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A Note on Hermite-based Truncated Euler Polynomials

Waseem A. Khan, Divesh Srivastava and Rifaqat Ali

ABSTRACT: In this paper, we introduce a new class of generating function of Hermite-based truncated
Euler polynomials which is a generalization of Hermite-Euler polynomials. By making use of this generating
function, we obtain some new interesting properties and relations. Furthermore, we derive some new implicit
summation formulae.
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1. Introduction

Generalized and multivariable forms of the special functions of mathematical physics have witnessed
a significant evolution during the recent years. In particular, the special polynomials of two variables
provided new means of analysis for the solution of large classes of partial differential equations often
encountered in physical problems. Most of the special functions of mathematical physics and their gen-
eralizations have been suggested by physical problems. For example (see [4-7], [13-25])

The 2-variable Hermite Kampé de Fériet polynomials (2VHKdFP) H, (z,y) are defined by the gen-
erating function (see [2], [4]):

ot "
€ et = ZHn(zmy)Ev (11)
n=0

are solutions of the heat equation

2

5 Hn(2,y),

0

Jy
Hy(z,0)=2a".

For non-negative integer m, the truncated Euler polynomials are defined by means of the following
generating function (see [13]):

o™

ml n_N 2
et +1— p 1;1_| n=0
=0

Taking m = 0 in (1.2) reduces to
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2 . "
ar1¢ T Z%Eo,n(%")m, (| t]<m), (1.3)

where, E,(z) are called the Euler polynomials (see [23]).

When z =0 in (1.2), Ep, ,, = Ey n(0) are called the truncated Euler numbers given by

2t’7:1 o0 t"’L
YR 19
et +1— % n=0 ’
h=0

Recently, Hassen et al. [9] introduced hypergeometric Bernoulli polynomials by means of the following
generating function:
For N > 1, the hypergeometric Bernoulli numbers By, are defined by means of the following generating
function

N
1 S > tn
- - - BN.n_v
1F1(1;N +15t) t_Nilt_n’ ,;) "l
n=0

where

is the confluent hypergeometric function with (x), = z(z+1)---(z+n—1),(n > 1) and (z)o = 1. When
N =1, B,, = By, are called the classical Bernoulli numbers (with By = —%) defined by

t e
=S B,—.
et — 1 nZ:o "n!

In particular, the hypergeometric Bernoulli polynomials are defined by means of the following gener-
ating function (see [8], [9], [12]):

o o
ml . "
le t:Zan(x) R (1.5)
et th n=0
7l
h=0
or
ezt s tn
Y NTB. () 1.6
F(Lm+ Lt n;) (@) (16)

If we take m = 0, Eq. (1.5) becomes (see [13]):

oo tn
pla=Dt _ Z BO’"(x)E’
n=0 ’

from where we see that By ,(z) = (z — 1)™.
On setting m = 1 in (1.5), By () = B »(z) are called the classical Bernoulli polynomials given by

TR = tm
pr— —X%Bn(x)m.
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For A € C with A # 1 and a non negative integer r, Frobenius-Euler polynomials HT(LT) (z|\) are defined
by means of the following generating function (see [1])

1-A " zt = (r) "
(et—)\) e —;Hn (m|/\)n!. (1.7)

Observe that H,(Ll)(x, A) = H,(x, \), which denotes the Frobenius-Euler polynomials and H,(LT)(O; A) =
H,(LT)()\), which denotes the Frobenius-Euler numbers of order r. H,(z; —1) = E,(z), which denotes the
Euler polynomials (see [3], [8-11]).

In the year 2014, Pathan and Khan [23] introduced generalized Hermite-Euler polynomials of two
variable by means of the following generating function

2 @ 0o m
( > ezt+yt2 = Z HEr(za) (x7y)_ (18)
n=0

et +1 n!

For a = 1, Eq. (1.8) reduces to the known result of Dattoli et al. [4].

The generating function of the Stirling numbers of the second kind denoted by { Z } is given by (
27))

SR a9

n=~k

The falling factorial (x),, and the rising factorial ()" are defined by (z), = z(x —1)--- (x —n+1) and
()™ =z(x+1)---(x+n—1),(n>1) with () = (2)(©) = 1, respectively.

The object of this paper is to present a systematic account of these families in a unified and general-
ized form. We develop some elementary properties and derive the implicit summation formulae for the
Hermite-based truncated FEuler polynomials by using different analytical means on their respective gener-
ating functions. The approach given in recent papers of Khan [16] and Pathan and Khan [23] has indeed
allowed the derivation of implicit summation formulae in the two-variable Hermite-Euler polynomials. In
addition to this, we give some relevant connections between Hermite and truncated Euler polynomials.

2. Hermite-based truncated Euler polynomials

In this section, we define Hermite-based truncated Euler polynomials g E,, (2, y) and investigate its
properties. Now we start at the following definition.

Definition 2.1. For nonnegative integer m, we define the Hermite-based truncated Euler polynomials

HEn m(z,y) by means of the following generating function in a suitable neighborhood of t = 0:
2t77 5 o mn
#emﬁyt = Z HEn’m(;I;’y)E. (2.1)
et +1— % n=0 '
h=0

Clearly that (2.1) contains as its special cases not only generalized truncated Euler polynomials

E,(lo‘r)n(x) (c.f.Eq.(1.2)) but also Kampé de Fériet generalization of the Hermite polynomials H,(x,y)
(c.fEq.(1.1)). If we put m = 0, (2.1) gives a known result of Dattoli et al. [[4], p.386(1.6)] in the form

2

xt+yt? S ﬁ
et+1€ _nZ_:OHEn(may)n'a (22)
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where g F,(x,y) are called the Hermite-Euler polynomials.

In particular, in terms of truncated Euler numbers E,,_; ,,, and Hermite polynomials H,(x,y), trun-
cated Hermite-Euler polynomials g E), ,,(z,y) are represented as

n

1 B (2,9) = ( ; ) En_smHy(z,y). (2.3)

s=0

It is possible to define truncated Hermite-Euler numbers g E,, ,,, assuming that
HEn,m (07 O) = HEn,m~
Taking x =m = 0, (2.1) gives the result

(5]

2 < . ) En-sy® = nEn(0,y)- (2.4)

s=0

If we take m = 0 in (2.1), we can generalize some results involving summations of truncated Hermite-Euler
polynomials and numbers by using e* = cost + isint and the result

Sfm) = > fen)+ ) fen+1). (2.5)
n=0 n=0 n=0
Since
2 2i(cost+ 1 —isint) _ 2i(cost 41 —isint)

eit +1  (cost+1-+isint)(cost+1—isint) (cost+ 1)2+ (sint)2
_ (2isint) 4 2(cost + 1)

Q (2.6)
Thus, by (2.1) and (2.6), we have
p— (2isint) + 2(cost + 1)
Q
1)nt2n (_1)nt2n+1
- Eon Eon v 2.7
ZH 2 xy T +ZZH 2n+1(Z, Y) Gt 1) (2.7)
where Q = (cost + 1)% + (sint)?.
Therefore, we have
1)nt2n efytz
Z 1 Eop(x y o)l = =5 2[cos(t — xt) + cos (xt)]. (2.8)
& (_1)nt2n+1 e—yt2 )
Z tFEoni1(x,y) Gt 1) = =5 2[sin(t — xt) — cos (xt)], (2.9)

n=0

where Q = (cost + 1)% + (sint)?.

Theorem 2.2. Forn > 1, we have

waEn1(z,y) =2nH,((x — 1),y). (2.10)
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Proof. For m =1 in (2.1) and using (1.1), we have

Z nE ( _ 26(3: 1)t+yt
n=0
n+ 1 —~
Comparing the coefficients of equal powers of ¢ on both sides, we get the required result. O
Theorem 2.3. The following relation holds true:
n-+m = n—+m
wBn ey =2 ( 0" ) By =30 ( ] HEmy(a,y),(n=0),  (211)
j=0

where g B n(x,y) =0,(n=0,1,--- ,m—1).

Proof. From (2.1), we have

j=m
2t & =  ttm
T ZHEW” (ZHE“”” ) 2 G
n=0 7=0
= gt = "
> wEnm(zy Z(]er ZH xy ;HEnm(m,y)m
00 2tn+m tn+m m—1 m
= REZ:OH (x y) Z BEn1mm(T, y)m - nz::o HEn,m(x7y)H~ (2.12)
Also,
oo oo pitm o n j fn—j+m
> (e ) > o | - X e
<n—0 J=0 (7 +m)! n=0—=0 gt (n—=j+m)!
oo n n + m > thrm
=> (> (. HEm ;(2,y) | ———- (2.13)
=\ < J (n+m)!
Comparing the coefficients of ¢" in equation (2.12) and (2.13), we get the results (2.11). O
Theorem 2.4. The following relation holds true:
HEnm $+ z y = Z < ) n— s7m(Z)HS($ay)- (2-14)

s=0
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Proof. From (2.1), we have

o0 tn 2t'IYL )
A m! (z42)t+yt
E HEn,m($+Zay)n! m—1 the
n=0 et + 1-— T
h=0
2t R
!
— 'm.rn_1 eztefct+yt
t th
et+1— = T

(G (Et)

Replacing n by n — s in above equation and comparing the coefficients of ¢, we get the desired result. [J

Theorem 2.5. The following relation holds true:

wBuntat2) =3 {3 H(7 ) #Bem( @ (2.15)

Proof. By Theorem 2.3, we have
n n .
HEn,m(m + Z,y) = E ( s ) HEn—s,m(xvy)Zk

Using the concept of (1.9), we have

s=0 k=0
=¥;{ (L) aB e @

Thus, it completes the proof.

Theorem 2.6. The following relation holds true:

1 Enm(x + 2,7) ii ( ) { }HER_Lm(a: — ) (2)" (2.16)

n=0Il=p

Proof. Consider (2.1), we have

n 2t™

oo
t _ ! wt+yt2 —t\—z
D HEnm(@t zy) = e ()

. h
n=0 et +1— &
h=0

271;1_1? :rt+yt2 - z+ M= 1 —t\—z
m—1 ¢ Z W (1 -¢ )

opm 50
“m! efct+yt2 Z(z),u (et - 1)” et
m—1 M'

¢ th —
et +1— T p=0
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n=0
—Z(z) I Z M H n—lm(m May) I
n=0 n=0 =0
(o) n n n l § tn
=2 (XX ( , ) { p }HEn—z,m(m ~my)E) | S
n=0 \ u=0I=p ’
Comparing the coefficients of t"

, we obtain the required result.

Theorem 2.7. The following relation holds true:

Epm(2,y) Z ( )Z ( : ) (—1) " 5 By (0,y) HO (2] ). (2.17)
pH= O =0
Proof. From (2.1), we have

= tn 2 et =\ [1-2\" >
Z HEn,m (x7 y) E - m!m71 < > ( ) ewt+yt
n=0 ’

€t+1_2% 1—-A et — A\
h=0
- <Z HEmm(o,y)fL—T;) <Z( : ) () (=A)" ) <ZH ") (z|\) t—,)
n=0 1=0

Z:O < 4 ) SOl VG i;;:o( >HEM, 0D
nzo,z‘; < )Z( i ) (‘1)’"”HEn—u,m(0,y)H,S”(xm%.

=0

Equating the coefficients of equal powers of ¢t on both sides, we obtain the desired result

U
Theorem 2.8. The following relation holds true:
< Z+m ) En: ( 7 > <Bm,j(x)Hnj(x,y) - %HEm,j(x’y)x"_j)
j=0
1" (0 +m
=5 jgo ( i >HEm’j(x,y)Bm’n+mj(x). (2.18)

Proof. From (2.1), we have

o0

A 1 m\ [, g
e +yt? _ <7;J2HEnm(x y)—'> <e +1- Z h!)
= <Z 2HEn m(x y ) ( Z ﬁ) <Z §HEn,m(x7y)E>
n=0 =

n=0
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Now,

"ff+yf2 ZBM (Z ~iEnm(z y)t ) "
+ <Z %HEn,m(x,y)%> (Z Bm,n(ar)%n,> ,
n=0 : :

n=0

which can be written as

1 < zt+yt? Zan - wtz HEnm(JZ y)tn>

nO

(z W Enl1) )(ZBM )

Using Cauchy product rule, we get

_ f: En:% ( ! )HEm,j(x,y)Bm,M(x) -

Here, we avoided the zero terms on the right-hand side. Thus

thrm

%i ;( j ) (Bm,g(x)Hn i(@,y) = 1HEm,j(xvy)xnj> !

[e'e) n+m
1 ( n+m > tntm
= Z Z 5 . HEm,j(xay)Bm,nerfj(x) 2T
n=0 j=0 2\ (n +m)!
Equating the coefficients of equal powers of ¢t on both sides, we get the desired result. 1

Theorem 2.9. For non-negative integer n and m, we have

n—1

- n . 2n n—1
2 E ( - >HEm+1,nj($7y)Z] - 1 E < - >Em,nj1(Z)Hj($,y)
par N m+leg\J

= 2": ( ;L > HEmt1,n—5 (2, Y) Em j (2). (2.19)

=0

Proof. From the definition (2.1), we have

2tm+1 ot > tn m—1 tj tm
e Jrttytt E . t _ E o2
(m+ 1)!‘8 o #Emy1,n(2,y) n! ¢+l L Gl m)

n=0
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n

m—1 i
tJ t" tm L
_ t —
=|et+1— § j. <E HEerln(x y) ) _m|§:HEm+1,n(x7y)n|

j=0 n=0 " n=0
Now,
2t petyt? "
= yt E
(m+1)! nzo e )n!
2A™ o t" > t
= mez ZHEm+1,n(x7y) . ZHEerl n ZC y Tl' ZEm,n
n=0 n=0 n=0
o, oo n—1 n—1 t
. E —
n=1 \ j=0
o0 n n
= 22 Z( j )HEerl,nj(x,y)ZJ il
n=1 \ j=0
o0 n
n t"
- Z Z < - ) BEmi1n—j(@,9)Em,;(2) | -
° J n!
n=1 \ j=0
Comparing the coefficients of equal powers of ¢t on both sides, we obtain the desired result. 1

3. Summation formulae for Hermite-based truncated Euler polynomials

In this section, we prove the following results involving truncated Euler polynomials and Hermite
polynomials.

Theorem 3.1. The following implicit summation formula holds true:

k.l
~ KNz —2)" Py B fti—p—n (2, y)

HEm,kJrl(zvy) = Z | : 1101 (31)

e (k —n)!(l — p)Inlp!

Proof. Replacing t by ¢ + u and rewrite the generating function (2.1) as

M w)? —x u tk ul
mjn_l — ey(ttu)” _ o—a(ttu) Z 1B pr1(2,y)—= T (3.2)
ette 41— 3 % k,1=0
h=0

Replacing x by z in the above equation and equating the resulting equation to the above equation, we

get
L kol

) (4 t " u
el () Z HEm k(2 y)k, I Z 1 Bk (2,9) 15 37 (3.3)
k,1=0 k,1=0
On expanding exponential function (3.3) gives
(2 —x)(t +u) th ! tF u!
S C T S i) = 3 aBna ) (34
N=0 k,1=0 k,1=0
which on using formula [ [26],p.52(2)]
S (z+y)" "y
Y N5 = D fntm) (3.5)
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in the left hand side becomes

X (z— )"t . kol

Z 7%!])' t uP Z HEmn k+l(33 y)k, i Z HEmn k+l(z y)k' ik (3.6)
n,p=0 k,l=0 k,1=0

Now replacing k by k — n, [ by | — p and using the lemma [[26] ,p.100(1)] in the left hand side of (3.6),
we get

(z —z)"tP tk ul > th !
>y B pett-n-p(:y) =Y wBasn(an) =t (@)
o HEmEtlen—p\ T Y) S BEm 14102, Y) 77 7
np=0ki=0 P (k=) (Il =p)t 4= Kl !

Finally on equating the coefficients of the like powers of ¢t and u in the above equation, we get the required
result.
O

Remark 3.2. By takingl = 0 in equation (3.1), we immediately deduce the following corollary.

Corollary 3.3. The following implicit summation formula holds true:

k
HEm,k(zvy) = Z < I:L ) (z - x)nHEr[::lT—_nl] (x’y) (3'8)

n=0

Remark 3.4. On replacing z by z + x and setting y = 0 in Theorem 3.1, we get the following result
involving truncated Hermite-Euler polynomials of one variable

k,l
’ k!l!(z)n+mHEm k+l_m_n(m)
B . 7 .
1 Eme1(2 + ) n;@ (k=) — m)lntm! (3:9)

whereas by setting z = 0 in Theorem 3.1, we get another result involving truncated Hermite-Euler
polynomials of one and two variables

k,l
: k'l'(_x)nerHEm k+l7mfn(x7 y)
BEm k1(y) = : (3.10)
W (k= n)l(l —m)Inlm!
Theorem 3.5. The following implicit summation formula holds true:
= n
HEmn(x + 2,y 4+ u) = Z < m > HEmn—s(z,y)Hs(2,u). (3.11)

m=0
Proof. We replace by « + z and y by y + u in (2.1), use (1.2) and rewrite the generating function as
oo . opm
t m! (xt+ t2  st+ut?
> iEmale 2y ) = | o et
n=0 o \er1- Y 8

0o n 0o 15

Now replacing n by n — s and comparing the coefficients of ¢, we get the result (3.11).
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Theorem 3.6. The following implicit summation formula holds true:

k

2] T
BEmn(y, x Z mon—2k (Y T)'k" (3.12)

Proof. We replace z by y and y by x in equation (2.1) to get

e tn & mk tQk’

ZHEm,n(yax):L_T: = ZEm,n(y)EZT (313)
— ! ! !

n=0 k=0

Now replacing n by n — 2k and comparing the coefficients of ¢, we get the result (3.12).
O

Theorem 3.7. The following implicit summation formula holds true:

S wBmaley) =Y ( " ) 1 B = (2, ). (3.14)
n=0 r=0

Proof. From (2.1), we have

n=0

2t’ln
T 2
_ m! ezt—i—yt (et _ 1)
m—1 h
et + 1-— T
h=0

oo r

Comparing the coefficients of ¢ in both sides, we get the result.
O

4. Conclusion

In this paper, a new class of Hermite-based truncated Euler polynomials are introduced and their
properties are explored using various generating function methods. Several elementary properties and
implicit summation formulae are established for these polynomials. The generalization of these results
may lead to other interesting results, which may be helpful to the theory of fractional calculus. Sev-
eral techniques and methods are used which are applicable to the other fields of mathematics. The
applicability of these techniques to the these polynomials can also be explored. These aspects will be
undertaken in further investigation, as these results can be extended to Gould-Hopper-based truncated
Euler polynomials defined by the following generating function:

2t™

Wm_l eTttyt” _ Z gE(T) _. (4.1)
s h=0 "

Clearly, when r = 2 equation (4.1) immediately gives the known result (2.1).
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