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Finite Summation Formulas for the Multivariable A-function

Dinesh Kumar, Frédéric Ayant, Jitendra Daiya and K.S. Nisar∗

abstract: The object of this paper is to evaluate some finite double summations relations for the multivari-
able A-function using the summation of a double hypergeometric series. The formulas derived in this paper
are most general in character, we also provide a few particular cases for derived summation formulas.
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1. Introduction and Preliminaries

The multivariable A-function defined by Gautam et al. [7], and it is an extension of the multivariable
H-function [11,13]. The multivariable A-function is given by the following manner:

A (z1, · · · , zr) =

Am,n:m1,n1;··· ;mr,nr

p,q:p1,q1;··· ;pr,qr
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r

∏

i=1

θ′

i (ti) zti
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where φ′ (t1, · · · , tr) and θ′

i (ti) (i = 1, · · · , r) are given by
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∗ Corresponding Author
2010 Mathematics Subject Classification: 33C60, 33C99.

Submitted January 22, 2020. Published May 02, 2021

1
Typeset by B

S
P
M

style.

© Soc. Paran. de Mat.

www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.51894


2 D. Kumar, F.Y. Ayant, J. Daiya and K.S. Nisar

here, m, n, p, q, mi, ni, pi, ci ∈ N0 (i = 1, · · · , r) ; aj , bj , c
(i)
j , d

(i)
j , A

(i)
j , B

(i)
j , C

(i)
j , D

(i)
j ∈ C.

The multiple integral defining the A-function of r variables converges absolutely if

|arg (Ω′

i) zi| <
1

2
η′

iπ, ξ′∗

i = 0, η′

i > 0 (i = 1, . . . , r) , (1.4)

where
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In this paper, we use the following notations.

X := m1, n1; · · · ; mr, nr; Y := p1, q1; · · · ; pr, qr; (1.8)
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2. Finite double series formulas

In this section three summation formulas for the multivariable A-function have been derived. Through-
out this paper, the number hi, ki (i = 1, · · · , r) are positive.

Theorem 2.1. We have the following summation formula:

m
∑

g=0

n
∑

k=0

(−m)g (−n)k (b)g+k

g!k! (b)g (b)k

× A
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. (2.1)

Proof. At first we express the multivariable A-function occurring on the left hand side of (2.1) in terms
of Mellin-Barnes type integrals contour as given in (1.1). Next, by interchanging the order of integration
and summation which is permissible as the series involved are finite, and using the following result due
to Carlitz [3].

m
∑

r=0

n
∑

s=0

(−m)r (−n)s (b)r+s (c)r (d)s

r!s! (b)r (b)s (c + d)r+s

=
(b)m+n (d)m (c)n

(b)m (b)n (c + d)m+n

, (2.2)

then we arrive at the desired result (2.1). �
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Theorem 2.2. We have following formula holds true
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where, a − b < Z and a = b − e − n + 1, b = a − d − m + 1.

Proof. The right side of (2.3) is obtained on interpreting the resulting integrals contour with the help of
(1.1). Next we use the following result of Carlitz [4]:

m
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n
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. (2.4)

Then, the desired result (2.3) can be established in a similar manner. �

Theorem 2.3. We have
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 . (2.5)

Proof. The result (2.5) can be established in a similar manner if we use the result due to Carlitz [2], as
given by

m
∑

r=0

n
∑

s=0

(−m)r (−n)s (b)r+s (c)r (d)s

r!s! (c + d)r+s (b − c − n + 1)s (b − d − m + 1)r

=
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. (2.6)

�
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3. Particular case

Corollary 3.1. If we take n = 0 in (2.1), then the double finite series reduces to the single finite series

for the multivariable A-function.

m
∑

g=0

(−m)g

g!
A

m,n+2:X
p+2,q+1:Y









z1

.

.

zr

∣

∣

∣

∣

∣

∣

(1 − d1 − g; h1, · · · , hr) , (1 − d2; k1, · · · , kr) ,A : C

B, (1 − d1 − d2 − g; h1 + k1, · · · , hr + kr) : D









= A
m,n+2:X
p+2,q+1:Y









z1

.

.

zr

∣

∣

∣

∣

∣

∣

(1 − d1 − m; h1, · · · , hr) , (1 − d1; k1, · · · , kr) ,A : C

B, (1 − d1 − d2 − m; h1 + k1, · · · , hr + kr) : D









. (3.1)

4. Multivariable H-function

If we take m = 0 and A
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and (3.1) then these formulas reduce to the corresponding formulas involving multivariable H-function
[5,6,11,13,14].
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A1 =
(

aj ; A
(1)
j , · · · , A

(r)
j

)

1,p
, B1 =

(

bj ; B
(1)
j , · · · , B

(r)
j

)

1,q
, (4.1)

C1 =
(

c
(1)
j , C

(1)
j

)

1,p1

; · · · ;
(

c
(r)
j , C

(r)
j

)

1,pr

, D1 =
(

d
(1)
j , D

(1)
j

)

1,q1

; · · · ;
(

d
(r)
j , D

(r)
j

)

1,qr

. (4.2)

We have the following results:

Corollary 4.1.

m
∑

g=0

n
∑

k=0

(−m)g (−n)k (b)g+k

g!k! (b)g (b)k

× H
0,n+2:X
p+2,q+1:Y









z1

.

.

zr

∣

∣

∣

∣

∣

∣

(1 − d1 − g; h1, · · · , hr) , (1 − d2 − k; k1, · · · , kr) ,A1 : C1

B1, (1 − d1 − d2 − g − k; h1 + k1, · · · , hr + kr) : D1









=
(b)m+n

(b)m (b)n

H
0,n+2:X
p+2,q+1:Y









z1

.

.

zr

∣

∣

∣

∣

∣

∣

(1 − d1 − n; h1, · · · , hr) , (1 − d2 − m; k1, · · · , kr) ,A1 : C1

B1, (1 − d1 − d2 − m − n; h1 + k1, · · · , hr + kr) : D1









, (4.3)

under the same existence conditions that stated in theorem 2.1.
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Corollary 4.2.
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a − b is not integer, and a = b − e − n + 1, b = a − d − m + 1. Also, satisfy the same existence conditions

as stated in theorem 2.2.

Corollary 4.3.
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under the same conditions that theorem 2.3.

In particular, we have

Corollary 4.4. If we set n = 0 in (4.3), the double finite series reduces to the single finite series for the

multivariable H-function.
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. (4.6)

5. H-function of two variables

If we take r = 2, then the multivariable H-function reduces to H-function of two variables defined by
Gupta and Mittal [8] (see also, [12]). Here, we note

A2 =
(

aj; A′

j , A′′

j

)

1,p
, B2 =

(

bj; B′

j , B′′

j

)

1,q
, (5.1)
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C2 =
(

c′

j , C′

j

)

1,p1
;
(

c′′

j , C′′

j

)

1,p2
, D2 =

(

d′

j , D′

j

)

1,q1
;
(

d′′

j , D′′

j

)

1,q2
. (5.2)

Then, we have following results:

Corollary 5.1.

m
∑

g=0

n
∑

k=0

(−m)g (−n)k (b)g+k

g!k! (b)g (b)k

× H
0,n+2:m1,n1:m2,n2

p+2,q+1:p1,q1;p2,q2
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∣

∣
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∣

(1 − d1 − g; h1, h2) , (1 − d2 − k; k1, k2) ,A2 : C2

B2, (1 − d1 − d2 − g − k; h1 + k1, h2 + k2) : D2









=
(b)m+n

(b)m (b)n

× H
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, (5.3)

under the same conditions as stated in theorem 2.1.

Corollary 5.2.

m
∑

g=0

n
∑

k=0

(−m)k (−n)k (b − e − n + 1)g (b)k

g!k! (2 − e − m − n)s (e)k

× H
0,n+1:m1,n1:m2,n2

p+1,q+2:p1,q1;p2,q2









z1

.
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z2

∣

∣

∣

∣

∣

∣

(1 − c − g − k; h1, h2) ;A2 : C2

B2, (1 − c − g; h1 + k1, h2 + k2) , (1 − c − k; h1, h2) : D2









=
(b)m (e − b)n

(e)n (e + n − 1)m

× H
0,n+1:m1,n1:m2,n2

p+1,q+2:p1,q1;p2,q2









z1

.

.

z2

∣

∣

∣

∣

∣

∣

(1 − c − m − n; h1, h2) ,A2 : C2

B2, (1 − c − m; h1, h2) , (1 − c − n; h1, h2) : D2









, (5.4)

a − b < Z, a = b − e − n + 1, b = a − d − m + 1. Also, satisfy the same existence conditions as stated in

theorem 2.2.
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Corollary 5.3.

m
∑

g=0

n
∑

k=0

(−m)g (−n)k

g!k! (b − d + m + 1)g (b − c − n + 1)k

H
0,n+3:m1,n1:m2,n2

p+3,q+1:p1,q1;p2,q2









z1

.

.

z2

∣

∣

∣

∣

∣

∣

(1 − c − g; h1, h2) ,

B2,

(1 − d − k; h1, h2) , (1 − b − g − k; h1, h2) ,A2 : C2

(1 − c − d − g − k; 2h1, 2h2) : D2





=
1

(d − b)m (c − b)n

H
0,n+3:m1,n1:m2,n2

p+3,q+1:p1,q1;p2,q2
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z2

∣

∣

∣
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∣

∣

(1 − c − n; h1, h2) , (1 − d − m; h1, h2) ,

B2,

(1 + b − c − d − m − n; h1, h2) ,A2 : C2

(1 − c − d − m − n; 2h1, 2h2) : D2



 , (5.5)

the above corollary satisfies the same conditions as stated in theorem 2.3.

In particular, we have

Corollary 5.4. If we take n = 0 in (5.3), then the double finite series reduces to the single finite series

for the H-function of two variables.

m
∑

g=0

(−m)g

g!
H

0,n+2:m1,n1:m2,n2

p+2,q+1:p1,q1;p2,q2
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∣

∣

∣

∣

∣

(1 − d1 − g; h1, h2) , (1 − d2; k1, k2) ,A2 : C2

B2, (1 − d1 − d2 − g; h1 + k1, h2 + k2) : D2









= H
0,n+2:m1,n1:m2,n2

p+2,q+1:p1,q1;p2,q2









z1

.

.

z2

∣

∣

∣

∣

∣

∣

(1 − d1 − m; h1, h2) , (1 − d1; k1, k2) ,A2 : C2

B2, (1 − d1 − d2 − m; h1 + k1, h2 + k2) : D2









. (5.6)

6. Concluding Remark

By specializing the various parameters as well variables in the multivariable A-function, we can obtain
a large number remarkably double and single sums of useful functions or product of such functions which
are expressible in terms of E, F, G, H, I-function of one and several variables, also simpler special functions
of one and several variables. Hence the formulas derived in this paper are most general in character and
may prove to be useful in several interesting cases appearing in literature of pure & applied mathematics,
mathematical physics, and other related area of research.
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