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Methods
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ABSTRACT: We prove the existence of at least one non-trivial weak solution for a nonlinear Dirichlet bound-
ary value problem subject to perturbations of impulsive terms via employing a critical point theorem for
differentiable functionals.
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1. Introduction

In this paper, we study the following nonlinear impulsive differential problem:

—u(t) + a(®)u'(t) + b(t)u(t) = Ag(t, u(t)), te0,T],t+#tj,
u(0) =u(T) =0, (1.1)
Au’(tj):)\fj(u(tj)), j:l,?,...,n,

where A > 0,9 : [0,7] x R = R,a,b € L*>([0,T]) with essinf,cporya(t) > 0 and essinf,ep 1) b(t) >
0,0=1t) <t <ty <--+ <ty <tpp1=T,Au(tj) = u’(t;') —u/(t;) = lim,_,,+ /() — lim,_, - «'(¢) and
I; : R = R are continuous for every j =1,2,...,n. ’ ’

Impulsive differential equations are considered by many authors and one of the reasons of getting
this attention can be the main role they play in many real world phenomena such as medicine, biology,
mechanics, engineering, etc. One of the most important application of the impulsive differential equation
is that it is the main tool to study the dynamics of that process which are subject to sudden changes
in their state. The existence and multiplicity of solutions for impulsive differential equations have been
examined in many works, and for an overview on this subject, we refer the reader to the papers [2,4,
5,6,7,8,10,11,12,16,18,19,20,21,22,23,25,26,27,28,29]. For instance, in paper [6] the authors studied the
existence of n distinct pairs of nontrivial solutions for the following impulsive differential equations with
Dirichlet boundary conditions by using variational methods and critical point theory,

u” (t) + Ah(t,u(t)) =0, t#t; aetel0,T]

—Au’(tj):Ij(u(tj)), j:172;---p7
u(0) = u(T) =0,

where 0 =ty < t; < --- < tp < tp1 =T,A > 0,h € C([0,T] xR,R),I; € C(R,R),j = 1,2,...,p,
Au'(ty)) = u’(t;r) —u/(t;), u’(t;r) and u'(t; ) denote the right and the left limits, respectively, of u'(t;)
att =t;,7 =1,2,...,p. In [28], Zhang and Yuan dealt with the existence and multiplicity of solutions
for the nonlinear Dirichlet value problem with impulses. Using the variational methods and critical points

theory, they gave some new criteria to guarantee that the impulsive problem has at least one nontrivial
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solution, assuming that the nonlinearity is superquadratic at infinity, subquadratic at the origin, and the
impulsive functions have sublinear growth. Moreover, if the nonlinearity and the impulsive functions are
odd, then the impulsive problem has infinitely many distinct solutions. More precisely in [19] the authors
studied the existence of solutions for following second-order impulsive differential equation by using the
critical point theorem of Y.Jabri and an even functional theorem.

—u"(t) + g(t)u(t) = f(t,u(t)), a.e.t € [0,T],
Au’(tj) :Iju(tj), j: 1,2,...,p
u(0) =u(T) =0,

where g € L*[0,T], T is a real positive number, A(u/(t;)) = u’(tj) —u(t;) = lims_nj u'(s) —
lims_ﬂjf u'(s), f : [0,T] x R — R is continuous, t;,j7 = 1,2,...,p are the instants where the impulses
occur and 0 =t < t; <te <--- <t, <tpy1 =T,1; :R—=R(j =1,2,...,p) are continuous. Also they
gave some criteria to guarantee that the impulsive differential equation has at least one solution, infinitely
many solutions under the assumption that a nonlinear term satisfies sublinear, superlinear, asymptoti-
cally linear, respectively. Some results are extended and conditions of assumptions are simplified. In [27]
the authors considered the existence of solutions for following nonlinear impulsive problem with periodic
boundary conditions, by using critical point theory,

—u"(t) + cu(t) = Af(t,u(t)), t#t; aetel0,T],
Au’(tj) :Iju(tj), j: 1,2,...,])—1
u(0) = u(T), W' (0T) =u/(T7),

where ¢ € R, A € R\ {0} are two parameters, ' > 0, f : [0,7] x R — R is continuous, 0 = ¢y < t; <
ty < - < tp, = T,AU(t;) = u’(tj) —u'(t;) = limt_ﬂj u'(t) — limtﬁtj_ u'(t),u'(07) = limy_yo+ u/(t)
and v (T7) = lim; ,p- ¥/ (¢),I; : R — R,j = 1,2,...,p — 1 are continuous. Also they obtained some
existence theorems of infinitely many solutions for the problem when the impulsive functions are super
linear then extend and improve some results. In [7] the authors obtained some new existence results of
solutions for some Dirichlet impulsive differential problems using critical point theory, they gave some
new criteria to guarantee that the impulsive problem has at least one nontrivial solution or infinitely
many solutions, assuming that the nonlinearity is superquadratic and has a sublinear growth. In the
paper [4] the authors using variational methods studied second-order impulsive differential equations with
Dirichlet boundary conditions, depending on two real parameters, and showed that an appropriate growth
condition of the nonlinear term, under small perturbations of impulsive terms, ensures the existence of
three solutions, while in the paper [5] they established multiplicity results for the same equations, and
the have ensured the existence of infinitely many solutions using variational methods. Recently Graef
et al. in [11] investigated the existence of infinitely many periodic solutions to a class of perturbed
second-order impulsive Hamiltonian systems while the existence of nontrivial classical solutions for a
class of Dirichlet boundary value problems with impulsive effects via variational methods and critical
point theory is established in [10].

In the present paper, we are interested in ensuring the existence of at least one non-trivial solution
for the nonlinear Dirichlet boundary value problem (1.1).

2. Preliminaries
A classical solution of (1.1) is a function u such that:
we {weC([0,T)) s wye, 1,0 € HA([ts, tj1])},
that satisfies the equation in (1.1) a.e. on [0,T]\ {t1,...,t,}, the limits u’(t;r),u’(tj’),j =1,2,...,n,
exist, that satisfies the impulsive conditions Au'(t;) = AIu(t;)and the boundary conditions u(0) =

u(T) = 0. If a,b and g are continuous, then a classical solution satisfies the equation in (1.1) for all
t€[0,T]\ {t1,t2,...,tn}. We consider the following slightly different form of problem (1.1):

=)' ()" + q(t)u(t) = Af(t,u(?)), te[0,T],t #1,
u(0) =u(T) =0, (2.1)
Au’(tj):)\lju(tj), j: 1,2,...,7L7
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where p € C*([0,T7,]0,400[) and ¢ € L>([0,T]) with essinf,co 77 ¢(t) > 0. By choosing p(t), q(t) and
f(t,u) as follows, it is easy to see that the solutions of (2.1) are solutions of (1.1).

p(t) = ¢ Jo " gty = biaye Jo "0 (1w = gt wpe Sy "0

Let E = H}(0,T), and consider the inner product

T T
< U,V == /0 p(t)u’ ()" (t)dt +/0 q(t)u(t)v(t)dt

which its corresponding norm is

llull = (/OTp(t)(u'(t))th+/0

These following Lemmas will be helpful in the proving main results.

T

a(t)(u(t)?dt) "

Lemma 2.1. ([, Proposition 2.1]) Let u € E. Then
1 /T
o < =4 =]lull, 2.2
lulloo < 5 p [ (2.2)

Let f:]0,7] x R — R be an L'-Carathéodory function.

where p* := miny¢c[o 7 p(t)

Definition 2.2. A function u € E is said to be a weak solution of (2.1) if u satisfies
T T T n
| pow @it [ awuoa—x [ e+ ey s we)we) = o
j=1

for anyv e E.

Lemma 2.3. ([}, Lemma 2.1]) u € E is a weak solution of (1.1) if and only if u is a classical solution

of (2.1).

We establish our main results by applying the following version of Ricceri’s variational principle [24,
Theorem 2.1].

Theorem 2.4. Let X be a reflexive real Banach space, let @, ¥ : X — R be two Gateaux differentiable
functionals such that ® is sequentially weakly lower semicontinuous, strongly continuous, and coercive
and ¥ is sequentially weakly upper semicontinuous. For every r > inf x ®, let us put

in SUPyed—1(]—o0,r]) \IJ('U) - \I/('U,)
ued—1(]—o0,r) r— ®(u)

p(r) =

Then, for any r > infx ® and every A €]0, ﬁ[, the restriction of the functional Iy = ® — AU to

®~1(] — 0o, 7[) admits a global minimum, which is a critical point (local minimum) of Iy in X.

We refer the interested reader to the papers [1,9,13,14,15,17] in which Theorem 2.4 has been success-
fully employed to the existence of at least one non-trivial solution for boundary value problems.
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3. Main results

In this section we illustrate our main result to prove existence of solution for the problem.
Put F(t,¢) = fo f(t,z)dx for each (t,¢) € [0,T] x R.

Theorem 3.1. Assume that

2 T
sup 1 >, (3.1)
¥>0 fO max|e|<y F(t,&)dt 2p
¥, max =75
lim sup —2=* |£2|§v i) < 400 (3.2)
y—+o00 Y
whose potential I;( fo x)dx, & € R, and there are non-empty open sets D C (0,T) and B C D of

positive Lebesgue measures such that

essinfrep F(t,€) — 2271, epp(t;)35(€)

lim sup = +00
-0t £
and . N
. essinfiep F(1,§) — Zj:l t,ep P(t5)35(8)
lim inf 5 = > —00.
£—0+ 13

Then, for each
* 2

2
Ae A= (0, ; sup 2 ,
7>0 f max|e|<~ F'(t,§)dt

the problem (1.1) admits at least one non-trivial weak solution uy € E. Moreover, we have
lim Jjux|| =0
Tim

and the real function

=s( o) + / RUCORD,
_)\(/OT dt—Zp /u@,) I, (x)dz)

is negative and strictly decreasing in the open znterval A.

Proof. We apply Theorem 2.4 to the problem (2.1). To this end, for each u € E, set

n

T u(t;)
B(u) = 5 ull. ) = [ Peuma=Ypw) [ 1,

j=1
and

In(u) = ®(u) — A\ (u).
Clearly, the functionals ® and VU satisfy the required conditions in Theorem 2.4. The functional ¥ is

Gateaux differentiable and sequentially weakly upper semicontinuous whose Géateaux derivative at the
point u € F is the functional ¥/(u) € E*, given by

' (u)(v) :/0 F(tU(t))v(t)dt—Zp(tj)fj(U(tj))v(fj)dm

for every v € E. Moreover, we observe that the functional ® is Gateaux differentiable whose Gateaux
derivative at the point u € F is the functional ®'(u) € E*, given by

T T
) = [ pOu o+ [ auouo



IMPULSIVE DIFFERENTIAL EQUATIONS 5

for every v € E. From the condition (3.1), there exists 4 > 0 such that

¥ T
T > Ip*
fO mamea F(t,f)dt p
Put *
r= 2 ?2
T

Also, we have ®~1(—o0,7) = {u: ®(u) <r} C {u:|u(t)] <7, Vte€[0,T]}. Hence

T n u(tj) T
- / F(t u(t)dt — 3 plty) / L(@)de < | max Pt €)dt
0 = 0 o €=y
for every u € E such that ®(u) < r. Then
T u(ty)
sup Y(u) < max F(t,&)dt + p(t / (x)dx.
P(u)<r ( ) o &=y € Z ]( )

By considering the above computations and the definition of ¢(r), since 0 € ®~1(—o0,7) and ®(0) =
¥ (0) = 0, one has

SUPyed—1(—oo,r) \II(U) - \Il(u)

QO(T) uE@*llr%—oo,r) r— <I>(u)
SUP, e 1 (—oo0,r) U (v)
- r
T
T Jy maxje<s F(t,§)d Tllplloo Z me@ 1)(€)
- 2p* ,—}/2 J
so we have ’
T maxi¢|<5 F(t,&)d T p o max|g|<5(—1;)(§)
2p ¥ =
. " 1
Hence, putting A\™ = T Theorem 2.4 ensures
T Jy maxjg<y F(t,)dt + Lllpllo s maz e <5 (—15)(E)
2p* . 7 2pr I 7
that for every A € (0,A") C (0, W) the functional Iy admits at least one critical point (local minima)

uy € ®71(—o0,r). For every fixed A € (0, \") we show that uy # 0 and the map
(O, /\*) DA IA(UA)

is negative. Let us verify that

W (u)
lim sup
Jul—o0+ P(u)

Due to our assumptions at zero, we can fix a sequence {¢,,} C RT converging to zero and two constants
% (with ¢ > 0) such that

= 400

essinfep F(6€,) = X, cpp(ty) Jo) Ii(x)da
A & = oo

and

En
ess 1nf F(t,¢,) Z p(t / I (z)dz > k€2
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for every £ € [0, 0]. Now, fix a set C' C B of positive measure and a function v € E such that:
(i) v(t) €10,T], for every t € [0, T

(ii) v(t) = 1, for every t € C

(iii) v(t) = 0, for every t € [0,T]\D

Hence, fix M > 0 and consider a real positive number n with

n meas(C) + /QID\C [o(t)|?dt

M
< [olZ
2

Then, there is v € N such that £,, < o and
ess mf F(t.&,) Z p(t / I (z)dx > ne2
j=1,t;€B

for every n > v. Now, for every n > v, bearing in mind the properties of the function v (that is
0 <¢,v(t) < o for n sufficiently large), one has

®(&,v) ‘I’(fnv)
n t
_ZJ 1t€Cp fo i( dw+zj 1t€D\Cp fo /) Ij(z)dx
(&)
n meas(C) + /ifD\C lo(t)|?dt
2 Lo >
Since M could be arbitrarily large it concludes that
U (u)
lim sup = +00
uf -0+ P(w)

Hence, there exists a sequence w, C E strongly converging to zero such that, for n sufficiently large,
wp € @71 (—00,7) and I (wy) = ®(w,) — A¥(w,) < 0, since uy is a global minimum of the restriction of
I to ®71(—c0,r), we conclude that

In(uy) <0 (3.4)

so that uy is not trivial. From (3.4) we easily see that the map

(0, )\*) SA— I)\(’LL)\) (3.5)
is negative. Now we show that
lim ||ux| = 0.
A—0t

By considering that ® is coercive and that for A € (0, \*) the solution uy € ®~*(—oco,r), one has that
there exists a positive constant L such that ||uy|| < L for every A € (0, \*). Clearly, there exists a positive
constant M such that

u(ts)
’/ F(t,ux(t))ux(t dt—l—Zp / Ii(x)dx

for every A € (0,\"). Since uy is a critical point of I, we have I{(uy)(v) = 0 for any v € E and every
A € (0,\"). In particular I§ (ux)(ux) = 0, that is,

< Mfjua|l < ML. (3.6)

T
@/(U)\)(U)\) = )\/0 f(t, U)\(t))U)\(t)dt (3.7)
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for every A € (0, ™). By (3.7) it follows that

T
0< ual® < B (ux)(ux) = A / F(t ux()dt

for any A € (0, \%).. Letting A — 0T, by (3.6) we get
li =
Jim lual] =0,
as claimed. Finally, we show that the map
A= Iy ('LL)\)

is strictly decreasing in (0, \*). For our goal we see that for any v € F, one has

D(u
I(u) = )\(¥ - U(u)). (3.8)
Now, let us fix 0 < A\; < Ao < A" and let uy, be the global minimum of the functional Iy, restricted to
O(—o0,r) for t =1,2. Also, let

= L —W(uy,) = inf
my, X (ux,) Veq)_l}%ioo’r) X

for every i = 1,2. Clearly, (3.5) together with (3.8) and the positivity of A imply that
my, <0, fori=1,2. (3.9)

Moreover, since 0 < A1 < g, we have
my, < my,. (3.10)

Then, by (3.8)-(3.10) and the fact 0 < A\; < \a, we obtain
Iy, (uny) = Aamn, < damy, < Aymy, = Iy, (uy,),

so that the map A — I)(uy) is strictly decreasing in A € (0, \*). Since A < \* is arbitrary, we see that
A — I (uy) is strictly decreasing in (0, \"). The proof is complete. O

We here present the following example in which the hypotheses of Theorem 3.1 are fulfilled.

Example 3.2. Consider the following problem

‘<T“’“>>’ () Fult) = M(Lu(),  te[01]t£L L
u(0) = u(1) =0,
1 P L (3.11)
A () =M= () + 2u(7),
Au'(é) - )\(—eU(g)(uz(%) N 2“(%))),

where f(t,x) = 2+tsinz for all (t,x) € [0,1] xR. By the expression of f we have F(t,x) = 2x—tcosz+t
for all (t,x) € [0,1] x R. Then, for each

AeA=(0,400),
the problem (3.11) admits at least one non-trivial weak solution uy € E. Moreover, we have

li =0
Jim [luall
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and the real function

/ \/tT

t—l—l

1 1
)dt+/0 (u(t)?dt) —)\(/0 (2u(t) — teos(u(t)) + )dt

" - u(t;)
S [ )

j=1
s negative and strictly decreasing in the open interval A.

We give some remarks of our results as follows.

Remark 3.3. Here employing Ricceri’s variational principle we are looking for the existence of critical
points of the functional Iy naturally associated with the problem (2.1). We emphasize that by direct
minimization, we can not argue,in general for finding the critical points of Iy. Because, in general, Iy
can be unbounded from the following in E. Indeed, for example, in the case when f(x) =1+ |z|7 2z for
every x € R, for any fired u € E'\ {0} and ¢ € R, we obtain

vu(ts)
I(tu) =P(wu) — /fLu dt—)\Zp /t Ii(x)dx

1 T— T *L
<5l = Al = A7l = X7 [l = —o0

as t — +00.

Remark 3.4. We want to point out that the energy functional I associated with the problem (2.1) is
not coercive. Indeed, when f(x) =1+ |z|” "2z we have

vu(ts)
I(wu) = /fLu dt—)\Zp /t Ii(x)dz

1 — T *
<3l = Al = A7 ull” = gl = —oo

as L — +00

Remark 3.5. If in Theorem 3.1 the function f(t,z) >0 for a. e. (t,z) € [0,T] x R, the condition (3.1)
becomes to the more simple form

A2
T
sup ————— . 3.12
>0 fo 229* ( )
Moreover, if the following assumption is Uerzﬁed
7 T

limsup ———— > —,
v—too [T, €)dt 2P

then the condition (3.12) automatically holds.

Remark 3.6. In Theorem 3.1 if f is nonnegative, then the solution uy is positive. Indeed, arguing by a
contradiction, assume that the set A = {t €]0,1] : ux(t) < 0} is non-empty and of positive measure. Put
a(t) = min{0,ux(t)} for all t € [0,1]. Clearly, u € E and one has

Remark 3.7. Now, let us prove that the critical points of the energy functional Iy are monnegative.
Arguing by a contradiction, assume that u is a critical point of Iy and the open set

A:={te0,T]:u(t) <0}
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is of positive Lebesgue measure. Put u := min{0.u}. Clearly, u € X and, taking into account that u is a
critical point, one has

0 =@ (u) (@) — NV (u)(a)

T T T
= [ powoa i+ [ a@uoana - [ s
0 0 0
+37_1p(t5) L (u(t;)) =0
Thus, from our sign assumption on the data we have

1
2

T T
0<( [ sowopa [ awnre)
T T
'LL/ 2 U 2
< / p(t)(u (1))t + / o(t)(u(t))2dt

t " u(t;)
N[ (a0t -3 () | n@an <o

so it is absurd.
Now, we present a special case of Theorem 3.1 as follows.

Theorem 3.8. Let a € L>([0,T]) such that essinficorya(t) > 0. Let f: R — R be a continuous
function such that f(0) =0, and put F(§) = fog f@@)dt for all &€ € R. Assume that
~2 T [ a(t)dt

sup >
7>0 Max|e| <y F(£) 2p*

and condition (3.2) holds, there are non-empty open sets D C (0,T) and B C D of positive Lebesgue
measures such that

F(§)essinfiep at) = 371, epp(t;)7;(6)

lim su =400
§—>0+p ¢
and . N
T F(f)ess infiep a(t) - Zj:LtjeD p(tj)jj (f) -
mip e *
Then, for each A € A = (0 _» sup 772> the problem
! T Ta(tyd 1 maxig <, F())

u(0) = u(T) =0, (Sxa)

— (@) (0) + q()u(t) = Aa(t) f (w), te[0,T]t#1,
Au’(tj) :/\Iju(tj), j: 1,2,...,n,

admits at least one non-trivial weak solution uy € E such that

li —
Jim Juxg=o

and the real function

is negative and strictly decreasing in A.
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At the end, we present the following example to illustrate previous theorem.

Example 3.9. Consider the following problem

—(W'(1))" + u(t) = Aa(t) f(u), t € [0,1],¢ # 15,
u(0) = u(1) = 0,
Au/(t;) = Mju(t;), j=1,2,...,n,

where f(x) = ze®,a(t) = VE+ 1 for all z € Rt € [0,1] and I;(§) = & for all € € R, j = 1,2. By the
expression of f we have F(z) = xze® —e* + 1 for all x € R. Obviously are conditions of previous theorem

are fulfilled. So, for each A € A = (0, %(2\/5 — 1)), the above problem admits at least one non-trivial

weak solution uy € E such that

li _
Jim, [| =0

and the real function

1 1 1 1
Ao —(/ (u’(t))th+/ (u(t))?dt) —/\(/ () F(u(t))dt
2\ Jo 0 0
n_pult;)
- [ s
j=1"0
s negative and strictly decreasing in A.
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