + Vi PE + Vi PF).
Using (2.13), we have
PVl = (VE,PEL + Vi, (uF + ZF)) + Vi, PEL + Vi, (uFy + ZF)).
Using (2.3)—(2.6), we obtain

PV:{ = (MV:PEy+V:ZF)+ (Ap, + Tg,)(uFy + ZF)
+UV¢uF1 + AF1PE1 + TElpEl)-

if we take the vertical and horizontal parts of this equation, then we obtain
vV pFy + A PEy + T, PEy + (Ap, + Tg,)ZF) = vPV({

and
WV ZFy + hVPEy + (Ap, + T, )uFy = hPV (.

(4.6)

(4.7)

From (4.6) and (4.7), we can easily see that ¢ is a timelike geodesic if and only if (4.2) and (4.3) hold. O

Theorem 4.3. Let ® be an anti-invariant semi-Riemannian submersion from a para-Kaehler manifold

(Ml,P,ng) onto a Riemannian manifold (MQ,QMQ). By then, ® is a Clairaut submersion with p = e

if and only if along ® the following equation is provided

9in, (thZFl + (AFl =+ TEl):thPEl) =9, (V5, Fl)HEl”Qv

5

(4.8)

where F1(r) and Fy(r) are severally the vertical and horizontal parts of the tangent vector field C(r) of

the timelike geodesic C(r) on Mj..

Proof. Let ((r) be a timelike geodesic on My, at that time, we get
|Er|* = —g51, (B, Bv) = —g51,(Z, B1) = | Z||Ey| cosh ¢

and
|E1| = |Z| cosh ¢.

Squaring both sides of (4.9), we have
—gx1,(B1, E1) = |E1|> = |Z)? cosh® ¢ = —gy1,(Z, Z) cosh® ¢.

So,
9, (E1, Br) = cosh? ¢.

Since ¢ is a timelike geodesic, x = gy; (Z, Z) is a negative constant. So, we have
9, (F1, 1) = —x sinh? ¢.
Differentiating (4.10), we get

d d
& i1 (1), Br (1)) = 2931, (V 0y Br(r), B (1) = 22 cosh gsinh 652

(4.9)

(4.10)

(4.11)

(4.12)
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Thus, using (2.10) and (2.11), we obtain
.o do

=91, (WV ¢y PEL(r), PE1(r)) = @ cosh ¢ sinh (b%' (4.13)

By (4.3), we arrive at along timelike geodesic (,
. do
91, (WY ZF1 + (Ap, + Tg,)pF1, PEr) = x cosh ¢ sinh qb% (4.14)

Moreover, ® is a Clairaut submersion with p = e’ if and only if

d dd d

5(65 cosh¢) =0« 65(% cosh ¢ + sinh (bd—(f) =0.

If we multiply the last equation by the non-zero factor x cosh ¢, then we have

d—dxcosh2¢+xcosh¢sinh¢@ =0. (4.15)

dr dr

Using (4.14) and (4.15), we have
dé 9
911, (W ZFy + (Apy + Ty )ub1, PEy) = = (C(r)) | Ex | (4.16)
Since L (((r)) = ([6] = g7,(V3,C) = gy, (V6, Fy), the claim (4.8) follows from(4.16). O
The fibers of ® is called totally umbilical if

Te B2 = gy, (Er, E2) H (4.17)

for any Eq, Es € T'(ker @), here H is the mean curvature vector field of the fiber of ® [5].

Theorem 4.4. Let ® be a Clairaut anti-invariant semi-Riemannian submersion from a para-Kaehler
manifold (M1, P, gy ) onto a Riemannian manifold (Ma, g5;,) with p = ed. Then

App,PFy = —Fy(0)Es,
for timelike vector field Es € ker®, and spacelike vector field Fy € n such that PFEs is fundamental.

Proof. Let ® be a Clairaut anti-invariant semi-Riemannian submersion from a para-Kaehler manifold
(M1,P,g5;,) onto a Riemannian manifold (M, gy;,) with p = €°. If we crash equation (4.17) by PFEs,
timelike vector field E5 € ker®, such that PE3 is fundamental and from (2.3), then we have

9n1, Vi, B2, PE3) = —gy;, (E1, Ea) g7, (V3,PE3).

From (2.10), we get
9ir,(VE, PEs, E2) = gy, (Ev, E2) g5, (VO,PE3).

Using (2.9) and (2.11), we have

=91, (Ve E3, PE2) = gy, (B, E2) 957, (V6,PE3).
Using (2.3), we obtain

—951,(TE, B3, PE3) = gy, (En, E2) g5, (V6,PE3).
Using (4.17) in above equation, we get

9, (E1, E3)gy;, (V6, PE2) = gy, (B1, Ea) gy, (V6,PE3). (4.18)
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If we take Fy = FE3 and interchanging the role of E; and Fs, then we have

9nr, (B2, B2) gy, (VO, PEy) = gy, (B, E2) gy, (VO,PEs3). (4.19)
Now, just taking Fy = E3 in (4.18), we get

9nr, (B, Ev) gy, (VO, PEy) = gy, (Ev, E2) gy, (VO,PEY). (4.20)
If we multiply (4.19) and (4.20), we get

2
by (ElaEQ)
- =0 > 9n1, (VO,PEy). (4.21)

9x1,(VO,PE)) = 5
' 1B (12|

On the other hand, using (2.10) and (2.11), we have
9i1, Vi, PE3, PIY) = g5, (PVE,E3, PF1) = —g51, (VE, B3, F1),

for any spacelike vector field F; € . Using (2.3) and (4.17), we get

9x1,(VE,PE3, PF1) = gy, (B2, E3)g57, (V0,FY). (4.22)
Since PFj3 is fundamental and from h(V g, PE3) = App, Ea, we get

91, (W g, PE3, PIY) = g5, (Apg, Ea, PFY). (4.23)

From (4.22), (4.23) and the anti symmetry of A, we obtain

951, Ape, PF1, E2) = —g5, (VO,F1)gyy, (B2, Es). (4.24)
Since App, PF1, E2 and E3 are vertical and V¢ is horizontal, then we have

9nr, (Ape, PF1, E2) = g57, (B2, —g57, (V6,F1) E3).

Hence, we obtain
APE3PF1 = —ng (V(S,Fl)Eg

Therefore by using gy, (V6,F1) = F1(V6), we get result. O

From Theorem (4.4), we can give the following results.

Corollary 4.5. Let ® be a Clairaut anti-invariant semi-Riemannian submersion from a para-Kaehler
manifold (M1, P, gy ) onto a Riemannian manifold (Ma, gy,) with p = ed. If Vo € Pker®,, then either
the fibres of ® are 1-dimensional or § is constant on Pker®,.

Corollary 4.6. Let ® be a Clairaut anti-invariant semi-Riemannian submersion from a para-Kaehler
manifold (My,P, gy, ) onto a Riemannian manifold (Ms,gy;,) with p = €° and V6 € Pker®,. If
dim(ker®,) > 1, then the fibres of ® are totally geodesic if and only if Apg, PFy = 0 for timelike
vector field Es € ker®, such that spacelike vector field Fy € n and PFEs5 is fundamental.

Also, for a Lagrangian submersion we can give the following result:

Corollary 4.7. Let ® be a Clairaut Lagrangian anti-invariant semi-Riemannian submersion from a para-
Kaehler manifold (M, P, gy, ) onto a Riemannian manifold (Mz, gyz,) with p = ed. Then either the fibers
of ® are totally geodesic or the fibres are 1-dimensional.

Proof. Let ® be a Clairaut Lagrangian anti-invariant semi-Riemannian submersion from a para-Kaehler
manifold (My,P, gy ) onto a Riemannian manifold (Ms,gy;,) with p = e®. Then n = {0}. So,
App,PF; =0 always. O
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Lastly, we give a non-trivial example for Clairaut anti-invariant semi Riemannian submersion from
a para Kaehler manifold.

Example 4.8. Let (Ml, P, g5r1,) be a para-Kaehler manifold equipped with semi-Euclidean metric gy, on
M, expressed as

Mlz{(x,y,z,w) €Ry: (y,z,w) # 0,2 #0} .

we define the semi-Euclidean metric gy on M, given by
gy, = —€*da? + e**dy? — dz* + dw?.
Let My = {(x,t) € R(Q)} be a Riemannian manifold with Riemannian metric gz, on M, given by
9ig, = €7 da® + dt*.
Now, we define a map P :(Ml,P,ng) — (MQ,QMQ) by
®(x,y, z,w) = (sinh ax + cosh ay, w).
Then we find ker®, and (ker®.,)* as follow:

ker®, = Span{FE; = —e~" cosh a% + e~ % sinh a(%, By = %
0 0 0
(lcerd)*)l = Span{F; = —e” “sinh a% + e~ % cosh aa—y, F = 0
It is easy to see that
9in, (o, Fi) = gy, (0 F3, @0 F;) = 1
9ir, (PEi, PE;) = gy, (2.(PE;), ®.(PE;) = 1,

fori=1,2. Thus ® is a Riemannian submersion. On the other hand, we obtain PE; = —Fy, PEs = F5.
It is implies that P(ker®.) C (ker®,)t. Therefore, ® is a anti-invariant semi-Riemannian submersion.
Now, we will find smooth function § on M, satisfying TpE = —9n, (B, E)gradd for E €T (ker®,). We
can calculate that

0 d
Ve, Ew = e_hsinha(sinha%—coshaa—y),
Ve,E, = 0,
Ve, Es = VpE =0.

If we take E = k1E1 + koEs for ki, ke € R, then we have
TpE = kiTp, Fy + 2k1koTg, Eo + k3T g, Es.
From (2.7) and (2.3)-(2.6), by direct calculations, we have

TpE = kie **sinha(sinh a% - cosha(%).

Since E = k1 E1 + ko FEso, then by direct calculations, we have
9i1, (B, E) = — (ki +k3).
On the other hand, for any smooth function § on R3, the gradient of § with respect to the metric 9ir, 8
given by
gy 000
=1 My 8’(1,1 8uj
9,00 0 9,00 0 06 0 00 0
Yt =t .
Jx Ox Oydy 0z0z Owow

Vé =

= —e
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Thus, Vo zﬁ%k%)eﬁr sinh a(sinh aa% — cosh aa%) for the function
K : .
0= RCEYE)] sinh a(sinh a.z + sinh a cosh a.y).
Therefore, we can easily see that T = —gy;, (E, E)gradd. Hence @ is a Clairaut anti-invariant

semi-Riemannian submersion.
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