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Generalized Lacunary Statistical Convergence of Order § of Difference Sequences of
Fractional Order

Nazlim Deniz Aral

ABSTRACT: In this paper, using a modulus function we generalize the concepts of A"™ —lacunary statistical
convergence and A™—lacunary strongly convergence (m € N) to A®—lacunary statistical convergence of order
[ with the fractional order of a and A®—lacunary strongly convergence of order 8 with the fractional order
of a ( where 0 < 8 <1 and « be a fractional order).
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1. Introduction

The idea of statistical convergence was given by Zygmund [40] in the first edition of his monograph
published in Warsaw in 1935. The concept of statistical convergence was introduced by Steinhaus [34] and
Fast [19] and later reintroduced by Schoenberg [32]. Over the years and under different names statistical
convergence was discussed in the theory of Fourier analysis, Ergodic theory, Number theory, Measure
theory, Trigonometric series, Turnpike theory and Banach spaces. Later on it was further investigated
from the sequence space point of view and linked with summability theory by Caserta et al. [5], Connor
[6], Cakalli et al. ([7],[8],]9]), Cmar et al. [10], Et et al. ([15],[16]), Fridy [21], Fridy and Orhan [22],
Isik et al. ([23],[24]), Mursaleen [28], Salat [30], Sengiil [35] and many others.

The idea of statistical convergence depends upon the density of subsets of the set N of natural numbers.
The density of a subset E of N is defined by

1 n
O(E) = lim — E Xg(k), provided that the limit exists.
n—oo M —

A sequence x = (zy) is said to be statistically convergent to L if for every £ > 0,
0({keN: |z —L| >e})=0.

Recently, Colak [11] generalized the statistical convergence by ordering the interval (0, 1] and defined
the statistical convergence of order  and strong p—Cesaro summability of order g, where 0 < 5 <1
and p is a positive real number. Sengiil and Et ([17],[36]) generalized the concepts such as lacunary
statistical convergence of order § and lacunary strong p—Cesaro summability of order 3 for sequences of
real numbers.

Difference sequence spaces was defined by Kizmaz [27] and the concept was generalized by Et et al.
([12],[13]) as follows:
A™(X) ={z = (zx) : (A™xzp) € X},

where X is any sequence space, m € N, Az = (2), Az = (v — zps1), A™
(Al — Am gy ) and so A™zp = Y0 (=1)" () Tkt
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If x € A™ (X) then there exists one and only one sequence y = (yx) € X such that y, = A™xy and

T = (—1)m< k;ﬂbi_ll )yuzi(—l)m( k+$:11)_1 )yv_m, (1.1)

yl—m:y2—m:"':y020

for sufficiently large k, for instance k > 2m. After then some properties of difference sequence spaces
have been studied in ([1],[2],[14],[26], [31]).

By I'(r), we denote the Gamma function of a real number r and r ¢ {0,—1,—2,-3,...}. By the
definition, it can be expressed as an improper integral as:

I'(r) :/ et at.
0

From the definition, it is observed that:

(i) For any natural number n, I'(n + 1) = nl,

(ii) For any real number n and n ¢ {0,—1,—-2,-3,...},T'(n+ 1) = nI'(n),

(iii) For particular cases, we have I'(1) = T'(2) = 1,T'(3) = 2,T'(4) = 3|, ....

For a proper fraction «, we define a fractional difference operator A® : w — w defined by

(oo}

A(ay) = S (<1)

Plat1) s (1.2)
1=0

iT(a—i+1

. 1 1 1 1 5 7 21
In particular, we have A%xy, = Tp — 5Tk+1 — 3Th+2 — 15Tk+3 — To5Th+4 — 355Tk+5 — Toaq Th+6 -
-1 1 3 5 35 63 231
A2z =T + 3Tp41 + §Tht2 + T5Th+3 T 125 Tht4 T 356 Th+5 + Toa7Th46
1 _ 1 1 5 10 22 154
Asgy = xy, — 3Tk+1 — gTk+2 — g7Lk+3 — 323Tk+4 — 75gLk+5 — Grg1Lk+6 """
Ay —ap — 20— Lg Ao T A 91
k k 3rk+1 gtk+2 g1 Vk+3 543 Vk+4 799 Vk+5 6561 Vk+6
Without loss of generality, we assume throughout that the series defined in (1.2) is convergent.
Moreover, if « is a positive integer, then the infinite sum defined in (1.2) reduces to a finite sum i.e.,
i T(a+1l . . . . .
Z;":O(—l)lm(g"%ﬁl)xkﬂ. In fact, this operator is generalized the difference operator introduced by Et
and Colak [12].

Recently, using fractional operator A* (fractional order of «) Baliarsingh et al. ([3],[4],[29]) defined
the sequence space A® (X) such as:

A% (X) = {z = (xx) - (A%zp) € X},

where X is any sequence space.

By a lacunary sequence we mean an increasing integer sequence 6 = (k) of non-negative integers
such that ky = 0 and h, = (k, — k,—1) — o0 as r — oco. The intervals determined by 6 will be denoted

by I, = (ky—1, k] and the ratio k’:il will be abbreviated by ¢,, and g = k; for convenience. In recent

years, lacunary sequences have been studied in ([7],[8],[9], [18],[20], [22], [25], [37], [38], [33]).

2. Main Results

Definition 2.1. [2] Let 0 = (k) be a lacunary sequence, 5 € (0,1] and « be a proper fraction. The
sequence x = (xy) is said to be A“—lacunary statistically convergent of order 8 of fractional order of «
(or A("(Sg)—convergent to L) to the number L, if there is a real number L such that

1 o
Tl;rr;oﬁ|{kelr DA%z — Ll > e} =0

T

for all € > 0. In this case, we write xj, — L(A("(Sg)).
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The set of all A"‘(Sg )—convergent sequences will be denoted by A"‘(Sgj ). If 6 = (2"), then we write
A®(SP) instead of Aa(Sg). In the special cases § = (27) and 8 = 1, we write A%(S) instead of Aa(Sg).

In particular, A("(Sg )—convergence includes many special cases; for example, in case of @ = m €
N, 8 = 1, A®—lacunary statistical convergence of order 8 reduces to the A" —lacunary statistical conver-
gence which was defined and studied by Tripathy and Et [39].

Definition 2.2. [2] Let 0 = (k) be a lacunary sequence, § € (0,1] and o be a proper fraction, then the
sequence (xy,) is said to be A*— Cesaro summable of order 8 to L if

n— 00

1
hmmZ(Aa:k—L):O.
k=1

The class of all A*—Cesaro summable sequences of order /3 is denoted by A"‘(a’f ). In case of § =1,
we will write A% (o) instead of A* (of) and say that x = (x,) is A®—Cesaro summable to L.

Theorem 2.3. [2] If a A*—bounded sequence (that is x € A“ ({x)) is A“—statistically convergent to
L, then it is A*—Cesaro summable to L.

Converse of Theorem 2.1 does not holds. For this choose a = 1, then the sequence
x=(0,—-1,-1,-2,-2,-3—,3,—4,—4,...)
belongs to A (o1) and does not belong to A (5).
Definition 2.4. [2] Let 6 = (k) be a lacunary sequence, 5 € (0,1], « be a proper fraction and p be a

fized positive real number. A sequence x = (xy,) is said to be Aj—lacunary strongly summable of order (3
to L if

. 1 o

lim — Z |[A%x), — LIP = 0.

r—00
T kel,

In this case we write x, — L(A® (Neﬁ ,p)). We denote the class of all Af—lacunary strongly summable
sequences of order 3 by Aa(Ng,p). If B =1, then we write A*(Ny,p) instead of Aa(Neﬁ,p) and in the
special case § = (2") we write A("(|01|ﬁ ,p) instead of A"‘(Ng,p). Also in the special case p = 1 we shall
write A%(|o1|?) instead of A%(|o1|?, p).

The proof the following theorems are straightforward, so we choose to state these results without
proof.

Theorem 2.5. Let 6 = (k) be a lacunary sequence, B € (0,1] and « be a proper fraction. If

liminf g, > 1,

then Aa(|01|ﬁ ,p) C Aa(Neﬁvp)'

Theorem 2.6. Let 0 = (k) be a lacunary sequence, B € (0,1]and « be a proper fraction. If

kﬂ

r—1

lim sup
T

< 00,

then A*(Ny,p) C Aa(|01|ﬁ .D)-
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Theorem 2.7. Let 0 = (k) be a lacunary sequence B € (0,1] and « be a proper fraction. If A(lo1 )P0
Aa(NB) and sup,. /3 < o0, then xj, — L(AO‘(|01| )) and x — L(Aa(Ng)) that is these limits equal.
-1

Theorem 2.8. Let 6 = (k) and ' = (s,) be two lacunary sequences such that I, C J,. for all r € N,
B,v € (0,1] be real numbers such that f <~ and « be a proper fraction.

i) If
hB
TILI& inf ﬁ > 0, (2.1)
then A%(S7,) C A*(S5),
i) If
Tlirglo inf % =1, (2.2)

then A%(Sy) C A*(S],).
Proof. 1) Omitted.
ii) Let z = () € A("(Sg) and be (2.2) satisfied. Since I, C J,, for € > 0 we may write

1
ke, A%y — L] > ¢} = |{sr_1 <k <ke_y:|A%p — L| > £}

1 1
—|—W|{kr <k<s:|A%y, — L] > e} + WHkr_l <k<k:|A% — L] >}

kr—l — Sr—1 Sp _kr 1
< 7 + 7 +ﬁ|{k€IT:|A xp — L| > e}]

by —hy 1
=7 + ﬁHk €l |A%y — L| > ¢}

l, —hY
hy

&y
<h_z_1> — k€L : [A%y — L| > e}

for all r € N, where I, = (kp—1, kr], Jr = (8r—1, sr] ,hy =k.—k,._1and ¢, = s, — s,_1. This implies that
A“(SF) C A%(S]).

1 [e3
+W|{keIT:|A zr — L| > e}

X

N

Theorem 2.9. Let 0 = (k) and §' = (s,) be two lacunary sequences such that I, C J,. for allr € N,
and v be fized real numbers such that 0 < 5 <vy<1 and 0 <p < co. Then we have,

i) If (2.1) holds then A*(Ny,,p) C A*(Ny,p),
ii) If (2.2) holds and = € A*({w) then A* (N} ,p) C A%(Ny,,p).

Proof. Omitted.

Theorem 2.10. Let 0 = (k,) and 6 = (s,.) be two lacunary sequences such that I, C J,. for all r € N,
B and 7y be fixed real numbers such that 0 < f <y <1 and 0 <p < co. Then,

i) Let (2.1) holds, if a sequence is strongly A*(Ny,, p)-summable to L, then it is A("(Sﬁ) statistically
convergent to L.

it) Let (2.2) holds, if a A“—bounded sequence is A"‘(Sg)—statistically convergent to L, then it is
strongly A*(N,,, p)—summable to L.
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Proof. i) For any sequence x = (x) and £ > 0, we have

A —LPP = > A% —LP+ > A%, — L

ked, ke J, kedy,
|A%xzy—L|>e |[A“z—L|<e
> E |A("xk — L|p
keI,

IAaajkaI?E
> kel :|A%y, — L| > e}|eP
and so that

il Z |A%zy, — L|P > [Y|{k €l |A%y, — L| > e}|e?
keJ,

he 1 o
> Vil hﬂ|{k€[ DA%y — L] > e}|eP.

Hence x = (zy) is A"‘(Sg)—statistically convergent to L.

ii) Suppose that A"‘(Sg)—statistically convergent to L and = = (z) € A% ({s). Then there exists
some M > 0 such that |[A%z, — L| < M for all k. Then for every € > 0 we may write

1 1 1
7 > A mk—L|p—ﬂ > A — L+

7 > |A% L
keJ, keJ,—1I, kel,
0 — hy .
< ( 7 )MP+— > A%y, — LIP
kel,
Y .
<( 7 >Mp+_Z'A b
kel,.

éT 1 [e% p 1 [e% p
<(h—z—1)M”+h—Z > A%z — L + > A% — I

kel,. " kel,
< é—r -1
hy

|[A%xzy—L|>e |[A%z)—L|<e
h
o | A%, — L] 2 6}|—|——€p
4, M é
< (m )MP+—|{keI A% — L] > e} + 3

for all 7 € N. Using (2.2) we obtain that A®(N,,p)-statistically convergent to L, whenever Aa(Sg )-
summable to L.

3. Results Related to Modulus Function

In this section , we give the inclusion relations between the sets of A®— lacunary statistically conver-
gent sequences of order 5 and strongly A"‘(Neﬂ (f, (p))—summable sequences with respect to the modulus
function f.

A modulus function is a function f : [0,00) — [0, 00), such that

i) f(z) =0 if and only if z = 0,

i) f(z +y) < f(z) + f(y) for 2,y >0,
iii) f is increasing,

iv) f is continuous from the right at 0.

It follows that f must be continuous everywhere on [0, c0).
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Definition 3.1. Let f be a modulus function, 0 = (k) be a lacunary sequence, 5 € (0,1], a be a proper
fraction and p = (px) be a sequence of strictly positive real numbers. Now, we define the sequence space

A"‘(Ng, I, (p)) as follows:
AC(NJ f, () = {x = (zg) : lim iﬂ Z [f (|A%zy — L))]* =0, for some L}.

In the special case pp = p (for all k¥ € N) and f(z) = =z, we shall write A"‘(Neﬂ,p) instead of
AO‘(Neﬂ, fi(p). Ifx e A("(N(f,f, (p)), then we say that x is strongly AO‘(NGB,f, (p))—summable with
respect to the modulus function f and write x — L(Aa(Ng, (@)

In the following theorems, we shall assume that the sequence p = (pi) is bounded and 0 < h =
infy, pr < pr <sup,pr = H < oo.

Theorem 3.2. Let 3,7 € (0,1] be real numbers such that 3 < vy, f be a modulus function and 0 = (k,)
be a lacunary sequence, then A"‘(Neﬂ, I, (p)) € A*(Sy).

Proof. Let x € A"‘(Neﬁ,f,( )) and € > 0 be given and ), and ), denote the sums over k € I,,
|A“z), — L| > € and |A®x), — L| < ¢ respectively. Since h? < h) for each r, we may write

hﬁ D IF (A% — L™ = % [Z [f (1A% = L™ + Y [f (1A% — L)
r 2

T kel 1

A\

= [Z [ (1A% — LN + 3 [F (1A% — L]
r 2

1

> =ik e L A% — L] > el min (17" [£6)").

Since = € A"‘(Neﬂ (f, (p)), the left hand side of the above inequality tends to zero as r — oo. Therefore,
the right hand side of the above inequality tends to zero as r — oo, hence z € A*(S)).

he — 1, then A"‘(Sg) C Ao‘(Ngﬁva (p))-

Theorem 3.3. If the modulus function f is bounded and lim, _, Y

Proof. Let © € A (Sg) and suppose that f is bounded and € > 0 be given. Since f is bounded there
exists an integer K such that f(z) < K, for all > 0. Then for each r € N we may write

k ]‘ (o3
hﬂ; (1A% = L™ hﬁZ f (1A%, = L) + hBZ[ (IA%a) — L)1
T c ™
—BZmaX(Kh,KH —ﬁg:
T 1 T
< max (K", K*) B|{ke[ f(|A%y, — L) > ¢}

+% max (f(e)", f(e)").

T

Hence z € A“(Nf, [ (p))-
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Theorem 3.4. If limpg > 0 and x = (xy) is strongly A"‘(Nf, 1, (p))-summable to L with respect to the
modulus function f, then that limit L is unique.

10.

11.

12.
13.
14.
15.

16.
17.

18.
19.
20.

21.
22.
23.

24.
25.

26.

27.
28.
29.

Proof. Omitted.
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