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Complete Transversal and Formal Normal Forms of Vector Fields*

Soledad Ramirez-Carrasco and Percy Fernandez-Sanchez

ABSTRACT: Inspired by the complete transversal technique we establish a classification of vector fields by
normal forms. In the case of vector fields with non zero linear part in (C2,0) and nilpotent vector fields in
(C3,0), we recover the classical normal forms for these vector fields, and we provide a different formal normal
form from that presented by Takens in dimension 2. We also get the formal normal form for vector fields in
(C,0) with a fixed multiplicity.
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1. Introduction

The aim of this work is to recover the classical normal forms of the vector fields using a technique

based on the complete transversal.
Zariski, O. was interested in the analytic classification of plane branches belonging to a given equisingu-
larity class. He exposed his research in a course taught at the Ecole Polytechnique (see [19]). Bruce et al.
get the classification of singularities of mappings by the complete transversal (see [1]), later on Hefez, A.
and Hernandes, M. establish the analytic classification of plane branches (see [3]). Due to the relevance
of the complete transversal in the aforementioned classifications, we establish a theorem called Complete
Transversal for vector fields, which will be used to determine the prenormal form of each jet of order k
of the vector field in (C™,0), under the action of the Lie group, [/)Ef’f (C,0).

With the technique implemented, in the case of the vector fields in (C,0), we obtain the normal forms
for vector fields of any multiplicity, and we get formally linearize the vector fields in (C,0) with non zero
linear part. Paul, E. in [9] and Loray, F. in [6], show the formal linearization of the vector fields in (C, 0),
unlike from Loray, F. (see [6]), in the case of vector fields X € X(C,0) of multiplicity v > 2, we get a
formal equivalence to a polynomial vector fields of multiplicity v.

We formally get the classic normal forms of Poincaré ([11]) and Dulac ([2]). In this way, we recover
the following normal forms for vector fields X € f%(CQ, 0) with non zero linear part, in the cases described
below.

In this work we consider, the vector fields X e PAE(CQ, 0), with non zero linear part such that

R ) )
J(X) = Am—axl + /\zxz—am- (1.1)
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If A1/X2 = —¢/p € Q (the negative rationals), then the vector field X is formally orbitally equivalent to
the vector field

0 P 0
where A(t), B(t) € C][[t]] and A(0) = B(0) = 0.
If Ay =0y Ay # 0, then the vector field X is formally orbitally equivalent to the vector field
x1 Az )i—kx (1+ B(x ))i (1.3)
1 ™ 2 Vo, .

where A, B € C[[z1]] and A(0) = B(0) = 0.

In (1.2) and (1.3), we have the normal forms due to Dulac, H. (see [2]), in (1.3) the normalization of
vector fields with saddle-node type singularities. Paul, E. shows a prenormalization of vector fields and
for foliations with saddle-node singularities (see [10]). The normal forms described in (1.2) and (1.3) are
found in [7].

We show that, the vector field X € X(C2,0) with j*(X) = (x; + xg)a%l + xga%z is formally equivalent
to j1(X) by a change of coordinates, which is a formal diffeomorphism tangent to the identity. In the
case of vector fields X € X(C™,0)(n = 2,3) with nilpotent linear part, we recover the Takens normal form
in dimension 2 (see [13],[14],[17], [18]), and we get another formal normal form in this dimension.

Strézyna, E. and Zoladek, H. in [16], show the non-analyticity of the Takens normal form of certain
vector fields in (C3,0) with nilpotent Jordan cell as linear part. In addition, they show the generalization
of the non-analyticity of the Takens normal form for dimension greater than or equal to 3.

In this work, we get a normal form for vector fields X 6%(@2, 0) with nilpotent linear part xga%, by
a diffeomorphism tangent to the identity, which can be written as

0 , , 0
xga—xl + (a (1) + x2b (acl))a—x2

where the multiplicities of @’ and b’ in 0 € C, are greater than or equal to 2 and 1 respectively.

We detail the nilpotent case in dimension 3, that is, given the vector field VG.‘%(C3,O) such that
JHV) = 2@% + xgaim, by a diffeomorphism tangent to the identity, the Takens normal form for the

vector field V is,

. 0 . 1o}
(333 + z1 Fo (1, Gz)) — + (21, G2) =—

. 0
(2%2 +$1F1(x17G2)) O I3

o T

where Gy = z173 — 23, Fj is a formal power series in x; and Gs, such that the multiplicity of Fj for
j =1,2 is greater than or equal to 1, and the multiplicity of Fyis greater than or equal to 2.

The Takens normal form for any dimension n, can be found in [15] and [16].
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2. Preliminaries

We will use the following notation.

O, is the local ring of formal series defined in a neighborhood of 0 € C™ and
M is the maximal ideal of @n

X(C™,0) s the O, module of formal vector fields with singularity in the origin.
XE(C™,0) s the space of the k— jet of formal vector fields in ¥(C™,0).

RE will denote Diff*(C™,0), that is, the k—jet of the group of formal diffeo-

morphisms in (C", 0).

RY will denote [/)Ef’f (C",0), that is, the k—jet of the group of formal diffeo-
morphisms in (C",0) tangent to the identity.
Onin is @n D...P @n the @n free module of rank n.
is MF @ -~ @ M*, k> 1. When k = 1 we indicate M2 = M,,.
is the direct sum of M* n times. When k = 1 we indicate ML = M,,.
Jk(n,n) is the space of the k—jet of M,.

Considering the coordinates © = (z1,...,2,) in a neighborhood of 0 € C", we will write a formal
vector field in (C",0) as follows,
PR d
X = i
>_ai@)g

i=1

where a; belongs to the ring @n R
We will say that the vector field X has multiplicity v in 0 € C", that is, mo(X) =v, if v =
min{m,(a;)/i =1,2,...,n}, where m,(a;) denotes the multiplicity of a; in 0 € C™.

We will say that X and ¥ in X¥(C",0) are equivalent if there is h € Diff (C™,0) such that ¥ = h, X,
h:X(y) = Dh(h™" (). X (h ™" (y)).

We say that two vector fields X and Y in X(C™,0) are orbitally equivalent if there is a unit u € O,
such that Y = uh, X, in this case, the conjugation h maps the orbits of the first field vector on the orbits
of the second one, without requiring a conjugation of its flows.

A first result that we obtain is the description of the tangent space to the orbits defined by the action
of the Lie groups R* and R¥ on X*(C",0), we show that the elements of tangent space TR¥X and

ij%’f.x, are given depending on the Lie bracket.
We will use the action ¢ of the Lie groups G = R¥ and G = R¥ on X¥(C",0), given by,

©:G x XF(C"0) — XF(C",0) A
(5%(h), %) — @(*(h),X) = j*(hX)

where h € DIff(C",0) (or h € Diff;(C",0)) and X = j*(X) € ¥*(C",0).

2.1. Orbits and Tangent Spaces

To present the Complete Transversal Theorem for vector fields, it is necessary to describe the tangent
space to the orbits REX and RY.X where X € X¥(C",0). The following theorem allows us to describe the
elements of such tangent spaces.
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Theorem 2.1. If X = j*(X) € ¥¥C",0) then

1. TREX = {jk[X,F] JF = ij%, f=f,. fa) € Jk(n,n)}.
=1 ’

. o n ) .
2. TxREX = {jk[X,F] /FZij%a [ eMz}-
j=1 J

Proof. 1. We consider the action go of the group R¥ on X¥¥C",0) defined in (2.1).
Let X = j*(X) and X = 31" 1“18 € X(C™,0), we define

o, RE xR
J*h) = e (G (h) = M (hX)

Since R¥ can be identify with a open set in C-vector space J¥(n, n), we have that T,R¥ = J*(n, n), where
e is the identity. .
Let j*(f)€ T.RF and let ay(t) € R¥ for all t € (—¢,€) such that ax(0)=e, o} (0)=4%(f), where

a(t)(z) =x+1 f(x), for all t € (—e, €),
f(0) =0 and ag(t) = j*(a(t)).

i (eon)]_, = g (o00-%)

Note that 4 2@ oak(t))]i=0 € T REX, and

. " o, 9
@OD)B) = FaB)a 3 Y 2 G000
i=1 i=1 j=1 v
where 8(t) = (a(t))™t, f=(f1,..., fn) So,
i (e0.%)w)| - ZDaz(ﬁ ®)-8 O —+ZZ B0 a5 (5O 7)) 5 (23)

S}nce a(t).f(t) =e and x=73(t)(z) +t f(B(t)(x)) for all t€ (—¢,€), we have that 3(0) = e and 5'(0) =

From (2.3), we have

d N N[ Ofi  da; 0
g (e0.)| = ;;( 19z, Oz f) 0z;’
In (2.2), we get
d e Ofi  Dai ) D
E((pxoak(t))‘tzo =J ;; <aj 833j B 833j fJ) 8%1

Hence,

Txﬁzk.xz{kzz< if; féj)a%/f:(fl,...,fn)eJk(n,n)}.

i=1j5=1

Finally, we define the vector field F:= 3~7_, fj%, and we get

L ofi da;\ 0 o
Z — (a 5x — /i 5;3]) ox; X, Fl.

=17
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2.For G =RY we proceed in a similar way, recalling that Day(t)(0) = e for all t € (—¢,e). We have
that Df(0) = 0, then f € M2. o

We have obtained ThREX and TxREX, in the Theorem that we describe below, the Lie group that
we consider is ﬁ%’f, so we are able to apply the Complete Transversal Theorem of [1] for our case. This
theorem will be the main tool to obtain the normal forms of the vector fields.

You can supplement details of this theorem in [12].

Theorem 2.2. (Complete Transversal for vector fields). Let lef be the Lie group acting smoothly
on the vector space X¥(C",0) and W a vector subspace of ¥¥(C"0) such that

T 4w RE(X + w) = TeREX
for all X € ¥5(C™,0) and all w € W. Then

1. For any X € ¥KC",0),
X+ (TxREXAW) C REX N (X + W),

2. If X = j*(X) € X¥(C™0) and T is a vector subspace of W satisfying
W C T+ TxREX
then for any w € W, there exists h EjQ’f and t € T such that

ho(X +w) =X+t (module jet of order k).

To apply the previous theorem, we need to determine a vector subspace W C ik’(C", 0), satisfying the
hypothesis T RY.(X + w) = T REX, for all w € W and all X € ¥5C",0).

Note that, the hAypothesis of Complete Transversal Theorem for vector fields, are satisfied with JAQ’f
and W = H*(n) C XKC",0), where

, = 0
HE(n) = E Pf% / PF is a homogeneous polynomial of degree k}
i=1 ¢

By Theorem 2.2, the change of coordinates h & ﬁ%’f for each k& > v+1, allows us to obtain a prenormal
form of a vector field X with mo(X ) = v, so that depending on the subspace 7' C W all or some terms
are eliminated of the homogeneous sum of degree k of the vector field. Following this recursive process,
after step k4 1 we have that the new vector field preserves the k—jet of the vector field from the previous
step. The composition of all these changes of coordinates will allow us to obtain the formal normal form
of the initial vector field X.

We will say formal normal form of the vector field X € %(C”, 0), to a particular representative of the
equivalence class of the vector field X, which can be obtained by Theorem 2.2. The subspace T' C W
such that W C T + Txﬁ’f.x is not unique, therefore the normal form is also not unique. A concrete
case is when we study the vector fields X € ¥(C2,0) such that j(X) is nilpotent. This situation will be
detailed in the section devoted to the nilpotent vector fields, precisely in the Theorem 4.1 that describes
the Takens normal form in dimension 2, and in the Theorem 4.3.

The objective of our technique is to find a subspace T" of W low-dimensional. The best case is achieved
when T' = {0}, that is, when W C TxREX. Such is the case of the vector fields X € X(C2,0) whose le(X)
is non zero and has its eigenvalues A\;, Ao such that A\; /X €C\ (Q~ UNU 1/N*), or when the j(X) is
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non diagonalizable, in both cases the normal form of X is its j'(X). This will be seen in the Theorem
3.5 and the Theorem 3.7.

It is necessary to observe the following:
If X = j*(X) € ¥%(C",0) and W C T + ToRE.X then there exists heR¥ and t € T C W such that
. ((X - Xi) + Xk) = (X — X))+t (module jet of order k)

where X}, is the homogeneous sum of degree k of the vector field X.
2.2. Formal prenormalization for vector fields

Prenormalization is the process that consists in obtaining a prenormal form forA each jet of order
k>v + 1, of the vector field X € X(C",0) with mo(X) = v > 1. With the Lie group R acting on space
Xk(C",0), the main hypothesis of Complete Transversal Theorem for vector fields, is

T 4w RE(X + w) = TxREX
for all w € W = H*(n) and all X € ¥¥C",0).
It is important to determine a subspace 7' C W such that
W C T+ TxREX. (2.4)

Therefore, we will analyze the elements of the tangent space ij%’f.x, which verify the condition (2.4),
this vxiill a}low us to define the subspace T, which will determine the prenormal form for each jet of order
kof X € X(C",0).

We will describe subspaces T" such that
W=Ta&S

where S is a subspace such that S C TxREX N HF(n).

As the elements of the TxREX are of the form j*[X, F], where F = 27 fia%iv fi€M2, in the

following Proposition, considering vector fields X e f%(C”,O) with multiplicity 1, we characterize the
vector fields F' such that j*[X, F] € 3% (n) N TxRL.X.

Proposition 2.3. For k > 2, j*(F)eHX*(n) if and only if j*[X, F]eH*(n).

Proof. We consider the vector field X = >_j>1 Xj and the vector field ' =" -, F;, where X; y I} are
homogeneous vector fields of degree j. a B

We analyze the jet of order k of Lie bracket of X and F,
) k
7" [ngl Xj Zj:? FJ}

jk{ {Xl,E?ZQ Fj} + {XQ,E;?:? Fj} NI {Xk’—le?zg Fj}}
= X0 Bl (X0 Feoa] + (X2, Fioal + -+ [Xpoo, 2] )+
(10, Bl [, Fia] 4+ X1, B3],

%

If j*(F) = Fy € H*(n) then j*[X, F] = [X1, F}] € HF(n).
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Conversely, if we assume that the vector field F' = ZBQFJ- is such that F; # 0, for some je{2,...,k—1}
then j*[X, F] ¢ 3*(n). In fact, note that

(X1, Fp] € H2(n), ..., ([X1,Fk—1] + [Xo, Fr—o] + -+ [Xk—QvFQ]) € H* 1 (n),
([Xl,Fk] +[Xo, Froa] + - + [XH,FQ]) € H*(n).
Hence j*(F) = F, € H*(n). o

We will write the vector fields X € i(C”, 0) with multiplicity 1, as A)A( =X +Xo+--- € i(@", 0),
where X; denotes the homogeneous sum of degree j of the vector field X.

For each k > 2, we define the map adlj(1 of the space 3¥(n) into itself, as follows

ad’, (F) = [X1, F] (2.5)
where F € H*(n).

Note that, if mo(X) = 1 we have that j*[X, F] = [X1, F] for F € H*(n).

Moreover, if mo(X) = v > 2, that is, X = X, + X, 11 + --- € ¥(C",0), we have that j*[X, F] = [X,, F]
where F € H(F)+1(p )

For the vector fields X € ¥(C,0) with mg(X) = 1, the map defined in (2.5), allows us to obtain the
elements of TxRYE.X N HF(n) as elements of Tm ad’)“(l.

For each k>2, we can define the decomposition H*(n) = B* @ C¥, where B¥ =Im (adl}l) and CF is
some complementary space.
In the Complete Transversal Theorem, we will consider W = B¥ @ C¥, and the subspace T of W satis-
fying (2 4) it will be C*. This will give us information of the prenormal form for each jet of order k of
X e %(C” 0), that is, we refer to the formal prenormalization of the vector field X, as Paul, E. refers
n [10]. In the formal prenormalization that Paul refers, he considers a submodule M of the module of
formal vector fields endowed with a graduation by a degree of quasi-homogeneity. For k > 2, we consider
the vectorial space H*(n) over C, endowed with the homogeneous graduation of degree k.

3. Some Classic Normal Forms

3.1. Normal forms of vector fields in (C,0)

In this section, using the Complete Transversal Theorem for formal vector fields in (C,0) with multi-
plicity 1, we get formally linearize, and in the case of the vector fields with multiplicity greater than or
equal to 2, we can establish a formal equivalence to a polynomial vector field, in both cases with a formal
diffeomorphism tangent to the identity.

Paul, E. shows in [9] that any formal vector field with multiplicity 1 is formally linearizable. If the
vector field is analytic, it is analytically linearizable. We stress that our work corresponds to a formal
development. In the following theorem, we present the normal forms for the vector fields in (C,0) of any
multiplicity.

We will write ¥(C,0) the ©;-module of formal vector fields at 0 € C, that is,

X(c,0) = {a(x)xa%/a € @1}.
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Theorem 3.1. For X € X(C,0) with mo(X) = v, we have
1. if v =1 then the vector field X is formally linearizable equivalent to jl(f().
2. If v>2 then the vector field X is formally equivalent to the polynomial vector field

ox’

(a 2’ + a'z® 1)

~

Proof. Given the vector field X = b(x)a2 € X(C,0) and X =j*(X) € ¥¥C,0), we consider the following
x

two cases:
First case.- b(x) = x(ay + agx + azz® +---), a; # 0.
Considering f(z) = agz® for k > 2, the elements of Ty REX N H¥(1) are given by,
(k- 1)a1akxk%.
So, for each k > 2, we have that H*(1) = W < TxREX 4+ T where T = {0}.
By Theorem 2.2, there exists a change of coordinates tangent to the identity for each k > 2, thereby

the formal normal form for the vector field X is j1(X) = alx%. That is, the vector field X is formally
linearizable.

Second case.- b(x)= x(al,x’j*l—i— a1z’ + a0’ 4 --0), a, 20, v>2.

Considering f(z) = a,_,,,a*7T! for k > v+1, the elements of T REX N H*(1) are given by,
K9

(k+1-2v)a,a,_, @ o

So, for each k > v + 1, we have that H*(1) = W € TxREX + T

i) When k > v+1 but k#2v—1:
HE(1) =W C TxREX and T = {0}.

ii) When k =2v—1:
H*(1) =W C TxRX + T, we have T = {a'z* ' Z; o/ € C}.

By Theorem 2.2, there exists a change of coordinates tangent to the identity successively for each
k> v+ 1, so, the formal normal form for the vector field X is

L1 0
2 1)

ox’

(a,2” + a'r

3.2. Normal forms of vector fields in (C2,0)

In this section, we show the formal normal forms for some vector fields X € ¥(C2,0), those that will
be written in the following way:
X=X1+> X;
i>2
where X =j! (X ) is non zero. By a linear change of coordinates, without loss of generality we can assume

that X7 is given by its Jordan canonical form.
Let A1, A2 be the eigenvalues of X;. We consider the following cases, analyzing the rank of Xj:
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(a) rank(X;) =2,

(a.1) A1/A2 and Aa/A; does not belong to Q~, or to N*(the naturals greater than or equal to 1)
(see Theorem 3.5-(7)).

(a.2) A1/A2 or A2/ € N (see Theorem 3.5-(it)).

(a.3) Ai/A2 € Q™ (see Theorem 3.6-(i)).

(a.d) X5 =Mz —|—x2)8% + Ao 8%' Without loss of generality we can assume A; = 1 (see Theorem
3.7).

(b) rank(X;) =1,
(b.1) A1 =0 (A2 #0) (see Theorem 3.6-(i1)).
The case rank (X;) = 1, when X; = xga% will be considered when we treat the nilpotent vector

fields in dimension 2.

To obtain the normal form of the vector field X € §£(C2, 0), considering the previously mentioned
cases, we stress the importance of the subspace T of W such that W = B & T, where B =Im (adl)"(l) for
k> 2.

We will use the following notation:

A= ()\1,/\2) S CQ\{O}, I = (il,ig) S NQ, Z‘I = Z‘?Z‘?.
<\ I>= A1 + Aoio, |I| =11 + i9.

Note that {a:l 9 gl 8%2 /|| = k} is a basis for the space of homogeneous vector fields of degree k in

Oxy
dimension 2 denoted by 3¥(2). In the following statements, we relate the elements of this basis with the
complex numbers (<A, I> —);), i =1,2.

Proposition 3.2. For X € ¥(C2,0) with j1(X) = X1, we have

)
. 0 0
-k I _ I
) |:X7x 8$l‘| o |\X17x 8$l‘|

fori=1,2 and |I| =k > 2.

Proposition 3.3. Let X=X+ , where X1 = /\13:18%1 + /\gxga%z be a vector field in (C2,0). Then,

1) le,xI 4 1 = (<, I> —)\i)xlai, fori=1,2.
Ty

831‘1'

for|I| =k > 2.

8xi

i) j* [X x! 9 ] = (<\ I> —Ai)xfai,

The proof of the previous propositions is obtained using properties of the Lie bracket, it can also be
revised in [12].

Considering A1, A € C, we define the complex number

0j1 =Aj —i1Ad1 —i2A2, j=1,2, and [I] > 2.

With §; 1 we can establish the following definition,
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Definition 3.4. The pair (A1, \2) € C? is resonant if there exist I € N2 with |I| > 2 and there exists
Jj€{1,2} such that 61 = 0. Otherwise, we will say that (A1, A2) is a non resonant pair.

Ichikawa, F. in [5], studies the normal forms of the vector fields X € ¥(C2,0) with 5'(X) of the form
(1.1), he considers the concept of resonance, even when he does not mention it.

Also, Ichikawa, F. in [4], with respect to the eigenvalues of j*(X) of the vector fields X € ¥(C",0), he
establishes definitions such as, the condition of strong eigenvalue, the condition of weak eigenvalue and
a condition of good eigenvalue and characterizes finitely determined vector fields X e i(@", 0), if 5 1(X )
satisfies the condition of good eigenvalue and does not satisfy the condition of strong eigenvalue.

In the next Theorem, we provide the classical normal forms of vector fields X e f%(CQ, 0) such that
jH(X) is of the form (1.1), with non resonant and resonant eigenvalues, studied by Poincaré and Dulac,
respectively.

Theorem 3.5. (Poincaré-Dulac). For X € ¥(C2,0) with j'(X) =111 8% + /\ng%, we have

1. if (A1, A2) € C2\{0} is a non resonant pair, then the vector field X is formally equivalent to j*(X).

2. If (A1, \2) € C2\{0} is a resonant pair such that d1,(0,m) = 0, then the vector field X is formally
equivalent to the vector field

o 0
(AMz1 + axh )5—531 + /\gxga—x?.

Proof. According to the prenormalization process, we will establish a change of coordinates for each jet
of order k of X € ¥(C2,0). In this process, for each k > 2, the subspace W = H*(2) will be considered
as W =T Im(adl)‘}l), where Im(adlj(l) C T REX N 3E(2).

Given F:Zm:k oz,mla%l + Zm:k ,Blmlaim € H*(2) for k > 2, using properties of the Lie bracket, and

the Proposition 3.3, we have that the elements of Im(adl)"(l) are given by

N 0 0
% _ ERVRY T
JUX,F] = E o, (A I>=\)z 8m1+ E B, (<N I>=A2)x 523
[I|=k |I|=Fk
= E (=01 )z’ — + E B,(=62,1)x i
Oxa
|T|=k [T|=k

1. If (A1, A2) is a non resonant pair then 6; ; # 0 for j = 1,2 and |I| > 2. So, H*(2) =W C Im(ad’)"(l)
and Im(ad%, ) C W, for all k > 2. Therefore, T = {0} for all k > 2.

2. Since (A1, A2) is a resonant pair with &1 g,m)=0 and d;;#0 otherwise for j=1,2. When |I| > 2
and |I] # m we can consider the subspace T'= {0} as in the non resonant case.

Considering |I| = m, let us write

w = chjm——F Zczfm &r

= =

so, it is possible to write the elements w € W=H™(2) as follows,
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8
w—(cl(Ome —|—Zoz 511x——|—Zﬁ —02.1)T T
/G 1=
where o
(Cl,(o’m)flfg 6 T and Zozl —61.1)a’ =— —|—Z B,(=02,1) o' — EIm(ad")}l).
11| = [1|=
I#(O m)

O

Poincaré and Dulac, establish analytical equivalences of vector fields. By Poincaré, the analytical
equivalence is achieved when A1 /A2 ¢ R~ and (A1, A2) is a non resonant pair. It is necessary to mention
again that our work consists of formal equivalence.

Now, we consider the equivalence relation of foliations, that is, the classification of vector fields up to
a unity.

In the following theorem, we show the formal orbital equivalence considering the following cases:
M/ = —q/p € Q™ with ged(q,p) = 1and the case of singularities saddle-node type, that is, Ay = 0
and \o # 0.

The normal forms described in the following Theorem are due to Dulac (see [2]), such normal forms
are also found in [7].

Theorem 3.6. (Dulac). For X € ¥(C2,0) such that j1(X) = )‘1%16%1 + )\gxga%z, we have

(1) if Mi/Aa = —q/p € Q, then the vector field X is formally orbitally equivalent to the vector field

0

x1 (14 A2 x2))i - gxg(l + B(xf ))8332

Oxq
where A(t), B(t) € C[[t]] and A(0) = B(0) = 0.

(1) If \1 =0 and Ao # 0, then the vector field X is formally orbitally equivalent to the vector field

x1A(x1) 81 +z2(1 4 B(z1))5— 0

8 6x2
where A(z1), B(x1) € C[[z1]] and A(0) = B(0) = 0.

Proof. We will obtain the normal form of vector field X e .%(CQ, 0) with the prenormalization process
considered above.

Given F = Z a;xlai + Z ﬁlea;; € 3*(2), we have that

|T|=k TSk
N Bl
FIXF] = ) a,(- 511m——|— > B, 521x—61m(adxl)ﬂf}fk()
|T|=k 1=k

(1) f A\ /Xo = —q/p € Q, then pri; 4+ grig =0, for all r € N*.
S0, 01, (pr41,qr) = 0 and 9z (pr,gr41) = 0, for all r € N*.
When k>2 but k#r(p+q)+1 forall » € N*, we have §,; #0 for j =1,2 and |I| = k.

So, for such values of k, we have that W C Im (ad’}l) and Im (adl)“(l) cW.
Therefore, T = {0}.

Now, suppose k =1'(p + q) + 1, for some 7’ € N*.
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0
Let w = Zcum p. +Z(3213: —— be an element of W = H*(2).
1

Oxo
|1|=k |1|=k
So, we can write any element w € W as follows:
i my 9
W = €1, (prr41,gr) ] mgr pr + ¢, (priqr H)m’fr xd" . + Z —d1,1) 2 +
2 IGJ ’ 1
0
+ —d —
> B (=oue’ 5
IEH ’

where
Jpr = {|I| =k/I# (pr' + 1,qr’)} and J, = {|I| =k/I# (pr',qr + 1)}

0
Theref — —cl
erefore, I;: a, (—01,1) a: +I§ B,(—=61,1) a: D23 € m(adX ) and

’ ’
pr'+1 _qr 5} pr’  qr'+1 0
CL(pr'+1,gr)T1 T2 024 +C2,(prgr+ 1)1 T D2y €

Hence, from Complete Transversal Theorem, there exists ® € Diff (C2,0) such that the vector field
X is formally equivalent to

N AN 0
d. X = <)\1x1 + @1 Z ap (2] xd) )8— + ()\gxg + z9 Z by (2 2d)" )8—332

r>1 r>1

Finally, the vector field X is formally orbitally equivalent to the vector field

A 0 0
_ z2)
(I/A1)®. X = ( z3) )82:1 + 2( > Er
r'>1 ’>l

Now, we have X; = oo =2 Jas . Remark that \; = 0 implies that 51’(111,0) = 0 for 77 > 2 and
2,¢i,,1) = 0 for ip > 1, 1n another case (O A2) is a non resonant pair.

Given F = Zoga: 8 o + Z,BIZ‘ —— € H*(2), we have that

3
1=k |[|= k
9 k
Zoz 511m——|—26 521x761m(ad ) NIHE(2).
[I| =k [Tl =
For k>2, let w= ch T 8—m1+202 Jos % be an element of W = 3*(2).
|I|=k |I|=k
So, we can write
W = €1 (k, 0)$18 + Co (k- 11)$1 x28—x2+

0
+ ZOZ 511$—+Zﬁ 521x—€T@Im(adX1)

1| =k 1] =

Hence, for each k > 2 we have

.0 - 0
Cl’(k’o)xlfﬁ—xl =+ (32’(1671’1)33]1t 11‘28—{172 S T C W = f]-fk(2)

Hence, from Complete Transversal Theorem, there exists ¢ € Diff; (C2,0) such that the vector field
X is formally equivalent to the vector field
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0
* = <x1 Z CLTZ‘1> <)\2$2 —+ X2 Z br$§> a—m

r>1 r>1

Finally, the vector field X is formally orbitally equivalent to the vector field

(1/ X)), X = <xlzarx1> <1 +> b, x1> 682

r>1 r>1

we consider X € %(CQ, 0) with non zero and non diagonal linear part, of the form

N 0
.1 .
7 (X) = (x1 + $2)—ax1 + x2—6x2.

13

Theorem 3.7. The vector field X € ¥(C2,0) with j1(X)=(z1 + xg)a%l + xga%z is formally equivalent

to j1(X

Proof.

Given w = g cux

), by a formal diffeomorphism tangent to the identity.

For each k > 2, the map defined in (2.5) is surjective.

[I|=k |I|=k

that X3, F] = w.

Let F=3" 7y a;xla%—i—zmzk lefa% an element of 3*(2),then

0
[X1,F] = Z Oé[((Zl—FZQ—l)x +i 33“ 1x122+1) ax1+

[|=k

i Zﬁ]( ’ —+((“+Z2—1)m + izt %2+1)622>.

[|=k

In this way, for each k > 2 we have the following system of equations:

Z (as(in +i2 = 1) = B’ +apiizy gt = Z cr et
|T|=k |I|=k
i1 4y — Da’ + zlx“ ! ”H = co. !
Bi( :

|I|=k |I|=k

where the unknowns are oy and 8, for |I]| = k.

When |I| = k > 2, the system has the following associated matrix:

| A T 2(k+1)x2(k+1)
M = { 0 A ] eR

+ Z co vl —— € 3*(2), we will show that there exists F € 3¥(2) such



14 S. RAMIREZ AND P. FERNANDEZ

where _
(k—1) 0 0 ... 0 0
ko o(k=1) 0 ... 0 0
0 (k=1 (k-1 ... 0 0
A= 0 0 (k—2) 0 0
0 0 ... 1 (k=1) |

The matrix M € R2*:+1)x2(k+1) has non zero determinant, which is equal to (k —1)2(*+1)_ This proves
the surjectivity.

Therefore by the Complete Transversal Theorem, there exists a change of coordinates in j%’f, so that,
for each k > 2, we have that T = {0} C 3*(2). O

4. Normal Forms of Nilpotent Vector Fields

We will say that a formal vector field X with mg(X) = 1 is nilpotent if j1(X) is nilpotent. In this
section, we will present normal forms of the nilpotent vector fields in dimension 2 and 3. Using the tech-
nique provided by the Complete Transversal Theorem, we recover the Takens Normal Form (see [18])
and also show a normal form different of the Takens normal form in dimension 2, both normal forms are
obtained with a formal diffeomorphism tangent to the identity.

Proposition 4.1. Let X be the formal vector field in (C2,0) such that j*(X) = xga%. Then, the
dimension of Ker(adl)“(l) is 2, for k > 2.

Proof. For k > 2, given F = Izkoqxlaixl + l;kﬂleaim € H*(2) we have

. 3 7 Z 3 8
(X1, F] = Y (o, (i et — grat) 5—+ > B! 22+18x
Z1 2

|I|=k |I|=k

If [X;, F] = 0, then we have the following system of equations:

o, (hay ety — Bal = 0

B lell 1 12—‘,-1 _ O

We have that, ay = §; =0 for I # (0,k) and a(o), Bo.x) € C-

It is also verified that a(q x_1)25 — Boo, k)xQ =0, that is, aq k—1) = B(o.x)-
So, F = a(oyk)méa%l + Bo,k) (mlmg 8I1 + a5 Bos ) € H*(2). Therefore,

0 0
Ker(ad’j(l) = {a(o,k)xéa—xl +5(0,k) <ilf1x]2C 18 +x 28 >/04(o k) B(Ok € C}

Hence dim Ker(adl}'(l) =2, for k > 2. O
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It follows by Proposition 4.1, that dim Im (ad])c(l) = 2k.

The following theorem give us the Takens normal form for nilpotent vector fields X € i(CQ, 0).

Theorem 4.2. For X € X(C2,0) with j*(X) = xga%l, there exists a formal change of coordinates
tangent to the identity reducing it to the form

0

(22 + alan)) o + 1) 5

b
8%1 * (xl

(4.1)
where mo(a) > 2 and mo(b) > 2.

Proof. We consider the prenormalization process considered above.

For each k>2, let 3{*(2) = T®Im(ad’,) where X; = j1(X) = acga%l.

We have that dim 3*(2) = dim T+ dim Im (adl)"(l) and dim H*(2) = 2(k + 1).

Therefore, dim 7' = dim Ker(adl)“(l) =2, for each k > 2.

Given F = Z a;xli + Z ﬁlei € H*(2), we have that

=k 81‘1 \TI=k 8%2
- (2 3 i Z 8
(X1, F] = Z(a,(zle Lel ) — grah) 8—1+ Z,B iyttt 2+18x2 EIm(adl)“(l).
\T|=k \T|=k
Let w = ch el — + ZCQ rzl —— be an element of W = H*(2). We can write
\T|=k \T|=k

0 0 _
w = (c1,(k,0) + 5(k,o))$1a—xl + Cz,(k,o)ﬂflfa—ﬁﬂ2 + (— B+ (ko) —Br_1.1))zy w2+ +

0 _ _ o0
(o k—1)— B(O,k))xlﬁ) Frn + (/fﬁ(k,o)xlf Yoo+ (k= 1)Bg_y i Pad 4+ 5(1,1@71)%]5) s

where

_ 0 _
(— Byt + (ko0) = Bo1,1))25 w2 + -+ + (o1p-1) — /3(0,1@))3315) o + (kﬁ(k,o)xlf g+
_ 0
+(l€ — 1)6(k—171)$]1€ ng + 4 /6’(17k_1)x§) a— S Im(adljﬁ)

0 0
SO7 (Cl(k0)+ﬁ(k0)x18—+02(k0)x18 ETCJ—Ck( )

Therefore, by Complete Transversal Theorem for each jet of order k > 2 of X, there exists hay € f}Al’f

such that
0 0
h(k) = xQ—I—Za xl 8—3;‘1+Zblx18—x2
i=2

With this recursive process, we find a formal diffeomorphism tangent to the identity such that X is
equivalent to (4.1), that corresponds to the Takens normal form. m|
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Notice that it is possible to write the elements of Im (adl)“(l), in a different way of the expression
described in the proof of the Theorem 4.1. So, we can get many distinct subspace 1" complementary in
H*(2), that is, for nilpotent vector fields X € X(C2,0), it is possible to find different normal form. In the
next theorem we illustrate this situation presenting another normal form.

Theorem 4.3. For X € §£(C2, 0) withjl(X) = xga%, by a formal diffeomorphism tangent to the identity,
the vector field X is formally equivalent to the vector field

0 , , 0
xga—xl + (a (1) + x2b (xl))a—m,

where mo(a’) > 2 and mo(b') > 1.
Proof. Recall that, the elements of Im (ad% %,) are of the form [X1, F], where FeH*(2).
Given F = Zafx ——l—ZﬁIx ief}fk( 2), we have

= Om o 9
i 1 i 1 a
X F] = D o (e ey Z( Bra —+5 (o™ 22+1)8—x2)
H|=k |I|=k
— 0 B o )
= Oé(kyo)kaflf 1x26—x1+”.+a(2vk*2)2x1x§ 16_1.1+a(17k71)x;2€a_x1+

9 9
k k—1
—|—(— B k021 B, + B k0 ki xga—xz) 4+t

0 0 0
k-1 k k
+(— B, k—1)T125 B + B1,k-1)%2 5—562) + =80,k T2 o

That is,

_ 0 . 0 0
(X1, F] = agoka} 1x28—xl + g ko) 271 T8 18—331 + (a@p_1) — 5(O’k))x’2€8_xl+

9 9
k k-1
+(_ ﬁ(kﬂ)xl 8{1}1 + ﬁ(kﬂ)kxl .’L’Qa—m) 4. +

4 0 0
+(— Bak_1T17h 18—331 + 5(1,k—1)$§a—x2) € Im(adk,).

Let w = ch al— —|— ZCQ 127 —— be an element of W = 3*(2). So, we can write
|T|=Fk |T|=k T2
0 0
w = 027(k70)xlf8—x2 + (02,(k—1,1) — kﬁ(k’,o)) LCQ%-F
- 0
+(— Byt + (ker,0) = Bo—1,1))Th w2 4+ (a1 -1y — B(O,k))xg) 8—331+

_ _ 0
+(/€5(k,o)xlf Yoo+ (k= 1)Bg_y i Pad 4+ 5(1,1@71)%]2{) o © T @ Im(ady, )

0 0
where 62’(k’0)x1f8—332 + (627(16_171) — kﬁ(k,@)) xQ% cT.

Hence, we have another choice for the subspace T" and consequently another way of expressing the
normal form for the nilpotent vector fields in dimension 2 that presented in the previous theorem.
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By Complete Transversal Theorem for each jet of order k£ > 2 of vector field X, there exists a
diffeomorphism g, € R such that

2 / 9
I *(X) = 22 axl <§;“ a2 (bie )>ax2'

Let us consider the vector fields V' € X(C?,0) of the form V = X + h.o.t. where

X—QLCQ 9

911 +r37—

81‘2

is a linear nilpotent vector field.

Our goal is to present the normal form of such vector fields. For this purpose we define the following
linear vector fields 5 5 5 5
Y = 2 H=-2 2
xla + 20— By’ xl@ + 5536 s

The vector fields X and Y treated as a differentiation of the ring C[z] = Clx1, z2, x3] are called locally
nilpotent derivation(see [15]).
For the vector field Y we associate its ring of constants,

Clz]" = {f € Clz]/Yf = 0}.

We have C[z]Y = Clx1, G, where Gy = z123 — 23 (see Remark 2 in [15]).
Note that Go = z12x3 — x% is also first integral for the vector field X, and therefore first integral for
H= —23:18%1 + 23:38%3, since those first integrals for the vector field Y which are also first integrals for
the vector field X are first integrals for the vector field H.
Let C[z], be the subspace of C[z] consisting of homogeneous polynomials of degree k. In the space
Clz], we have,
KerY @ ImX = C[z], .

See the proof of this result in [15].

Remark that, we have

ImX = span{2zlx“ Ypltlpls 4igalta> el ™ /i) iy + iy = k} Clz],.

Theorem 4.4. For V € ¥(C3,0) such that j*(V) = 2x9-2- 3o T T35 az , there exists a formal change of
coordinates tangent to the identity reducing it to the Takens normal form

. 0 . 0 . 0
(2%2 + £C1F1(£C1, Gg)) 8—331 + (LC3 + {L‘1F2(£C1, Gg)) 8—332 + F3(£E1, Gg)a—xg

where F is a formal power series in x1 and Go such that mo(F 5)>1 forj=1,2 and mo(F3)>2.

Proof. We consider W = H*(3) = Z?Zl KerY © ImX% in the prenormalization process for each

k > 2. The prenormal form for each jet of order k of V € X(C3,0), is given by the subspace T such
that W =Im(ad}) & T. We calculate Im(ad), that is, [X, F] where F € H*(3).
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Given F = Z ara’ + Z ﬁlx — + Z 7133 — e 3*(3), we have that

|I|=k |I|=k |I|=k
X, F| = Z ( 26zt —|—a1(211x“ ! ”“ ”’—i—z x“x” ! ?Jrl))ai—i—
1
|I|=k
0
_ 2 i1—1,.i2+1 13 i1 .02—1 7,3+1))_
—I—l;k( v —|—B[( i, +igxl T X 8x2+
7 1 1 1 1 11 .0 1,4 1
+ 271(21133 1 2+ 2t agnlta?T x33+ )6:53'
|I|=k
Therefore, we have
[Xwa—MP+NF»51+04?+NF»51+XMW51
’ o 2 ! 8%1 3 2 8%2 3 81‘3.

e For k=2r+1, forr e N: KerY—span{ I+l 2T 1G2,...,a:1G§}.

Remark that the third component of the action of adx on F' is X(F3), and KerY is complementary to
X(F3) in the space C[z], . In the same way, KerY is complementary to the first and the second component

of the action of adﬁ on F. So, T = 23:1 Pj(x1, Gg)a%j, where P; € KerY C Clz]ory1.

o For k =2r, forr e N: KerY = spcm{xl , 222Gy, . ..7G5}.

We can consider (Fy + F3) a homogeneous polynomial of degree k, that is, we can write X(F3) =
X(F3 47 (y,0,G%)- So, we can proceed an additional cancellation in the second component of the action
of adf on (Fs + Y(r0,mG3)s that is, we have (—F5 — 7, o G5 + X(F2)), and its complementNin the space
Clx], is span{x3", 23" 2Gy, ..., 22G5 1}, Similarly we can also consider X(Fy) = X(Fy + Br0,mG5) to
achieve an additional cancellation in the first component of the action of ady on (Fy + E(T’OJ)GQ).

So, T = Z 1QJ({E1,G2) By Qj € span{xl 23" QGQ,...,x%G;_l}, forj € {1,2} and Q3 € KerY C
C[Z‘]Qr.

By Theorem 2.2, there exits a change of coordinates tangent to the identity, successively for each
k > 2 such that we get the Takens normal form in dimension 3. O

Remark 4.5. Our method is in accordance with the method of Strozyna, E. and Zolgdek, H. developed
in[15], because they use the complement of Im ad;“(, to obtain the Takens normal form. We stress the
relevance of the Complete Transversal Theorem for vector fields, because we get a change of polynomial
coordinates for each jet of order k of the vector field.

Remark 4.6. For the normal form of the vector fields V e %(C”, 0) such that
V =X+ h.ot. (4.2)

where

0 0 0
X—(n—l)xga—m+(n—2)$3a—x2+ +$naxn o

define the following vector fields

S Y
= —(n-— 1)x18%1 - (n—3)x28%2 +--+(n— l)xn%.
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The vector field H defining a quasi-homogeneous graduation in Clzy, . .., x,], dengj = 25—n—1. Strézyna,

E. y Zolgdek, H. show in [16] that the Takens normal form is unique for the vector fields (4.2). Forn > 2,
we get

0
Xt Flo— 4+ Fy
! 0x1 " Oxn
where the series Iy satisfy YF; = 0 and the series Fy, ..., F,_1 contain only terms with degH < 0.

However, when n = 2 (Clxy, xQ]Y = C[z1]), we show in Theorem 4.3, that the Takens normal form, is
not unique because it depends of the subspace T which is complementary to Im(adé“() in W=%3"(2).

In, the normal form of the vector field V € X(C3,0) given by Theorem 4.4, we use that Clz,, xs, xg]Y =
Clz1, Ga], this result allowed us to obtain the Takens normal form for n = 3. For n = 4, the ring of
constants of the derivation Y is not equal the polynomial ring of three polynomials.

Strozyna, E. and Zolgdek, H. get an expression for the ring Clay, . .. ,xn]Y, which is used to determine
the Takens normal form of the vector field given in (4.2) for n >4 (see [15]).
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