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On Spectral Polynomial of Splices and Links of Graphs ∗

Harishchandra S. Ramane, Daneshwari Patil, K. Ashoka and B. Parvathalu

abstract: The spectral polynomial of a graph is the characteristic polynomial of its adjacency matrix.
Spectral polynomial of the splice and links of complete graph and star have been obtained recently in the
literature. In this paper we generalize these results using the concept of equitable partition.
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1. Introduction

A graph G = (V (G), E(G)), where V (G) = {v1, v2, . . . , vn} is a finite non-empty set of elements called
vertices and E(G) is a set of unordered pairs of distinct vertices called edges. Graphs considered here are
simple and undirected. We follow the book [2] for terminology and definitions. The adjacency matrix
A(G) of a graph G of order n is the n × n matrix indexed by V (G), whose (i, j)-th entry is defined as
aij = 1 if vivj ∈ E(G) and 0, otherwise. The spectral polynomial of G is defined by xIn − A(G) and is
denoted by φ(G : x) = φ(A(G)), where In is the identity matrix of order n. The eigenvalues of G are the
roots of the spectral polynomial, denoted by λm1

1 , λm2

2 , . . . , λmk

k , where mi denotes the multiplicity of λi

for i = 1, 2, . . . , k such that
∑k

i=1 mi = n.

Definition 1.1. [1] If G is labeled graph of order n with vertices v1, v2, . . . , vn, the graph G[G1, G2, . . . , Gn]
called generalized composition is formed by taking the disjoint graphs G1, G2, . . . , Gn and then joining
every vertex of Gi to every vertex of Gj whenever vi adjacent to vj in G.

Definition 1.2. [1] A partition V1

⋃
V2

⋃
. . .
⋃

Vm of V (G) is equitable if for each i and for all v1, v2 ∈
Vi, | N(v1)

⋂
Vj |=| N(v2)

⋂
Vj | for all j, where N(vi) is the open neighbourhood of vi. The partition of

V (G) into singletons is always equitable. In generalized composition, if a graph G is regular, then V (G)
can be taken as partite set in an equitable partition.

If P = V1

⋃
V2

⋃
. . .
⋃

Vm is an equitable partition, we associate with it an m × m matrix Q = [qij ],
where qij =| N(v)

⋂
Vj | for any v ∈ Vi. Such a matrix is called a quotient matrix.

Let φ(M) = φ(M : x) denotes the characteristic polynomial of matrix M .

Theorem 1.3. [1] If V1, V2, . . . , Vm is an equitable partion of a graph G then φ(Q) divides φ(G : x).

Theorem 1.4. [1] If G1, G2, . . . , Gn are all regular, then V (G1)
⋃

V (G2)
⋃

. . .
⋃

V (Gn) is an equitable
partition of G[G1, G2, . . . , Gn] and

φ(G[G1, G2, . . . , Gn] : x) = φ(Q)

n∏

i=1

φ(Gi : x)

x − ri

.
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Došlić (2005) [4], defined splice and link of two graphs as follows:

Definition 1.5. [4] Let G1 and G2 be two graphs and let us label two vertices, one in V (G1) and the
other in V (G2), by v. The vertex joining graph at v or the splice of these two graphs is denoted by
G1 ∨v G2 and is obtained by identifying the vertices v of the two graphs.

Definition 1.6. [4] Let G1 and G2 be two graphs and let us label two vertices, one in V (G1) and the
other in V (G2), by v. The edge joining graph at v or the link of these two graphs is denoted by
G1 ∨e

v G2 and obtained by adding a new edge between the labeled vertices v of two graphs.

Proposition 1.7. (Schur Complement [2]) Suppose that the order of all four matrices M, N, P and Q
satisfy the rules of operations on matrices. Then we have

∣
∣
∣
∣

M N

P Q

∣
∣
∣
∣

=

{

|Q| |M − NQ−1P |, if Q is a non-singular matrix

|M | |Q − P M−1N |, if M is a non-singular matrix.

Let Kn denote the complete graph on n vertices, Kr,s denote the complete bipartite graph on r + s

vertices and Sn = K1,n−1 denote the star on n vertices. In [3], the spectral polynomial of splices and
links of complete graph and star has been obtained. In this paper, we generalize these results by using
equitable partition.

2. Spectral polynomial of splice of graphs

Here we define splice for p simple, connected graphs G1, G2, . . . , Gp which is the generalization of the
concept of splice of two graphs.

Definition 2.1. Let G1, G2, . . . , Gp be p disjoint graphs and let us label p vertices, one in each V (Gi)
for i = 1, 2, . . . , p, by v. The vertex joining graph at v or the splice of these graphs, denoted as
∨v[G1, G2, . . . , Gp], is obtained by identifying the vertices v of the p graphs (see Figure 1).

If |V (Gi)| = ni and |E(Gi)| = mi, for i = 1, 2, . . . , p, then |V (∨v[G1, G2, . . . , Gp])| = n1 + n2 + · · · + np −
(p − 1) and |E (∨v[G1, G2, . . . , Gp]) | = m1 + m2 + · · · + mp.

Figure 1: ∨v[K5, K5, K5, K5]

Theorem 2.2. The spectral polynomial of ∨v[ Kn, Kn, . . . , Kn
︸                  ︷︷                  ︸

p copies

] is

(x − n + 2)p−1(x + 1)p(n−2)
(
x2 − (n − 2)x − p(n − 1)

)
.

Proof. Making the vertices of ∨v[ Kn, Kn, . . . , Kn
︸                  ︷︷                  ︸

p copies

] as two partite sets: V1 = {v} and V2 = {u : u is

adjacent to v}, these two partite sets lead to the quotient matrix

Q =

(
0 p(n − 1)
1 n − 2

)

.
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The spectral polynomial of Q is φ(Q) = (x2 − (n − 2)x − p(n − 1)) and the partition V2 accounts part of
the spectra of ∨v[Kn, Kn, . . . , Kn], which is {(n − 2)(p−1), (−1)p(n−2)}.

Hence, by Theorem 1.4, the result follows. �

For p = 2, the above theorem leads to Theorem 3.3 and Theorem 3.4 of [3].

Theorem 2.3. The spectral polynomial of G = ∨v[ Kr,s, Kr,s, . . . , Kr,s
︸                       ︷︷                       ︸

p copies

] is

φ(G : x) =







xrp+sp−3p+1(x2 − (p + r − 1)s)(x2 − (r − 1)s)p−1,

if v is selected among the r vertices of Kr,s

xrp+sp−3p+1(x2 − (p + s − 1)r)(x2 − (s − 1)r)p−1,

if v is selected among the s vertices of Kr,s,

with φ(G : x) = x2rp−3p+1(x2 − (p + r − 1)r)(x2 − (r − 1)r)p−1 when r=s.

Proof. (i) When v is selected among r vertices of Kr,s, making the vertices of
∨v[Kr,s, Kr,s, . . . , Kr,s] into 2p + 1 partite sets as: V1 = {v}, Vi = {u : u is not adjacent to v in a copy of
Kr,s } for i = 2, 3, . . . , p+1 and Vj = {w : w is adjacent to v in a copy of Kr,s } for j = p+2, p+3, . . . , 2p+1.
These partite sets lead to the quotient matrix

Q =



















0 0 0 . . . 0 s s s . . . s

0 0 0 . . . 0 s 0 0 . . . 0
0 0 0 . . . 0 0 s 0 . . . 0
...

...
...

. . .
...

...
...

...
. . .

...

0 0 0 . . . 0 0 0 0 . . . s

1 r − 1 0 . . . 0 0 0 0 . . . 0
1 0 r − 1 . . . 0 0 0 0 . . . 0
...

...
...

. . .
...

...
...

...
. . .

...

1 0 0 . . . r − 1 0 0 0 . . . 0



















.

Using Proposition 1.7, we have, φ(Q) = x(x2 − (p + r − 1)s)(x2 − (r − 1)s)p−1 and the partitions Vi and
Vj accounts part of the spectra of ∨v[Kr,s, Kr,s, . . . , Kr,s], which is {0(rp+sp−3p)}.

Hence, by Theorem 1.4, the result follows.
(ii) Interchanging r and s in the proof of above Case (i), the result follows.
When r = s, φ(G : x) = x2rp−3p+1(x2 − (p + r − 1)r)(x2 − (r − 1)r)p−1. �

Corollary 2.4. The spectral polynomial of G = ∨v[ Sn, Sn, . . . , Sn
︸               ︷︷               ︸

p copies

] is

φ(G : x) =







xnp−p−1(x2 − (n − 1)p),

if v is the central vertex of the star Sn

xnp−3p+1(x2 − (p + n − 2))(x2 − (n − 2))p−1,

if v is a non-central vertex of the star Sn.

Proof. Taking r = 1 and s = n − 1 in Case (i) of Theorem 2.2, we get φ(G : x) = xnp−p−1(x2 − (n − 1)p).
Taking r = n − 1 and s = 1 in Case (i) of Theorem 2.2, we get

φ(G : x) = xnp−3p+1(x2 − (p + n − 2))(x2 − (n − 2))p−1.

�

For p = 2, the above corollary leads to Theorem 3.5 and Corollary 3.6 of [3].
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3. Spectral polynomial of link of graphs

Now, we define link for 2p simple, connected graphs G1, G2, . . . , G2p which is the generalization of the
concept of link of two graphs.

Definition 3.1. Let G1, G2, . . . , G2p be 2p graphs and let us label p vertices, one in each V (Gi) for
i = 1, 2, . . . , p, by v and other p vertices, one in each V (Gi) for i = p + 1, p + 2, . . . , 2p, by v′. The edge

joining graph at vv′ or the link of these graphs be denoted as ∨e
vv′ [G1, G2, . . . , G2p] which is obtained

by adding a new edge between the identified vertices v and v′ of 2p graphs (for the purpose of symmetry
in the structure, p copies are taken at v and other p copies at v′) (see Figure 2).

Figure 2: ∨e
vv′ [K5, K5, K5, K5]

Theorem 3.2. The spectral polynomial of ∨e
vv′ [ Kn, Kn, . . . , Kn

︸                  ︷︷                  ︸
2p copies

] is

(x + 1)2p(n−2)
(

x − (n − 2)
)(2p−2)

(

x4 − (2n − 4)x3 + (n2 − 2np − 4n + 2p + 3)x2

+2(n − 2)
[

1 + p(n − 1)
]

x +
[

p2(n − 1)2 − (n − 2)2
]
)

.

Proof. From ∨e
vv′ [Kn, Kn, . . . , Kn] we have, e = vv′ and p copies of Kn identified at v and other p copies

of Kn identified at v′. Making (2np − 2p + 2) vertices of ∨e
vv′ [Kn, Kn, . . . , Kn] into four partite sets as

V1 = {v}, V2 = {v′}, V3 = {u : u is adjacent to v } and V4 = {u′ : u′ is adjacent to v′ }, these four partite
sets lead to the quotient matrix

Q =







0 1 p(n − 1) 0
1 0 0 p(n − 1)
1 0 n − 2 0
0 1 0 n − 2







.

The spectral polynomial of Q is,

φ(Q) = (x2 − (n − 3)x − (2n − 3))(x2 − (n − 1)x − 1)

and the partition V3 and V4 accounts part of the spectra of ∨e
vv′ [Kn, Kn, . . . , Kn], which is

{(−1)2p(n−2), (n − 2)(2p−2)}.

Hence, by Theorem 1.4, the result follows. �

For p = 1, the above theorem leads to Theorem 3.11 of [3].
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Theorem 3.3. The spectral polynomial of G = ∨e
vv′ [ Kr,s, Kr,s, . . . , Kr,s

︸                       ︷︷                       ︸

2p copies

] is

φ(G : x) =







x2rp+2sp−2p−4
(

x6 − (2rs + 2sp − 2s + 1)x4 + (r2s2 + 2rs2p + s2p2 − 2rs2

−2s2p + 2rs + s2 − 2s)x2 − s2(r − 1)2
)

,

if v ad v′ are selected among the r vertices of Kr,s

x2rp+2sp−2p−4(x6 − (2rs + 2rp − 2r + 1)x4 + (r2s2 + 2r2sp + r2p2 − 2r2s

−2r2p + 2rs + r2 − 2r)x2 − r2(s − 1)2),

if v ad v′ are selected among the s vertices of Kr,s,

with

φ(G : x) = x4rp−2p−4
(

x6 − (2r2 + 2rp − 2r + 1)x4 + (r4 + 2r3p + r2p2 − 2r3

−2r2p + 3r2 − 2r)x2 − r2(r − 1)2
)

, when r = s.

Proof. (i) When v and v′ are selected among r vertices of two copies of Kr,s respectively, then from
∨e

vv′ [Kr,s, Kr,s, . . . , Kr,s], we have, e = vv′ and p copies of Kr,s identified at v and other p copies of Kr,s

identified at v′. Making (2rp + 2sp − 2p + 2) vertices of ∨e
vv′ [Kr,s, Kr,s, . . . , Kr,s] into six partite sets as:

V1 = {v}, V2 = {u′ : u′ is adjacent to v′ among p copies of Kr,s which are identified at v′}, V3 = {w : w

is not adjacent to v among p copies of Kr,s which are identified at v}, V4 = {v′}, V5 = {u : u is adjacent
to v among p copies of Kr,s which are identified at v} and V6 = {w′ : w′ is not adjacent to v′ among p

copies of Kr,s which are identified at v′} these six partite sets lead to the quotient matrix

Q =











0 0 0 1 sp 0
0 0 0 1 0 r − 1
0 0 0 0 s 0
1 sp 0 0 0 0
1 0 r − 1 0 0 0
0 s 0 0 0 0











.

Using Proposition 1.7, we have

φ(Q) = x6 − (2rs + 2sp − 2s + 1)x4

+(r2s2 + 2rs2p + s2p2 − 2rs2 − 2s2p + 2rs + s2 − 2s)x2 − s2(r − 1)2

and the partitions Vi and Vj accounts part of the spectra of ∨e
vv′ [Kr,s, Kr,s, . . . , Kr,s], which is

{0(2rp+2sp−2p−4)}.

Hence, by Theorem 1.4, the result follows.

(ii) Interchanging r and s in the proof of above Case (i), the result follows.
When r = s, φ(G : x) = x4rp−2p−4(x6 − (2r2 + 2rp − 2r + 1)x4 + (r4 + 2r3p + r2p2 − 2r3 − 2r2p + 3r2 −
2r)x2 − r2(r − 1)2). �

Theorem 3.4. The spectral polynomial of G = ∨e
vv′ [Sn, Sn] is

φ(G : x) =







x2n−4(x4 − (2n − 1)x2 − (n − 1)x + (n − 1)2),

when v and v′ are the central vertices

x2n−6(x6 − (2n − 1)x4 + (n2 − 3)x2 − (n2 − 4n + 4)),

when v and v′ are the non-central vertices.
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Proof. (i) When v and v′ are central vertices in two copies of Sn respectively, making 2n vertices of
∨e

vv′ [Sn, Sn] which includes two copies of Sn into four partite sets as: V1 = {v}, V2 = {v′}, V3 = {u : u

is adjacent to v such that u , v′} and V4 = {u′ : u′ is adjacent to v′ such that u′
, v}, these six partite

sets lead to the quotient matrix

Q =







0 1 n − 1 0
1 0 0 n − 1
1 0 0 0
0 1 0 0







.

Using Proposition 1.7, we have, φ(Q) = (x4 − (2n − 1)x2 − (n − 1)x + (n − 1)2) and the partitions V3 and
V4 accounts part of the spectra of ∨e

vv′ [Sn, Sn], which is {0(2n−4)}.

Hence, by Theorem 1.4, the result follows.

(ii) When v and v′ are pendent vertices in two copies of Sn, denote the two central vertices as u and
u′. Making 2n vertices of ∨e

vv′ [Sn, Sn] which includes two copies of Sn into six partite sets as: V1 = {u},
V2 = {v′}, V3 = {w′ : w′ is adjacent to u′ such that w′

, v′ }, V4 = {v}, V5 = {w : w is adjacent to u

such that w , v} and V6 = {u′}, these six partite sets lead to the quotient matrix

Q =











0 0 0 1 n − 2 0
0 0 0 1 0 1
0 0 0 0 0 1
1 1 0 0 0 0
1 0 0 0 0 0
0 1 n − 2 0 0 0











.

Using Proposition 1.7, we have, φ(Q) = (x6 − (2n − 1)x4 + (n2 − 3)x2 − (n2 − 4n + 4)) and the partitions
V3 and V5 accounts part of the spectra of ∨e

vv′ [Sn, Sn], which is {0(2n−6)}.

Hence, by Theorem 1.4, the result follows. �

For p = 1, Case (ii) of the above theorem leads to Theorem 3.12 of [3].
Here we define link for p copies of simple, connected graphs G1, G2, . . . , Gp which is a special kind of the
concept of link of two graphs.

Definition 3.5. Let G1, G2, . . . , Gp be p graphs and let us label p vertices, one in each of V (Gi) for
i = 1, 2, . . . , p, by v. The edge joining graphs at v or the link of these graphs be denoted as
∨e

v[G1, G2, . . . , Gp] which is obtained by adding new edges between the vertices labeled by v of p graphs
(see Figure 3).

Figure 3: ∨e
v[K5, K5, K5, K5]

Theorem 3.6. The spectral polynomial of ∨e
v[ Kn, Kn, . . . , Kn
︸                  ︷︷                  ︸

p copies

] is

(x + 1)p(n−2)
(
x2 − (n + p − 3)x + (np − 2n − 2p + 3)

) (
x2 − (n − 3)x − (2n − 3)

)p−1
.
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Proof. From ∨e
v[Kn, Kn, . . . , Kn], making np vertices of ∨e

v[Kn, Kn, . . . , Kn] into 2p partite sets as: Vi =
{v} and Vj = {u : u is adjacent to v} for i = 1, 2, 3, . . . , p and j = p + 1, p + 2, p + 3, . . . , 2p (here Vi is a
singleton set for the vertex v in Kn). These 2p partite sets lead to the quotient matrix

Q =

(
(J − I)p×p (n − 1)Ip×p

Ip×p (n − 2)Ip×p

)

where J is the matrix with each entry one.
Using Proposition 1.7, we have,

φ(Q) =
(
x2 − (n + p − 3)x + (np − 2n − 2p + 3)

) (
x2 − (n − 3)x − (2n − 3)

)p−1
and the p partitions Vj

for j = p + 1, p + 2, p + 3, . . . , 2p accounts to part of the spectra of ∨e
v[Kn, Kn, . . . , Kn], which is

{(−1)p(n−2)}.

Hence, by Theorem 1.4, the result follows. �

Theorem 3.7. The spectral polynomial of G = ∨e
v[ Kr,s, Kr,s, . . . , Kr,s
︸                       ︷︷                       ︸

p copies

] is

φ(G : x) =







xrp+sp−3p
(

x3 − (p − 1)x2 − srx + s(r − 1)(p − 1)
)

(

x3 + x2 − srx − s(r − 1)
)(p−1)

,

if v is selected among the r vertices of Kr,s

xrp+sp−3p
(

x3 − (p − 1)x2 − srx + r(s − 1)(p − 1)
)

(

x3 + x2 − srx − r(s − 1)
)(p−1)

,

if v is selected among the s vertices of Kr,s,

with φ(G : x) = x2rp−3p
(

x3 − (p − 1)x2 − r2x + r(r − 1)(p − 1)
)(

x3 + x2 − r2x − r(r − 1)
)(p−1)

when r=s.

Proof. (i) When v is selected among r vertices of Kr,s, making the vertices of ∨e
v[Kr,s, Kr,s, . . . , Kr,s]

which includes p copies of Kr,s into 3p partite sets as: Vi = {u : u is not adjacent to v in a copy of Kr,s},

Vj = {v}, Vt = {w : w is adjacent to v in a copy of Kr,s } for i = 1, 2, 3, . . . , p, j = p + 1, p + 2, . . . , 2p

and t = 2p + 1, 2p + 2, . . . , 3p. These partite sets lead to the quotient matrix

Q =





Op×p Op×p sIp×p

Op×p (J − I)p×p sIp×p

(r − 1)Ip×p Ip×p Op×p





where O denotes the zero matrix. Using Proposition 1.7, we have,

φ(Q) = (x3 − (p − 1)x2 − srx + s(r − 1)(p − 1))(x3 + x2 − srx − s(r − 1))(p−1)

and the partitions Vi and Vt accounts part of the spectra of ∨e
v[Kr,s, Kr,s, . . . , Kr,s], which is {0(rp+sp−3p)}.

Hence, by Theorem 1.4, the result follows.

(ii) Interchanging r and s in the proof of the case (i), the result follows.
When r = s,

φ(G : x) = x2rp−3p(x3 − (p − 1)x2 − r2x + r(r − 1)(p − 1))(x3 + x2 − r2x − r(r − 1))(p−1).

�

Remark 3.8. When we put, r = 1 and s = n − 1 in the above theorem, we get
G = ∨e

v[ K1,n−1, K1,n−1, . . . , K1,n−1
︸                                   ︷︷                                   ︸

p copies

] which is same as, ∨e
v[ Sn, Sn, . . . , Sn
︸               ︷︷               ︸

p copies

], where v is a central vertex.

Hence, φ(G : x) = xnp−2p
(
x2 − (p − 1)x − (n − 1)

) (
x2 + x − (n − 1)

)p−1
.
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