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On semi*-J-open Sets, pre*-J-open Sets and e-J-open Sets in Ideal Topological Spaces
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ABSTRACT: In this paper we introduce and investigate some properties of semi*-J-open sets, pre*-J-open sets
and e-J-open sets in ideal topological spaces. Moreover, some relationships among semi*-J-open sets, e-J-open
sets and pre*-J-open sets in ideal topological spaces are established. Finally, we obtain the decompositions of
continuity.
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1. Introduction

semi*-J-open sets, pre*-J-open sets and e-J-open sets in ideal topological spaces were studied by [5], [4]
and [2,12], respectively. In this paper, some properties of semi*-J-open sets, pre*-J-open sets and e-J-open
sets in ideal topological spaces are investigated. Some relationships among pre*-J-open sets, semi*-J-
open sets and e-J-open sets in ideal topological spaces are discussed. Furthermore, decompositions of
continuous functions have been introduced.

An ideal J on a nonempty set X is a nonempty collection of subsets of X which satisfies the following
conditions: A € Jand B C A implies B € J; A € Jand B € J implies AU B € J [§]. Applications to
various fields were further investigated by Jankovic and Hamlett [6]; Mukherjee et al. [9]; Arenas et al.
[1]; Nasef and Mahmoud [10], etc. Given a topological space (X, 7) with an ideal J on X and if p(X)
is the set of all subsets of X, a set operator (.)" : p(X) — p(X), called a local function [8] of A with
respect to 7 and J is defined as follows: for A C X,

A*(J,7)={xe X |UNA ¢ Jfor everyU € 7(x)},

where 7(x) = {U € 7 | x € U}. Furthermore C1*(A) = AUA*(J, 7) defines a Kuratowski closure operator
for the topology 7*, called the *-topology, finer than 7. When there is no chance for confusion, we will
simply write A* for A*(J, 7). X* is often a proper subset of X. By a space, we always mean a topological
space (X, 7) with no separation properties assumed. If A C X, Cl(A) and Int(A) will denote the closure
and interior of A in (X, 1), respectively.

A topological space (X, 7) with an ideal J is called an ideal topological space and is denoted by (X, 7,7).
A subset A of an ideal space (X, 7) is said to be R-J-open (resp. R-J-closed)[13] if A = Int(Cl*(A))
(resp.A = Cl*(Int(A)). A point x € X is called a d-J-cluster point of A if Int(C1*(U)) N A # () for each
open set V' containing x. The family of all §-J-cluster points of A is called the d-J-closure of A and is
denoted by 6Cl3(A). The set d-J-interior of A is the union of all R-J-open sets of X contained in A and
its denoted by dInts(A). A is said to be d-J-closed if 6Cly(A) = A [13]. 6-J-open sets form a topology
75-J and that it is coarser than 7.
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In this paper, we define and study some properties of semi*-J-open sets, pre*-J-open sets and e-J-open
sets in ideal topological spaces and investigate some of their properties. Moreover, some relationships
among semi*-J-open sets, e-J-open sets and pre*-J-open sets in ideal topological spaces are established.

Several interesting properties and characterizations are introduced and discussed. Finally, we obtain the
decompositions of continuity.

2. Preliminaries
Definition 2.1. A subset U of an ideal topological space (X, 7,7) is said to be

1. semi*-J-open [5] if U C Cl(6Inty(U)).

2. pre*-J-open [4] if U C Int(6Cly(U)).

3. e-J-open [2] if U C Cl(6Inty(U)) U Int(6Cly(U)).

4. a BGy«-set [3]if U=V NC, whereV is §g-open and C is e-J-closed.

5. weakly dg-local closed [7] if U =V NC, where V is an open set and C is a d3-closed set in X.

The class of all semi*-J-open (resp. pre*-J-open, da-J-open) sets of (X, 7,J) is denoted by S*JO(X)
(resp. P*JO(X), 6aJO(X)) [5,4]. The complement of a semi*-J-open (resp. pre*-J-open, e-J-open) set
is said to be semi*-J-closed (resp. pre*-J-closed, e-J-closed).

The e-J-interior [2,11] (resp. semi*-J-interior [5], pre*-J-interior [4]) of U is denoted by Int:(U) (resp.
s6Inty(U), P*JInt(U)) is defined by the union of all e-J-open [2](resp. semi*-J-open [5], pre*-J-open
[4]) sets contained in U. The intersection of all e-J-closed (resp. semi*-J-closed [5], pre*-J-closed [4]) sets
containing U is called the e-J-closure (resp. semi*-J-closure [5], pre*-J-closure[4]) of U and is denoted
by Cl}(U) (resp. sdClg(U), P*ICIT)).

Theorem 2.2. [5] Let Q be a subset of an ideal space (X, 7,7). Then
1. $6CI3(Q) = QU Int(6C15(Q)) and P*ICIHQ) = QU Cl(0Ints(Q)),
2. s6Ints(Q) = QN Cl(0Inty(Q)) and P*IInt(Q) = Q N Int(6Cl5(Q)).

Theorem 2.3. [3] Let Q be a subset of an ideal topological space (X, 7,7). Then Q is a BGy--set if and
only if Q@ = FNCL(Q) for a dg-open set F' in X.

Definition 2.4. [3] An ideal topological space (X,7,7) is said to be dJ-extremally disconnected if
0C1ly(Q) € T for each Q € T.

Lemma 2.5. [3] An ideal topological space (X,7,J) is 6J-extremally disconnected if and only if it is
extremally disconnected.

Theorem 2.6. [3] For an ideal topological space (X, 7,7), the following properties are equivalent:
1. X is dg-extremally disconnected,
2. 5Inty(Q) is closed for every closed subset Q of X,

3. 0CIl3(Int(Q)) C Int(6Cly(Q)) for every subset Q of X.

4. Fvery semi*-J-open set is pre*-J-open.
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3. semi*-J-open sets, pre*-J-open sets and e-J-open sets in ideal topological spaces

Lemma 3.1. Let (X, 7,7) be an ideal topological space. A subset Q) is weakly dg-locally closed if and only
if @ = KNdCly(Q), where K is an open set.

Proof. Let @ be weakly dg-locally closed. Then Q = K NC, where K is open and C' is dg-closed. We have
Q C C and 6Cly(Q) C 05(C) =C. Hence Q CVNICIH(Q) CVNC = Q. Therefore, Q = K NiCl5(Q),
where K is an open set. ]

Theorem 3.2. Let (X, 7,7) be a 6J-extremally disconnected ideal space and QQ C X, then the following
properties are equivalent:

1. Q is an open set,

2. Q is pre*-J-open and weakly §9-local closed,

3. Q is e-J-open and weakly d9-local closed.

Proof. (1) = (2) = (3): the proof is obvious.

(3) = (1) : Suppose that @ is an e-J-open set and a weakly dg-local closed set in X. It follows that
Q C Cl(0Ints(Q)) UInt(6Cly5(Q)). Since @ is a weakly dj-local closed set, by Lemma 3.1 there exists an
open set K such that Q@ = K N6Cly(Q). Tt follows from Theorem 2.6 that

.Q CK N [Cl(8Ints(Q)) U Int(5C15(Q))]
=(K N Cl(dInts(Q))) U (K N Int(6Cl3(Q)))
C(K N Int(6C15(Q))) U (K N Int(5C15(Q)))
=Int(K N6Cl5(Q))

=Int(Q).
Thus, @ C Int(Q) and hence @ is an open set in X. O

Theorem 3.3. The following properties hold for a subset Q of an ideal topological space (X, 7,J):
1. If Q is a pre*-J-open set, then sdClg(Q) = Int(0Cly(Q)).
2. If Q is a semi*-J-open set, then P*ICI(Q) = Cl(dInts(Q)).

Proof. (1) : Suppose that @ is a pre*-J-open set in X. Then we have @ C Int(6Cl5(Q)). By Theorem
2.2 56Cl3(Q) = QU Int(67(Q) = Int(6C15(Q)).

(2) : Let @ be a semi*-J-open set in X. It follows that Q@ C Cl(§Ints(Q)). By Theorem 2.2, we have

P*ICIQ) = Q U CL(5Ints(Q)) = CL(6Ints(Q)). O

Remark 3.4. The converse of these implications of Theorem 3.3 are mot true in general as shown as
shown by the following examples:

Example 3.5. Let X = {z,y,,eb.7 = {0, X, {z}, {y, 2}, {5,y 2}} and T = {0, {z} ,{e}, {x,e}}. Then
$0C1y(Q) = 0Intg(CU(Q)) for the subset Q = {y,e} but Q is not pre*-J-open. Moreover, P*ICI(Q) =
Cl(6Intg(Q)) for the subset R = {a,d} but R is not semi*-J-open.

Theorem 3.6. Let (X, 7,7) be an ideal topological space and @ C X, then the following properties hold:

1. If Q is a semi*-J-closed set, then P*IInt(Q) = Int(6Cly(Q)).
2. If Q is a pre*-J-closed set, then s6Int(Q) = Cl(0Inty(Q)).
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Proof. (1) : Suppose that @ is a semi*-J-closed set. We have
Int(6CIl3(Q)) C @Q . Hence, P*IInt(Q) = Q N Int(dC13(Q)) = Int(6Cly(Q)).

(2) : Let @ be a pre*-J-closed set. Then Cl(6Ints(Q)) € Q. This implies that
s6Ints(Q) = Q N Cl(0Ints(Q)) = Cl(dInt3(Q)). O

Theorem 3.7. For a subset QQ of an ideal topological space (X,7,7), Q is an e-J-closed set if and only
if @ = P*ICH(Q) N soCly(Q).

Proof. (=) Suppose that @ is an e-J-closed set in X. This implies Int(dCly(Q)) N Cl(0Int3(Q)) C Q.
We have

LPrICHQ) N s6C1(Q) = (QUCI(SInty(Q))) N (Q U Int(6Cl5(Q)))
= QU (Cl(6Inty(Q)) N Int(6C15(Q)))
=Q.

Thus, Q = P*ICI(Q) N s0Cl5(Q).
(<) Let Q = P*ICI(Q) N's6Cly(Q). Then we have

.Q =P*IC1(Q) N s6C15(Q)

=(Q U Cl(6Inty(Q))) N (Q U Int(6C1y(Q)))
SCU(5Ints(Q)) N Int(6C1(Q)).

This implies that Cl(6Ints(Q)) N Int(6Cl5(Q)) C Q. Then, Q is an e-J-closed set in X. O

Corollary 3.8. For a subset Q of an ideal topological space (X, 7,7), Cl:(Q) = P*ICI(Q) N s6Cl5(Q).

Proof. In general, Cl*(Q) C P*ICI(Q) N s0Cly(Q) C P*ICI(CI:(Q)) N soCly(CLE(Q)).
Since Cl¥(Q) is e-J-closed, by Theorem 3.7,C15(Q) = P*ICI(CI:(Q)) N sdCl5(CLE(Q)).
Therefore, we obtain CI}(Q) = P*ICI(Q) N s6Cly(Q). O

Corollary 3.9. Let (X, 7,9) be an ideal topological space and Q C X. If Q is pre*-J-open and semi*-J-
open, then C1:(Q) = Cl(6Ints(Q)) N Int(6Cl5(Q)).

Proof. By Theorem 3.3 and Corollary 3.8,

ClZ(Q) = P*ICIHQ) N séCly(Q) = Cl((dInts(Q)) N Int(0C15(Q)).

O

Remark 3.10. The converse of Corollary 3.9 is not true in general as shown in the following example:

Example 3.11. Let X = {5,y,2,¢},7 = {0, X, {z},{y, 2}, {2.9,2}} and I = {0, {z},{e}, {z, e}}.
Take Q = {y, z,e}. Then CI5(Q) = Cl(6Ints(Q)) N Int(6C13(Q)) but Q is not pre*-J-open.

Theorem 3.12. Let (X, 7,J) be an ideal topological space and Q C X. If Q is pre*-J-closed and semi*-
J-closed , then Int*(Q) = Cl(dInts(Q)) U Int(6Cl5(Q)).

Proof. Suppose that @ is a pre*-J-closed set and a semi*-J-closed set. By Theorem 3.6, we have
s6Ints(Q) = Cl(6Inty(Q)) and P*IInt(Q) = Int(6Cly5(Q)). Thus, Int*(Q) = P*IInt(Q) U séInts(Q) =
Int(0Cly(Q)) U Cl(dInty(Q)). O

Lemma 3.13. For a subset Q of an ideal topological space (X, 7,7), the following properties hold:



ON semi”*-J-OPEN SETS, pre*-J-OPEN SETS AND e-J-OPEN SETS...

1. ClE(Int(Q)) C Int(0Cly(Int(Q))).
2. Cl(P*IInt(Q)) C Cl(Int(6Cl3(Q))).
3. Int(s0Cls(Q)) = Int(0C15(Q)).
Proof. 1): We have
Cl:(Int(Q))

=P*ICI(Int(Q)) N s6Cly (Int(Q))
=(Int(Q) U CI(5Ints(Int(Q)))) N (Int(Q) U Int(5Cly(Int(Q))))
= C Int(Q) U Int(6CI5(Int(Q)))

=Int(6Cly(Int(Q))).
This implies that CI%(Int(Q)) C Int(6Cly(Int(Q))).
2): We have
CU(P*IInt(Q))
=CUQ N Int(6C15(Q)))
CCIU(Int(5Cl5(Q))).

Hence, we have CI(P*JInt(Q)) C Cl(Int(5Cl5(Q))).

3): We have

Int(s6Cl3(Q))

(

=Int(Q U Int(6C15(Q)))
2Int(Q) U Int(6C1H(Q))
=Int(6C15(Q)).

As the previous version, conversely we have four lines
Corollary 3.14. For a subset @Q of an ideal topological space (X, 7,7), the following properties hold:
1. Intf(ClUQ)) 2 Cl(0Intys(CUQ))).
2. Int(P*ICIHQ)) 2 Int(Cl(dInty(Q))).
3. Cl(s0Ints(Q)) = Cl(6Int3(Q)).
Proof. 1t follows from Lemma 3.13.

Theorem 3.15. For a subset Q of an ideal topological space (X, 7,7), the following properties hold:
1. Int(CL(Q)) = Int(ClL(dInty(Q))).
2. Cl(Int:(Q)) = Cl(Int(6Cly(Q))).

Proof. (1) : We have

Int(CIE(Q))
—Int(P*ICUQ) N s6C15(Q))

—Int(P*ICUQ)) N Int(s6C1s(Q))
=Int(P*ICUQ)) N Int(5C1(Q))
=Int(P*ICIUQ)
( (

=Int(Cl(5Inty

Q
Q
Q
Q

)
Q)))-
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by Lemma 3.13. Thus, Int(Cl:(Q)) = Int(Cl(§Ints5(Q))).
(2) : It follows from (1).

Theorem 3.16. For a subset Q of an ideal topological space (X, 7,7), the following properties hold:
1. P*ICI(s6Intg(Q)) C Cl(6Inty(Q)).
2. P*JInt(s6Cly(Q)) 2 Int(6Cly(Q)).

Proof. (1) : By Theorem 3.3, we have

P*ICI1(s0Inty(Q)) = Cl(6Inty(sdInty(Q))) C Cl(Inty(Q)).
This implies

P*ICI(s0Inty(Q)) C Cl(dInts(Q)).

(2) : This follows from (1).

Theorem 3.17. For a subset Q of an ideal topological space (X, 7,7), the following properties hold:
1. Cl:(s6Inty(Q)) C s6Ints(Q) U dInts(Cl(Int(Q))).
2. P*JInt(Cl:(Q)) 2 P*ICLHQ) N Int(6CI5(Q)).
3. $0Ints(ClE(Q)) 2 s6C15(Q) N Cl(dInts(Q)).

Proof. (1) : By Theorem 3.16 and Corollary 3.14, we have

Cl%(s0Ints(Q)) = P*ICI(sdInts(Q)) N sdClg(sdInts(Q))
C Cl(6Inty(Q)) N [s6Intg(Q) U Int(0Cly(Int(Q)))]

C s6Inty(Q) U Int(6C1y(Int(Q)))

= s0Ints(Q) U Int(Cl(Int(Q)))

= 50Intys(Q) U dInts(Cl(Int(Q))).

Then, Cl%(sdInts(Q)) C s6Ints(Q) U dInts(Cl(Int(Q))).
(2) : We have

P Int(CIZ(Q))

= CL(Q) N Int(3C1(CLL(Q)))

= [P*ICU(Q) N s0C13(Q)] N Int(5C1 (CLL(Q)))

= P*ICIQ) N [Q U Int(3C1(Q))] N Int(6C1s(Cl3 (Q)))
> P*ICUQ) N Int(5C1(Q)) N Int(5C1 (CL(Q)))

> P*ICHQ) N Int(5C1(Q)).

This implies P*JInt(Cl:(Q)) 2 P*ICI(Q) N Int(6Cl5(Q)).
(3): We have

s0Ints(CLZ(Q))

— CI2(Q) N CUSInts(CI(Q))

— [P*ICHQ) N $6C15(Q)] N CUG Tt (CE(Q)))
D Cl(6Intg(Q)) N s6Cly(Q) N Cl(6Inty(Q))

= 50C15(Q) N Cl(6Inty(Q)).

Hence, s0Ints(Cl5(Q)) 2 sdClg(Q) N Cl(0Ints(Q)).
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Corollary 3.18. For a subset @Q of an ideal topological space (X, 7,7), the following properties hold:
1. Int(s6C15(Q)) 2 s6Cl3(Q) NdCL (Int(ClL(Q))).
2. P*ICI(Int:(Q)) C P*IInt(Q) U Cl(6Inty(Q)).
3. s6C1y(Int*(Q)) C s6Ints(Q) U Int(6C15(Q)).

Proof. The proof follows from Theorem 3.17. O

4. Further Properties and Decompositions of Continuity

Definition 4.1. A function f : (X,7,9) — (Y,0) is said to be weakly 65-locally-continuous if f~*(Q)
is weakly dg-locally closed for each open set @ inY .

Definition 4.2. A function f : (X, 7,9) — (Y, 0) is said §a-J-continuous [5] (resp. semix-J-continuous
[4] (resp. pre*-J-continuous [4], e-J-continuous [2]) if f~1(Q) is semix-J-open (rep. pre*-J-open, e-J-
open) for each open set Q in'Y .

Theorem 4.3. For a function [ : (X,7,7) — (Y, 0) where (X, 7,7) is a 0J-extremally disconnected ideal
space, the following properties are equivalent:

1. [ is continuous,
2. f is pre*-J-continuous and weakly d5-locally-continuous,
3. f is e-J-continuous and weakly §5-locally-continuous.

Proof. Tt follows from Theorem 3.3. O

Definition 4.4. A subset Q of an ideal topological space (X, 7,7) is said to be
1. generalized e-J-open (gEJ-open) if H C Int}(Q) whenever K C Q and H is a closed set in X.
2. generalized e-J-closed (gEJ -closed) if and only if X \ Q is a gEJ-open in X.

Theorem 4.5. Let (X, 7,J) be an ideal topological space and Q C X. Then @Q is a e-J-closed set iff Q is
a BGq«-set and a gEJI-closed set in X .

Proof. Let @ be a BGy«-set and a gEJ-closed set in X. By Theorem 2.3, Q@ = FNCI¥(Q) for a d3-open set
Fin X. Since Q C F and Q is gFEJ-closed, then we have Cl}(Q) C F. Thus, CI*(Q) C FNCI Q) =Q
and hence @ is e-J-closed.
Conversely, it follows from the fact that any e-J-closed set is a BGy« -set and a gEJ-closed.

]

Theorem 4.6. Let (X,7,7) be an ideal topological space and Q C X. Then Q is a gEIJ-closed set iff
Cl:(Q) C F whenever Q C F and F is an open set in X .

Proof. Let @ be a gFEJ-closed set in X. Suppose that @ C F and F is an open set in X. This implies that
X\ Q is a gEJ-open set and X \ F' is a closed set. Since X\ @ is a gEJ-open set, then X\ F C Intf(X\ Q).
Since Int: (X \ Q) = X\ ClZ(Q), then we have CI¥(Q) = X \ Int;(X \ Q) C F. Thus, Cl}(Q) C F. The
proof of converse same. O

Theorem 4.7. For a subset @ of an ideal topological space (X,7,3), if Q is a BGy«-set in X, then
ClH(Q)\ Q is a e-I-closed set and QU (X \ Cl2(Q)) is a e-J-open set in X.
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Proof. Suppose that @ is a BGg«-set in X. By Theorem 2.3, we have Q = F'N Cl%(Q) for a §s-open set

F.

This implies

CL@Q)\Q=CL(@Q)\ (FNCLQ))

= Cl(Q)N(X\ (FNCI(Q)))

=L@ N((X\F)U(X\CL(Q))

= (Cl(Q)NX\F)) U (CL(Q) N (X\CL(Q)))
=Cl(Q)N(X\ F).

Consequently, Cl%(Q) \ Q is e-J-closed. On the other hand, since CI}(Q) \ @ is a e-J-closed set, then
X\ (CIZ(Q)\ Q) is a e-J-open set. Since X\ (CIZ(Q)\ Q) = X\ (CE(Q)N(X\Q)) = (X\CE(Q)UQ,
then Q U (X \ Cl%(Q)) is a e-J-open set O

10.
11.

12.

13.
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