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ABSTRACT: In this work, we introduce the Pythagorean fuzzy nil radical of a Pythagorean fuzzy ideal
of a commutative ring, we further provide the notion of Pythagorean fuzzy semiprime ideal, and we study
some related properties. Finally, we give the relation between Pythagorean fuzzy semiprime ideals and the
Pythagorean fuzzy nil radical of a commutative ring.
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1. Introduction

The theory of Pythagorean fuzzy sets (PFS) is extremely important to deal with uncertainties and

vagueness of the most problems occurring in the real world, and that’s thanks to its flexibility of measuring
the fuzziness and imprecision, by considering the membership grade g and nonmembership grade v,
satisfying the condition y? + v? < 1. This model is introduced by Yager in 2013 [9] like a generalization
of Atanassov’s intuitionistic fuzzy sets(IFS) [1], which is an extension of Zadeh’s theory [11]. The IFSs is
useful in practical multiple attribute decision making (MADM) problems. In 2014 The Pythagorean fuzzy
sets theory had been developed [10] then Zhang and Xu [12] established the idea of Pythagorean fuzzy
number (PFN). Additionally, in 2016 Garg[5] considered the applications of PFSs in decision-making
problems. And Several researchers studied Pythagorean algebraic structure. For example in 2021 S.
Bhunia and G. Ghorai represented the notion of Pythagorean fuzzy subgroup [4]. And in 2022 they
introduced the notions of («, ) Pythagorean fuzzy subring and («, 8) Pythagorean fuzzy ideal of a ring
(3].
In this paper we introduce the notion of a Pythagorean fuzzy nil radical of a Pythagorean fuzzy ideal of a
commutative ring, secondly we define the concept of Pythagorean fuzzy semiprime ideal and investigate
some of its properties. after all we establish the vital connection between a Pythagorean fuzzy semiprime
ideal and the Pythagorean fuzzy nil radical of a Pythagorean fuzzy ideal.

2. Preliminaries

We would like to reproduce some definitions and results which were proposed earlier by the pioneers
in this field.

Definition 2.1. [11] A mapping of a non-empty set S into the closed unit interval [0,1] is a fuzzy subset
of S The set of all fuzzy subsets of S is denoted by F'(S) . If A C S, then x4 stands for the characteristic
function of A in S.
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Definition 2.2. [7]
A fuzzy subset A of a group G is a fuzzy subgroup of G if

1- min{A(a), A(b)} < A(ab) , and
2- Ma™1) = Xa) for all a,b in G.
Equivalently, min{\(a), A\(b)} < Mab™'). In that case, A\(z) < A(e) for all z in G.
Definition 2.3. A fuzzy subset A of a ring R is a fuzzy left ideal of R if
1- min{A(a), A(b)} < Xa—-10) , and
2- A(b) < A(ab) for all a,b in R.
A fuzzy subset X of a ring R is a fuzzy right ideal of R if
1- min{A(a), A(b)} < Xa—10) , and
2- AMa) < A(ab) for all a,b in R.
If X is both a fuzzy left and fuzzy right ideal of R, then X is a fuzzy ideal of R.

Definition 2.4. [8] If A and B two fuzzy subsets of a groupoide D. Then the product Ao B is a fuzzy
subset of D defined as follows:

sup min(A(y), B(z)) fory,z€ D,y-z =z,
(40 B)(@) = { o=
0 foranyy,z € D,y -z # x.

If the composition in D is commutative and associative, the product A o B is commutative and asso-
ciative respectively.

Definition 2.5. An ideal I of a ring R is said to be semiprime if, whenever a™ belongs to I for some a
in R and some positive integer n, then a belongs to I.

Theorem 2.6. A commutative ring R is reqular iff every ideal of R is semiprime.

Definition 2.7. [8] Let f be a mapping from a set S to a set T. Let \ be a fuzzy subset of S and
p be a fuzzy subset of T. Then the inverse image f~1(u) of u is the fuzzy subset of S defined by

(@) = p(f(@) , z €S

sup p(z) if f7H(y) #0,
(f()(y) = § F@)=y
0 if f~M(y) =0,

From now on, throughout this paper R will denote a commutative ring, unless otherwise specified.

Definition 2.8. Let (C,0) be a group and ¢ = (u,v) be a PFS of C. Then 1 is said to be a PFSG of C
if the following conditions hold:

i- p2(mon) > p2(m) A p?(n) and v2(mon) <v3(m)Vo*(n)Vm,n € C,
ii- p* (m™) > p?(m) and v* (m=') < v*(m)vm € C.

Definition 2.9. Assume (W,+,.) is a ring and * = (u,v?) is an (a, ) Pythagorean fuzzy set of W.
Then ™ is said to be an («, 3) Pythagorean fuzzy subring (PFSR) if:

i p(wy — wg) > p®(w1) A p®(w2) and VP (wy — wy) < V8 (wy) V VP (wy) for all wy,ws € W.
ii- p®(wr.wa) > p®(wy) A pu®(w2) and vP (wy.ws) < vP(wr) V P (we) for all wy,ws € W

Definition 2.10. Let (W,+,.) be a ring and ¢ = (u®,v%) is an («, ) Pythagorean fuzzy set of W.
Then ™ is an («, 3) Pythagorean fuzzy ideal(PFID) if:

i- p®(wy — wa) > p®(wy) A p®(ws) and VP (wy — wy) < VP (wy) VP (wsy) for all wi,wy € W.

ii- p®(wyawg) > p*(wi) V p(we) and v8 (wy.awe) < vP(wi) A vP (ws) for all wi,wy € W.
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3. Pythagorean fuzzy nil radical
In this section let R denote a commutative ring unless otherwise specified.

Definition 3.1. Let A = (u,, v4) be a Pythagorean fuzzy ideal of R. The Pythagorean fuzzy nil radical
of A= (4, v4) is defined to be a Pythagorean fuzzy set /A = (> V) in R defined by

pya@) =\ na=") , vya@) =\ vala")

n>1 n>1
for all x € R and some n € N.
Remark 3.2. p 7 (v) = lim p,(2")(resp. v z(x) = limy 4 (2")) .

Proof. for allz € R and n € N. p%(z") +~%4(z")) <1

Then
lim i (") + 7% (2")) < 1.
Then
12 (@) + 735 () < 1.
Then VA is a P.F.S. O

Proposition 3.3. . For every Pythagorean fuzzy ideals A = (4, v4) and B = (ug, vg) of R, we have
i) AC VA,
i) A C B implies VA C v/B.

iii) VA = VA.

Theorem 3.4. For any Pythagorean fuzzy ideal A = (11 4,v4) of R, VA = (12> V7)) s a Pythagorean
fuzzy ideal of R.

Proof. Let x,y € R. Then

@A) = (\ kA A rhEm)

m>1 n>1

=V VA ApAE™) (3.1),

m>1n>1

Va@ vy ) = N vAEm v A\ AEY

m>1 n>1

A A G2GE™ V2™  (32).

m>1 n>1

On the other hand, there exist 7, ¢ € R such that (x +y)™ " = rz™ + ty™.
Thus

(B2 @™V R (r) A (B3 (y™) V (L))
i (ra™) A pd(ty™)
A (ra™ + ty™)

12+ y).

VAN VAN VAN VA
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So
(@) Al a(y) < gz +y).

Similarly we can show that

Noticing that

(e —y) > pi(x) Apd(y) & pi(z+y) > i) Apiy) ,

and
Yale —y) <YA(@) VYA & YAl +y) < va) VAAL)
it follows from (3.1) and (3.2) that

1@ +y) >l m(@) Apdg(y) and 72 (e +y) <vts() VS 4(y)

Next we have

w2 (@) v 2 (y) \/MA \/\/ui(y”) =\ (A" v e4@™m) ., (3.5)

V(@) A2 5(y) /\'YA A/\7,4 = A\GAE") AYAE™) - (3.6)
Since
pAEM)V EA ") < Ayt = iA(@y)™) <\ i (@n)*) = 2 ()
E>1
and
YaE™) AVAW™) = Vi) = val@y)™) = N\ VaEn)®) =12 5y)
k>1
From (3.5) and (3.6), we get
125 (wy) > 12 (@) Vi (y) and 72 g (ay) <92 () AvYL(y) - O

Definition 3.5. Let A = (uy, v4) and B = (ug, vg) be Pythagorean fuzzy sets in a ring R (not
necessarily commutative). The Pythagorean intrinsic product of A = (i, v4) and B = (ug, vg) is
defined to be the Pythagorean fuzzy set A+ B = (lLaup, Vaxp) in R given by

pacp(@) =V{ N nala) Appb; Zalb—x k e N},
1<i<k

Yaes (@) = Mz \/ valai) V(0 Zalb =, ke N},
i<k

k

if we can express x = Zaibi for some a;,b; € R, where each a;b; # 0 and k € N. Otherwise, we define
i=1

AxB =0, ie., pyp(@)=0 and y4,5(x) = 1.

Obviously the product A * B is commutative if R is a commutative ring.

Proof. let’s show that A % B is a Pythagorean fuzzy set.

Wap(®@) +Vap@) =V N\ @) Aug0) +AC Yala) Vagbd) .
1<i<k 1<i<k
we take

VO N #a) A pg0:) = (Walag) A pi(by)).
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Then

Suppose that

then

ml\?
—~
(=
<7
~—
IN
[

So A * B is a Pythagorean fuzzy set.

O

Theorem 3.6. If A = (u4, v4) and B = (ug, vg) are Pythagorean fuzzy ideals of R, then so is

Ax B = (ILLA*B’ ’YA*B) .
Proof. For any x,y € R, we have

k
W@ —y) =Vv{ N\ i) Aph8) iz —y =) Bk €N}
1<i<k i—1

m

>V A sha) Aup) AC N BA(=e) A pB(d)) s a = Zaibm —y =) —cidi,m,n €N}

1<i<m 1<i<n i=1

= V{( /\ 1 (ai) A g (bi) A ( /\ (i (ei) A pg(d x—Zalbl,y—qu“mnEN}

1<i<m 1<i<n

=V{ /\ w2 (ai) A (D) m—Zaibi,meN}/\\/{ /\ pA (i) A % (d y—Zcidl,nEN}

1<i<m 1=1 1<i<n

= php(®) A ()

k
Vaep@—y) = Mac\/ V(@) VAR(B) 2 —y =) aif;, k €N}

i<k i=1

<M<V 7ala) Vo)) v <\ Ya(=c) Vag(d) o = Zal i —y = Z—cidi,m,n €N}

i<m i<n =1

= MG< V 7ala) vas®)) v (A vale) Vab(d) o= Zalbuy = chdu m,n € N}

i<m 1<i<n

=/\{1§\/ Y4 (ai) V% (b;) m—Zaibi,meN}\//\{K\/'yA ci)Vys(d y—Zcidi,neN}

i<m =1 i<n

=7%.58) VY aa.p(y) -

Also, we have

pap(@) = Vi N\ phle) Apkb) o= Zalbum € N}
1<i<m
< \/{ /\ :LLAal)/\:LLB 1y ) Z 7m7€N}
1<i<m i=1
k
< VA h(e) Apg(B) ey =) i, k, € N} = i, p(ay).

1<i<k i=1
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and
7,24*3( )_v{1<\/’YA al \/’YB i :x_zazbzamEN}
i<m
> A<\ Yala) Vagsbw) - zy = ai(by), m, € N}
i<m 1=1
k
2 /\{1<\/ Ya(w) VAg(8;) wy = Zaiﬁm k, € N} =%, 5(zy) -
i<k i=1
Hence

W (@) < php(zy) and () > 5. (wy).
Similarly,we get

Pas(W) < phup(ey) and Yh.p(Y) = Va.p(ey).
Therefore A% B = ({44, 5, Ya.p) is a Pythagorean fuzzy ideal of R.

Theorem 3.7. If A= (uy, v4) and B = (ug, vg) are Pythagorean fuzzy ideals of R, then
VAxB=VANB=vAnVB.

Proof. Let x € R such that

T = Zaibi where a;b; # 0 in R. (3.7)
i=1

Then
p(ai) A (bi) < i (ai) < ply(aibs)
and
Vala) VyB(b) = Vha) = VA ab)  forl <i<m.
Thus

N i) App®) < N\ ih(ab)

1<i<m 1<i<m

< ,24(2 aibi) = pwa(r)
Yalai) Vyg(b) > Va(aib;)

1<i<m 1<i<m
> § a"L 1 -

Taking the supremum and infinimum, respectively, over all expressions like (3.7), we have

Pawp(r) < pi(z) and 73, p(2) > Y4(2).
Similarly,
Paup(®) < pi(z) and vhp(2) > 7i(2).
Hence 1%, g(z) < p%(z) A pk(z) and 734, 5(z) > ¥4 (z) Vy%(z) for all z € R, that is, Ax B C AN B.
Using Proposition 3.3, we obtain vA* B C VAN B.
Now, for any « € R, we have

2 (e \/uA*B ) > (@) > ph(@") A pp(a") = phap(a”)
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2 sl /\WA*B ) < Vaup (@) <A@ VAR(E") = YVanp (")

for all n > 1. Taking the supremum and infinimum, respectively, over all n > 1, we get uf/m(x) <

12 () and 72— () > 72— ().
This proves the first equality.

Proposition 3.3(ii) implies VAN B C v/A and VAN B C VB, and so VAN B C vVAN+B. On the other
hand, let « € R.
Then

(125 A ) (@) = Vi (&™) A Vi (@ \/ \/uA ) A ph )

(VPa VY p) (@ /\%4 )V A\ B /\/\u )V B(a™) .

Now let m and n be any positive integers. Then

PAE™) A pp(a™) < ph ™) A pg ™) = (W5 A pp) @) <\ (15 A ) (@) = 12 4ap (@)

k>1
YVa@™) Vg ") > 5@ VA E™) = (VA VB @™ = N\ (A VAR EY) =7 pmp(@) -
k>1
Hence v AV B C /AN B. This proves the second equality. O

Definition 3.8. Let A = (py, v4) and B = (ug, vg) be a Pythagorean fuzzy sets in a ring R (not
necessarily commutative). The Pythagorean sum of A = (u,7v4) and B = (ug,vg) s defined to be the
Pythagorean fuzzy set A® B = (fiaqps Yagp) @ R given by

V (wa) App(2)) if z=y+-z,

HA@B(x) = r=y+z
0 otherwise.
N (vawVvagx)} if z=y+z
'VAEBB(x) = r=y+z
1 otherwise.

Proof. let’s show that A @ B is a P.F.S

Whes(@) +YiesB) =\ {2@) Aub()t+ N (AW Vi)
T=y+z T=y+z

Let y; and z; such as

pal) Aps(z) =\ i) A up(2)}

r=y+z
Then

1aes(@) +Yaes(8) < (Waln) A pk(z1) + (Va(y) VAg(21)
We suppose that
Y y1) =74 () Vs(=)
So
taen(@) +Vaes(B8) <) +7%(21) < 1.
O

Theorem 3.9. If A = (uy, v4) and B = (ug, vg) are Pythagorean fuzzy ideals of R, then so is
A® B = (lags) YaeB) -
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Proof. For any x,y € R, we haye

Paes@) A hep() = \{pi(@) Apgd) x=a+b} A\/{ph(0) Apg(d) y = c+d}
= V{(A(@) Apg0) A (p(e) App(d) + x=a+by=c+d}
= V(@) Apg0) A (e (=) Aph(—d)) « z=a+b, —y=—c—d}
= V(@) A (=) A (uB () Aph(—d)) « z=a+b, —y=—c—d}
< VH{ala—orppb—d) : z—y=(a—c)+ (b—d)}
= N?A&@B(x_y)
and
YVier@) VYies® = NAA@VAR0) : 2=a+0}v A{(Va(e) VB : y=c+d}
= MA@ VAB®) v (i) Vasd) : z=a+by=c+d}
= NGA@ VAE®) V(A=) VAg(—d) : s =a+b, —y=—c—d}
= N4 VA=) V(BB VAR(—d) : 2 =a+b, —y=—c—d}
> N(Gala-o)vagb—d) : z—y=(a—c)+(b—d)}
= Yienl—y)
Also, we have
thep(@) = V{ph(a) A () D x=a+b}
< V{pd(ay) App(by) - zy = ay + by}
< V{ph(a) A pg(B) s ey = a+ B}
= MA@B(QJ?J)
and
7,24@3(33) = AMYAla) VAyB(b) @ x=a+0b}
> AM~Yalay) Vag(by) : zy = ay + by}
> V{ph(a) VAR(B) i xy = a+ B}
= 'YA@B(x)
Hence

Haes(®) < Higp(ry) and Yigp(@) 2 viep(ry).
Similarly ,we get
Paes(¥) < Hiep(ry) and Yigp(y) = Vies(@y).
Therefore A® B = (i g5, Yaep) is a Pythagorean fuzzy ideal of R. O

Theorem 3.10. If A= (4, v4) and B = (ug, vg) are Pythagorean fuzzy ideals of R, then

VA VB C\/VA® VB =VAGB.

Proof. The first inclusion follows from Proposition 3.3(i). Since A C VA and B C VB by Proposition
3.3(i), it follows from Proposition 3.3(ii) that A ® B € VVA @ VB.

Let z € R.

Then



PYTHAGOREAN Fuzzy NIL RADICAL OF PYTHAGOREAN Fuzzy IDEAL 9

W revs@ =\ (V@) A (V)

r=a+b

=V V V@) Aupom)), 3.8)

rz=a+b n m

Y aeyE(®) = /\b{vf JATy50)
r=a+
= A {(CA @) VN AB0M)
r=a+b m>1 n>1

A (A A DA™ vagem}).3.9)

r=a+b m>1n>1

Now let z = a + b for a,b € R and let m and n be any positive integers. Since R is commutative, we
have z™+" = ta™ + rb" for some t,r € R. Hence

@A B0Y) <A™ A )
< phes(ta™ + Tb") = tapp(™ ")
< \/ Mhep (@ M\/m( )
E>1
Yala™) Vapd") = yh(ta™) Vasr")
> Vi@B(mm + Tbn) = %24@3( m)
2 /\ Yaes(@*) =72 amp(@) -
E>1
It follows from (3.8) and (3.9) that
u%/m( x) > uf/—@\/—( ) and 73/—( x) < 7%/2@\/5(%) for all x € R.
Hence VA& VB C VVA =VA&B. O

Theorem 3.11. Let f : R — S be a ring homomorphism. If A = (4, v4) and B = (ug, vg) are
Pythagorean fuzzy ideals of R and S respectively, then

) VT -

i) \/f(A) = f(\/Z) provided A = (4, v4) s f-invariant, that is, f(x) = f(y) implies p4(x) = p4(y)
and y4(x) = v4(y) , and f is onto.

Proof. (i) For any = € R, we have

“ ST \/“f upy (") = \/u%(f(w

= \/uB = 125 (F@) = 12 g (@)
W=t /\vf (m@) = /\’y%(f(x )

= /\vB =125 @) = V) @)

Hence \/f~1(B) = f~!
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(ii) Let y € S. Since f is onto, there exists x € R such that f(z) = y.

Furthermore, f~'(f(A)) = A, ie., pp-1pay = ta and Vp1pa)y) = Va, as A = (g, 74) is
f-invariant. Let (¢, §) > 0, i.e., e > 0 and 6 < 1. Then there exists m € N such that

2 2 my _ 2 myy _ 2 my __ 2 m
Mm(y)—€ < pray ™) = 1) (f(@™) = W-iipay @) = pa(c™)

< Wgle) < \/ uf = Wy ya W)
tef-1

and

2 2 my _ 2 my\ _ 2 my __ 2 m
’ym(y)-HS > YrayW™) =75 (@) =51 pay (@™) =val@™)

Y

V@)= N Va0 =0 W) -
tef~1(y)

2
Since, (€, 0) is arbitrary, we have ,u\/f(—A( y) < v (v)

and’y\/—( )*nyf( y) for all y € S.

On the other hand, there exists zo € R such that f(zo) =y,
So

Mfc(\/z)( )—e< M\/— 7o) \/MA zg)

and
Vi(\/—)( ) +6 > 725 (x0) /\7A 5)

Also, there exists k£ € N such that

Wrm® —e<uh@t) <\ ph®) = pia)y <\/“f(A) ") = i)
tef=1(y")
and
Tam® > = A A0 =70 = Ava ) =700 -
tef=1(y")

Since (e, 6) is arbitrary, we get uf( ( ) < u\/f(—A( y) and ny ( ) > 7\/_( y) forally € S.

Hence \/f(A) = f(vVA

O

Definition 3.12. A Pythagorean fuzzy ideal A = (ju4, v4) of R is said to be semiprime if VA = A.
One can verify that an arbitrary intersection of semiprime Pythagorean fuzzy ideals of R is a semiprime
Pythagorean fuzzy ideal of R.

Example 3.13. Let A be a semiprime ideal of R. Define an Pythagorean fuzzy set A = (4, v4) in R
1 if z€ A,

by pa(x) = { @ otherwise,

(2) = 0 if x €A,
TAlL) = 7 otherwise.

Then A= (a4, v4) s a semiprime Pythagorean fuzzy ideal of R.

Theorem 3.14. If A = (4, v4) @ an Pythagorean fuzzy ideal of R, then the following assertions are
equivalent:

i) A= (4, v4) is a semiprime Pythagorean fuzzy ideal of R.
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i) p%(z") = p?(z) and ¥4 (2™) = 4 (z) for all x € R and all n > 1.

i) p4 (™) = p?(z) and ¥4 (z™) = 74 (z) for all * € R and some m > 2.

and

which imply that p% (z") = p4 (z) and 74 (z") = 74 (z).
(ii) = (iii) . Obvious.
(iii) = (i) . Let # € R and let m < n. Then m* > n for some k € N. Hence

2 k

pa(m) = ph(z™) = p4(z™) = - = ph(™ ) 2 ph(") = ph (o)

and

V(@) = A E™) = A E™) = - = A E™) <AA@ET) = 24)

11

and so p% (x) = p%(2™) and 7% (z) = 7% (¢™) for all n. > m. Tt follows that p 7(z) = lim p 4 (2™) = pa(z)

and v () = lim~y4(2") = y4(z) so that VA=A Thus A = (uu, 74) is a semiprime Pythagorean

fuzzy ideal of R.

Theorem 3.15. Let A = (4, v4) be a PFS in R such that A(0) = («, ) , that is, ps(0) = a and

O

v4(0) = B. If A= (pu, v4) is a Pythagorean fuzzy semiprime ideal of R, then A=1([64, a]) x [, 05])

is a semiprime ideal of R for all 6, €]0, o] d5 € [B, 1] .
Proof. Let §, €]0, o] and dg € [8, 1].

Suppose that A = (4, 74) is a Pythagorean fuzzy semiprime ideal of R. Let ,y € A™1([64, o) x[3, 05])

Then juy(2), p4(y) € [0a, al, then

oo < pA(x) A pd(y) < Pz —y) < p3(0) = o?

and 62 < p3(x) < pd(rz) < p%(0) = o for all r € R.
Similarly, v, (), 74(y) € [8,05], so

Y4(0) = B < ¥A(x) VAA(Y) < YAz —y) < 63

and 62 < p?(x) < pd(rz) < p%(0) = o for all r € R.

Then
8% =~%(0) < ¥4(x —y) < Ya(@) VY4(y) <63,
B2 = 74(0) < ¥A(rz) < ¥4(x) < 63,
% = 7%4(0) < va(ar) < ¥a(2) < 85

Hence = — y,zr € A7 ([64, ]) % [B, 05]) Therefore A=([0, a]) x [, 05]) is an ideal of R.

Now assume that a™ € A7 ([6,, a]) x [B, 03]) for some a € R.

Using Theorem 3.14,we have 02 < p2(a") = p3(a) < o? (resp. §° < 734 (a")
a < Ail([(sou a]) X [57 eﬁ])

Consequently, A71([64, a]) x [8, 05]) is a semiprime ideal of R.

Theorem 3.16. If R is regular, then every Pythagorean fuzzy ideal of R is semiprime.

74 (a) < 63) , and so

O
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Proof. Let A = (uy, v4) be a Pythagorean fuzzy ideal of a regular ring R. Given = € R, there exists
a € R such that = zax = z?a. Repeated application of this result leads to = x"a" ! for all n > 2.
Then

() = pi(a"a" ) > p3(a™) > ph(a) |
Yalz) =A@ a" ) < 4 ") < vh(x)

and so p? (z") = p? (x) and ¥4 (z™) = 7% (z) for all z € R and n > 1. It follows from Theorem 9 that
A= (uy, v4) is a semiprime Pythagorean fuzzy ideal of R. O

4. Pythagorean Fuzzy prime ideal
Definition 4.1. A Pythagorean fuzzy ideal A = (p14,v4) of a ring R (not necessarily commutative) is
Pythagorean fuzzy prime if
max{pa(z), paW)} = paley) and min{y,(z), va(y)} =yaley) for all z,y € R.

From Theorem 3.14, it follows that a Pythagorean fuzzy prime ideal of R is a semiprime Pythagorean
fuzzy ideal of R.

Lemma 4.2. [6] Let A be a Pythagorean fuzzy subset of a ring R ( not necessarily commutative) with
A(0) = (o, B). Then the following four statements are equivalent:

(a) A is a Pythagorean fuzzy ideal of R,

(b) A=Y([r, o] x [B,0]) is an ideal of R, whenever 0 <7 <a, and B <6 <1,
(c) A=Y([r, o] x [B,0]) is an ideal of R, whenever (1,0) € Im(A) with T #0 ,
(d) A=X(7, o] x [B,0]) is an ideal of R, whenever 0 < T < a, and B < 6 < 1.

Theorem 4.3. If A be a Pythagorean fuzzy ideal of a ring R A(0) = («; 8) ( not necessarily commutative)
with . Then the following four statements are equivalent:

(a) A is a Pythagorean fuzzy prime ideal of R,

(b) A=Y([r, a] x [8,0]) is a prime ideal of R, whenever 0 <7 < a, and 3 <6 < 1,

(c) A=Y([r, a] x [3,0]) is a prime ideal of R, whenever (1;0) € Im(A) with T # 0 and 6 # 1 ,
(d) A=(7, o] x [3,0]) is a prime ideal of R, whenever 0 < 7 < o, and 3 < 0 < 1.

Proof. By Lemma 4.2, the concerned level subsets are all ideals of R.
(a) = (b) . Let ab€ AY([r, a] x [3,0]),a,b € R. We have
7 < i (ab) = max{p(a), p2(b)} < o2
and % < % (ab) = min{y*(a), 4*(b)} < 0.
Therefore, either
P <A@ <a® o 7<) <ol

and
B> <~4(a)<0®  or PP <AA() <67

hence, either
ac€ A1, a] x [B,0]) or be A7, a] x [B,6])
. Obvious.
(c) = (d) .
A7, o] x [8,0]) = U A7 (o, o] x [8,p]),

T<6<a,0€Im(A)
which is a prime ideal of R.
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(d) = (a) . By Lemma 4.2, A is already a Pythagorean fuzzy ideal of R. If possible, let there be
a,b € R such that

max{jia(a), ja(b)} < pralab) .

Let p14(b) < NA(G) T
Then ab € ), Y7, a]. By (d), either a € ,u;‘l]r,a], orbe ,u;ll] 7, «, which implies either 7 < p4(a) = 7,
or 7 < puy(b) < Aa) =7,

both of which are false. Therefore, A is a Pythagorean fuzzy prime ideal of R. (]

The following theorem demonstrates the relation between the definition of the Pythagorean fuzzy nil
radical of a Pythagorean fuzzy ideal of R, as given in Definition 3.1, and the definition of a Pythagorean
fuzzy semi-prime ideal of R, as given in Definition 4.1.

Theorem 4.4. If A is a Pythagorean fuzzy ideal of R, then A = MNMup s A < p,pis a Pythagorean fuzzy
semiprime ideal of R.}

Proof. Let {a;}; be the set of all Pythagorean fuzzy semiprime ideals of R containing A.
Let o = /\,ui. First, by Proposition 2 (ii), we obtain

\/Zg\/a—i:aj for all 4,

and hence we get

\/Z < Au; =o0.

On the other hand, by Theorem 3.4 and Proposition 3.3, v/A is a Pythagorean fuzzy semiprime ideal
of R containing A. In other words, V) is one of the a;. It follows that o < v/A. This completes the
theorem.

O

5. Conclusion

We have introduced the concepts of Pythagorean fuzzy nil radical of a Pythagorean fuzzy ideal of a
commutative ring. And defined a Pythagorean fuzzy semiprime ideal then investigated related properties.
and finally we gave the relation between the semiprime Pythagorean fuzzy ideals and the Pythagorean
fuzzy nil radical of a commutative ring. Based on these results, we will study Pythagorean fuzzy maximal
ideals, Pythagorean fuzzy (Jacobson) radicals and Pythagorean fuzzy prime radicals in a ring.
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