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abstract: In this work, we introduce the Pythagorean fuzzy nil radical of a Pythagorean fuzzy ideal
of a commutative ring, we further provide the notion of Pythagorean fuzzy semiprime ideal, and we study
some related properties. Finally, we give the relation between Pythagorean fuzzy semiprime ideals and the
Pythagorean fuzzy nil radical of a commutative ring.
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1. Introduction

The theory of Pythagorean fuzzy sets (PFS) is extremely important to deal with uncertainties and
vagueness of the most problems occurring in the real world, and that’s thanks to its flexibility of measuring
the fuzziness and imprecision, by considering the membership grade µ and nonmembership grade ν,
satisfying the condition µ2 + ν2 ≤ 1. This model is introduced by Yager in 2013 [9] like a generalization
of Atanassov’s intuitionistic fuzzy sets(IFS) [1], which is an extension of Zadeh’s theory [11]. The IFSs is
useful in practical multiple attribute decision making (MADM) problems. In 2014 The Pythagorean fuzzy
sets theory had been developed [10] then Zhang and Xu [12] established the idea of Pythagorean fuzzy
number (PFN). Additionally, in 2016 Garg [5] considered the applications of PFSs in decision-making
problems. And Several researchers studied Pythagorean algebraic structure. For example in 2021 S.
Bhunia and G. Ghorai represented the notion of Pythagorean fuzzy subgroup [4]. And in 2022 they
introduced the notions of (α, β) Pythagorean fuzzy subring and (α, β) Pythagorean fuzzy ideal of a ring
[3].
In this paper we introduce the notion of a Pythagorean fuzzy nil radical of a Pythagorean fuzzy ideal of a
commutative ring, secondly we define the concept of Pythagorean fuzzy semiprime ideal and investigate
some of its properties. after all we establish the vital connection between a Pythagorean fuzzy semiprime
ideal and the Pythagorean fuzzy nil radical of a Pythagorean fuzzy ideal.

2. Preliminaries

We would like to reproduce some definitions and results which were proposed earlier by the pioneers
in this field.

Definition 2.1. [11] A mapping of a non-empty set S into the closed unit interval [0, 1] is a fuzzy subset
of S The set of all fuzzy subsets of S is denoted by F (S) . If A ⊆ S, then χA stands for the characteristic
function of A in S.
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Definition 2.2. [7]
A fuzzy subset λ of a group G is a fuzzy subgroup of G if

1- min{λ(a), λ(b)} ≤ λ(ab) , and

2- λ(a−1) = λ(a) for all a, b in G.

Equivalently, min{λ(a), λ(b)} ≤ λ(ab−1). In that case, λ(x) ≤ λ(e) for all x in G.

Definition 2.3. A fuzzy subset λ of a ring R is a fuzzy left ideal of R if

1- min{λ(a), λ(b)} ≤ λ(a− b) , and

2- λ(b) ≤ λ(ab) for all a, b in R.

A fuzzy subset λ of a ring R is a fuzzy right ideal of R if

1- min{λ(a), λ(b)} ≤ λ(a− b) , and

2- λ(a) ≤ λ(ab) for all a, b in R.

If λ is both a fuzzy left and fuzzy right ideal of R, then λ is a fuzzy ideal of R.

Definition 2.4. [8] If A and B two fuzzy subsets of a groupoide D. Then the product A ◦B is a fuzzy
subset of D defined as follows:

(A ◦B)(x) =







sup
y·z=x

min(A(y), B(z)) for y, z ∈ D, y · z = x,

0 for any y, z ∈ D, y · z 6= x.

If the composition in D is commutative and associative, the product A ◦ B is commutative and asso-
ciative respectively.

Definition 2.5. An ideal I of a ring R is said to be semiprime if, whenever an belongs to I for some a
in R and some positive integer n, then a belongs to I.

Theorem 2.6. A commutative ring R is regular iff every ideal of R is semiprime.

Definition 2.7. [8] Let f be a mapping from a set S to a set T . Let λ be a fuzzy subset of S and
µ be a fuzzy subset of T . Then the inverse image f−1(µ) of µ is the fuzzy subset of S defined by
f−1(µ)(x) = µ(f(x)) , x ∈ S.

(f(µ))(y) =







sup
f(x)=y

µ(x) if f−1(y) 6= ∅,

0 if f−1(y) = ∅,
From now on, throughout this paper R will denote a commutative ring, unless otherwise specified.

Definition 2.8. Let (C, ◦) be a group and ψ = (µ, v) be a PFS of C. Then ψ is said to be a PFSG of C
if the following conditions hold:

i- µ2(m ◦ n) ≥ µ2(m) ∧ µ2(n) and v2(m ◦ n) ≤ v2(m) ∨ v2(n)∀m,n ∈ C,

ii- µ2
(

m−1
)

≥ µ2(m) and v2
(

m−1
)

≤ v2(m)∀m ∈ C.

Definition 2.9. Assume (W,+, .) is a ring and ψ∗ = (µα, νβ) is an (α, β) Pythagorean fuzzy set of W .
Then ψ∗ is said to be an (α, β) Pythagorean fuzzy subring (PFSR) if:

i- µα(w1 − w2) ≥ µα(w1) ∧ µα(w2) and νβ(w1 − w2) ≤ νβ(w1) ∨ νβ(w2) for all w1, w2 ∈ W .

ii- µα(w1.w2) ≥ µα(w1) ∧ µα(w2) and νβ(w1.w2) ≤ νβ(w1) ∨ νβ(w2) for all w1, w2 ∈ W

Definition 2.10. Let (W,+, .) be a ring and ψ∗ = (µα, νβ) is an (α, β) Pythagorean fuzzy set of W .
Then ψ∗ is an (α, β) Pythagorean fuzzy ideal(PFID) if:

i- µα(w1 − w2) ≥ µα(w1) ∧ µα(w2) and νβ(w1 − w2) ≤ νβ(w1) ∨ νβ(w2) for all w1, w2 ∈ W .

ii- µα(w1.w2) ≥ µα(w1) ∨ µα(w2) and νβ(w1.w2) ≤ νβ(w1) ∧ νβ(w2) for all w1, w2 ∈ W .
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3. Pythagorean fuzzy nil radical

In this section let R denote a commutative ring unless otherwise specified.

Definition 3.1. Let A = (µA, γA) be a Pythagorean fuzzy ideal of R. The Pythagorean fuzzy nil radical
ofA = (µA, γA) is defined to be a Pythagorean fuzzy set

√
A = (µ√

A
, γ√

A
) in R defined by

µ√
A

(x) =
∨

n≥1

µA(xn) , γ√
A

(x) =
∧

n≥1

γA(xn)

for all x ∈ R and some n ∈ N.

Remark 3.2. µ√
A

(x) = lim
n
µA(xn)(resp. γ√

A
(x) = lim

n
γA(xn)) .

Proof. for all x ∈ R and n ∈ N. µ2
A(xn) + γ2

A(xn)) ≤ 1
Then

lim
n
µ2

A(xn) + γ2
A(xn)) ≤ 1.

Then
µ2√

A
(x) + γ2√

A
(x) ≤ 1.

Then
√
A is a P.F.S. �

Proposition 3.3. . For every Pythagorean fuzzy ideals A = (µA, γA) and B = (µB, γB) of R, we have

i) A ⊆
√
A,

ii) A ⊂ B implies
√
A ⊆

√
B.

iii)
√√

A =
√
A.

Theorem 3.4. For any Pythagorean fuzzy ideal A = (µA, γA) of R,
√
A = (µ√

A, γ
√

A) is a Pythagorean
fuzzy ideal of R.

Proof. Let x, y ∈ R. Then

µ2√
A

(x) ∧ µ2√
A

(y) = (
∨

m≥1

µ2
A(xm)) ∧ (

∨

n≥1

µ2
A(xm))

=
∨

m≥1

∨

n≥1

(µ2
A(xm) ∧ µ2

A(xm)) (3.1),

γ2√
A

(x) ∨ γ2√
A

(y) =
∧

m>1

γ2
A(xm) ∨

∧

n>1

γ2
A(yn)

=
∧

m>1

(
∧

n>1

(γ2√
A

(xm) ∨ γ2√
A

(yn))) (3.2).

On the other hand, there exist r, t ∈ R such that (x + y)m+n = rxm + tyn.

Thus

µ2
A(xm) ∧ µ2

A(yn) ≤ (µ2
A(xm) ∨ µ2

A(r)) ∧ (µ2
A(yn) ∨ µ2

A(t))

≤ µ2
A(rxm) ∧ µ2

A(tyn)

≤ µ2
A(rxm + tyn)

≤ µ2√
A

(x+ y).
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So
µ2√

A
(x) ∧ µ2√

A
(y) ≤ µ2√

A
(x+ y).

Similarly we can show that
γ2√

A
(x) ∨ γ2√

A
(y) ≥ γ2√

A
(x+ y). (3.4)

Noticing that
µ2

A(x− y) ≥ µ2
A(x) ∧ µ2

A(y) ⇔ µ2
A(x+ y) ≥ µ2

A(x) ∧ µ2
A(y) ,

and
γ2

A(x− y) ≤ γ2
A(x) ∨ γ2

A(y) ⇔ γ2
A(x+ y) ≤ γ2

A(x) ∨ γ2
A(y) ,

it follows from (3.1) and (3.2) that

µ2√
A

(x + y) ≥ µ2√
A

(x) ∧ µ2√
A

(y) and γ2√
A

(x+ y) ≤ γ2√
A

(x) ∨ γ2√
A

(y)

Next we have

µ2√
A

(x) ∨ µ2√
A

(y) =
∨

n

µ2
A(xn) ∨

∨

n

µ2
A(yn) =

∨

n

(µ2
A(xn) ∨ µ2

A(yn)) , (3.5)

γ2√
A

(x) ∧ γ2√
A

(y) =
∧

n

γ2
A(xn) ∧

∧

n

γ2
A(yn) =

∧

n

(γ2
A(xn) ∧ γ2

A(yn)) . (3.6)

Since
µ2

A(xn) ∨ µ2
A(yn) ≤ µ2

A(xnyn) = µ2
A((xy)n) ≤

∨

k≥1

µ2
A((xy)k) = µ2√

A
(xy)

and
γ2

A(xn) ∧ γ2
A(yn) ≥ γ2

A(xnyn) = γ2
A((xy)n) ≥

∧

k>1

γ2
A((xy)k) = γ2√

A
(xy) ,

From (3.5) and (3.6), we get
µ2√

A
(xy) ≥ µ2√

A
(x) ∨ µ2√

A
(y) and γ2√

A
(xy) ≤ γ2√

A
(x) ∧ γ2√

A
(y) . �

Definition 3.5. Let A = (µA, γA) and B = (µB, γB) be Pythagorean fuzzy sets in a ring R (not
necessarily commutative). The Pythagorean intrinsic product of A = (µA, γA) and B = (µB, γB) is
defined to be the Pythagorean fuzzy set A ∗B = (µA∗B , γA∗B) in R given by

µA∗B(x) := ∨{
∧

1≤i≤k

µA(ai) ∧ µB(bi) :

k
∑

i=1

aibi = x, k ∈ N},

γA∗B(x) := ∧{1≤
∨

i≤k

γA(ai) ∨ γB(bi) :
k

∑

i=1

aibi = x, k ∈ N},

if we can express x =

k
∑

i=1

aibi for some ai, bi ∈ R, where each aibi 6= 0 and k ∈ N. Otherwise, we define

A ∗B = 0∼, i.e., µA∗B(x) = 0 and γA∗B(x) = 1.

Obviously the product A ∗B is commutative if R is a commutative ring.

Proof. let’s show that A ∗B is a Pythagorean fuzzy set.

µ2
A∗B(x) + γ2

A∗B(x) = ∨(
∧

1≤i≤k

µ2
A(ai) ∧ µ2

B(bi)) + ∧(
∨

1≤i≤k

γ2
A(ai) ∨ γ2

B(bi)) .

we take
∨(

∧

1≤i≤k

µ2
A(ai) ∧ µ2

B(bi)) = (µ2
A(aj) ∧ µ2

B(bj)).
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Then
µ2

A∗B(x) + γ2
A∗B(x) ≤ (µ2

A(aj) ∧ µ2
B(bj)) + (γ2

A(aj) ∨ γ2
B(bj)).

Suppose that
γ2

B(bj) = (γ2
A(aj) ∨ γ2

B(bj).

then
µ2

A∗B(x) + γ2
A∗B(x) ≤ µ2

B(bj) + γ2
B(bj) ≤ 1.

So A ∗B is a Pythagorean fuzzy set. �

Theorem 3.6. If A = (µA, γA) and B = (µB, γB) are Pythagorean fuzzy ideals of R, then so is
A ∗B = (µA∗B, γA∗B) .

Proof. For any x, y ∈ R, we have

µ2
A∗B(x− y) = ∨{

∧

1≤i≤k

µ2
A(αi) ∧ µ2

B(βi) : x− y =

k
∑

i=1

αiβi, k ∈ N}

≥ ∨{(
∧

1≤i≤m

µ2
A(ai) ∧ µ2

B(bi)) ∧ (
∧

1≤i≤n

µ2
A(−ci) ∧ µ2

B(di)) : x =

m
∑

i=1

aibi, −y =

m
∑

i=1

−cidi,m, n ∈ N}

= ∨{(
∧

1≤i≤m

µ2
A(ai) ∧ µ2

B(bi)) ∧ (
∧

1≤i≤n

µ2
A(ci) ∧ µ2

B(di)) : x =

m
∑

i=1

aibi, y =

m
∑

i=1

cidi,m, n ∈ N}

= ∨{
∧

1≤i≤m

µ2
A(ai) ∧ µ2

B(bi) : x =

m
∑

i=1

aibi,m ∈ N} ∧ ∨{
∧

1≤i≤n

µ2
A(ci) ∧ µ2

B(di) : y =

m
∑

i=1

cidi, n ∈ N}

= µ2
A∗B(x) ∧ µ2

A∗B(y)

γ2
A∗B(x− y) = ∧{1≤

∨

i≤k

γ2
A(αi) ∨ γ2

B(βi) : x− y =

k
∑

i=1

αiβi, k ∈ N}

≤ ∧{(1≤
∨

i≤m

γ2
A(ai) ∨ γ2

B(bi)) ∨ (1≤
∨

i≤n

γ2
A(−ci) ∨ γ2

B(di)) : x =

m
∑

i=1

aibi, −y =

m
∑

i=1

−cidi,m, n ∈ N}

= ∧{(1≤
∨

i≤m

γ2
A(ai) ∨ γ2

B(bi)) ∨ (
∧

1≤i≤n

γ2
A(ci) ∨ γ2

B(di)) : x =

m
∑

i=1

aibi, y =

m
∑

i=1

cidi, m, n ∈ N}

= ∧{1≤
∨

i≤m

γ2
A(ai) ∨ γ2

B(bi) : x =

m
∑

i=1

aibi,m ∈ N} ∨ ∧{1≤
∨

i≤n

γ2
A(ci) ∨ γ2

B(di) : y =

m
∑

i=1

cidi, n ∈ N}

= γ2
A∗B(x) ∨ γ2aA∗B(y) .

Also, we have

µ2
A∗B(x) = ∨{

∧

1≤i≤m

µ2
A(ai) ∧ µ2

B(bi) : x =
m

∑

i=1

aibi,m ∈ N}

≤ ∨{
∧

1≤i≤m

µ2
A(ai) ∧ µ2

B(biy) : xy =

m
∑

i=1

ai(biy), m, ∈ N}

≤ ∨{
∧

1≤i≤k

µ2
A(αi) ∧ µ2

B(βi) : xy =

k
∑

i=1

αiβi, k, ∈ N} = µ2
A∗B(xy).
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and

γ2
A∗B(x) = ∨{1≤

∨

i≤m

γ2
A(ai) ∨ γ2

B(bi) : x =

m
∑

i=1

aibi,m ∈ N}

≥ ∧{1≤
∨

i≤m

γ2
A(ai) ∨ γ2

B(biy) : xy =

m
∑

i=1

ai(biy), m, ∈ N}

≥ ∧{1≤
∨

i≤k

γ2
A(αi) ∨ γ2

B(βi) : xy =
k

∑

i=1

αiβi, k, ∈ N} = γ2
A∗B(xy) .

Hence
µ2

A∗B(x) ≤ µ2
A∗B(xy) and γ2

A∗B(x) ≥ γ2
A∗B(xy).

Similarly,we get
µ2

A∗B(y) ≤ µ2
A∗B(xy) and γ2

A∗B(y) ≥ γ2
A∗B(xy).

Therefore A ∗B = (µA∗B, γA∗B) is a Pythagorean fuzzy ideal of R. �

Theorem 3.7. If A = (µA, γA) and B = (µB, γB) are Pythagorean fuzzy ideals of R, then
√
A ∗B =

√
A ∩B =

√
A ∩

√
B.

Proof. Let x ∈ R such that

x =

m
∑

i=1

aibi where aibi 6= 0 in R. (3.7)

Then
µ2

A(ai) ∧ µ2
B(bi) ≤ µ2

A(ai) ≤ µ2
A(aibi)

and
γ2

A(ai) ∨ γ2
B(bi) ≥ γ2

A(ai) ≥ γ2
A(aibi) for1 ≤ i ≤ m.

Thus
∧

1≤i≤m

µ2
A(ai) ∧ µ2

B(bi) ≤
∧

1≤i≤m

µ2
A(aibi)

≤ µ2
A(

m
∑

i=1

aibi) = µ2
A(x),

∨

1≤i≤m

γ2
A(ai) ∨ γ2

B(bi) ≥
∨

1≤i≤m

γ2
A(aibi)

≥ γ2
A(

m
∑

i=1

aibi) = γ2
A(x).

Taking the supremum and infinimum, respectively, over all expressions like (3.7), we have

µ2
A∗B(x) ≤ µ2

A(x) and γ2
A∗B(x) ≥ γ2

A(x).

Similarly,
µ2

A∗B(x) ≤ µ2
B(x) and γ2

A∗B(x) ≥ γ2
B(x).

Hence µ2
A∗B(x) ≤ µ2

A(x) ∧ µ2
B(x) and γ2

A∗B(x) ≥ γ2
A(x) ∨ γ2

B(x) for all x ∈ R, that is, A ∗B ⊆ A ∩B.

Using Proposition 3.3, we obtain
√
A ∗B ⊆

√
A ∩B.

Now, for any x ∈ R, we have

µ2√
A∗B

(x) =
∨

k

µ2
A∗B(xk) ≥ µ2

A∗B(x2n) ≥ µ2
A(xn) ∧ µ2

B(xn) = µ2
A∩B(xn) ,
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γ2√
A∗B

(x) =
∧

k

γ2
A∗B(xk) ≤ γ2

A∗B(x2n) ≤ γ2
A(xn) ∨ γ2

B(xn) = γ2
A∩B(xn)

for all n ≥ 1. Taking the supremum and infinimum, respectively, over all n ≥ 1, we get µ2√
A∩B

(x) ≤
µ2√

A∗B
(x) and γ2√

A∩B
(x) ≥ γ2√

A∗B
(x).

This proves the first equality.
Proposition 3.3(ii) implies

√
A ∩B ⊆

√
A and

√
A ∩B ⊆

√
B, and so

√
A ∩B ⊆

√
A∩

√
B. On the other

hand, let x ∈ R.
Then

(µ2√
A

∧ µ2√
B

)(x) = ∨µ2
A(xm) ∧ ∨µ2

B(xn) =
∨

m

(
∨

n

µ2
A(xm) ∧ µ2

B(xn)) ,

(γ2√
A

∨ γ2√
B

)(x) =
∧

m

γ2
A(xm) ∨

∧

n

γ2
B(xn) =

∧

m

(
∧

n

γ2
A(xm) ∨ γ2

B(xn)) .

Now let m and n be any positive integers. Then

µ2
A(xm) ∧ µB(xn) ≤ µ2

A(xmn) ∧ µ2
B(xmn) = (µ2

A ∧ µ2
B)(xmn) ≤

∨

k≥1

(µ2
A ∧ µ2

B)(xk) = µ2√
A∩B

(x)

γ2
A(xm) ∨ γ2

B(xn) ≥ γ2
A(xmn) ∨ γ2

B(xmn) = (γ2
A ∨ γ2

B)(xmn) ≥
∧

k>1

(γ2
A ∨ γ2

B)(xk) = γ2√
A∩B

(x) .

Hence
√
A

√
B ⊆

√
A ∩B. This proves the second equality. �

Definition 3.8. Let A = (µA, γA) and B = (µB, γB) be a Pythagorean fuzzy sets in a ring R (not
necessarily commutative). The Pythagorean sum of A = (µA, γA) and B = (µB, γB) is defined to be the
Pythagorean fuzzy set A⊕B = (µA⊕B, γA⊕B) in R given by

µA⊕B(x) :=







∨

x=y+z

(µA(y) ∧ µB(z)) if x = y + z,

0 otherwise.

γA⊕B(x) :=







∧

x=y+z

{γA(y) ∨ γB(z)} if x = y + z,

1 otherwise.

Proof. let’s show that A⊕B is a P.F.S

µ2
A⊕B(α) + γ2

A⊕B(β) =
∨

x=y+z

{µ2
A(y) ∧ µ2

B(z)} +
∧

x=y+z

{γ2
A(y) ∨ γ2

B(z)}

Let y1 and z1 such as

µ2
A(y1) ∧ µ2

B(z1) =
∨

x=y+z

{µ2
A(y) ∧ µ2

B(z)}

Then

µ2
A⊕B(α) + γ2

A⊕B(β) ≤ (µ2
A(y1) ∧ µ2

B(z1)) + (γ2
A(y1) ∨ γ2

B(z1))

We suppose that
γ2(y1) = γ2

A(y1) ∨ γ2
B(z1)

So
µ2

A⊕B(α) + γ2
A⊕B(β) ≤ µ2(y1) + γ2(z1) ≤ 1.

�

Theorem 3.9. If A = (µA, γA) and B = (µB, γB) are Pythagorean fuzzy ideals of R, then so is
A⊕B = (µA⊕B, γA⊕B) .
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Proof. For any x, y ∈ R, we haye

µ2
A⊕B(x) ∧ µ2

A⊕B(y) =
∨

{µ2
A(a) ∧ µ2

B(b) : x = a+ b} ∧
∨

{µ2
A(c) ∧ µ2

B(d) : y = c+ d}

=
∨

{(µ2
A(a) ∧ µ2

B(b)) ∧ (µ2
A(c) ∧ µ2

B(d)) : x = a+ b, y = c+ d}

=
∨

{(µ2
A(a) ∧ µ2

B(b)) ∧ (µ2
A(−c) ∧ µ2

B(−d)) : x = a+ b, −y = −c− d}

=
∨

{(µ2
A(a) ∧ µ2

A(−c)) ∧ (µ2
B(b) ∧ µ2

B(−d)) : x = a+ b, −y = −c− d}

≤
∨

{(µ2
A(a− c) ∧ µ2

B(b − d)) : x− y = (a− c) + (b− d)}
= µ2

A⊕B(x− y)

and

γ2
A⊕B(x) ∨ γ2

A⊕B(y) =
∧

{γ2
A(a) ∨ γ2

B(b) : x = a+ b} ∨
∧

{γ2
A(c) ∨ γ2

B(d) : y = c+ d}

=
∧

{(γ2
A(a) ∨ γ2

B(b)) ∨ (γ2
A(c) ∨ γ2

B(d)) : x = a+ b, y = c+ d}

=
∧

{(γ2
A(a) ∨ γ2

B(b)) ∨ (γ2
A(−c) ∨ γ2

B(−d)) : x = a+ b, −y = −c− d}

=
∧

{(γ2
A(a) ∨ γ2

A(−c)) ∨ (γ2
B(b) ∨ γ2

B(−d)) : x = a+ b, −y = −c− d}

≥
∧

{(γ2
A(a− c) ∨ γ2

B(b− d)) : x− y = (a− c) + (b− d)}
= γ2

A⊕B(x− y) .

Also, we have

µ2
A⊕B(x) = ∨{µ2

A(a) ∧ µ2
B(b) : x = a+ b}

≤ ∨{µ2
A(ay) ∧ µ2

B(by) : xy = ay + by}
≤ ∨{µ2

A(α) ∧ µ2
B(β) : xy = α+ β}

= µ2
A⊕B(xy)

and

γ2
A⊕B(x) = ∧{γ2

A(a) ∨ γ2
B(b) : x = a+ b}

≥ ∧{γ2
A(ay) ∨ γ2

B(by) : xy = ay + by}
≥ ∨{µ2

A(α) ∨ γ2
B(β) : xy = α+ β}

= γ2
A⊕B(xy) .

Hence
µ2

A⊕B(x) ≤ µ2
A⊕B(xy) and γ2

A⊕B(x) ≥ γ2
A⊕B(xy).

Similarly ,we get
µ2

A⊕B(y) ≤ µ2
A⊕B(xy) and γ2

A⊕B(y) ≥ γ2
A⊕B(xy).

Therefore A⊕B = (µA⊕B, γA⊕B) is a Pythagorean fuzzy ideal of R. �

Theorem 3.10. If A = (µA, γA) and B = (µB, γB) are Pythagorean fuzzy ideals of R, then

√
A⊕

√
B ⊆

√√
A⊕

√
B =

√
A⊕B.

Proof. The first inclusion follows from Proposition 3.3(i). Since A ⊆
√
A and B ⊆

√
B by Proposition

3.3(i), it follows from Proposition 3.3(ii) that
√
A⊕B ⊆

√√
A⊕

√
B.

Let x ∈ R.
Then
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µ2√
A⊕

√
B

(x) =
∨

x=a+b

{(∨(am)) ∧ (∨(bn))}

=
∨

x=a+b

(
∨

n

∨

m

{µ2
A(am) ∧ µ2

B(bn)}), (3.8)

γ2√
A⊕

√
B

(x) =
∧

x=a+b

{γ2√
A

(a) ∧ γ2√
B

(b)}

=
∧

x=a+b

{(
∧

m>1

γ2
A(am)) ∨ (

∧

n>1

γ2
B(bn))}

=
∧

x=a+b

(
∧

m>1

∧

n>1

{γ2
A(am) ∨ γ2

B(bn)}).(3.9)

Now let x = a+ b for a, b ∈ R and let m and n be any positive integers. Since R is commutative, we
have xm+n = tam + rbn for some t, r ∈ R. Hence

µ2
A(am) ∧ µ2

B(bn) ≤ µ2
A(tam) ∧ µ2

B(rbn)

≤ µ2
A⊕B(tam + rbn) = µ2

A⊕B(xm+n)

≤
∨

k≥1

µ2
A⊕B(xk) = µ2√

A⊕B
(x)

γ2
A(am) ∨ γ2

B(bn) ≥ γ2
A(tam) ∨ γ2

B(rbn)

≥ γ2
A⊕B(tam + rbn) = γ2

A⊕B(xm+n)

≥
∧

k≥1

γ2
A⊕B(xk) = γ2√

A⊕B
(x) .

It follows from (3.8) and (3.9) that
µ2√

A⊕B
(x) ≥ µ2√

A⊕
√

B
(x) and γ2√

A⊕B
(x) ≤ γ2√

A⊕
√

B
(x) for all x ∈ R.

Hence
√
A⊕

√
B ⊆

√√
A⊕

√
B =

√
A⊕B. �

Theorem 3.11. Let f : R → S be a ring homomorphism. If A = (µA, γA) and B = (µB, γB) are
Pythagorean fuzzy ideals of R and S respectively, then

i)
√

f−1(B) = f−1(
√
B) .

ii)
√

f(A) = f(
√
A) provided A = (µA, γA) is f -invariant, that is, f(x) = f(y) implies µA(x) = µA(y)

and γA(x) = γA(y) , and f is onto.

Proof. (i) For any x ∈ R, we have

µ2√
f−1(B)

(x) =
∨

n

µ2
f−1(B)(x

n) =
∨

n

µ2
B(f(xn))

=
∨

n

µ2
B((f(x))n) = µ2√

B
(f(x)) = µ2

f−1(
√

B)
(x) ,

γ2√
f−1(B)

(x) =
∧

n

γ2
f−1(B)(x

n) =
∧

n

γ2
B(f(xn))

=
∧

n

γ2
B((f(x))n) = γ2√

B
(f(x)) = γ2

f−1(
√

B)
(x) .

Hence
√

f−1(B) = f−1(
√
B) .
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(ii) Let y ∈ S. Since f is onto, there exists x ∈ R such that f(x) = y.

Furthermore, f−1(f(A)) = A, i.e., µf−1(f(A)) = µA and γf−1(f(A)) = γA, as A = (µA, γA) is
f-invariant. Let (ǫ, δ) > 0∼, i.e., ǫ > 0 and δ < 1. Then there exists m ∈ N such that

µ2√
f(A)

(y) − ǫ < µ2
f(A)(y

m) = µ2
f(A)(f(xm)) = µ2

f−1(f(A))(x
m) = µ2

A(xm)

≤ µ2√
A

(x) ≤
∨

t∈f−1(y)

µ2√
A

(t) = µ2
f(

√
A)

(y)

and

γ2√
f(A)

(y) + δ > γ2
f(A)(y

m) = γ2
f(A)(f(xm)) = γ2

f−1(f(A))(x
m) = γ2

A(xm)

≥ γ2√
A

(x) ≥
∧

t∈f−1(y)

γ2√
A

(t) = γ
f(

√
A)(y) .

Since, (ǫ, δ) is arbitrary, we have µ2√
f(A)

(y) ≤ µ2
f(

√
A)

(y)

and γ2√
f(A)

(y) ≥ γ2
f(

√
A)

(y) for all y ∈ S.

On the other hand, there exists x0 ∈ R such that f(x0) = y,
So

µ2
f(

√
A)

(y) − ǫ < µ2√
A

(x0) =
∨

n

µ2
A(xn

0 )

and
γ2

f(
√

A)
(y) + δ > γ2√

A
(x0) =

∧

n

γ2
A(xn

0 ) .

Also, there exists k ∈ N such that

µ2
f(

√
A)

(y) − ǫ < µ2
A(xk

0) ≤
∨

t∈f−1(yk)

µ2
A(t) = µ2

f(A)(y
k) ≤

∨

n

µ2
f(A)(y

n) = µ2√
f(A)

(y)

and

γ2
f(

√
A)

(y) + δ > γ2
A(xk

0) ≥
∧

t∈f−1(yk)

γ2
A(t) = γ2

f(A)(y
k) ≥

∧

n

γ2
f(A)(y

n) = γ2√
f(A)

(y) .

Since (ǫ, δ) is arbitrary, we get µ2
f(

√
A)

(y) ≤ µ2√
f(A)

(y) and γ2
f(

√
A)

(y) ≥ γ2√
f(A)

(y) for all y ∈ S.

Hence
√

f(A) = f(
√
A) .

�

Definition 3.12. A Pythagorean fuzzy ideal A = (µA, γA) of R is said to be semiprime if
√
A = A.

One can verify that an arbitrary intersection of semiprime Pythagorean fuzzy ideals of R is a semiprime
Pythagorean fuzzy ideal of R.

Example 3.13. Let A be a semiprime ideal of R. Define an Pythagorean fuzzy set A = (µA, γA) in R

by µA(x) :=

{

1 if x ∈ A,√
3

2 otherwise,

γA(x) :=

{

0 if x ∈ A,
1
2 otherwise.

Then A = (µA, γA) is a semiprime Pythagorean fuzzy ideal of R.

Theorem 3.14. If A = (µA, γA) is an Pythagorean fuzzy ideal of R, then the following assertions are
equivalent:

i) A = (µA, γA) is a semiprime Pythagorean fuzzy ideal of R.
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ii) µ2
A(xn) = µ2

A(x) and γ2
A(xn) = γ2

A(x) for all x ∈ R and all n ≥ 1.

iii) µ2
A(xm) = µ2

A(x) and γ2
A(xm) = γ2

A(x) for all x ∈ R and some m ≥ 2.

Proof. (i) ⇒ (ii).
Let x ∈ R and n ∈ N.
Then

µ2
A(x) ≤ µ2

A(xn) ≤
∨

n

µ2
A(xn) = µ2√

A
(x) = µ2

A(x)

and
γ2

A(x) ≥ γ2
A(xn) ≥

∧

n

γ2
A(xn) = γ2√

A
(x) = γ2

A(x)

which imply that µ2
A(xn) = µ2

A(x) and γ2
A(xn) = γ2

A(x).
(ii) ⇒ (iii) . Obvious.
(iii) ⇒ (i) . Let x ∈ R and let m < n. Then mk > n for some k ∈ N. Hence

µ2
A(x) = µ2

A(xm) = µ2
A(xm2

) = · · · = µ2
A(xmk

) ≥ µ2
A(xn) = µ2

A(x)

and
γ2

A(x) = γ2
A(xm) = γ2

A(xm2

) = · · · = γ2
A(xmk

) ≤ γ2
A(xn) = γ2

A(x) ,

and so µ2
A(x) = µ2

A(xn) and γ2
A(x) = γ2

A(xn) for all n > m. It follows that µ√
A(x) = lim

n
µA(xn) = µA(x)

and γ√
A

(x) = lim
n
γA(xn) = γA(x) so that

√
A = A. Thus A = (µA, γA) is a semiprime Pythagorean

fuzzy ideal of R. �

Theorem 3.15. Let A = (µA, γA) be a PFS in R such that A(0) = (α, β) , that is, µA(0) = α and
γA(0) = β. If A = (µA, γA) is a Pythagorean fuzzy semiprime ideal of R, then A−1([δα, α]) × [β, θβ ])
is a semiprime ideal of R for all δα ∈]0, α] δβ ∈ [β, 1[ .

Proof. Let δα ∈]0, α] and δβ ∈ [β, 1[ .
Suppose that A = (µA, γA) is a Pythagorean fuzzy semiprime ideal ofR. Let x, y ∈ A−1([δα, α])×[β, θβ ])
Then µA(x), µA(y) ∈ [δα, α], then

δ2
α ≤ µ2

A(x) ∧ µ2
A(y) ≤ µ2

A(x − y) ≤ µ2
A(0) = α2

and δ2
α ≤ µ2

A(x) ≤ µ2
A(rx) ≤ µ2

A(0) = α2 for all r ∈ R.
Similarly, γA(x), γA(y) ∈ [β, θβ ], so

γ2
A(0) = β ≤ γ2

A(x) ∨ γ2
A(y) ≤ γ2

A(x− y) ≤ θ2
β

and δ2
α ≤ µ2

A(x) ≤ µ2
A(rx) ≤ µ2

A(0) = α2 for all r ∈ R.
Then

β2 = γ2
A(0) ≤ γ2

A(x− y) ≤ γ2
A(x) ∨ γ2

A(y) ≤ δ2
β ,

β2 = γ2
A(0) ≤ γ2

A(rx) ≤ γ2
A(x) ≤ δ2

β,

β2 = γ2
A(0) ≤ γ2

A(xr) ≤ γ2
A(x) ≤ δ2

β.

Hence x− y, xr ∈ A−1([δα, α]) × [β, θβ ]) Therefore A−1([δα, α]) × [β, θβ]) is an ideal of R.
Now assume that an ∈ A−1([δα, α]) × [β, θβ ]) for some a ∈ R.

Using Theorem 3.14,we have δ2
α ≤ µ2

A(an) = µ2
A(a) ≤ α2 (resp. β2 ≤ γ2

A(an) = γ2
A(a) ≤ δ2

β) , and so
a ∈ A−1([δα, α]) × [β, θβ ])
Consequently, A−1([δα, α]) × [β, θβ ]) is a semiprime ideal of R. �

Theorem 3.16. If R is regular, then every Pythagorean fuzzy ideal of R is semiprime.
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Proof. Let A = (µA, γA) be a Pythagorean fuzzy ideal of a regular ring R. Given x ∈ R, there exists
a ∈ R such that x = xax = x2a. Repeated application of this result leads to x = xnan−1 for all n ≥ 2.
Then

µ2
A(x) = µ2

A(xnan−1) ≥ µ2
A(xn) ≥ µ2

A(x) ,

γ2
A(x) = γ2

A(xnan−1) ≤ γ2
A(xn) ≤ γ2

A(x)

and so µ2
A(xn) = µ2

A(x) and γ2
A(xn) = γ2

A(x) for all x ∈ R and n ≥ 1. It follows from Theorem 9 that
A = (µA, γA) is a semiprime Pythagorean fuzzy ideal of R. �

4. Pythagorean Fuzzy prime ideal

Definition 4.1. A Pythagorean fuzzy ideal A = (µA, γA) of a ring R (not necessarily commutative) is
Pythagorean fuzzy prime if

max{µA(x), µA(y)} = µA(xy) and min{γA(x), γA(y)} = γA(xy) for all x, y ∈ R.

From Theorem 3.14, it follows that a Pythagorean fuzzy prime ideal of R is a semiprime Pythagorean
fuzzy ideal of R.

Lemma 4.2. [6] Let A be a Pythagorean fuzzy subset of a ring R ( not necessarily commutative) with
A(0) = (α, β). Then the following four statements are equivalent:

(a) A is a Pythagorean fuzzy ideal of R,

(b) A−1([τ , α] × [β, θ]) is an ideal of R, whenever 0 < τ ≤ α, and β ≤ θ < 1,

(c) A−1([τ , α] × [β, θ]) is an ideal of R, whenever (τ , θ) ∈ Im(A) with τ 6= 0 ,

(d) A−1(]τ , α] × [β, θ[) is an ideal of R, whenever 0 < τ < α, and β < θ < 1.

Theorem 4.3. If A be a Pythagorean fuzzy ideal of a ring R A(0) = (α;β)( not necessarily commutative)
with . Then the following four statements are equivalent:

(a) A is a Pythagorean fuzzy prime ideal of R,

(b) A−1([τ , α] × [β, θ]) is a prime ideal of R, whenever 0 < τ ≤ α, and β ≤ θ < 1,

(c) A−1([τ , α] × [β, θ]) is a prime ideal of R, whenever (τ ; θ) ∈ Im(A) with τ 6= 0 and θ 6= 1 ,

(d) A−1(]τ , α] × [β, θ[) is a prime ideal of R, whenever 0 < τ < α, and β < θ < 1.

Proof. By Lemma 4.2, the concerned level subsets are all ideals of R.
(a) ⇒ (b) . Let ab ∈ A−1([τ , α] × [β, θ]), a, b ∈ R. We have
τ ≤ µ2

A(ab) = max{µ2(a), µ2(b)} ≤ α2.

and β2 ≤ γ2
A(ab) = min{γ2(a), γ2(b)} ≤ θ.

Therefore, either
τ2 ≤ µ2

A(a) ≤ α2 or τ2 ≤ µ2
A(b) ≤ α2,

and
β2 ≤ γ2

A(a) ≤ θ2 or β2 ≤ γ2
A(b) ≤ θ2,

hence, either
a ∈ A−1(]τ , α] × [β, θ[) or b ∈ A−1(]τ , α] × [β, θ[)

. Obvious.
(c) ⇒ (d) .

A−1(]τ , α] × [β, θ[) =
⋃

τ<δ≤α,δ∈Im(λ)

A−1([φ, α] × [β, ρ]),

which is a prime ideal of R.
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(d) ⇒ (a) . By Lemma 4.2, A is already a Pythagorean fuzzy ideal of R. If possible, let there be
a, b ∈ R such that

max{µA(a), µA(b)} < µA(ab) .
Let µA(b) ≤ µA(a) = τ .

Then ab ∈ µ−1
A ]τ , α]. By (d), either a ∈ µ−1

A ]τ, α], or b ∈ µ−1
A ] τ , α], which implies either τ < µA(a) = τ ,

or τ < µA(b) ≤ λ(a) = τ ,

both of which are false. Therefore, A is a Pythagorean fuzzy prime ideal of R. �

The following theorem demonstrates the relation between the definition of the Pythagorean fuzzy nil
radical of a Pythagorean fuzzy ideal of R, as given in Definition 3.1, and the definition of a Pythagorean
fuzzy semi-prime ideal of R, as given in Definition 4.1.

Theorem 4.4. If A is a Pythagorean fuzzy ideal of R, then
√
A = ∧{µ : A ≤ µ, µ is a Pythagorean fuzzy

semiprime ideal of R.}
Proof. Let {ai}i be the set of all Pythagorean fuzzy semiprime ideals of R containing A.

Let σ =
∧

i

µi. First, by Proposition 2 (ii), we obtain

√
A ≤ √

ai = aj for all i,
and hence we get√
A ≤ ∧µi = σ.

On the other hand, by Theorem 3.4 and Proposition 3.3,
√
A is a Pythagorean fuzzy semiprime ideal

of R containing A. In other words,
√
λ is one of the ai. It follows that σ ≤

√
A. This completes the

theorem.
�

5. Conclusion

We have introduced the concepts of Pythagorean fuzzy nil radical of a Pythagorean fuzzy ideal of a
commutative ring. And defined a Pythagorean fuzzy semiprime ideal then investigated related properties.
and finally we gave the relation between the semiprime Pythagorean fuzzy ideals and the Pythagorean
fuzzy nil radical of a commutative ring. Based on these results, we will study Pythagorean fuzzy maximal
ideals, Pythagorean fuzzy (Jacobson) radicals and Pythagorean fuzzy prime radicals in a ring.
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