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Binary Bipolar Soft Sets

Naime Demirtag and Orhan Dalkili¢

ABSTRACT: In this paper, we give on interesting connection between two mathematical approaches to
vagueness: bipolar soft sets and binary soft sets. The nation of binary bipolar soft set over two universal sets
and a parameter set is proposed. The complement, union, intersection, restricted union, restricted intersection,
null binary bipolar soft set, absolute binary bipolar soft set, difference of two binary bipolar soft sets, “AND”,
“OR” operations are defined on the binary bipolar soft sets. The basic properties of binary bipolar soft sets
are also investigated and discussed. Finally we give a characteristic function of binary bipolar soft set.
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1. Introduction

To overcome complex problems containing uncertainty has made many studies. For this; the concept
of soft sets was initiated by Molodtsov [1]. This set theory has become an important theory presented
against uncertainty in many areas in economics, engineering, social science, medical science, etc. Later
Maji et al. [8] presented some new definitions on soft sets such as a subset, the complement of a soft set.
Furthermore, many studies on set theoretical aspects of soft sets were made. Some of them can be seen
in references [4,5,6] and [7].

Concept of bipolar soft set and its operations such as union, intersection and complement were first
defined by Shabir and Naz [2]. Also Shabir and Naz [2] defined bipolar soft sets and presented an
application of bipolar soft sets in a decision making problem. Then, Karaaslan and Karatag [3] redefined
bipolar soft sets with a new approximation providing opportunity to study on topological structures of
bipolar soft sets.

Agikgoz and Tas[9] introduced the concept of binary soft set theory on two initial universal sets.
Then, Benchalli et al.[10] related basic properties which are defined over two initial universal sets with
suitable parameters.

In this paper, we propose a novel concept of binary bipolar soft set which is an extension of bipolar
soft sets and binary soft sets. We present its basic operations, namely complement, union, intersection,
AND, OR and investigate its basic properties. In the last section, we identified a characteristic function
for binary bipolar soft sets which utilizing characteristic function given by Agikgoz and Tas[9].

2. Preliminaries

First we recall some basic notions in soft sets ve bipolar soft sets.
Let U be an initial universe and E be a set of parameters. Let P(U) denotes the power set of U and
A, B, C be non-empty subsets of E.
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Definition 2.1. [1] A pair (F, A) is called a soft set over U, where F is a mapping given by F : A —
P(U). In other words, a soft set over U is a parameterized family of subsels of the universe X . For
e € A, F(e) may be considered as the set of e-approzimate elements of the soft set (F, A).

Definition 2.2. [8] Let E = {e1, e, ..., e, } be a set of parameters. The NOT set of E denoted by —~E is
defined by —F = {—ey, —ea, ..., me, } where, =e; = not e; for all i.

Definition 2.3. [2] A triplet (F,G, A) is called a bipolar soft set over U, where F' and G are mappings,
given by F: A — P(U) and G : =A — P(U) such that F(e) N G(—e) =0 for all e € A.

Definition 2.4. [2] For two bipolar soft sets (F,G,A) and (F1,G1, B) over a universe U, we say that
(F,G,A) is a bipolar soft subset of (Fy,G1, B) if

(1) AC B and

(2) F(e) C Fi(e) and G1(—e) C G(—e) for all e € A.

This relationship is denoted by (F,G,A)C(F1,G1,B). Similarly (F,G,A) is said to be a bipolar soft
superset of (Fy,G1,B) if (F1,G1, B) is a bipolar soft subset of (F,G, A). We denote it by

(F,G,A)D(Fy,G1,B).

Definition 2.5. [2] Two bipolar soft sets (F, G, A) and (F1,G1, B) over a universe U are said to be equal
if (F,G,A) is a bipolar soft subset of (F1,G1,B) and (Fy,G1,B) is a bipolar soft subset of (F,G, A).

Definition 2.6. [2] The complement of a bipolar soft set (F, G, A) is denoted by (F, G, A)¢ and is defined
by (F,G,A)° = (F<,G, A) where F¢ and G are mappings given by F¢(e) = G(—e) and G(—e) = F(e)
for all e € A.

Definition 2.7. [2] A bipolar soft set over U is said to be a relative null bipolar soft set, denoted by
(D, 80, A) if for alle € A, ®(e) =0 and U(—e) = U, for all e € A.

Definition 2.8. [2] A bipolar soft set over U is said to be a absolute null bipolar soft set, denoted by
(U, @, A) if for alle € A, U(e) = U and ®(—e) =0, for all e € A.

Definition 2.9. [2] If (F,G,A) and (F1,G1, B) are two bipolar soft sets over U then ” (F,G,A) and
(F1,G1,B)” denoted by (F,G, A) A (F1,G1, B) is defined by

(F,G,A) A (Fl,Gl,B) = (H,I,A X B)
where H(a,b) = F(a) N Fy(b) and I(—a,-b) = G(—a) U G1(=b), for all (a,b) € A x B.

Definition 2.10. /2] If (F,G,A) and (F1,G1, B) are two bipolar soft sets over U then ” (F,G,A) or
(F1,G1,B)” denoted by (F,G, A) V (F1,G1, B) is defined by

(FaGaA) v (FlaleB) = (ijvA X B)
where H(a,b) = F(a) U Fy(b) and I(—a,-b) = G(—a) N G1(=b), for all (a,b) € A x B.

Definition 2.11. [2] Extended Union of two bipolar soft sets (F,G, A) and (F1,G1, B) over the common
universe U is the bipolar soft set (H,I,C) over U, where C = AU B and for all e € C,

F(e) ifeec A—B
H(e) =< Fi(e) ifee B—A
F(e)UFi(e) ifec ANB
G(—e) if me € (mA) — (=B)
I(~e) = { Gi(~e) if ¢ € (B) — (=4)
G(—e)NGi(—e) if me € (mA)N(-B)

We denote it by (F,G, A)U(Fy,G1,B) = (H,I,C).
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Definition 2.12. [2] Extended Intersection of two bipolar soft sets (F,G,A) and (Fy,G1, B) over the
common universe U is the bipolar soft set (H,I,C) over U, where C = AU B and for all e € C,

F(e) ifeec A—B
H(e) =< Fi(e) ifee B—A

Fe)ynFi(e) ifec ANB

Gle) ife € (=4) - (=B)
I(=e) = § Gi(e) ifec(=B)—(-4)

G(e)UGi(e) ifee(-mA)N(-B)

We denote it by (F,G, A)N(Fy,G1,B) = (H,I,C).

Definition 2.13. [2] Restricted Union of two bipolar soft sets (F,G, A) and (Fy,G1, B) over the common
universe U is the bipolar soft set (H,I,C), where C = AN B is non-empty and for all e € C

H(e) = F(e) UFi(e) and I(—e) = G(—e)N Gi(—e)
We denote it by (F, G, A) Un (F1,G1,B) = (H,1,C).

Definition 2.14. [2] Restricted Intersection of two bipolar soft sets (F,G,A) and (F1,G1, B) over the
common universe U is the bipolar soft set (H,I,C), where C'= AN B is non-empty and for all e € C

H(e)=F(e)N Fi(e) and I(—e) = G(—e) U G1(—e)
We denote it by (F, G, A) N (F1,G1,B) = (H,I,C).

Now let’s recall some basic definitions for binary soft sets. Let Uy, U be two initial universe sets
and E be a set of parameters. Let P(U;), P(Usz) denote the power set of Uy, Us, respectively. Also, let
A B,CCE.

Definition 2.15. [9] A pair (F, A) is said to be a binary soft set over Uy, Ua, where F is defined as
below:

F:A— P(Uy) x P(Us), F(e) = (X,Y) for each e € A such that X C Uy, Y C Us.

Definition 2.16. [9] A binary soft set (F, A) over Uy, Us is called a binary null soft set, denoted by 5
if F(e) = (¢, ¢) for each e € A.

Definition 2.17. [9] A binary soft set (G, A) over Uy, U is called a binary absolute soft set, denoted
by A if F(e) = (Uy,Us) for each e € A.

Definition 2.18. [9] The complement of a binary soft set (F, A) is denoted by (F, A)° and is defined
(F, A)¢ = (F¢,—A), where F¢: =A — P(Uy) x P(Us) is a mapping given by F<(e) = (U3 — X, Uz —Y)
such that F(e) = (X,Y). Clearly, ((F,A)%)¢ = (F, A).

Definition 2.19. [9] The union of two binary soft sets of (F, A) and (G, B) over the common niverse
Ui, Uy is the binary soft set (H,C) , where C = AU B and for all e € C,

(X1,Y7) ifee A— B
H(e) = ¢ (X2,Y2) ifee B—A
(X1UX2,Y1U}/2) Zf@EAﬂB

such that F(e) = (X1,Y1) for each e € A and G(e) = (X2,Y2) for each e € B. We denote it as
(F, A)0(G, A) = (H,C).
Definition 2.20. [9] The intersection of two binary soft sets (F,A) and (G, B) over a common Uy,
Us is the binary soft set (H,C), where C = AN B, and (H,E) = (X1 N X2,Y1 NY3) for each e € C
such that F(e) = (X1,Y1) for each e € A and G(e) = (X2,Y32) for each e € B. We denote it as
(F, ARG, B) = (H,C).
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Definition 2.21. [9] Let (F, A) and (G, B) be two binary soft sets over a common Uy, Us. (F,A) is
called a binary soft subset of (G, B) if

(i) AC B,

(i) X1 C X9 and Y1 C Ys such that F(e) = (X1,Y1), G(e) = (X2,Y3) for each e € A. We denote it as
(P, A)Z(G. B).

Definition 2.22. [9] The difference of two binary soft sets (F, A) and (G, A) over the common Uy, Uy
is the binary soft set (H, A), where H(e) = (X1 — Xa,Y1 — Ya) for each e € A such that (F, A) = (X;1,Y7)
and (G, A) = (X2,Y3).

Definition 2.23. [9] If (F, A) and (G, B) are two binary soft sets then "(F,A) AND (G, B)” denoted

by (F, A)A(G, B) is defined by (F, A)A(G,B) = (H, A x B), where H(e, f) = (X1 N Xa,Y1 NY2) for each
(e, f) € A x B such that F(e) = (X1,Y1) and G(e) = (X2, Y>).

Definition 2.24. [9] If (F, A) and (G, B) are two binary soft sets then "(F, A) OR (G, B)” denoted by
(F, A)\V(G, B) is defined by (F, A)V(G,B) = (O, A x B), where O(e, f) = (X1 U X2,Y1 UY3) for each
(e, f) € A x B such that F(e) = (X1,Y1) and G(e) = (X2,Y>).

3. Binary Bipolar Soft Sets

Likewise, let Uy, Uy be two initial universe sets and E be a set of parameters. Let P(Uy), P(Us)
denote the power set of Uy, Us, respectively. Also, let A, B,C C E.

Definition 3.1. A triplet (F,G,A) is called a binary bipolar soft set over Uy, Us, where F and G are
mappings, given by F': A — P(Uy) x P(Uz) and G : =A — P(U1) x P(Uz) such that X, X C Uy,
Y,Y C Uy and F(e)NG(—e) = (X, Y)N(X,Y) =0 for all e € A.

Example 3.2. Let Uy = {j1,J2,J3,Ja}, Uz = {t1,ta,t3} be the universes containing four jackets and
three t-shirts, respectively. Also, let E = {ej,ea,e3,eq} = {cheap, traditional, large, colored} and
—F = {—ejy, neq, —es, meq} = {expensive, classic, small, colorless} be the sets of parameters.

The binary bipolar soft set (F,G,A) describes the “requirements of both the jackets and the t-shirts”
which Mr. X is going to buy , where A = {e1,e3,e4} C E. (F,G, A) is a binary bipolar soft set over Uy,
U, defined as follows:

F(er) = ({d1,da} {t2}), Fles) = ({j2}, {t1,t3}), Flea) = ({4r, ja}, {t2}),
G(=er) = ({J2, da}, {t1, ts}), G(mes) = ({ir} {t2}), G(=es) = ({J2, s}, {ts}).

So, we can say the binary soft set
(F,G,A) = {cheap jackets, t — shirts : resp. {j1, js}, {t2},
large jackets, t — shirts : resp.{ja}, {t1,t3},
colored, jackets, t — shirts :resp.{j1,ja},{t2},
expensive, jackets, t — shirts : resp.{ja, ja}, {t1,t3},
small, jackets, t — shirts : resp.{j1}, {t2},
colorless, jackets, t — shirts : resp.{jo, js},{t3}}

We denote the binary soft set (F,G, A) as below:
(Fv Gv A) = (617 ({j17j3}7 {tQ}))’ (637 ({]2}7 {tlv t3}))v (64, ({jlaj4}’ {tQ}))v
(mex, ({J2, Ja}, {1, t3})), (mes, ({1}, {t2})), (mes, ({2, js}, {ts}))

In this example, we can see the views of Mr. X who wants or does not wants to buy both jackets and
t-shirts under contrasting sets of parameters.
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Definition 3.3. For two bipolar soft sets (F, G, A) and (F1,G1, B) over a universe Uy, Us, we say that
(F,G, A) is a binary bipolar soft subset of (Fy,G1,B), if
(1) ACB,

(2) X1 C Xo and Yy C Ya such that F(e)(= (X1, V1))CFi(e)(= (Xa,Y2)) and

G (—e)(= (X2, V2))CG(e)(= (X1, 11))

for all e € A.

This relationship is denoted by (F,G,A)C(F1,G1, B). Similarly (F, G, A) is said to be a binary bipolar
soft superset of (F1,Gh1,B), if (F1,G1,B) is a binary bipolar soft subset of (F,G,A). We denote it by

(F,G,A)2(Fy,G1,B).

Example 3.4. Let Uy = {my,ma,ms,ma}, Uz = {n1,n2,n3}, E = {e1,ea,e3,e4,€5,65} and ~E =
{—e1,neq, mes, meyq, mes, meg}. Let A = {es,es} and B = {e1,e3,¢e5,¢e6}. (F,G,A), (F1,G1,B) are two
binary bipolar soft sets over Uy, Us defined as follows:

(F’ G, A) = {(637 ({mQ’ m4}v {nQ}))’ (_'637 ({ml’ m3}v {nl}))’ (657 ({m?’}’ {nl}))v (ﬁe5v ({mQ}’ {n3}))
(Fl’ Gl’ B) = {(61, ({m?n m4}’ {nl}))v (ﬁel’ ({mlv mQ}’ {n% 713})), (63’ ({mlv ma, m4}v {nQ}))’
(_'63’ ({m3}v {nl}))’ (657 ({ml’ m3}v {nl’ n2}))’ (_'657 ({(Z)}’ {n3}))’ (667 ({ml}’ {nlv nQ}))v
(mes, ({ma}, {ns}))}
Therefore, (F,G,A)E(Fl,Gl,B),

Definition 3.5. Two binary bipolar soft sets (F,G, A) and (Fy,G1, B) over a universe U are said to be
equal if (F,G,A) is a binary bipolar soft subset of (Fy,G1,B) and (F1,G1,B) is a binary bipolar soft
subset of (F,G, A).

Definition 3.6. The complement of a binary bipolar soft set (F,G,A) is denoted by (F,G,A)¢ and is
defined by (F,G,A)¢ = (F°,G° A) where F°: A — P(Uy) x P(Us) and G° : =A — P(Uy) x P(Us) are
mappings given by Fé(e) = (U — X,Uy = V) = (X,Y) = G(—e) and G°(—e) = (U; — X, Uy = Y) =
(X,Y) = Fl(e) for all e € A.

Example 3.7. Consider Example 3.2. Then
(F,G,A)° = {not cheap jackets, t — shirts : resp. {jz,ja}, {t1,t3},

not large jackets, t — shirts : resp.{j1,Js,ja}, {t2},

not colored, jackets, t — shirts : resp.{ja,Jjs}, {t1,3},
not expensive, jackets, t — shirts : resp.{j1, js}, {t2},
not small, jackets, t — shirts : resp.{ja, js, ja}, {t1,ts3},
not colorless, jackets, t — shirts : resp.{ji,ja},{t1,t2}}

We denote the binary bipolar soft set (F,G,A)¢ as below:

(Fv G, A)c = (_‘61, ({j27j4}’ {t17t3}))7 (_‘63, ({jl;jSa.j4}a {tQ}))a (_‘€4a ({j25j3}7 {tla t3}))’

(ex, ({71, s}, {t2})), (es, ({52, Js, da}, {1, 23})), (ea, ({Jr, Ja}, {t1, t2}))

Definition 3.8. A binary bipolar soft set over Uy, Us is said to be a null binary bipolar soft set, denoted
by (@,4, A) if for alle € A, ®(e) = (0,0) and U(—e) = (U1, Us), for all e € A.
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Example 3.9. Let Uy = {my,ma}, Uy = {n1,n2,n3}, A= {e1,e2} and -A = {—ey,—ne2}. Let (F,G, A)
be a binary bipolar soft set as follows:

(Fv Gv A) = {(615 (07 (D))a (_‘615 (U17 UQ))) (625 (07 (D))a (_‘625 (U17 UQ))}
Therefore, (F, G, A) is a null binary bipolar soft set.
Definition 3.10. A binary bipolar soft set over Uy, Uy is said to be a absolute binary bipolar soft set,

—~—

denoted by (m) if for all e € A, U(e) = (U1, Us) and ®(—e) = (0,0), for all e € A.

Example 3.11. Let Uy, Uy, A and —A be sets as in Example 3.9. Let (F,G,A) be a binary bipolar soft
set as follows:

(Fv Gv A) = {(61’ (Ulv UQ))’ (_'617 ((Z)’ @))v (62’ (Ulv UQ))’ (_'627 ((Z)’ @))}

—~— e~/
—~— e~ /—~—

Therefore, (F, G, A) is a absolute binary bipolar soft set. Clearly, (,4, A)¢

I
=
o
=
=
S
IS
=
o
2
I

(®, 51, A).

Definition 3.12. The difference of two binary bipolar soft sets (F, G, A) and (I, G, A) over the common
universe Uy, Uy is the binary bipolar soft set (H,I,A), where H(e) = (X1 — )v(g,Yl Y>) and I(—e) =
(X1 — Xg,Yl Yg) for each e € A such that F(e) = (X1,Y1), G(=e) = (X1,Y1), Fi(e) = (Xy,Ya) and
Gl(_\e) = (X27}/2)

Definition 3.13. If (F, G, A) and (F1, Gy, B) are two binary bipolar soft sets over Uy, Uz then " (F, G, A)
and (F1,G1, B)” denoted by (F,G, A)A(Fy,G1, B) is defined by

(F,G, A)A(F,G1, B) = (H,1, A x B)
where H(a,b) = F(a)F; (b) = (X1, Y1) (X2, Y2) and I(=a,-b) = G(=a)UG1(=b) = (X1,Y1)U(Xa, Ya),
for all (a,b) € A x B.
Definition 3.14. If (F, G, A) and (F1,G1, B) are two binary bipolar soft sets over Uy, Uy then "(F, G, A)
or (F1,G1, B)” denoted by (F,G, A)V(Fy,G1, B) is defined by
(F.G, A)W(F\,Gy,B) = (H,I, A x B)
where H(a,b) = F(a)UF,(b) = (X1,Y1)U(Xa,Ys) and I(—a,—b) = G(-a)NG1(=b) = (X1,Y1)(Xa,Ya),
for all (a,b) € A x B.
Proposition 3.15. If (F, G, A) and (F1,G1, B) are two binary bipolar soft sets over Uy, Us then
(1) ((Fv G, A)g(Flv G, B))c = (F’ G, A)C\Z(Flv G1, B)c
(2) ((Fv Gv A)V(Flv Gla B))(. = (Fa Ga A)CK(FM Gla B)(.
Proof. Tt is obvious from Definitions 3.6, 3.13 and 3.14. O

Definition 3.16. Extended Union of two binary bipolar soft sets (F,G,A) and (Fi,G1,B) over the
common universes Uy, Us is the binary bipolar soft set (H,1,C'), where C = AU B and for all e € C,

(Xlayl) if@EA—B
H(e):{ (-5?2,5?2) ~ ifeeB-A
(X1,Y1)U(X2,Y2) ifec ANB
{ (X1, Y1) if me € (-A) — (—B)
)= (%a¥s)  ifee(+B)— (-A)
(Xl, Yl) (X2,Y2) if e€ (mA)N(—-B)

such that F(e) = (Xl,ﬁ),AG( €)= (Xl,Yl) for each e € A and Fi(e) :v(XQ,)/Q) Gi(—e) = (\XQ,VY/Q) for
each e € B. In addition ({1,1ﬁ) (X2 YQ) (X1UX2,Y1UY2) and (X1,Y1)N (XQ,YQ) (X1UX2,Y1UY2).

We denote it by (F,G, A)J(Fy,Gy,B) = (H,1,C).
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Definition 3.17. Ezxtended Intersection of two binary bipolar soft sets (F, G, A) and (Fy,G1, B) over the
common universes Uy, Us is the binary bipolar soft set (H,I,C), where C = AU B and for all e € C,

(Xl,i}l) ifeec A—B
H(e):{ (X3, V) ifec B—A
(X1, Y1)N(X,,Ys) ifec ANB
(X1,Y1) if me € (mA) — (—B)
I(me) =4 (X2,Y2)  if-e€(-B)—(-4)
(X1, Y1) 0(X,,Ys) if —e € (-A) N (-B)

such that F(e) = (Xl,Yl),A G(e) = (Xl,Yl) for each e € A and Fi(e) = (XQ,YQ) _Gi(~e) = (Xg,yg) Jor
each e € B. In addition (),{1 Yl) (X2 YQ) (XlﬂXg,YlﬂYg) and (Xl,Yl) (XQ,YQ) = (X1NX,, Y1NY3).
We denote it by (F,G, A)(Fy,Gy,B) = (H,1,C).
Definition 3.18. Restricted Union of two binary bipolar soft sets (F,G,A) and (F1,G1,B) over the
common universes Uy, U is the binary bipolar soft set (H,I,C), where C = AN B is non-empty and for
alle e C

H(e) = F(e)UFi(e) and I(—e) = G(=e)NG1(—e)
such that F(e) = (X1,Y1), G(—e) = (Xl,Yl) for each e € A and Fy(e) = (X2,Ya), Gi(—e) = (X2, Y3) for
each e € B. We denote it by (F,G, A)Ux(Fy,G1,B) = (H,1,C).
Definition 3.19. Restricted Intersection of two binary bipolar soft sets (F,G,A) and (F1,G1,B) over
the common universes Uy, Us is the binary bipolar soft set (H,I,C), where C = AN B is non-emptly and
foralle e C

H(e) = F(e)NFi(e) and I(—e) = G(—e)UG1(—e)
such that F(e) = (X1,Y1), G(—e) = ()il,?l) for each e € A and Fy(e) = (X3, Ys), G1(—e) = (X2,Y2) for
each e € B. We denote it by (F,G, A)Nw(F1,G1, B) = (H,I,0).
Proposition 3.20. Let (F,G, A) and (F1,G1, A) be two binary bipolar soft sets over a common universes
Uy, Us. ThenNthe following are true N
(1) ((FvaA)g(Flle’ )) (F G’A)cﬁ(Flle’B)c’
(2) (F,G, AR(Fy, Gy, B))* = (F,G, A¥T(F1, Gy, BY,
(3) ((Fv GvA)g%(FlaGla )) = (F G, A) l—lm(Flale ) )
(4) ((F, G, Afw(F1, G, B))® = (F,G, A)*Un(F1, Gy, B)°.

Proof. (1) Let (F, G, A)O(Fy, Gy, B) = (H,I, AU B) where for each e € AU B

(Xl,Yl) ifeec A—B
H(e):{ (X3, Ys) ifec B—A
(X1UX2,Y1U}}2) ifeec ANB
(X1,77) if me € (-A4) — (—B)
I(~e) { (X3, Y2) if e € (=B) — (=4)
(X1N X5, Y1 NYy) if =e € (mA)N (=B)

such that F(e) = (X1, Y1), G(oe) = (X1,Y1) for each e € A and F(e) = (Xy, Ya), G1(—e) = (X, Ya) for
each e € B. Hence, ((F)G, A)~(F1,G1, B))¢=(H,1,AUB)" = (H",I°,AU B). L
Now, H¢(e) = (U — X,Us—Y) and I°(e) = (U; — X, Uy —Y) for each e € AUB such that H(e) = (X,Y)
and I(—e) = (X,Y). Therefore

(U1 — X1,U2—Y1) ifeec A— B
He(e) =4 (U — Xo,Us — Y2) ifeec B—A
(U, — (X, UXy),Up— (Y1UY,)) ifec ANB
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(U, — X1,Us — 1)) if e € (~A) — (-B)
I¢(—e) = { (U1 = X2, Us — Ya) . ifmee(=B) = (=4)
(Ul — (Xl n XQ), Uy — (Yl N Yg)) if —e € (—‘A) n (“B)

Now, (F, G, A)FI(Fy, Gy, B)® = (F¢, G, AA(FE, GS, B) = (K, L, AU B), where

(U, — X1,Uy — V1) ifeec A—B
K(e):{ (U — X2, Uz — Ya) ifee B—A
(Ul_(XluXQ),UQ—(YlLJ}}Q)) ifeec ANB
(Uh — X1,Uz — Y1) if —e € (—A) — (—=B)
L(-e) = { (U — X5, U — Y2) if me € (-B) — (0A4)
(U, — (X1 N Xy),Us — (Y1 NY3)) if —e € (-A) N (—B)

Finally, "H¢ and K” and ”I¢ and L” are same. So, proof is completed.

(2), (3) and (4) options are proved by a similar way. O

—~ —~
—~

Proposition 3.21. If (m) is a null binary bipolar soft set, (L, @, A) an absolute binary bipolar soft
set, and (F,G, A), (F1,G1,A) are binary bipolar soft sets over Uy, Us, then

(1) (Fv Gv A)Q(Fla Gl;A) - (Fv Gv A)gﬁ‘i(FlaGlaA)a
(2) (F,G, A)@(Fl,Gl,A = (F,G, A)ﬁm(Fl,Cil,A),
(3) (.G, A)ﬁ(%A) = (F,G,A); (F.G, A)ﬁ(‘li_g_’/A) = (%A),
(4) (F.G, D@1, 4) = (.G A); (F.GAN®4) = (@4, 4),
(5) (F,G, AT @, A) = (£, @, A); (F,G, AL, &, A) = (F, G, A).

Proof. Straightforward. O

Proposition 3.22. Let (F1,G1,A), (Fy,Ga, B) and (F3,G3,C), be three binary bipolar soft sets. Then
we have the following results:

(1) (P, Gy, (P, Gy BYA(Fy, G, €)) = ((Fi, G, A)D(Fy, G, B)A((FL, G, A)(F, G, €)). (2)
(F1, Gy, A)N((Fy, G2, B)U(Fs, G3,0)) = ((F1, Gy, A)N(Fa, Go, B))U((Fy, Gy, A)R(Fs, Gs, C)).

Proof. 1t is obvious from Definition 3.16 and 3.17. O

Example 3.23. Consider the following sets:
Uy = {s1, 82, $3, 84, S5} 1s the set of t-shirts.
Us = {t1,ta,t3,t4} is the set of ties.
E = {e1,ea,e3,e4} and ~E = {—ey, neq, me3,—es} is the sets of parameters, where ey : color ful,—e; :
plain, es : sport, —es : classic, ez : cheap, —es : expensive, eq : modern, —ey : traditional.

Suppose that A = {ej,ea,e3}, and B = {ea,e3,eq}. The binary bipolar soft sets (F,G,A) and
(F1,G1, B) describe the “the special features of both the t-shirts and the ties” which Mr. X and Mr.
Y are going to buy respectively. Suppose that

Fe1) = ({s1,s3}, {t2,ta}), F(e2) = ({s2,s3},{t1}), Fles) = ({s5}, {ts,t4}),
G(=e1) = ({s2, 84}, {t1, t3}), G(me2) = ({51,585}, {t2}), G(me3) = ({sa}, {t:}).

and

Fi(e2) = ({s3,85}, {t1,t3}), Files) = ({s2,85},{ta,ta}), Fi(ea) = ({s3},{ts}),
Gi(—e2) = ({s1,83}, {t2,ta}), Gi(mes) = ({sa}, {t1,t3}), Gi(mes) = ({51}, {t2,t3}).
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Now, we approximate the resulting binary bipolar soft sets obtained by applying the above mentioned op-
erations on (F,G,A) and (F1,Gy,B).

Let (F,G, A)O(Fy,G1, B) = (Hy, I, AU B). Then
Hi(e1) = ({51, 83}, {t2,ta}), Hi(e2) = ({s2,53,55},{t1,t3}),
Hi(e3) = ({s2,s5}, {t2, ta,ta}), Hilea) = ({s3}, {ta}),

and

Li(me1) = ({s2, 84}, {t1,t3}), [1(me2) = ({s1}, {t2}),
Ii(mes) = ({sa}, {t1}), Li(mea) = ({s1}, {t2,t3}).

Let (F,G, A)F(Fy, G, B) = (Hs, I, AU B). Then
Hj(e1) = ({51, 83}, {t2,ta}), Ha(e2) = ({s2},{t:1}),
Hj(e3) = ({s5}, {ta}), Haz(es) = ({s3}, {ta}),

and
Iy(=e1) = ({82, 84}, {t1, t3}), la(—e2) = ({1, 83, 85}, {t2, ta}),

Ix(—es) = ({sa}, {t1,t3}), I2(mes) = ({51}, {t2,3})-

Let (F, G, A)On(Fy, Gy, B) = (Hs, I, AN B). Then
Hj(e2) = ({2, 83,85}, {t1,t3}), Hsles) = ({s2,s85}, {ta, 13, 14}),
I3(=e2) = ({s1},{t2}), Is(—es) = ({sa},{t1})

Let (F,G, A)fin(F1,Gr, B) = (Hy, Is, AN B). Then
Hy(e2) = ({s2}, {t1}), Ha(es) = ({ss}, {ta}).
Ii(—e2) = ({51, 83, 85}, {t2, ta}), La(mes) = ({sa},{t1,t3}).

Let (F,G, A)V(Fy,G1, B) = (Hs, Is, A x B). Then
Hs(eq,e2) = ({s1, 52,583,585}, Ua), Hs(er,es) = ({s1,52,53,85}, {t1,t2,ta}),
Hs(e1,eq) = ({51, 83}, {t2, ta}), Hs(e2, e2) = ({52, 53,55}, {t1,t3}),

and

Is(e1,e2) = (0,0), Is(e1,e3) = ({54}, {t3}),
Is(e1,eq) = (0,{t3}), Is(e2, e2) = ({51}, {t2}),
and so on.
Let (F,G, A)NFy, G, B) = (Hg, Is, A x B). Then
H6(elv€2) = (@,@), H6(€1ae3) = ((Da {t27t4})7
He(er,eq) = ({53}, {ta}), Ho(ez, e2) = ({s2}, {t1}),

and
Is(e1, e2) = ({s1,52, 53,54}, U2), Is(e1,e3) = ({s2,s4}, {t1,t3}),
Is(e1,eq) = ({51, 52,84}, {t1,ta,t3}), Is(e2, €2) = ({s1, 53, 55}, {t2, ta}),

and so on.
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4. A Characteristic Function of the Binary Bipolar Soft Set

A characteristic function of the binary bipolar soft set may be represented in a similar way as char-
acteristic function of binary soft sets is given by Ag¢ikgoz and Tag in [9]. The characteristic function is
as follows:

Consider the following sets:

Ulz{hjllgjf’n},
Us = {t : 1 <k <m},
E={e;:1<i<p},

—FE ={-e; :1<i<p}.

Let (F,G,E) = {(e;, (X;, V7)), (mes, (X3, Y3)) : 1 < i < p; X3, X; € Up;Y;,Y; C Uy} is the binary bipolar
soft set.

A 1 heX, 1 e,
fr(ed); ={ 0 h; e felei)y ={ 0 t2Y;
3 -1 hjeX; . -1 tp ey,
QE(ﬁei)j = 0 hj ¢ X@ gE(ﬁei)k = 0 t & YQ

Table 1. The Elements of Universal Sets for the Given Parameters

E—-E/Uy — U, hy ho hn, 1 to tm
e Je(e) | fe(er)2 | ... | fe(er)n | fE(e1)1 | fE(E1)2 | ... | fE(€1)m
es fe(e2)r | felea)s | .. | fe(ea)n | fE(e2)1 | fE(e2)2 | ... | fe(e2)m
e : : : : : :
ep fe(ep)r | fr(ep)2 | - | fr(ep)n | fr(ep)1 | fr(ep)2 | - | fE(ep)m
—eq gele1): | geler)2 | ... | gelei)n | gr(e1): | gr(er)2 | ... | ge(€1)m
—eo gele2)1 | gr(e2)2 | ... | gr(e2)n | grle2)1 | gr(e2)2 | .- | gr(e2)m
—€; . .
“€p gE(ep)l gE(ep)Q cee gE(ep)n gE(ep)l gE(ep)Q cee gE(ep)m

Now we investigate a following example:

Example 4.1. Consider the following sets:

Uy = {t1,ta,t3,t4} is the set of trousers,

Us = {c1,c2,c3,c4} i the set of shoes,

E = {e; = expensive, ea = sport, ez = beautiful} -F = {—e1 = cheap, —ea = classic, ~e3 = ugly} is the
sets of parameters.

Let (F,G, E) is a binary bipolar soft sets as follows:

(FvaE) = (617 (Xl = {t17t3}7§}1 = {61762}))7 (ﬁelv (Xl = {tQ}’?l = {63764}))7

(e2, (X2 = {t2, ta}, Y2 = {c5})), (me2, (X2 = {1}, Y2 = {a1})),
(s, (X5 = {ts}, Vs = {c2, ca})), (mes, (X = {t2,ta}, Y3 = {c3})).
Then, for 1 <i<3 and 1< j k<4,

fE(ei)j _ { ]., ig Xl fVE(ei)k _ { 17 Ck € Y;

07 Ckgﬁ
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R -1, t;eX; 3 -1, e, €Y;
gp(—e); = { tj. ¢ X—l ge(-ei), = { :
i (2

0, eV

Table 2. Trousers and Shoes Providing Parameter Properties

E— —‘E/Ul - Ug tl tg t3 t4 C1 Co C3 Cq
el 1 0 1 1]0 1 1 ]0 0
e 1 0|1 0 0 |1 0
es 0 0 1 1]0 0 1 10 1

—eq 0 —-110 |0 0 0 1] -1
—es -11]0 010 —-1]0 |0 0
—es 0 -170 | -1]0 0 |—-110

In the above table, we see some trousers and shoes providing parameter properties. For erxample, the
second trouser is sport but the first and third trouser are not sport. At the same time the second trouser is
cheap and ugly but not classic. Similarly, the third shoe is sport but the other shoes are not sport. Again
likewise the fist shoe is classic but the other shoes are not classic.

5. Results and Discussion

In this paper, we introduce binary bipolar soft sets by using binary soft sets and bipolar soft sets. We
also study basic operations of complement, union, intersection, restricted union, restricted intersection,
difference, “AND”, "OR” on binary bipolar soft sets. Thereafter, the basic properties of these operations
are proven along with several examples to illustrate those properties. Finally, the characteristic function
defined on binary bipolar soft sets hope that it might be useful for solving decision-making problem.
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