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1. Introduction

Sometimes, we can not use traditional classical methods to handle some problems in some parts of
real life such as medical sciences, social sciences, economics, engineering etc., because these problems
involve various types of uncertainities. To cope with these problems, some new theories were given by
scholars. Two of them are the theory of fuzzy sets and the theory of soft sets which were initiated by
Zadeh [27] and Molodstov [16] in 1965 and 1999, respectively. These theories have always been used
for dealing with these problems and constituted research areas for scientists to make investigations as in
[3,4,8,9,11]. But, both of these theories have their inherent difficulties. Because of these difficulties, some
new mathematical tools were required. Then, Maji [15] presented the concept of fuzzy soft set in 2001
as a new mathematical tool and investigated its properties such as De Morgan Law, the complement
of a fuzzy soft set, fuzzy soft union, fuzzy soft intersection. By using the theory of fuzzy soft sets, the
topological structures in geographic information systems (GIS) were analized in [10,11,12]. Also, some
results on an application of fuzzy soft sets in decision making problem were presented by Roy and Maji
in [23]. Ahmad and Kharal [2] made some additions to these properties and improved them. Tanay
and Kandemir [26] investigated topological structures of fuzzy soft sets. Then, Roy and Samanta [24]
introduced the definition of fuzzy soft topology over the initial universe in 2011. Scholars adapted many
definitions and terms to fuzzy soft topology which had already been used in soft topology and fuzzy
topology such as separation axioms, quasi-coincidence, g-neighbourhood, interior point, cluster point etc.
Also, a lot of attempts were made to redefine many types of continuity of functions, which had already
been used in general topology, in fuzzy soft topology.
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In the present paper, our purpose is to adapt strong §—pre-continuity, which was introduced in general
topology by Noiri [18] in 2001, to fuzzy soft topology. Moreover, we study on relations with other types
of continuity and focus on its several properties. Also, some new definitions are given.

2. Preliminaries

In this paper, we give some definitions in fuzzy soft set theory. Throughout this paper, let X be a
nonempty set refereed to as the universe, E the set of all parameters for the universe X and A, B C E.

Analogously to different ideas, some definitions are offered by B. Pazar Varol and H. Aygun as
follows:

Definition 2.1. [20] A fuzzy soft set fa on the universe X is a mapping from the parameter set E to
IX de., fa: E— IX, where fa(e) =0x ife ¢ A, and Ox is empty fuzzy set on X.

Definition 2.2. [20] Let fa, gp be fuzzy soft sets over X, where E is a parameter set. Then fa is called
a fuzzy soft subset of gp if fa(e) < gp(e), for each e € E, and we write fa = gg. Also fa is called a
fuzzy soft superset of g if g is a fuzzy soft subset of fa and we write fa 2 gp.

Definition 2.3. [20] Let fa, gp be fuzzy soft sets over X, where E is a parameter set. Then fa and gp
are said to be equal, denoted by fa = gp, faC g and gg C fa.

Definition 2.4. [20] Let fa, gp be fuzzy soft sets over X, where E is a parameter set. The union of
fa and gg, denoted by fa U gg, is the fuzzy soft set haup defined by haup(e) = fale) Vgp(e), Ve € E .
That is, haup = faUgp.

Definition 2.5. [20] Let fa, gp be fuzzy soft sets over X, where E is a parameter set. The intersection
of fa and gg, denoted by faMgp, is the fuzzy soft set hanp defined by hanp(e) = fa(e) Nggp(e), Ve € E.
That is, hang = faT gB.-

Definition 2.6. [20] Let f4 be a fuzzy soft set over X, where E is a parameter set. Then the complement
of fa, denoted by fa°, is the fuzzy soft set defined by fa°(e) = 1x — fa(e), Ve € E.

Definition 2.7. [20]/Let fr be a fuzzy soft set over X, where E is a parameter set. The fuzzy soft set
f& is called the null fuzzy soft set, denoted by O, if fg(e) = 0x, Ve € E.

Definition 2.8. [20] Let fr be a fuzzy soft set over X, where E is a parameter set. The fuzzy soft set
fE is called the universal fuzzy soft set, denoted by 1g, if frp(e) = 1x, Ve € E.

The concepts of fuzzy soft topological space and fuzzy soft topological subspace are offered by B.
Tanay and M. B. Kandemir as below:

Definition 2.9. [26] A fuzzy soft topological space is a pair (X, T), where X is a nonempty set and T a
family of fuzzy soft sets over X satisfying the following properties:

(1) Op 1p € T,

(2) If fa, gp €7, the faTlgp € T,

(3) If (fA)l er,Vield, iel_lJ(fA)i cT.
T is called a topology of fuzzy soft sets on X. Every member of T is called fuzzy soft open. ggp is called
fuzzy soft closed in (X, T) if the complement of gg is a member of T.

Definition 2.10. [26] Let (X, 7) be a fuzzy soft topological space and fa be a fuzzy soft set in this space.
Then the collection 7y , = {faMgp : gp € T } is called fuzzy soft subspace topology and (fa,7s 4, E) is
called a fuzzy soft subspace of (X, ).

In this paper, fuzzy soft topological spaces (X, 71) and (Y, 72) whose parameter sets are E and K
respectively, are denoted by Xg and Yi. Let (f, A) be a fuzzy soft set in Xg. For our convenience, we
will use the notation f4 instead of (f, A). The fuzzy soft closure [16] of fa, denoted by Fel(f4), is the
intersection of all fuzzy closed soft super sets of f4, i.e.

Fel(fa) =M{hp : hp is fuzzy closed soft set and fa C hp}.
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The fuzzy soft interior [20] of g, denoted by Fint (gg), is the union of all fuzzy open soft subsets of
gB, i.e.

Fint (g9p) = W{hp : hp is fuzzy open soft set and hp C gp }.

A fuzzy soft set fa is said to be fuzzy soft pre-open [1] (resp. fuzzy soft semiopen [13]) if f4 C
Fint (Fel(fa)) (resp. fa E Fel(Fint(fa))). The complement of a fuzzy soft pre-open set is called fuzzy
soft pre-closed [1]. The fuzzy soft pre-closure [1] of fa, denoted by Fpcl (fa), is the intersection of all
fuzzy pre-closed soft supersets of f4, i.e.

Fpcl(fa) =M{hp : hp is a fuzzy pre-closed soft set and fa C hp}.

The fuzzy soft pre-interior [1] of g5, denoted by Fpint (gp), is the union of all fuzzy open soft subsets
of gB, ie.

Fpint (9p) = U{hp : hp is a fuzzy pre-open soft set and hp C gp}.

The fuzzy soft set fa in Xg is called fuzzy soft point [5] if A = {e} C F and fa (e) is a fuzzy point
in X ie. there exists € X such that f4 (e) () =a (0 < a < 1)and fa(e)(y) =0 for all y € X — {z}.
This fuzzy soft point will be denoted by €.

Let fa be a fuzzy soft set and e be a fuzzy soft point in Xp. We say e € fa read as e belongs
to fa if a < fa(e)(z). Let fa and gp be fuzzy soft sets in Xpg. fa is said to be soft quasi-coincident
[5] with gp , denoted by faqggp , if there exist e € X and x € X such that fa(e)(x) + gg(e)(z) > 1.
If f4 is not quasi-coincident with gp, then we write faggp. A fuzzy soft point el of Xp is called a
fuzzy soft §—cluster point [17] of fa if Fel(gp)qfa for every fuzzy soft open set gp containing e?.The
union of all fuzzy soft §—cluster points of f4 is called fuzzy soft —closure [17] of f4 and denoted by
Felp(fa). A fuzzy soft set fa is said to be fuzzy soft 6—closed [17] if fa = Felg(fa). The complement
of a fuzzy soft f—closed set is said to be fuzzy soft 6—open [17]. Let ¢ : X — Y and ¢ : E — K be
two functions. Then, the pair (p,1)) is called a fuzzy soft mapping [6,14] from Xp to Yx and denoted
by (p,v): Xgp — Yk. The image of each f4 € Xg under the fuzzy soft function (¢,%) will be denoted
by (¢,¥)(fa) = ¢(f)y(a) and the membership function of ¢(f)(3), for each 8 of ¥(A), is defined as

o) (B) = Ie\‘l{_l(y) <xe\11—1(5)mAfa(x)> ;o U y) 0, B NAED

0, otherwise

for every y € Y.

The inverse image of each gp € Yx will be denoted by (¢,9) ' (g8) = (¢ '(g),v ' (B)) and the
membership function of ¢~ (g)(a), for each o € 1y~ (B), is defined as

b9 (&) = {gw(a)(sﬂ(x)), ) € B

0, otherwise

for every z € X.

fA IX

E
wl lm
K——=1Y
9B

In the diagram, fa4 and gp are fuzzy soft sets in Xp and Yy, respectively. ? : IX = IV is the
forward powerset operator [18], that is (k) : @(h) for all h € IX. If @ and 1 are injective, then the
fuzzy soft mapping (p, ) is said to be injective. If ¢ and ¥ are surjective, then the fuzzy soft mapping
(i, 1) is said to be surjective. If ¢ and 1 are constant, then the fuzzy soft mapping (p,) is said to be
constant. Also, (¢,) is said to be fuzzy soft continuous [5] if (¢,%) ™! (gp) is fuzzy soft open in X for

any fuzzy soft open set gp € Yi.
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3. Characterizations of Fuzzy Soft Pre-Continous Functions

In this section, we discuss some properties of various kinds of functions. Implications between these
functions are indicated with a diagram. Also, it is shown with counterexamples that converse statements
are not always true.

Definition 3.1. A fuzzy soft point e of X is called a fuzzy soft pre-0— cluster point of fa if Fpcl(gp)qfa
for every fuzzy soft pre-open set gp containing e5. The union of all fuzzy soft pre-0—cluster points is of
fa is called fuzzy soft pre-0—closure of fa and denoted by Fpclg(fa). A fuzzy soft set fa is said to be
fuzzy soft pre-0—closed if fa = Fpclg(fa). The complement of a fuzzy soft pre-0— closed set is said to be
fuzzy soft pre-0—open.

In [21], fuzzy soft pre-continuity is defined by A.Ponselvakumari and R.Selvi. We define fuzzy soft
pre-continuity in a different way as given below.

Definition 3.2. A fuzzy soft function (p,v) : Xg — Yi is said to be fuzzy soft pre-continuous or fuzzy
soft almost continuous (resp. fuzzy soft weakly pre-continuous or fuzzy soft almost weakly continuous) if
for each €2 of Xg and each fuzzy soft open set gg of Yk containing (p,1)(e), there exists a fuzzy soft
pre-open set fa containing e such that (p,¥)(fa) C gp (resp. (¢, v)(fa) C Fcl(gp)).

Definition 3.3. A fuzzy soft function (¢,v) : Xgp — Yk is said to be fuzzy soft strongly 0— continuous
if for each €% of Xg and each fuzzy soft open set gp of Yk containing (o, )(e2), there exists a fuzzy soft
pre-open set fa containing e such that (p,¥)(Fcl(fA)) C gp.

Definition 3.4. A fuzzy soft function (p,v) : Xg — Yk is said to be fuzzy soft strongly 6- pre-continuous
(briefly f.s.st.0.p.c.) if for each e$ of X and each fuzzy soft open set gg of Yk containing (¢, 9)(es),
there exists a fuzzy soft pre-open set fa containing e such that

(0, 0)(Fpcl(fA) E gB.

Remark 3.5. For a fuzzy soft function function (¢,v) : Xg — Yk the following implications hold:

Fuzzy Soft Strong 60— continuity

i}
Fuzzy Soft Strong 0— pre-continuity

i}
Fuzzy Soft Pre — continuity

Converse statements are not always true as shown in the examples below.
Example 3.6. Let X = {z,y},Y = {m,n}, E = {a,b} and K = {d, e}. Consider fuzzy soft sets

fé = {(a7 {(LC, 0'3)7 (ya 0'3)})’ (bv {(LC, 0'3)7 (ya 0'3)})}a
f% = {(a’ {(IE, 0'1)’ (yv O)})}a
gk = {(d,{(m,0.3),(n,0.3)}), (e, {(m,0.3), (n,0.3)})}.

Then (X,71,E) and (Y, 72, K) are fuzzy soft topological spaces, where 71 = {6E g, It f2} and

To={0k , 1K, gx}. Let ¢ and v be functions defined as ¢ = {(x,m), (y,n)}, ¥ = {(a,d), (b,e)}. Then
(p, ) : Xg — Yk is fuzzy soft pre-continuous, but not fuzzy soft strongly 60— pre-continuous.

Example 3.7. Let X = {z,y},Y = {m,n}, E = {a,b} and K = {d,e}. Consider fuzzy soft sets

fe= {(a’ {(IE, 0'3)’ (yv 0'3)})7 (b’ {(IE, 0'3)’ (yv 0'3)})}¢
gk ={(d;{(m,0.3),(n,0.3)}), (¢, {(m,0.3), (n,0.3)})}.

Then (X,71,E) and (Y, 72, K) are fuzzy soft topological spaces, where 71 = {6}; g, fe} and 79 =

{6;( Ak, g}. Let ¢ and v be functions defined as ¢ = {(z,m),(y,n)},v = {(a,d),(b,e)}. Then,
(p, ) : Xg — Yi s fuzzy soft strongly 0—pre-continuous, but not fuzzy soft strongly 60— continuous.
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Remark 3.8. Fuzzy soft strong 0—pre-continuity and fuzzy soft continuity are independent of each other.
In Example 16, the given fuzzy soft function is fuzzy soft continuous, but not fuzzy soft strongly 0—pre-
continuous. In the following example, it is seen that the given fuzzy soft function is fuzzy soft strongly
0—pre-continuous, but not fuzzy soft continuous.

Example 3.9. Let X = {z,y}, Y = {m,n}, E = {a,b} and K = {d,e}. Consider fuzzy soft sets
fe = {(a,{(=,0.3), (y,0.3)}), (b, {(2,0.3), (y,0.3) 1)},
9k = {(d,{(m,0.3), (n,0.3)}), (e, {(m,0.3), (n,0.3)}) },
9% = {(d.{(m,0.2), (n,0.2)}), (e, {(m, 0.2), (n,0.2)}) }.

Then (X, 71, E) and (Y, 72, K) are fuzzy soft topological spaces, where 11 :{6;3 1z, fe} and Ty :{6;( 1k,
9k, 9% . Let o and 1 be functions defined as o = {(z,m), (y,n)},

¥ = {(a,d),(b,e)}. Then (¢,v) : Xgp — Yk is fuzzy soft strongly 0-pre-continuous, but not fuzzy soft
continuous.

Theorem 3.10. Let Xg and Yi be fuzzy soft topological spaces. Then the following properties are
equivalent for a function (¢,v): Xg — Yk;

(1) (p, ) is f.s.st.0.p.c.;

(2) (,)"Y(gB) is fuzzy soft pre-0—open in Xg for every fuzzy soft open set gp of Yi;

(3) (p, ) YgB) is fuzzy soft pre-0—closed in X for every fuzzy soft closed set gp of Yi;

(4) (o, 0)(Fpely(fa)) E Fel((p,1)(fa)) for every fuzzy soft subset fa of Xp;

(5) Fpcly ((9,9) " (g5))C (9, 9) " (Fel(gn)) for every fuzzy soft subset gp of Yic

Proof. (1) = (2). Let gp be a fuzzy soft open set in Y. Suppose that
e2€(p,v) (gp), where e € K and z, is a fuzzy point of X. There exists a fuzzy soft pre-open set fa
such that e2€ f4 and (¢,¢)(Fpcl(fa)) C gp. Therefore we have
e2€ fa T Fpcl(fa) C (¢,%) *(gp). This shows that (¢, ) (gp) is fuzzy soft pre-open in Xp.

(2) = (3). This is obvious.

(3) = (4). Let fa be any fuzzy soft subset in Xg. Since Fecl((p,¥)(fa)) is fuzzy soft closed in Y,
(0, ) "L (Fel((p,1)(fa))) is fuzzy soft pre-6-closed by (3). Then we have

Fpcly(fa) € Fpelo((¢,9)™" ((¢,¥)(fa)))
C Fpelo((¢,¥) ™" (Fel((@,¥) (fa) = (@, ¥) " (Fel((e,9) (fa)))-

Therefore, we obtain (p,¥)(Fpclg(fa)) T Fcl((p,0)(fa)).
(4) = (5). Let gp be a fuzzy soft subset in Y. By (4), we obtain

(o, 0)(Fpelg((¢,v)(g8))) T Fel((p, 1) (0, 1) Hgp))) T Fel(gs)

and hence

Fpely((¢,v) " gp)) T (¢, 9) " H(Fcl(gn))-

(5) = (1). Let €% be a fuzzy soft point in X, where e € E and z, is a fuzzy point of X and
g be any fuzzy soft open neighbourhood of (p,1)(e%). Since ¢§ is fuzzy soft closed in Yy, we have
Fpelg((p,9) 7" (95)) T (¢, 9) "' (Fel(g5)) = (¢,¥) " (95 ). Therefore, (¢,9) ' (g5) is fuzzy soft pre-¢-
closed in Xp and (p,v) 1(gp) is a fuzzy soft pre-f-open set containing e®. There exists a fuzzy soft
pre-open set f4 containing e$ such that
Fpcl(fa) C (p,v) 1 (gp); hence (p,v)(Fpcl(fa)) C gp. This shows that f is f.s.st. 6.p.c. mi

Definition 3.11. [25] A fuzzy soft topological space Xg is said to be fuzzy soft reqular if for each pair
of a fuzzy soft point e and a fuzzy soft closed set go in Xg such that e€ g&, there exist fuzzy soft open
sets fa and fp such that e;"é fa, 9c C fp and faq [B.
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Theorem 3.12. Let Yi be a fuzzy soft regular topological space. Then the following properties are
equivalent for a function (¢,v): Xg — Yk;

(1) (p, ) is fuzzy soft weakly pre-continuous;

(2) (p, ) is fuzzy soft pre-continuous;

(3) (¢,) is f.s.st.0.p.c.

Proof. (1)=(2) Let e be a fuzzy soft point in X g, where e € E and z,, is a fuzzy point of X and let gp
be a fuzzy soft open set in Yx containing (¢, 1)(e$). Since Y is a fuzzy soft regular topological space,
there exists a fuzzy soft open set go such that
(o, )(e2)Egc C Fel(ge) T gp. Since (p,1)) is fuzzy soft weakly pre-continuous, there exists a fuzzy soft
pre-open set fa containing e% such that (p,1)(fa) E Fcl(ge). Therefore, we have (p,9)(fa) C gp.
(2)==(3) Let €2 be a fuzzy soft point in X, where e € E. Let x, be a fuzzy point of X and gp
be a fuzzy soft open set in Yx containing (¢, ¥)( e2). Since Y is a fuzzy soft regular topological space,
there exists a fuzzy soft open set gc such that (¢,v)(e2) € go T Fel(ge)E gp. Since (p,1) is fuzzy
soft pre-continuous, there exists a fuzzy soft pre-open set f4 containing e% such that (¢,1)(fa) C gc.
We shall show that (p,v)(Fpcl(fa)) E Fel(ge). Let k) be a fuzzy soft point where k € K and yg
is a fuzzy point of Y such that k €(p,v)(Fpcl(fa)). Then (,¢) " (k) €Fpcl(fa). So, any fuzzy
soft pre-open neighbourhood of (¢, g[})*l(kg ) is soft quasi-coincident with f4. This means that kg is soft
quasi-coincident with (¢, 1)(fa ). So, k is soft quasi-coincident with gc and k) €Fcl(gc). Consequently,

(0, ) (Fpcl(fa)) E Fel(ge) E gs.
(3)==(1) This is obvious. O

Definition 3.13. A fuzzy soft topological space Xg is said to be fuzzy soft pre-regular (resp. fuzzy soft
p-regular) if for each fuzzy soft pre-closed ( resp. fuzzy soft closed) set fa where A C E and each fuzzy
soft point e € f9, there exists fuzzy soft pre-open sets gp and gc such that fa C gp, €@ €gc and gpqgc.

Theorem 3.14. A fuzzy soft continuous function (p,v) : Xp — Yk is f.s.st.0.p.c. if and only if Xg
1s fuzzy soft p-reqular.

Proof. (=) Let (p,¥) : Xg — Xg be the fuzzy soft identity function. So, (¢, ) is fuzzy soft continuous.
This means that (p,) is f.s.st.0.p.c. from our hypothesis. For any fuzzy soft closed set fa and fuzzy
soft point e €%, we have (¢,v)(es )= e €f4. Then there exists a fuzzy pre-open set gp containing
e% such that (¢,v)(Fpcl(gp)) T fG. So, Fpcl(gp) T f§ and Fpcl(gp)q fa. It is easily seen that fu
C (Fpcl(gp))®, (F'pCl(gr))© is a fuzzy soft pre-open set in Xp and (Fpcl(gp))°Ggp. Therefore, Xg is
fuzzy soft p-regular.

(«<=) Suppose that (¢,v) : Xp — Yk is fuzzy soft continuous and Xg is fuzzy soft p-regular. For
any fuzzy soft point €2 in Xp and fuzzy soft open neighbourhood g of (p,9)( e%), (¢,v) t(gc) is
fuzzy soft open in Xg and €2 €(p, 1) (gc). So, e2€ [((p,¥) " (ge))¢]¢ and ((¢, 1)1 (gc))© is fuzzy soft
closed in Xpg. Since Xg is fuzzy soft p-regular, there exist fuzzy soft pre-open sets f4 and fp such that
((p,0) "1 (ge))¢ C fa, e € fp and fagfp. This means that e2€fp C f5 C (¢,%) (gc). Since f§ is
fuzzy soft pre-closed, e €fp C Fpcl(f5)C (¢,%) " (gc). Therefore, (p,1) is f.s.st.0.p.c. mi

Theorem 3.15. Let Xg be a fuzzy soft pre-reqular space. Then (p,v): Xg — Yi is f.s.st.0.p.c. if and
only if (p, ) is fuzzy soft pre-continuous.

Proof. (=) Suppose that Xg is a fuzzy soft pre-regular space and (p,9): Xgp — Yk is f.s.st. 0.p.c.Let
€2 be a fuzzy soft point in X g and g be a fuzzy soft open set in Yx containing (p, )( eS). Since (¢, ) is
f.s.st.f.p.c., there exists a fuzzy soft pre-open set f4 in X g containing e such that (¢, ¥)(EFpcl(fa)) C gp
. Then Fpel(fa)E (p,9) ' (gp). Clearly,
e € fa C (p,¢) " gp) and (p,v) is f.s.8t.0.p.c.

(<) Suppose that Xg is a fuzzy soft pre-regular space and (p,%): Xgp — Y is fuzzy soft pre-
continuous. Let e be a fuzzy soft point in Xz and gp be a fuzzy soft open set in Yx containing (¢, ¢)(

e%). Since (p,1) is fuzzy soft pre-continuous, (p,v) !(gp) is fuzzy soft pre-open in X and contains
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e2. So, ((p,1)"Y(gp))¢ is fuzzy soft pre-closed and e €[((p,v) t(gp))¢]¢. Since Xg is a fuzzy soft
pre-regular space, there exist fuzzy soft pre-open sets fa and fo such that e® €fa, ((¢,%) 1 (gB))°¢ C fo
and faGfc. For f& is fuzzy soft pre-closed and fa T f&, Fpcl(fa) T f&. This means that Fpel(fa) T

(0,%) 1 (gp) and (¢,v)(Fpcl(fa)) C gp . Therefore, f is f.s.st.6.p.c. mi

4. Some Properties

In this section, properties of f.s.st.f.p.c. functions are investigated in fuzzy soft preregular spaces and
fuzzy soft p-regular spaces. Also, some other types of functions are introduced and their properties are
investigated.

Definition 4.1. /28] Let Xg and Yi be two fuzzy soft topological spaces. Let fr € Xg and gk € Yk.
The Cartesian product of fr and gi, denoted by fE®gr, is a fuzzy soft set over XxY with regards to
parameter set ExK defined as below:

fE®gr : ExK — I¥xIY
(e;k) —  fle) xg(k)
such that f(e) x g(k) is the fuzzy product of fuzzy sets f(e) and g(k) where

fleyxgk): XxY — [0,1]
(z,y) — min{f(e)(x),g(k)(y)}

Definition 4.2. [28] Let X and Yi be two fuzzy soft topological spaces. Then
Xg @ Yr={ fe®gk : [e € Xg, gk € Yi} is called the fuzzy soft catesian product of fuzzy soft topological
spaces Xg and Y.

Definition 4.3. For a fuzzy soft function (p,v) : Xp — Yk, the subset
{eg®@(p, ) (e5): ey € Xp} of Xp®Yk is called the graph of (¢,v) and is denoted by G, ).

Theorem 4.4. Let (p,v):Xg — Y be a function and G, ): Xp — Xp®Yy be the graph function
of (p,1). Then the following properties hold:

(1) If Gy, is f.s.5t.0.p.c., then (¢,v) is f.s.5t.0.p.c. and Xg is fuzzy soft p-regular.

(2) If (p,%) is f.s.st.0.p.c. and Xg is fuzzy soft pre-reqular, then G, g is f.s.5t.0.p.c.

Proof. (1) Suppose that G, ) is f.s.st.0.p.c. First, we show that (¢,v) is f.s.st.0.p.c. Let
e® €Xg and gk be a fuzzy soft open neighbourhood of (p,1)( €2). Xp®gx is a fuzzy soft open
neighbourhood of G, 4 (e5). Since G, ) is f:5.5t.0.p.c., there exists a fuzzy soft pre-open set fr € Xg
containing ef such that G, ) (Fpcl(fe)) C Xpxgrx. So, (v, ¥)(Fpcl(fe)) E grx. Therefore, (p,v) is
f.s.st.0.p.c. Next, we show that Xg is fuzzy soft p-regular. Let fr be a fuzzy soft closed set in Xz and
ey € [, where ff, is fuzzy soft open in Xg. Since
Gy (€2)€ fe®Yk and fE®Yk is fuzzy soft open in Xp®Yk, there exists a fuzzy soft pre-open set
hg in Xp containing e such that G, ) (Fpcl(hg)) C fe@Yx. This means that
e €hg T Fpcl(hg) T f&. Then, eX€ hg, fr C (Fpcl(hg))® and hgq(Fpcl(hg))©, where hg and
(pCl(hg))¢ are fuzzy soft pre-open. This shows that X g is fuzzy soft p-regular.

(2) Let e €Xp and fp®gx be a fuzzy soft open set of Xp®@Yx containing G, 4 (e2). Since (¢, v)
(e2) € gi and (p, 1) is f.s.st.0.p.c., there exists a fuzzy soft open set hp such that
e €hg, (p,)(Fpcl(hg)) C gk. Since fgMhg is a fuzzy soft pre-open set in X i containing e, (fpMhg)®
is a fuzzy soft pre-closed set and e € [(fzMhg)¢]. Since X is fuzzy soft pre-regular, there exist fuzzy
soft pre-open sets kg and pg such that (fg Mhg) C kg,
e €pp and kpgpe . Then pp C k% T fgM hg, where k% is fuzzy soft pre-closed. So,
Fpcl(pg) C fr and Fpcl(pg) C hg C Fpcl(hg) . Therefore, we obtain

G o) (Fpel(pp)) € fr@(p,¢)(Fpel(hg)) € fe@gx.
This shows that G, 4 f.s.st.0.p.c. O
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Corollary 4.5. Let Xg be a fuzzy soft pre-reqular space. Then a function (p,v) : Xg — Yi is
f.s.st.0.p.c. if and only if the graph function G, )+ Xgp — XpxYk is f.s.st.0.p.c.

Theorem 4.6. If (p,v): Xg — Yk is f.s.st.0.p.c. and fa is a fuzzy soft semi-open subset of Xg, then
the restriction (¢, )¢, : fa — Yk is f.s.st. O.p.c.

Proof. For any € € fa and any fuzzy soft open neighbourhood gp of (p,1)(ed), there exists a fuzzy
pre-open set fo containing €2 such that (¢, ¥)(Fpcl(fo)) £ ga since (@, 1) is f.s.st.0.p.c. Tt is easily seen
that

fan fo T fan Fint(Fcl(fc)) = Fintg, (fa N Fintg, (Fel(fc)))
C Finty, (Fcl(Fint(fa)) N Fint(Fcl(fc))) T Finty, (Fel(Fint(fa) N Fint(Fcl(fc))))
C Finty, (Fcl(Fint(fa) N Fel(fc))) C Finty, (Fel(fan fe)).

So,

fal fe C Finth(FCl(fA M fc)) M fal Finth(FCl(fA M fc) M fA) C Finth(FleA (fA [l fc))

This means that fa N fo is fuzzy soft pre-open in fuzzy soft subspace (fa,77,,E). It is also easily seen
that Fpcly, (fa M fo) © Fpel(fan fc). Therefore, we obtain

(s 0) pa (Fpcly, (fal fo)) = (@, ) (Fpclp, (fam fco))
C (o, ) (Fpel(fa™ fe)) E (o, 9)((Fpel(fc)) E ga.

This implies that (¢,1)s, is f.s.st.0.p.c. mi

Theorem 4.7. A function (p,v) : Xg — Y is f.s.5t.0.p.c., if for each e& € Xg there exists fuzzy soft
pre-open set fa containing e such that (p,¥)f, A: fa — Yk is f.s.st.6.p.c.

Proof. Let e¢ € Xg and go be a fuzzy soft open neighbourhood of (p,1) (e2). From our assumption,
there exists a fuzzy soft pre-open set fa containing e such that (¢, v)s,: fa — Yk is f.s.st.6.p.c. Then
there exists a fuzzy soft pre open set fp in fuzzy soft subspace (fa,7s,,FE) containing e2 such that
(0, 0) 0 (Fpely, (fB)) C go. It is known that fp T Finty, (Fcly, (fB)) and Finty, (Fely, (fB)) is fuzzy
soft open in the fuzzy soft subspace (fa,7f,,E). So, there exists a fuzzy soft open set fo in Xg such

that fa M fo = Finth (FCZfA (fB))
It is easily seen that

fB E fall fo E Fint(Fel(fa)) N fo E Fint(Fel(fan fo))
= Fint(Fcl(Fints, (Fcly, (fB)))) T Fint(Fcl(Fely, (fB)))
C Fint(Fcl(Fc(fp))) = Fint(Fcl(fp)).

This means that fp is a fuzzy soft pre-open set in X containing e$. Hence,

(0, V) (Fpcl(fB)) = (¢, 9) r1 (Fpel(fB))
C (%WfA (chlfA(fB)) Cgc.

This shows that (p,1)) is f.s.st.f.p.c. O

Definition 4.8. A fuzzy soft function (p,v) : Xp — Yk is said to be
(1) fuzzy soft pre-irresolute, if for each e € Xg and each fuzzy soft pre-open set gp set in Yi
containing (p,¥)(es), there exists a fuzzy soft pre-open set fa containing €2 such that (p,¥)(fa) E gB.
(2) fuzzy soft M-pre-open, if (p,¥)(fa) is fuzzy soft pre-open in Yi for every fuzzy soft pre-open set
fA mn XE.

Lemma 4.9. If (p,¢):Xp — Yi is fuzzy soft pre-irresolute and gp is a fuzzy soft pre-0—open set in
Yi, then (p,v) Y (gp) is fuzzy soft pre-0—open in Xg.
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Proof. Let gp be a fuzzy soft pre-f-open set in Yx and e2€(p, 1) (gp). There exists a fuzzy soft pre-
open set gc in Yy such that (¢,) (e) €gc C Fpel(ge) T gp. Since (p,) is fuzzy soft pre-irresolute,
(0,9%) 1 (gc) is fuzzy soft pre-open in Xz and

Fpel((¢, %) gc)) T (¢,%) " (Fpel(ge)).

Then we have ef€ (¢,9) '(gc) E Fpel((e,v) gc)) E (@.1)  (gp) and (,v) ' (gp) is fuzzy soft
pre-f-open in Xp. O

Theorem 4.10. Let (pq,%,):Xp, — Yg, and (¢4,0V5): Yg, — Zg, be fuzzy soft functions. Then the
following properties hold:
(1) If (1, ) is f.s.st.0.p.c. and (py,14) is fuzzy soft continuous, then the composition

(o001, V0¢01) : Xp, — Zp,

is f.s.st.0.p.c.
(2) If (@1, 4) is fuzzy soft pre-irresolute and (py, 15 ) is f.8.81.0.p.c., then (001, 1Pq01,) is f.s.5t.0.p.c.
(3) If (p1,%1) : Xg, — Yg, is a fuzzy soft M-pre-open bijection and

(P01, We00y) : Xp, — Zg, is f.s.st.0.p.c., then (py, 1) is f.s.51.0.p.c.

Proof. (1) This is obvious from Theorem 20.

(2) This follows from Theorem 20 and Lemma 34.

(3) Let ga be a fuzzy soft open set in Zg, . Since (¢,0¢;,¥501,) is f.s.8t.0.p.c.,
(01001, 15011) " H(ga) is fuzzy soft pre-6—open in Xg, . Since (¢;,%,) is fuzzy soft M-pre-open and
bijective, (pq,1;) " is fuzzy soft pre-irresolute. By Lemma 34, we have
(09,%5) " ga) = (p1001) (93001, PYe011) " 1(ga)) is fuzzy soft pre-6—open in Yz, . By Theorem 20,
(pg,14) is f.s.st.f.p.c.

Let {Xpg, : k € A} be a family of fuzzy soft topological spaces, f4, a nonempty fuzzy soft subset
of Xp, for each k € A and denote Xg=[[{ Xg, : k¥ € A} the fuzzy soft product space, where A is
nonempty. O

Lemma 4.11. Let n be a positive integer and fa=]] Ar, x ] Xg, -
j=1 kk;
(1)fa is fuzzy soft open in Xg if and only if Ay, is fuzzy soft open in Xy, for each 1,2,3,.....n

(2) Fpcl(I] kea fa,) E klgA Fpcl(fay)-

Theorem 4.12. If a function (py,v;): Xp, — Y, is f.s.st.0.p.c. for each k € A, then the product
function (o, ¥) : ] Xg, — [] Y&, , defined by

(0, V) ((€ky » €hys €higs -« - JmUN{ O,y Ohgy ey + v oee e H(Thy s Thogs Thoy v vveven )=
(1/11 (ekl)’ d}Q (ekz)’ d}B (ek3 )7 """ )min{akl ) Xl Oy v v vvv v }(901 (x/ﬁ)’ P2 (xkz )7 P3 (xkl) """" )
for each € = (€, €hyy Chyyve --- Jmin{ o, , Qg , Wy < v v v e H @k s Ty Thoy w v v v ), is f.s.st.0.p.c.
Proof. Let €2 = (€, €ky» €k« - «- )MIN{ Ly, QUhyy Ay oo - M@k s Tl y They e ve - VE [ Xy

and go be any fuzzy soft open set of [[ Yg, containing (¢, 1)(eS). Then there exists a fuzzy soft open
set g,, of Vg, such that (p,0)(e2) =

(V1 (ks ), Yolery ), Yaleny), ... Jmin{ag,, thy, ar, .. 101 (k) Pa(Thy)s 03(Tk,) - - )

€llj=1 98y, % Iliwr, XEx © 9o Since (g, ¥y is fs.st.0.p.c. for each k, there exists a fuzzy soft

[e4 .
pre-open set fa, in Xp, containing ekfj such that (¢, 10y, ) (Fpcl(fa,,)) E gb,, for

Ty
kj

j=1,2,3,....... n. Now, put fA:r[?zl fay,; % H,#kj Xg, - Then it follows from Lemma 36 that f4 is
a fuzzy soft pre-open set containing e? in [[ Xg, . Moreover, we have (¢, ¥)(Fpcl(fa))

= (o )Ty Fpel(fa, WL, Xon ) C ITs (i, + ) (Fpel(fa, DX Tiws, X Ve,

C H?Zl 9By, XHk’#:kj Yg, C go. This shows that (p,) is f.s.st.0.p.c. m]
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5. Fuzzy Soft St. 6.p.c. Functions and Seperation Axioms

In this section, we examine relationships of f.s.st.f.p.c. functions with fuzzy soft separation axioms.

Definition 5.1. Let Xg be a fuzzy soft topological space. Let e(l":l and 65‘52 be fuzzy soft points in Xg.
It is said that eiil and e332 are distinct fuzzy soft points if and only if e1 # e or x1 # x3.

Definition 5.2. A fuzzy soft topological space Xg is fuzzy soft pre-To ( resp. fuzzy soft pre-Urysohn) if
for each pair of distinct fuzzy soft points eijl and eg‘; in Xg, there exist fuzzy soft pre-open sets fa and

fB such that e(l"iléfA C (eg‘fz ), €5? €fp C (e(l"gzl)c and faqfp (resp. Fpcl(fa)qFpcl(fB)).

EP)
Definition 5.3. [25] A fuzzy soft topological space X is fuzzy soft Ty if for each pair of distinct fuzzy
soft points e and e3? in Xg, there exist fuzzy soft open sets fa and fp such that e?? €fa C (e5? ),
Qg = ozll c 2 1 2
ey’ efp T (ef! )°.

z2 T

Definition 5.4. [25] A fuzzy soft topological space X is fuzzy soft Hausdorff if for each pair of distinct
fuzzy soft points e‘f‘;l and eg‘fz in Xpg, there exist fuzzy soft open sets fa and fp such that e(l";léfA

T (e57 ), €52 Efn C (¢ )° and fagfs.

Theorem 5.5. If a fuzzy soft function (p,v):Xp — Yi is f.s.st.0.p.c. injection and Yk is fuzzy soft
To (resp. fuzzy soft Hausdorff), then Xg is fuzzy soft pre-To( resp. fuzzy soft pre-Urysohn,).

Proof. (1) Suppose that Y is fuzzy soft Tp. Let e(l":l and eg‘; be any fuzzy soft distinct points of Xp.
Since (i, v) is injective, (i, ¢)(e§":l ) # (o, ¢)(e§‘f2) and there exists either a fuzzy soft open neighbourhood
gB of (o, ¢)(e§":l) such that (¢, w)(eg‘;) € g% , or a fuzzy soft open neighbourhood g¢ of (¢, w)(eg‘;) such
that (p, ) (e(l";1 )E g& . If the first case holds, then there exists a fuzzy soft pre-open set f4 containing
e(l"il such that (¢, ¢)(Fpcl(fa)) T gp. Therefore, we obtain (gp,w)(e;"fz)é[(cp,w)(chl(fA))]c. Hence,
(Fpel(fa))© is a fuzzy soft pre-open set containing e5? . If the second case holds, then we obtain a
similar result. Therefore, X is fuzzy soft pre-Ts.

(2) Suppose that Y is fuzzy soft Hausdorff. Let e‘f‘il and eg‘; be any fuzzy soft distinct points of Xg.
Then, (¢, ) (e‘f‘;l) # (¢, 0) (eg‘; ). Since Y is fuzzy soft Hausdorff, there exist fuzzy soft open sets g and
gp such that gcqu,(go,w)(e(l";l)g gc and (<p,¢)(eg‘jz) €gp. Since (p,) is f.s.st.0.p.c., there exist fuzzy
soft pre-open sets f4 and fp containing e‘f‘;l and 6(2"52, respectively, such that (¢, v)(Fpcl(fa)) C go
and (o, V) (Fpcl(fp)) E gp. It follows that Fpcl (fa)qFpcl(fp). This means that Xpg is fuzzy soft
pre-Urysohn. O

Theorem 5.6. If a fuzzy soft function (p,0): Xgp — Yk is f.s.st.0.p.c and Yi is Juzzy soft Hausdorff,
then the subset E = {fp®gr : (0, V)(fE) = (0, ¥)(9E)} is fuzzy soft pre-0—closed in XpRXE.

Proof. Suppose that e‘l’fjl(ggegfo € E°. Tt follows that (p,9)(e]! ) # (gp,w)(egfz). Since Yk is fuzzy soft
Hausdorff, there exist fuzzy soft open sets go and gp in Yx such that

9cagp, (<p,¢)(e§’:1)§gc and (<p,¢)(e§f2)§gp. Since (¢, ) is f.s.st.f.p.c. there exist fuzzy soft pre-open
sets f4 and fp in X containing e‘f‘il and eg‘; , respectively, such that

(0, ) (Fpcl(fa)) T ge and (¢,¥)(Fpcl(fs)) € gp. Then it follows that f4®fp is a fuzzy soft pre-open
set in Xp®@Xp containing e é)eg‘;.

Since Fpcl(fa®fs) C Fpcl(fa)@Fpcl(fg) and [Fpcl(fa)@Fpel(f)|]GE, Fpcl(fa®fs)GE. Therefore,
E is fuzzy soft pre-0—closed in Xg®@Xg. m|

Definition 5.7. The graph G, 4 of a fuzzy soft function (@,%) : Xp — Yk is said to be fuzzy soft
strongly pre-closed if for each point eiil é)eg; € (Gpy))", there exist a fuzzy soft pre-open set fa in Xp
containing e‘f‘;l and a fuzzy soft open set g in Yi containing eg‘fz such that (chl(fA)@QgB)qG(%d,).
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Lemma 5.8. The graph G, ) of a fuzzy soft function (¢,v) : Xp — Yk is fuzzy soft strongly pre-
closed in Xp®@Yyx if only if for each point eijl ée;“; €(Gp,0))¢, there exist a fuzzy soft pre-open set fa in
XEg containing e‘f‘;l and a fuzzy soft open set g in Y containing 65‘52 such that (@, V) (Fpcl(fa))qgs.

Theorem 5.9. If (p,7) : Xp — Yk is fuzzy soft st.0.p.c. and Yk is fuzzy soft Hausdorff , then G, )
is soft strongly pre-closed in Xp®@Yik.

Proof. Let e‘f‘il éf)eg; € (Gpy))°- Tt follows that (cp,w)(e‘fil) # eg‘; . Since Yk is fuzzy soft Hausdorff,
there exists fuzzy soft open sets gp and g¢ such that (¢, ) (e‘f‘;l )E 9B, eg‘fz € gc and gpggc. Since (@, 1))
is f.s.st.6.p.c., there exists a fuzzy soft pre-open set f4 containing 6?:1 such that (o, ) (Fpcl(fa)) C g5-
Therefore, (¢,9)(Fpcl(fa))@gc and G, ) is fuzzy soft strongly pre-closed in Xp®YF. m]

6. Preservation Properties

In this section, we discuss preservation of some properties of fuzzy soft topological spaces under various
kinds of functions.

Definition 6.1. A fuzzy soft space Xg is said to be

(1) Fuzzy soft p-closed (resp. fuzzy soft p-Lindeldf) if every cover of 15 by fuzzy soft pre-open sets
has a finite (resp. countable) subcover whose fuzzy soft pre-closures cover 1z,

(2) Fuzzy soft countably p-closed if every countable cover of 15 by fuzzy soft pre-open sets has a finite
subcover whose fuzzy soft pre-closures cover 1.

A fuzzy soft subset K of a fuzzy soft space Xg is said to be p-closed relative to Xg, if for every cover
{fk: k € A} of K by fuzzy soft pre-open sets of Xg, there exists a finite subset A, of A such that K C
U{ Fpel(f%: ): ke AL}

Definition 6.2. [19] Let Xg be a fuzzy soft topological space. A fuzzy soft set fa in Xg is called fuzzy
soft compact, if each fuzzy soft open cover of fa has a finite subcover. Also fuzzy soft topological space X
is called compact if each fuzzy soft open cover of 1g has a finite subcover.

Definition 6.3. Let Xg be a fuzzy soft topological space. A fuzzy soft set fa in Xg is called fuzzy soft
countably compact, if each countable fuzzy soft open cover of fa has a finite subcover. Also a fuzzy soft
topological space Xg is called fuzzy soft countably compact if each countable fuzzy soft open cover of 1g
has a finite subcover.

Theorem 6.4. If (p,v) : Xp — Yk is a f.s.st.0.p.c. function and K is fuzzy soft p-closed relative to
Xg, then (p,0)(K) is a fuzzy soft compact set of Yi.

Proof. Suppose that (p,v) : Xp — Yk is f.s.st.0.p.c. and K is fuzzy soft p-closed relative to Xg. Let
{gh: k € A} be a fuzzy soft open cover of (p,)(K). For each point e2€K, there exists k(e2) € A such

that (¢, ¢)(eg)ég,’§(€5). Since (¢, 1)) is f.s.st.0.p.c., there exists a fuzzy soft pre-open set fj': containing
e such that (o, 1) (Fpel(f5))C g5’ . The family {f5*: e EK} is a cover of K by fuzzy soft pre-open

sets of X and hence there exists a finite subsets K, of K such that K C U .z, Fpcl ( fj:). Therefore,
we obtain (p,¥)(K) E U .z gg(e?). This shows that (¢, ) (K) is fuzzy soft compact. mi

Corollary 6.5. Let (¢,v):Xp — Yk be a f.s.st.0.p.c. surjection. Then the following properties hold:
(1) If Xg is fuzzy soft p-closed, then Yi is fuzzy soft compact.
(2) If X is fuzzy soft p-Lindeldf, then Yi is fuzzy soft Lindeldf.
(8) If Xg is fuzzy soft countably p-closed, then Yi is fuzzy soft countably compact.

Theorem 6.6. If a fuzzy soft function (p,v) : Xg — Yk has a fuzzy soft strongly pre-closed graph,
then (o, v) (K) is fuzzy soft closed in Yi for each fuzzy soft subset K which is fuzzy soft p-closed relative
to XE.
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Proof. Let K be fuzzy soft p-closed relative to Xp and k] €((p,4)(K)). Then for each e €K we have
eQ®k] €(G(p,yp) )¢ By Lemma 45, there exist a fuzzy soft pre-open set fZ: containing €& and a fuzzy
soft open set g%; ofYk containing k) such that (¢, v)(Fpcl( fZ:))Eggz. The family { ff": : Q€K } is a
cover of K by pre-open sets of Xg. Since K is fuzzy soft p-closed relative to Xg, there exists a finite
subset K, of K such that K C U{Fpcl(fy: e2€K,}. Put gg = N{gy : e2€K}. Then gp is a fuzzy soft
open neighbourhood of kf. For each

€K, (0. 0)(Fpel(f3))qgf - This means that [U{ (. 9)(Fpel(f5)) : 2 €K Hagn. As

@

(¢, ) (K) E '—'{(%W(FPCl(fZ”)) (e2€KLY, (¢,v)(K)ggs- So, [(w, 1) (K)]¢ is fuzzy soft open. Therefore,
(p,9)(K) is fuzzy soft closed in Y. O

7. Conclusion

In this study, we have given the definition of strongly 8 —pre-continuous function in fuzzy soft topology.
We have focused on the properties of fuzzy soft strongly 6—pre-continuity in several types of fuzzy
soft topological spaces and investigated the relationships with some other continuities which have been
supported by a diagram and counter examples. This study is also an attempt to make a new approach
to give a different definition for fuzzy soft graph function. Some valuable results that can be used in
different disciplines are obtained and analyzed.
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