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On Spectral Polynomial of Splices and Links of Graphs*

Harishchandra S. Ramane, Daneshwari Patil, K. Ashoka and B. Parvathalu

ABSTRACT: The spectral polynomial of a graph is the characteristic polynomial of its adjacency matrix.
Spectral polynomial of the splice and links of complete graph and star have been obtained recently in the
literature. In this paper we generalize these results using the concept of equitable partition.
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1. Introduction

A graph G = (V(G), E(Q)), where V(G) = {v1,v2,...,v,} is a finite non-empty set of elements called
vertices and E(G) is a set of unordered pairs of distinct vertices called edges. Graphs considered here are
simple and undirected. We follow the book [2] for terminology and definitions. The adjacency matrix
A(G) of a graph G of order n is the n X n matrix indexed by V(G), whose (i, j)-th entry is defined as
a;j = 1 if v;u; € E(G) and 0, otherwise. The spectral polynomial of G is defined by |zI, — A(G)| and is
denoted by ¢(G : ) = ¢(A(G)), where I, is the identity matrix of order n. The eigenvalues of G are the
roots of the spectral polynomial, denoted by A", AJ**, ... A/"", where m; denotes the multiplicity of \;

fori=1,2,...,k such that Zle mi; =n.

Definition 1.1. [1] If G is labeled graph of order n with vertices vy, va, ..., vy, the graph G[G1,Ga, . .., Gy)]
called generalized composition is formed by taking the disjoint graphs G1,Gs, ..., Gy and then joining
every vertex of G to every vertex of G; whenever v; adjacent to v; in G.

Definition 1.2. [1] A partition Vi | ValJ. ..U Vin of V(G) is equitable if for each i and for all v1,v2 €
Vi, IN(wi) NV |=| N(v2) NV | for all j, where N (v;) is the open neighbourhood of v;. The partition of
V(G) into singletons is always equitable. In generalized composition, if a graph G is regular, then V(G)
can be taken as partite set in an equitable partition.

IfP=viUValJ...UVm is an equitable partition, we associate with it an m x m matriz Q@ = [g;],
where g;; =| N(v) (N V; | for any v € V;. Such a matriz is called o quotient matrix.

Let ¢(M) = ¢(M : x) denotes the characteristic polynomial of matrix M.
Theorem 1.3. [1] If V1, Va,..., V,, is an equitable partion of a graph G then ¢(Q) divides ¢(G : x).

Theorem 1.4. [1] If G1,Ga,...,Gy are all regular, then V(G1)JV(G2)U. ..UV (G,) is an equitable
partition of G|G1,Ga,...,Gy] and

#(G|G1,Ga,...,Gy) 1 2) = ¢(Q)H%'
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Dosli¢ (2005) [4], defined splice and link of two graphs as follows:

Definition 1.5. [4] Let G1 and G2 be two graphs and let us label two vertices, one in V(G1) and the
other in V(G2), by v. The vertex joining graph at v or the splice of these two graphs is denoted by
G1 Vy Go and is obtained by identifying the vertices v of the two graphs.

Definition 1.6. [4] Let G1 and G2 be two graphs and let us label two vertices, one in V(G1) and the
other in V(G2), by v. The edge joining graph at v or the link of these two graphs is denoted by
G4 V§ Ga and obtained by adding a new edge between the labeled vertices v of two graphs.

Proposition 1.7. (Schur Complement [2]) Suppose that the order of all four matrices M, N, P and Q
satisfy the rules of operations on matrices. Then we have

‘M N| QI |M = NQ~*P|, if Q is a non-singular matriz
P Q| | |M||Q—PM~'N|, if Mis a non-singular matriz.

Let K,, denote the complete graph on n vertices, K, s denote the complete bipartite graph on r + s
vertices and S,, = K7 ,—1 denote the star on n vertices. In [3], the spectral polynomial of splices and
links of complete graph and star has been obtained. In this paper, we generalize these results by using
equitable partition.

2. Spectral polynomial of splice of graphs

Here we define splice for p simple, connected graphs G1, Gs, ..., G)p, which is the generalization of the
concept of splice of two graphs.

Definition 2.1. Let G1, G, ..., G, be p disjoint graphs and let us label p vertices, one in each V(G;)
for i1 =1,2,...,p, by v. The vertex joining graph at v or the splice of these graphs, denoted as
V|G, Ga, ..., Gy, is obtained by identifying the vertices v of the p graphs (see Figure 1).

If [V(G;)| = n; and |E(G;)| = my, for i = 1,2,...,p, then |V (V4 [G1,Ga,...,Gpl)| =n1i+na+---+ny —
(p—1) and |[E (Vy[G1,Ga, ..., Gpl) [ =m1 +ma + -+ my,.

Figure 1: V,[Ks, K5, K5, K]

Theorem 2.2. The spectral polynomial of Vo[ Ky, Kp, ..., Ky | is
——
p copies
(x —n+2)P " (z+1)Pn=2 (z° = (n—2)z — p(n —1)).

Proof. Making the vertices of V,[ K, Ky,..., K, | as two partite sets: V4 = {v} and Vo2 = {u : v is
~———

p copies
adjacent to v}, these two partite sets lead to the quotient matrix

©= <(1) p(:—_21)> '



ON SPECTRAL POLYNOMIAL OF SPLICES AND LINKS OF GRAPHS 3

The spectral polynomial of Q is #(Q) = (22 — (n — 2)x — p(n — 1)) and the partition V5 accounts part of

the spectra of V,[K,, Ky, ..., K], which is {(n — 2)(P=1 (=1)P(n=2)}
Hence, by Theorem 1.4, the result follows. O
For p = 2, the above theorem leads to Theorem 3.3 and Theorem 3.4 of [3].

Theorem 2.3. The spectral polynomial of G = V| Ky s, Ky sy, Kps | i

p copies

a0 — (p 4 — 1)s)(a? — (r — 1)s)P 7,
if v is selected among the r vertices of K, s
PP 2 (s~ 1) — (s = D),

if v is selected among the s vertices of K, s,

PG x) =

with ¢(G : z) = 2?P=3PF (22 — (p+ 7 — 1)r)(2? — (r — 1)r)P~! when r=s.

Proof. (i) When v is selected among r vertices of K, 5, making the vertices of

Vol Ky s, Krs, ..., Ky ] into 2p+ 1 partite sets as: Vi = {v}, V; = {w: u is not adjacent to v in a copy of
K,s}fori=23,...,p+land V; = {w : wis adjacent to v in a copy of K, 5 } for j = p+2,p+3,...,2p+1.
These partite sets lead to the quotient matrix

0 0 0 0 s $ S ... S
0 0 0 0 s 0O ... 0
0 0 0 0 0 s 0 ... 0
Q=10 0 0 0 00 0 ... s
1 r—1 0 0 00 0 ... 0
1 0 r—1 ... 0 00 0 ... 0
1 0 0 ... r—1 0 0 0 ... 0

Using Proposition 1.7, we have, ¢(Q) = x(2? — (p+r — 1)s)(2? — (r — 1)s)P~! and the partitions V; and
V; accounts part of the spectra of V,[K,. s, Ky, ..., K, s], which is {0P+sP=3P)}

Hence, by Theorem 1.4, the result follows.

(74) Interchanging r and s in the proof of above Case (i), the result follows.

When r = s, ¢(G : x) = 22?73 (22 — (p+7r — 1)r)(2% — (r — 1)r)P~L. m|
Corollary 2.4. The spectral polynomial of G = V[ Sy, Sy .., Sn | is
~——— e ——
p copies

2" P2 — (n — 1)p),
if v is the central vertex of the star Sy,
22 — (g = 2)) (@ = (0= 2))

if v is a non-central vertex of the star S,.

¢(G:x) =

Proof. Taking r =1 and s = n— 1 in Case (i) of Theorem 2.2, we get ¢(G : x) = 2" P~ (22 — (n—1)p).
Taking r =n — 1 and s =1 in Case (i) of Theorem 2.2, we get

B(G @) = 2 WH(? — (p+n—2))(a® — (n— 2.

For p = 2, the above corollary leads to Theorem 3.5 and Corollary 3.6 of [3].
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3. Spectral polynomial of link of graphs

Now, we define link for 2p simple, connected graphs G'1, G'a, .. ., Ga, which is the generalization of the
concept of link of two graphs.

Definition 3.1. Let G1,Gs,...,Gap be 2p graphs and let us label p vertices, one in each V(G;) for
i=1,2,...,p, by v and other p vertices, one in each V(G;) fori=p+1,p+2,...,2p, by v'. The edge
joining graph at vv’ or the link of these graphs be denoted as V¢, [G1,Ga, ..., Gap] which is obtained
by adding a new edge between the identified vertices v and v' of 2p graphs (for the purpose of symmetry
in the structure, p copies are taken at v and other p copies at v') (see Figure 2).

-

Figure 2: V¢ [K5,K5,K5,K5]

v’

Theorem 3.2. The spectral polynomial of V¢, [ Kn, Ky, ..., K, ] is
~—_———

2p copies

(2p-2)
(z+1)%=2) (x —(n-— 2)) 3 <x4 —(2n —4)x® + (n® — 2np — 4n + 2p + 3)2?

+2(n—2) [1 +p(n— 1)}33 n [pQ(n 12— (n— 2)2D.

Proof. From V¢, ,[K,, K,, ..., K,] we have, e = vv’ and p copies of K, identified at v and other p copies
of K,, identified at v'. Making (2np — 2p + 2) vertices of V¢ ,[K,, Ky, ..., K,] into four partite sets as

Vi ={v}, Vo ={v'}, V5 = {u: uis adjacent to v } and V3 = {u’ : v is adjacent to v’ }, these four partite
sets lead to the quotient matrix

p(n—1) 0
0 p(n—1)
n—2 0
0 n—2

Q

I
O = = O
_o O =

The spectral polynomial of @ is,
$(Q) = (z* — (n=3)x — (2n = 3))(2* — (n — )z — 1)
and the partition V3 and Vi accounts part of the spectra of V¢, [K,,K,,...,K,], which is

{(~1)%02), (0 — 2)CP2),
Hence, by Theorem 1.4, the result follows. O

For p = 1, the above theorem leads to Theorem 3.11 of [3].
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Theorem 3.3. The spectral polynomial of G =V, [ Ky s, Ky g,..., Ky 4] is

2p copies

x2rpt2sp—2p—4 (x6 — (2rs + 2sp — 25 + 1)zt + (1252 + 2rs?p + s2p? — 2rs?
—28%p + 2rs + 82 — 28)2% — % (r — 1)2),
B(G 1) = if v ad v' are selected among the r vertices of K,
a2 H2sp=20=4(56  (2rs 4 2rp — 21 + 1)t + (1252 + 2r%sp + 12p? — 2r%s
—2r2p+ 2rs + 1% — 2r)z? — r%(s — 1)?),

if v ad V' are selected among the s vertices of K, s,

with
p(G:x) = atP (966 —(2r +2rp—2r 4+ Dzt + (r* + 23+ r%p? — 203

—2r%p + 3r? — 2r)2? —r?(r — 1)2), when r = s.

Proof. (i) When v and v’ are selected among r vertices of two copies of K, s respectively, then from
Ve K sy Krsy ... Ky 5|, we have, e = vv’ and p copies of K, 4 identified at v and other p copies of K, s
identified at v’. Making (2rp + 2sp — 2p + 2) vertices of V¢, [K, s, Ky s, - . ., K, 5] into six partite sets as:
Vi = {v}, Vo = {u : «/ is adjacent to " among p copies of K, s which are identified at v'}, V5 = {w : w
is not adjacent to v among p copies of K, s which are identified at v}, Vi = {v'}, V5 = {u : u is adjacent
to v among p copies of K, ; which are identified at v} and Vg = {w’ : v’ is not adjacent to v' among p

copies of K, ; which are identified at v'} these six partite sets lead to the quotient matrix

0 O 0 1 sp 0
0 0 0 1 0 r—1
Q= 0 0 0 0 s 0
11 osp O 0 0 0
1 0 »r—1 0 O 0
0 s 0 0 0 0
Using Proposition 1.7, we have
H(Q) = 25— (2rs+2sp—2s5+1)z!

+(r?s% 4 2rs?p + s%p? — 2rs? — 25%p + 2rs + 5% — 28)x% — 5% (r — 1)2

?ng tEQe pz;rtigc;ns Vi and Vj; accounts part of the spectra of V¢, (K5, Krs,..., Ky 5], which is
02rp+2sp—2p—4)1

Hence, by Theorem 1.4, the result follows.

(74) Interchanging r and s in the proof of above Case (i), the result follows.
When 7 = s, ¢(G : z) = 24P=2P=4 (26 — (202 + 2rp — 2r + D)a* + (r* + 2r3p + r2p? — 213 — 2r2p 4+ 312 —
2r)z? —r2(r —1)2). mi

Theorem 3.4. The spectral polynomial of G = V¢, _,[Sn, Sy] is

v’

222t — 2n - D2 — (n— Do+ (n—1)?),
when v and v’ are the central vertices
227 6(2% — (2n — 1)at + (n? — 3)2?2 — (n? — 4n + 4)),
when v and v’ are the non-central vertices.

o(G : ) =
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Proof. (i) When v and v are central vertices in two copies of S,, respectively, making 2n vertices of
V., [Sn, Sp] which includes two copies of S,, into four partite sets as: Vi = {v}, Vo = {v'}, Vs = {u: u
is adjacent to v such that u # v'} and V3 = {u : v/ is adjacent to v’ such that v’ # v}, these six partite
sets lead to the quotient matrix

01 n-—1 0
1 0 0 n—1
Q= 1 0 0 0
0 1 0 0

Using Proposition 1.7, we have, ¢(Q) = (z* — (2n — 1)2? — (n — 1) + (n — 1)?) and the partitions V3 and
V, accounts part of the spectra of V¢,,[S,, S|, which is {09},
Hence, by Theorem 1.4, the result follows.

(#7) When v and v’ are pendent vertices in two copies of S,,, denote the two central vertices as u and
u’. Making 2n vertices of V¢, ,[Sy, Sp] which includes two copies of S, into six partite sets as: Vi = {u},

Vo = {v'}, V3 = {w' : w' is adjacent to u’ such that w’ # v }, V3 = {v}, V5 = {w : w is adjacent to u
such that w # v} and Vs = {u'}, these six partite sets lead to the quotient matrix

0 0 0 1 n-2 0
0 0 0 1 0 1
0 0 0 0 0 1
@= 11 0 0 0 0
1 0 0 0 0 0
01 n—-2 0 0 0

Using Proposition 1.7, we have, ¢(Q) = (2% — (2n — 1)z* + (n? — 3)2% — (n? — 4n +4)) and the partitions
Vs and V5 accounts part of the spectra of V¢, [S,,, S,], which is {02"~6)},

v’

Hence, by Theorem 1.4, the result follows. O

For p =1, Case (ii) of the above theorem leads to Theorem 3.12 of [3].
Here we define link for p copies of simple, connected graphs G, Gy, . . ., G), which is a special kind of the
concept of link of two graphs.

Definition 3.5. Let G1,Gs,...,G, be p graphs and let us label p vertices, one in each of V(G;) for
1= 1,2,...,p, by v. The edge joining graphs at v or the link of these graphs be denoted as
VE[G1,Ga,...,Gp| which is obtained by adding new edges between the vertices labeled by v of p graphs
(see Figure 3).

Figure 3: V¢[K5, K5, K5, K5

Theorem 3.6. The spectral polynomial of V[ Ky, K, ..., Ky | is
——
p copies

—1

(z +1)P("=2) (2> = (n+p—3)z+ (np—2n—2p+3)) (2* — (n—3)z — (2n — 3))p
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Proof. From V¢[K,, K,, ..., K,|, making np vertices of VS[K,, K, ..., K,] into 2p partite sets as: V; =
{v} and V; = {u : v is adjacent to v} for ¢ =1,2,3,...,pand j=p+1,p+2,p+3,...,2p (here V; is a
singleton set for the vertex v in K,). These 2p partite sets lead to the quotient matrix

o= (Vo Goan)

where J is the matrix with each entry one.

Using Proposition 1.7, we have,

#(Q) = (#* —(n+p—3)z+ (np—2n—2p+3)) (22 — (n —3)z — (2n — 3))p_1 and the p partitions V;
for j = p+1,p+2,p+3,...,2p accounts to part of the spectra of V¢[K,, K,,..., K,], which is

(1P},

Hence, by Theorem 1.4, the result follows. O

Theorem 3.7. The spectral polynomial of G = VE[ Ky s, Ky sy .., Ky s | i

p copies
aTPTep=3p (x3 —(p—1)a® —srx+s(r—1)(p—1)
3 5 (p—1)
(m +z —er—s(r—l)) ,

if v is selected among the r vertices of K, s
xrPsp=3p (x3 —(p-12%—srz+r(s—1)(p— 1))

(p—1)
(x3+x2—srx—r(s—1))p ,

if v is selected among the s vertices of K, s,

(r—1)
with ¢(G : x) = 2?"P~3P (x3 —(p—Dx?=r2z+r(r—1)(p— 1)) (x3 +a%—r?z—r(r— 1)) " when r=s.

Proof. (i) When v is selected among r vertices of K, s, making the vertices of V§[K, ¢, Ky s, ..., Ky 5]
which includes p copies of K, s into 3p partite sets as: V; = {u : u is not adjacent to v in a copy of K, s},
V; = {v}, Vi = {w : w is adjacent to v in a copy of K, } for i =1,2,3,....p, j=p+1,p+2,...,2p
and t =2p+1,2p+2,...,3p. These partite sets lead to the quotient matrix

Opxp Opxp slpxp
Q= Opxp (J = Dpxp  $lpxp
(r =D lpxp Ipxp Opxp

where O denotes the zero matrix. Using Proposition 1.7, we have,
#(Q) = (2° — (p—1)a? — stz + s(r — 1)(p — 1)) (2® + 2% — sra — s(r — 1))@~

and the partitions V; and V; accounts part of the spectra of V¢ [K, s, Ky, . .., K, 5], which is {O(TP+SP_3”)}.
Hence, by Theorem 1.4, the result follows.

(74) Interchanging r and s in the proof of the case (i), the result follows.
When r = s,

G(Grx) =277 (2% — (p—1)2? —r?z+r(r —1)(p— 1))@ + 22 —r?z —r(r — 1))@,

m|
Remark 3.8. When we put, r =1 and s =n — 1 in the above theorem, we get
G=VS[ Kin-1,Kin-1,..., K1 n_1] which is same as, V[ Sn, Sn,...,Sn |, where v is a central vertex.
~—_————

p copies p copies

Hence, (G :z) = 2" % (22 = (p— 1)z — (n—1)) (2* + 2 — (n — 1));;—1.
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