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A Note on Complex Combined Boundary Value Problem for the Nonhomogeneous
Tri-Analytic Equation
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abstract: In this paper, a combination of boundary value problems for the nonhomogeneous analytic
equations have been studied. The aim of this paper is to find a solution for the Schwarz-(Dirichlet-Neumann)
problem and obtain its solvability conditions.
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1. Introduction

In complex analysis there are three basic boundary value problems: Schwarz, Dirichlet and Neumann
problems. These problems are investigated in particular domains such as unit disc and half plane and
explicit solutions are produced. In addition, these problems were investigated for different domains.

In the unit disc of the complex plane C, for the inhomogeneous Cauchy-Riemann equation the Schwarz
problem is well-posed but the Dirichlet and Neumann problems are overdetermined.Combinations of these
boundary value problems are proper to determine solutions for higher order equations. However, not all
of them are well-posed problems and solvability conditions have to determined.

In this article, a new boundary value problem is studied by combining different boundary conditions:
Schwarz condition, Dirichlet and Neumann conditions. We use the iteration method presented in [1]
following the ideas in [2]. We extended the binary combinations problems studied in [2,3] to triple
combinations of value boundary problems. All studies in this paper are restricted to the inhomogeneous
tri-analytic equation.

In this paper, the results of the complex analysis as of Gauss Theorem, Cauchy Theorem and Cauchy-
Pompeiu formula [1,4,5,6] are used.

The proofs of the basic boundary value problems that we use in this paper and their proofs can be
found in [1,5].

Theorem 1.1. [1] The Schwarz problem for the inhomogeneous Cauchy-Riemann equation in the unit
disc

wz̄ = f in D, Rew = γ on ∂D, Imw(0) = c

for f ∈ L1(D;C) and γ ∈ C(∂D;C), c ∈ R is uniquely solvable by the Cauchy-Schwarz-Pompeiu formula

w(z) =
1

2πi

∫

∂D

γ(ζ)
ζ + z

ζ − z

dζ

ζ
+ ic −

1

2π

∫∫

D

(

f(ζ)

ζ

ζ + z

ζ − z
+

f(ζ)

ζ

1 + zζ̄

1 − zζ̄

)

dξdη· (1.1)
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Here and in the future, we put ζ = ξ + η, ξ, η ∈ R, L1(D;C) := {f : f is complex-valued,
measurable and

∫∫

D

|f |dµ < ∞} and C(∂D;C) is the set of continous complex-valued functions on

the boundary of the unit disc D.

Theorem 1.2. [1] The Dirichlet-Neumann problem for the inhomogeneous Bitsadze equation in the unit
disc

wz̄z̄ = f in D, w = γ0 on ∂D, ∂µwz̄ = γ1 on ∂D, wz̄(0) = c

is uniquely solvable for f ∈ L1(D;C) ∩ C(∂D;C), γ0, γ1 ∈ C(∂D;C), c ∈ C if and only if

c −
1

2πi

∫

∂D

γ0(ζ)
dζ

1 − z̄ζ
+

1

π

∫∫

D

1 − |ζ|2

1 − z̄ζ

f(ζ)

ζ
dξdη = 0 (1.2)

and
1

2πi

∫

∂D

(γ1(ζ) − ζ̄f(ζ))
dζ

ζ(1 − z̄ζ)
+

1

π

∫∫

D

z̄f(ζ)

(1 − z̄ζ)2
dξdη = 0. (1.3)

The solution then is given by

w(z) = cz̄ +
1

2πi

∫

∂D

γ0(ζ)

ζ − z
dζ +

1

2πi

∫

∂D

(γ1(ζ) − ζ̄f(ζ)) log(1 − zζ̄)
1 − |z|2

z

dζ

ζ
+

1

π

∫∫

D

|ζ|2 − |z|2

ζ − z

f(ζ)

ζ
dξdη.

(1.4)

2. Computations of Some Integrals

To solve the combined problem we introduce the following lemmas.

Lemma 2.1. For |z| < 1, |ζ̃| < 1 we get

1.
1

π

∫∫

D

1

ζ

ζ + z

ζ − z
ζ̄dξdη = −z̄2·

2.
1

2π

∫∫

D

1

ζ

ζ + z

ζ − z

1

ζ̃ − ζ
dξdη =

(¯̃ζ − z̄)(ζ̃ + z)

2ζ̃(ζ̃ − z)
−

z̄

2ζ̃
·

3.
1

2π

∫∫

D

1

ζ

ζ + z

ζ − z

(1 − |ζ|2)

ζ
log(1 − ζ

¯̃
ζ)dξdη =

|z|4 − 2|z|2 + 1

2z2
log(1 − z

¯̃
ζ) +

¯̃ζ

2z
+

¯̃ζ2

8
·

4.
1

2π

∫∫

D

1

ζ

ζ + z

ζ − z

(|ζ̃|2 − |ζ|2)

ζ̃ − ζ
dξdη =

¯̃ζ|ζ̃|2 − 2z̄|ζ̃|2 + z¯̃ζ2 − 2|z|2¯̃ζ + 2z̄|z|2

4(ζ̃ − z)
−

z̄¯̃ζ

2
·

Proof. 1. We write the given integral as

1

π

∫∫

D

1

ζ

ζ + z

ζ − z
ζ̄dξdη =

2

π

∫

D

ζ̄

ζ − z
dξdη +

−1

π

∫

D

ζ̄

ζ
dξdη·

Using the Cauchy- Pompeiu formula we get

1

π

∫

D

ζ̄

ζ − z
dξdη =

−z̄2

2
+

1

2πi

∫

∂D

ζ̄
2

2(ζ − z)
dζ.
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Since

1

2πi

∫

∂D

ζ̄
2

ζ − z
dζ = 0 and

1

π

∫

D

ζ̄

ζ
dξdη = 0

we obtain the result.

2. We separate the integral as

1

2π

∫∫

D

1

ζ

ζ + z

ζ − z

1

ζ̃ − ζ
dξdη

=
z

ζ̃

1

2π

∫∫

D

1

ζ(ζ − z)
dξdη −

ζ̃ + z

ζ̃

1

2π

∫∫

D

1

(ζ − z)(ζ − ζ̃)
dξdη.

By Gauss Theorem and Cauchy Pompeiu Formula we obtain the followings

1

π

∫∫

D

1

(ζ − z)(ζ − ζ̃)
dξdη =

z̄ − ¯̃ζ

ζ̃ − z
·

and substituting ζ̃ = 0 we have

1

π

∫∫

D

1

ζ(ζ − z)
dξdη =

−z̄

z
·

3. As

1

ζ

ζ + z

ζ − z

(1 − |ζ|2)

ζ
=

ζ̄

ζ
−

1

ζ2 −
2ζ̄

ζ − z
+

2

ζ(ζ − z)

the given integral can be written as

1

2π

∫∫

D

1

ζ

ζ + z

ζ − z

(1 − |ζ|2)

ζ
log(1 − ζ ¯̃ζ)dξdη =

1

2π

∫∫

D

ζ̄

ζ
log(1 − ζ ¯̃ζ)dξdη

−
1

2π

∫∫

D

log(1 − ζ ¯̃ζ)

ζ2 dξdη −
1

π

∫∫

D

ζ̄

ζ − z
log(1 − ζ ¯̃ζ)dξdη +

1

π

∫∫

D

log(1 − ζ ¯̃ζ)

ζ(ζ − z)
dξdη.

Gauss Theorem and Cauchy Pompeiu formula yield the expected result.

4. We split the given integral in two integrals:

1

2π

∫∫

D

1

ζ

ζ + z

ζ − z

(|ζ̃|2 − |ζ|2)

ζ̃ − ζ
dξdη

=
1

2π

∫∫

D

|ζ̃|2 − |ζ|2

(ζ − z)(ζ̃ − ζ)
dξdη +

z

2π

∫∫

D

|ζ̃|2 − |ζ|2

ζ(ζ − z)(ζ̃ − ζ)
dξdη.

In similar method in (2.) we obtain the value of the integrals. �

Lemma 2.2. For |z| < 1, |ζ̃| < 1 we get

1.
1

π

∫∫

D

1

ζ̄

1 + zζ̄

1 − zζ̄
ζdξdη = z2.
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2.
1

2π

∫∫

D

1

ζ̄

1 + zζ̄

1 − zζ̄

1

ζ̃ − ζ
dξdη =

ζ̃

2¯̃
ζ

−
z(z − ζ̃)

1 − z
¯̃
ζ

·

3.
1

2π

∫∫

D

1

ζ̄

1 + zζ̄

1 − zζ̄

(1 − |ζ|2)

ζ̄
log(1 − ζ̄ ζ̃)dξdη =

−zζ̃

2
·

4.
−1

2π

∫∫

D

1

ζ̄

1 + zζ̄

1 − zζ̄

(|ζ̃|2 − |ζ|2)

ζ̃ − ζ
dξdη =

4z2|ζ̃|2 − ζ̃
2

− 2z2 − zζ̃|ζ̃|2

4(1 − z¯̃ζ)
·

Proof. 1. We separate the given integral into two integrals as

1

π

∫∫

D

1

ζ̄

1 + zζ̄

1 − zζ̄
ζdξdη =

1

π

∫∫

D

ζ

ζ̄(1 − zζ̄)
dξdη +

1

π

∫∫

D

zζ

1 − zζ̄
dξdη.

We observe that

1

π

∫∫

D

ζ

ζ̄
dξdη = 0

and

1

2πi

∫

∂D

zζ2

1 − zζ̄
dζ̄ = z2.

2. Since

1

ζ̄

1 + zζ̄

1 − zζ̄

1

ζ̃ − ζ
=

2z

(1 − zζ̄)(ζ̃ − ζ)
+

1

ζ̄(ζ̃ − ζ)

Then

1

π

∫∫

D

z

(1 − zζ̄)(ζ̃ − ζ)
dξdη = −

z(z − ζ̃)

1 − z¯̃ζ

and

1

2π

∫∫

D

1

ζ̄(ζ̃ − ζ)
dξdη =

ζ̃

2¯̃ζ
·

3. Similar to (3.) in Lemma1.

4. We separate the integral as

1

2π

∫∫

D

1

ζ̄

1 + zζ̄

1 − zζ̄

(|ζ̃|2 − |ζ|2)

ζ − ζ̃
dξdη

=
|ζ̃|2

2π

∫∫

D

1

ζ̄(1 − zζ̄)(ζ − ζ̃)
dξdη +

−1

2π

∫∫

D

ζ̄

(1 − zζ̄)(ζ − ζ̃)
dξdη

+
z

2π

∫∫

D

|ζ̃|2 − |ζ|2

(1 − zζ̄)(ζ − ζ̃)
dξdη

From the Cauchy Pompeiu formula we obtain the expected result.
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3. The Schwarz - (Dirichlet-Neumann) problem

In this part, a solution to the Schwarz - (Dirichlet-Neumann) problem is presented. After computa-
tions of some boundary and area integrals we can give the main result now.

Theorem 3.1. The Schwarz - (Dirichlet-Neumann) problem for the inhomogeneous tri-analytic equation
in the unit disc

∂3
z̄w = f in D, Rew = γ on ∂D, Imw(0) = c, wz̄ = γ0 on ∂D, ∂νwz̄z̄ = γ1 on ∂D, wz̄z̄(0) = c1,

for f ∈ Cα(D;C), 0 < α < 1, γ, γ0, γ1 ∈ C(∂D;C), c, c1 ∈ R is uniquely solvable if and only if for |z| < 1,

c1 −
1

2πi

∫

∂D

γ0(ζ)
dζ

1 − z̄ζ
+

1

π

∫∫

D

1 − |ζ|2

1 − z̄ζ

f(ζ)

ζ
dξdη = 0 (3.1)

and
1

2πi

∫

∂D

(γ1(ζ) − ζ̄f(ζ))
dζ

ζ(1 − z̄ζ)
+

1

π

∫∫

D

z̄f(ζ)

(1 − z̄ζ)2
dξdη = 0. (3.2)

The solution then is given by

w(z) = ic +
1

2πi

∫

∂D

γ(ζ)
ζ + z

ζ − z

dζ

ζ
+

c1z̄2

2
−

1

2πi

∫

∂D

γ0(ζ)

(

ζ − z

ζ − z
−

ζ̄

2ζ

)

dζ

−
1

2πi

∫

∂D

(γ1(ζ) − ζ̄f(ζ))

(

|z|4 − 2|z|2 + 1

2z2
log(1 − zζ̄) +

ζ̄

2z
+

ζ̄
2

8

)

dζ

ζ

−
1

π

∫∫

D

f(ζ)

ζ

(

ζ̄|ζ|2 − 4z̄|ζ|2 + 2z̄|z|2 + zζ̄
2

4(ζ − z)

)

dξdη −
c1z2

2
−

1

2πi

∫

∂D

γ0(ζ)

(

z(z − ζ)

1 − zζ̄
−

ζ

2ζ̄

)

dζ̄

−
1

2πi

∫

∂D

(γ1(ζ) − ζf(ζ))
zζ

2

dζ̄

ζ̄
+

1

π

∫∫

D

f(ζ)

ζ̄

(

4z2|ζ|2 − ζ2 − 2z2 − zζ|ζ|2

4(1 − zζ̄)

)

dξdη

Proof. The problem is decomposed into the system

∂z̄w = ϕ in D, Rew = γ on ∂D, Imw(0) = c,

and

∂z̄2ϕ = f in D, ϕ = γ0 on ∂D, ∂νϕz̄ = γ1 on ∂D, ϕz̄(0) = c1

From Theorem 1.2, the solvability conditions for the Dirichlet-Neumann problem are

c1 −
1

2πi

∫

∂D

γ0(ζ)
dζ

1 − z̄ζ
+

1

π

∫∫

D

1 − |ζ|2

1 − z̄ζ

f(ζ)

ζ
dξdη = 0 (3.3)

and
1

2πi

∫

∂D

(γ1(ζ) − ζ̄f(ζ))
dζ

ζ(1 − z̄ζ)
+

1

π

∫∫

D

z̄f(ζ)

(1 − z̄ζ)2
dξdη = 0. (3.4)

which yields the unique solution
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ϕ(z) = cz̄ +
1

2πi

∫

∂D

γ0(ζ)

ζ − z
dζ +

1

2πi

∫

∂D

(γ1(ζ) − ζ̄f(ζ)) log(1 − zζ̄)
1 − |z|2

z

dζ

ζ
+

1

π

∫∫

D

|ζ|2 − |z|2

ζ − z

f(ζ)

ζ
dξdη.

(3.5)

After Theorem 1.1, the unique solution for the Schwarz problem is

w(z) =
1

2πi

∫

∂D

γ(ζ)
ζ + z

ζ − z

dζ

ζ
+ ic −

1

2π

∫∫

D

(

ϕ(ζ)

ζ

ζ + z

ζ − z
+

ϕ(ζ)

ζ

1 + zζ̄

1 − zζ̄

)

dξdη· (3.6)

Replacing (3.5) into (3.6) we obtain

w(z) = ic +
1

2πi

∫

∂D

γ(ζ)
ζ + z

ζ − z

dζ

ζ
−

1

2π

∫∫

D

1

ζ

ζ + z

ζ − z

{

c1ζ̄
}

dξdη −
1

2π

∫∫

D

1

ζ

ζ + z

ζ − z







1

2πi

∫

∂D

γ0(ζ̃)

ζ̃ − ζ
dζ̃







dξdη

−
1

2π

∫∫

D

1

ζ

ζ + z

ζ − z







1

2πi

∫

∂D

(γ1(ζ̃) − ¯̃ζf(ζ̃)) log(1 − ζ ¯̃ζ)
1 − |ζ|2

ζ

dζ̃

ζ̃







dξdη

−
1

2π

∫∫

D

1

ζ

ζ + z

ζ − z







1

π

∫∫

D

(|ζ̃|2 − |ζ|2)

ζ̃ − ζ

f(ζ̃)

ζ̃
dξ̃dη̃







dξdη

−
1

2π

∫∫

D

1

ζ̄

1 + zζ̄

1 − zζ̄
{c1ζ} dξdη −

1

2π

∫∫

D

1

ζ̄

1 + zζ̄

1 − zζ̄







−1

2πi

∫

∂D

γ0(ζ̃)

ζ̃ − ζ
d¯̃ζ







dξdη

−
1

2π

∫∫

D

1

ζ̄

1 + zζ̄

1 − zζ̄







−1

2πi

∫

∂D

(γ1(ζ̃) − ζ̃f(ζ̃)) log(1 − ζ̄ ζ̃)
1 − |ζ|2

ζ̄

d¯̃ζ
¯̃
ζ







dξdη

−
1

2π

∫∫

D

1

ζ̄

1 + zζ̄

1 − zζ̄







1

π

∫∫

D

(|ζ̃|2 − |ζ|2)

ζ̃ − ζ

f(ζ̃)
¯̃
ζ

dξ̃dη̃







dξdη.

Using the results of Lemma 2.1 and Lemma 2.2, we obtain the unique solution for the combined
problem.

�

4. Conclusion

A combination of boundary value problems is considered in this paper. The uniqueness and solvability
conditions of the Schwarz-(Dirichlet-Neumann) problem are considered. In the future, that problem will
be investigated in the polydisc.
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