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ABSTRACT: In this paper we study some basic properties of strong A-statistical convergence of sequences in
probabilistic metric spaces. Also introducing the concept of strong A-statistically Cauchy sequences we study
its relationship with strong A-statistical convergence in a probabilistic metric space. Further introducing the
notions of strong A-statistical limit point and strong A-statistical cluster point of a sequence in a probabilistic
metric space we examine their interrelationship.
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1. Introduction

The concept of probabilistic metric (PM) space was introduced and studied by Menger [12] under the
name of “statistical metric space” by taking the distance between two points a and b as a distribution
function Fy;, instead of a non-negative real number and the value of the function F,; at any ¢t > 0 i.e.
F,(t) is interpreted as the probability that the distance between the points a and b is < ¢t. After Menger,
works of several mathematicians such as Schwiezer and Sklar [18,19,20,21], Tardiff [25], Thorp [26] and
many others, developed the theory of probabilistic metric spaces. A through development of probabilistic
metric spaces can be found in the famous book of Schwiezer and Sklar [22]. Several topologies are defined
on a PM space but strong topology is one of them, which received most attention to date and it is the
main tool of our paper.

As a generalization of the usual notion of convergence of sequences of real numbers, the notion of
statistical convergence was introduced and studied independently by Fast [7] and Schoenberg [17] based
on the notion of natural density of subsets of N, the set of all natural numbers. A subset M of N is said
to have natural density or asymptotic density d(M) if

a0 = tim 20

n—00 n

where M(n) = {j € M : j <n} and [M(n)| represents the number of elements in M(n).

A sequence {z }ren of reals is said to be statistically convergent to £ € R if for every € > 0, d(A(e)) =
0, where A(e) = {k € N: |z — &| > €}.

After the great works of Salat [15] and Fridy [8], many works have been done in this area of summa-
bility theory. More primary work on this convergence notion can be found from [1,2,3,9,10,14,24].

The notion of natural density of subsets of N was further generalized to the notion of A-density by
Mursaleen [13] and with the help of A-density he generalized the notion of statistical convergence of real
sequences to the notion of A-statistical convergence. If A = {A,}, oy is a non-decreasing sequence of
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positive real numbers tending to oo such that A\; =1, A\,41 < A\, + 1, n € N, then any subset M of N is
said to have A-density dy(M) if

(V) = Tim H{k €1, : ke M}

n—00 An

where I, = [n — A\, + 1,n]. It is clear that if A, B C N and dx(4) = 0, dx(B) = 0 then d (4°) =1 =
dx(B°), d\(AUB) =0. Alsoif A,B C N, A C B and d\(B) =0, then dx(A) = 0. The collection of all
such sequences A is denoted by A,,. Throughout the paper A stands for such a sequence.

If a sequence © = {x} }ren satisfies a property P for each k except for a set of A-density zero, then
we say that the sequence x satisfies the property 8 for “A-almost all k” or in short “M-a.a.k.”.

A sequence © = {xy }ren of real numbers is said to be A-statistically convergent or Sy-convergent to
L e R if, for every € > 0, dy(M(€)) = 0, where M(e) = {k € N : |x, — L| > €}.

If A\, = n, Vn € N, then the notions of A-density and A-statistical convergence coincide with the
notions of natural density and statistical convergence respectively.

Because of immense importance of probabilistic metric space in mathematics, the notion of strong
statistical convergence was introduced by Sencimen et al. [23] in a PM space and this was further
generalized to the notion of strong A-statistical convergence by Das et al. [4].

Following the line of Sengimen et al. [23] and also that of Das et al. [4] in this paper we study some
basic properties of strong A-statistical convergence of sequences in probabilistic metric spaces not done
earlier. We also introduce the notion of strong A-statistically Cauchy sequences and study some of its
basic properties including its relationship with strong A-statistical convergence in a probabilistic metric
space. Further in section 4 of this paper we introduce and study the notions of strong A-statistical limit
points and strong A-statistical cluster points of a sequence in a probabilistic metric space including their
interrelationship.

2. Basic Definitions and Notations

In this section we recall some basic definitions and results related to probabilistic metric spaces (or
PM spaces) (see [18,19,20,21,22] for more details).

Definition 2.1. A nondecreasing function f : [—oc0,00] — [0, 1] with f(—oc0) =0 and f(o0) =1, is called
a distribution function.

We denote the set of all distribution functions left continuous over (—oo, c0) by D.
We consider a relation < on D defined by g < f if and only if g(x) < f(x) for all z € [—o0,00].
Clearly the relation ‘<’ is a partial order on D.

Definition 2.2. For any q € [—00, 00| the unit step at q is denoted by €, and is defined to be a function
in D given by
€r) = 0, if —co<z<gq
= 1, ifg<z <.

Definition 2.3. A sequence {f,}nen of distribution functions is said to converge weakly to a distribution
function f, if the sequence {fn(2)}nen converges to f(x) at each continuity point x of f. We write

fn = f.

Definition 2.4. The distance between [ and g in D is denoted by d,(f,g) and is defined by the infimum
of all numbers w € (0,1] such that the inequalities

f@ —w) —w < g(z) < fz +w) +w
and g(z —w) —w < f(z) < gz +w) + w

hold for every x € (—=,1).

w’?w

It is known that dy, is a metric on D and for any sequence {f,}neny in D and f € D, we have
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fo = fif and only if dp,(fn, f) — 0.

Definition 2.5. A nondecreasing real valued function h defined on [0,00] that satisfies h(0) = 0 and
h(oo) =1 and is left continuous on (0,00) is called a distance distribution function.

The set of all distance distribution functions is denoted by DT. The function dy, is clearly a metric
on DF. The metric space (DT, d) is compact and hence complete.

Theorem 2.6. Let f € DT be given . Then for any t >0, f(t) > 1 —t if and only if d.(f,€0) < t.

Definition 2.7. A triangle function is a binary operation T on DT which is commutative, nondecreasing,
associative in each place and €q is the identity.

Definition 2.8. A probabilistic metric space, briefly PM space, is a triplet (X,F, 1), where X is a
nonempty set whose elements are the points of the space, F is a function from X x X into DF, 7 is a
triangle function and the following conditions are satisfied for all x,y,z € X :

1. F(z,z) = €
2. Faey) £ ifrty
3. Fla,y

(

From now on we will denote F(z,y) by Fpy and its value at b by Fyy(b).

Definition 2.9. Let (X,F,7) be a PM space. For x € X and r > 0, the strong r-neighborhood of x is
denoted by N, (r) and is defined by

No(r) ={y € X : Fpy(r) >1—r1}.

The collection My = {Ny(r) : r > 0} is called the strong neighborhood system at x and the union

N = |J N, is called the strong neighborhood system for X .
reX

From Theorem 2.6, we can write Ny (r) = {y € X : dp(Fay,€0) < r}. If 7 is continuous, then the
strong neighborhood system 91 determines a Hausdorff topology for X. This topology is called the strong
topology for X and members of this topology are called strongly open sets.

Throughout the paper, in a PM space (X,JF, 1), we always consider that 7 is continuous and X is
endowed with the strong topology.

In a PM space (X,%F,7) the strong closure of any subset A of X is denoted by k(A4) and for any
nonempty subset A of X strong closure of A is defined by,

k(A) ={a € X : forany t >0, 3b € A such that Fp(t) > 1 —t}.

Definition 2.10. [6] Let (X,F,7) be a PM space. Then a subset H of X is called strongly closed if its
complement is a strongly open set.

Definition 2.11. Let (X,F,7) be a PM space and H # () be a subset of X. Then £ € X is said to be a
strong limit point of H if for every t > 0,

Ne(t) N (H\ {€}) # 0.
The set of all strong limit points of the set H is denoted by LY;.

Definition 2.12. [6] Let (X,F,7) be a PM space and H be a subset of X. Let Q be a family of strongly
open subsets of X such that Q covers H. Then Q is said to be a strong open cover for H.

Definition 2.13. [6] Let (X,F,7) be a PM space and H be a subset of X. Then H is called a strongly
compact set if every strong open cover of H has a finite subcover.
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Definition 2.14. [6] Let (X,F,7) be a PM space, * = {wy},cy be a sequence in X. Then x is said to
be strongly bounded if there exists a strongly compact subset E of X such that x, € E, Vk € N.

Definition 2.15. [6] Let (X,F,7) be a PM space, x = {21}, o be a sequence in X. Then x is said to be
strongly statistically bounded if there exists a strongly compact subset E of X such that d({k € N : x), ¢
E})=0.

Theorem 2.16. [6] Let (X,F,7) be a PM space and H be a strongly compact subset of X. Then every
strongly closed subset of H is strongly compact.

Definition 2.17. Let (X,F,7) be a PM space. Then for any r > 0, the subset U(r) of X x X given by
B(r) ={(z,y) : Fgy(r) >1—r}
is called the strong r-vicinity.

Theorem 2.18. Let (X,F,7) be a PM space and T be continuous. Then for any r > 0, there is ann > 0
such that B(n) o V(n) C B(r), where BV(n) o V(n) = {(x,2) : for some y, (x,y) and (y,2) € V(n)}.

Note 1. From the hypothesis of Theorem 2.18, we can say that for any r > 0, there is an n > 0 such
that Fop(r) > 1 —r whenever Foe(n) > 1 —n and Fep(n) > 1 — 1. Equivalently it can be written as: for
any r > 0, there is an n > 0 such that dp,(Fap, €0) < r whenever dr,(Fae, €0) < n and dr,(Fep, €0) < 1.

Definition 2.19. [23] Let (X,J,7) be a PM space. A sequence x = {xy}ren in X is said to be strongly
convergent to L € X if for every t >0, 3 a natural number ko such that

xp € Nz (1), whenever k > k.
In this case, we write F- lim x = £ or xj Ny
k—o0

Definition 2.20. [22] Let (X,F,7) be a PM space. A sequence x = {xj}ren in X is said to be strong
Cauchy if for every t > 0, 3 a natural number ko such that

(xj,xr) € LU(t), whenever j, k > ky.

Definition 2.21. [23] Let (X,J,7) be a PM space. A sequence x = {xy}ren in X is said to be strongly
statistically convergent to & € X if for any t > 0

Ad{k e N:F,(t) <1—t}) =0 ord{k e N:x, ¢ Ne(t)}) = 0.
In this case we write stf’t—klim r =&
s— 00

Definition 2.22. [23] Let (X,F,7) be a PM space. A sequence x = {xy}ren in X is said to be strong
statistically Cauchy if for any t > 0, 3 a natural number Ny = No(t) such that

d{k € N: Fpy 0y, (1) <1—1}) =0.
3. Strong A-Statistical Convergence and Strong \-Statistical Cauchyness

In this section we first study some basic properties of strong A-statistical convergence in a PM space
and then introducing the notion of strong A-statistical Cauchyness we study its relationship with strong
A-statistical convergence.

Definition 3.1. [/] Let (X,F,7) be a PM space, v = {x}ren be a sequence in X and X\ € As. Then
x s said to be strongly \-statistically convergent to L € X, if for every t > 0,

d\({j EN: Ty c(t) <1—1}) =0.

da({j € N:xz; ¢ Ne(8)}) = 0.

tf?
In this case we write, st;’t—klim x = L or simply as xy, 225 £ and £ s called strong A-statistical limit of
i—00
x.
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Remark 3.2. From Theorem 2.6 and Definition 3.1 we see that the following statements are equivalent:

sty
1. Tk —A> L
2. For each t > 0,dx({k € N: dp(Fp,c,€0) >t}) =0
3. sty- lim dp(Fyz,c,€0) = 0.
k—o00
Theorem 3.3. Let (X,F,7) be a PM space, © = {xi}ren be a sequence in X and N € As. If the

sequence x = {xy ren is strongly A-statistically convergent in X, then the strong A-statistical limit of
1S unique.

Proof. Let the sequence x = {x)}ren be strongly A-statistically convergent in X. If possible, let st -
Jim = & and stf—klim zp = & with & # &,. Since & # &, Fe,e, # €0 Then there is a t > 0
c— 00 00

such that dr(Fe ¢,,€0) = t. We choose v > 0 so that dr(Fuv,€0) < v and dr(Fpw, o) < v imply that
dr(Fyw,€0) < t. Since stf—klim xp = & and st;’t—klim xp = &y, 80 dx(A41(7)) = 0 and dx(A42(7)) = 0,

—00 —00

where
A1(7) ={keN:Fpe,(7) <1 -7}

and
As(y) ={k e N: Fpe,(7) <1 -~}

Now let Az(y) = A1(y)UA2(y). Then dy(As(y)) = 0 and this gives dx(A5(7y)) = 1. Let k € A§(7). Then
dr(Fape,€0) < vand dp(Fe,a,,€0) < v and so dp (T ¢,, €0) < t, this gives a contradiction. Hence strong
A-statistical limit of a strongly A-statistically convergent sequence in a PM space is unique. O

Theorem 3.4. Let (X,F,7) be a PM space and {xn}nen, {Un}nen be two sequences in X such that
s F s F
xniﬂeX andynﬁmeX. Then

sty - lim Adr(Fzpyn Tim) = 0.
n— oo

Proof. Since T is continuous and X is endowed with the strong topology, so F is uniformly continuous. So
for any t > 0 there exists 7(t) > 0 such that dr(Fm, Fiym,) < t, whenever i1 € Ny(n) and my € Ny ().
Then by the given condition, for any ¢ > 0

{neN:dp(Fpy,, Fim) >t} C{neN:az, ¢ Ni(n)}U{neN:y, ¢ Nnn)}.
This gives

{nely:d(Fe,y,,Fim) 2t} C{n€ Ly :an ¢ Ni(n)} U{n € I 1 yn & Nim(n)}-
Thus,

dx({n e N:dp(Fs,y, Fim) > t})
< d({neN:z, ¢ Ni(n)} U{n e N:y, & N (n)})-
As x,, ﬁ) [ and y, ﬁ m, so right hand side of the above inequality is zero and so
dx({n e N:dp(Fz,y,, Fim) > t}) = 0.

Hence st3- lim d(Fs,y,, Fim) = 0. -
n—oo

Theorem 3.5. Let (X,F,7) be a PM space, x = {xp}tren be a sequence in X and X € A. If the
sequence x = {xy bren is strongly convergent to L € X, then stf-klim xp = L.
— 00



6 P. MALIK AND S. DAS

Proof. Let the sequence x = {z\}ren be strongly convergent to £. So, for ¢ > 0, there is a natural

number Ny such that F,, ¢(¢) > 1 —t for all & > Ny. Thus dyx({k € N: F,, c(t) <1—1t}) =0 and so

sty - klim = L. g
— 00

Theorem 3.6. Let (X,F,7) be a PM space, * = {xi}ren be a sequence in X and X € As. Then
stf—klim xp = L if and only if there is a subset G = {q1 < g2 < ...} of N such that dx(G) = 1 and
— o0

J-lim z,, = L.

n—oo

Proof. Let us assume that st - klim x = L. Then for each t € N, let
— 00

Ey={qeN:dp(Fo,c,60) > -}

| =

and 1
G, = {q eN: dL(S:%L,GQ) < ;}

Then from Remark 3.2, we get dy(E;) = 0. Also by construction of G; for each t € N we have
G1DG2DG3D...0 G D Gpy1 D ... with dy(Gy) =1 for each t € N.

Let u1 € G1. As d\(G2) = 1, so Jus € Gy with ug > uy such that for each n > s, |Gf\—(")‘ > % where
Gi(n) ={k € I, : k € G¢} and |G¢(n)| is the number of element in the set G¢(n) for each teN.

Again, as dy(G3) = 1, so 3 ug € G5 with ug > ug such that for each n > us, M > %

Thus we set a strictly increasing sequence {u; }+cn of positive integers such that u: € Gy foreacht € N
and

|G§\ﬂ>% for each n > uy,t € N.

We now define the set GG as follows
G = {keN:ke [l,ul]}U{U{keN:ke [tg, ug41] and kth}}.
teN

Then, for each n, uy < n < ugy1, we have

GW] | Ge()] ( t—-1
A A t

Therefore dy(G) = 1.
Let n > 0. We choose [ € N such that % <n. Let n > u;, n € G. Then 3 a natural number r > [ such
that u, <n < u,41. Then by the construction of G, n € G,.. So,

1 1
dL(rfa;nL,e()) < -<-=-X 7.

<

Thus dr (s, 2, €0) < n for each n € G, n > w;. Hence F- lim x5, = £. Writing G = {1 < g2 < ...}
k— o0
keG

we have d(G) = 1 and F- ILm zq, = L.
Conversely, let there exists a subset G = {q1 < g2 < ...} of N such that d)(G) =1 and J- lim z,, =
n—r 00
L(€ X). Then for each ¢ > 0, there is an Ny € N so that

?qug(t)>1—t, V?”LZN(),
ie.,
dL(rfman,eo) < t, vV n > Ny.

Let 7 > 0 be a real number and E, = {n € N : d(Fs, c,€0) > r}. Then E. C N\ {qy s qn, 400
Now dx(N\ {qy, ;11 qny 120 ---}) = 0 and so dy(E,) = 0. Therefore, st3- klim xp = L.
— 00
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Theorem 3.7. Let (X,F,7) be a PM space, * = {xi}ren be a sequence in X and X € As. Then

tiT
T RNy if and only if there exists a sequence {gi}ren such that xj = gy for M-a.a.k. and gy i L.

s F
Proof. Let oy 25 £. Then we have

St?— thIgo dL(.rfa;kL, 6()) =0.

So by Theorem 3.6, there is a set G = {1 < q2 < ... < gn < ...} C N such that d\(G) = 1 and
F- lim dL(rfa;an,e()) =0.
n—oo

We now define a sequence {gy}ren as follows:

], ifkedG
9= ¢, if k ¢ G.

Then clearly, g 7y £ and T = gi for A-a.a.k.
Conversely, let zp = g for M-a.a.k. and g Jy £. Let t > 0. Then for each n € N, we get

{kEIn:xk ¢N5(t)}C{/€€In:xk #gk}U{kEIn:gk ¢Ng(t)}

As {gr}ren is strongly convergent to £, so the set {k € N: z, ¢ N (¢)} is finite and so dy({k € N: gi ¢
N ()} =0.
Thus,

d)\({k e N: ¢ N,c(t)})
< d)\({k eN:xy # gk}) + d)\({k e N: gi ¢ Ng(t)}) =0.

Therefore, dx({k € N : x; ¢ Ng(t)}) = 0 for each ¢t > 0 i.e., the sequence {zj}rey is strongly A-
statistically convergent to £. O

Definition 3.8. Let (X, p) be a metric space and x = {xy }ren be a sequence in X. Then x is said to be
A-statistically Cauchy in X if for every n > 0, there exists a natural number No such that

dy({k e N: p(zk,zNn,) > n}) =0.
Now as a consequence of the proposition 4., of [5], we get the following lemma.

Lemma 3.9. Let (X, p) be a metric space and x = {xy}ren be a sequence in X. Then the following
statements are equivalent:

1. x is a A-statistically Cauchy sequence.
2. For alln > 0, there is a set G C N such that dx\(G) =0 and p(zy,, x,) <n for allm,n ¢ G.
3. For every n >0, dx({j € N:dx(Dj) # 0}) =0, where Dj(n) = {k € N: p(zx,z;) >n}, j € N.

Proof. (1) = (2): Let (1) hold. Let n > 0. Since z is A-statistically Cauchy, so there exists j € N
depending on Z such that dx({k € N : p(ap,2;) > 2}) = 0. Let G = {k € N: p(zx,z;) > 3}. Then
dx(G) = 0. Now if p,q ¢ G then p(xp,z;) < 5 and p(x,,7;) < 5 and so p(zy, 24) < 1.

(2) = (3):

Let n > 0 and G be chosen according to condition (2). We show that the set {j € N : dx(D;(n)) #
0} C G, where Dj(n) = {k € N : p(xp,z;) > n}. Let P = {j € N:dx(D;(n)) # 0}. Let j € P. If
possible, let j ¢ G. Then we can choose ¢ € D;(n) \ G. Then p(zq,x;) > n. But j,q ¢ G implies
p(zq, ;) < n (by (2)), which is a contradiction. So {j € N: dx(D;(n)) # 0} C G and since d»(G) = 0,
so dx({j € N+ da(D;()) # 0}) = 0.

(3) = (1): Let for every n > 0, dx({j € N:dxr(D;(n)) # 0}) =0, where D;(n) = {k € N: p(zg, z;) >
n}, j € N. So, there exists j € N such that dx(D;(n)) = 0 and so z is A-statistically Cauchy. O



8 P. MALIK AND S. DAS

Definition 3.10. Let (X,F,7) be a PM space, x = {x}}ren be a sequence in X and A € A Then x
is said to be strong \-statistically Cauchy sequence if for every t > 0, 3 a natural number Ny depending
on t such that

da({k € Nt Ty (£) < 1—1}) = 0.

Theorem 3.11. Let (X,F,7) be a PM space, x = {xi}ren be a sequence in X and N\ € Ax. If x is
strongly \-statistically convergent, then x is strong A-statistically Cauchy.

s F
Proof. Let xy L Let t >0 be given. Then 3 a real number v = ~(t) > 0 such that dp(Fy.,€0) < v

F
and dr, (Fpw, €0) < v implies dr, (Fuw,€0) < t. Since xy, gt—k> L, so for the above v > 0 we get dy({k €
N:xp & Ng(v)}) = 0. Then da(A) = 1, where A = {k € N: z; € Ng(v)}. We choose Ny = No(y =
v(t)) = No(t) such that zn, € Ng(v) ie., dr(Fuy,c,€0) <. Let k € A, then dp(Fz,z,6) < 7. Now,
dr(Fuyz.e0) <vand dp(Fuy, o, €0) <7 implies dr,(Fzyap, .0) <t
Therefore,

TR € NzNO(t)
= ke{jeN:z; e Ny ()}
= ke{jeN:dy(Fsuy,,c0) <t}
= ke{jeN:TFy ., (t)>1-1t}

So, we get A C{j € N: Ty 4y (1) > 11}

Hence,
dA({j EN: Ty apy, (t) >1-1}) =1
or, d\({j €EN: Ty, (1) <1-1})=0
So, the given sequence x = {xy }ren is strong A-statistically Cauchy. (]

Theorem 3.12. Let (X,F,7) be a PM space, v = {xp}ren be a sequence in X and A\ € A. If the
sequence © = {xy }ren is strong A-statistically Cauchy, then for each t > 0, there is a set Hy C N with
dx(H¢) = 0 such that Iy, ., (t) > 1 —1t for any k,j ¢ H;.

Proof. Let x = {zy}reny be strong A-statistically Cauchy. Let ¢ > 0. Then by Note 1, there is a
~v = ~(t) > 0 such that,

Fer(t) > 1 —t whenever Fgji(y) >1—vand Fj-(y) > 1—17.

As the sequence z = {x}ren is strong A-statistically Cauchy, so there is an Ny = Ny(v) € N such
that

dx({k €N TFypay, (7) 1 —7}) =0.

Let Hy = {k € N: Jy, 0y, (7) £ 1 =7} Then dy(H;) =0 and Fppup, (v) > 1 — v and Ty (7) > 1 -7
for k,j ¢ H;. Hence for every t > 0, there is a set H; C N with dy(H;) = 0 such that F,,,,(t) > 1 -1t for
every k,j ¢ Hj. O

Corollary 3.13. Let (X,F,7) be a PM space, © = {x}ren be a sequence in X and A € A,. If the
sequence © = {x}ren is strong A-statistically Cauchy, then for each t > 0, there is a set Gy C N with
dx(Gt) =1 such that Ty, (t) > 1 =t for any k,j € Gy.

Theorem 3.14. Let (X,F,7) be a PM space, * = {x}tren, 9 = {gr}ren be two strong A-statistically
Cauchy sequences in X and A € Aos. Then {Fy, g, tren is a A-statistically Cauchy sequence in (DF,dy).
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Proof. As © = {zi}reny and g = {gr}ren are strong A-statistically Cauchy sequences, so by corollary
3.13, for every v > 0 there are U,,V, C N with d)(U,) = dx(V;) =1 so that T ., () > 1 — 7 holds for
any ¢,j € U, and Fg_4,(y) > 1 —~ holds for any s,t € V... Let W, = U, NV,. Then d\(W,) = 1. So, for
every v > 0, there is a set W, C N with dx(W,) =1 so that F; () > 1 -~ and F, 4 (v) > 1 -~ for
any p,r € W,. Now let ¢ > 0. Then there exists a v(¢) and hence a set W, = W; C N with d\(W;) =1
so that dp(Fz,q,, Fe,q,.) <t for any p,r € Wy, as F is uniformly continuous. Then the result follows from
Lemma 3.9. (]

4. Strong \-Statistical Limit Points and Strong \-Statistical Cluster Points

In this section we introduce the notions of strong A-statistical limit points and strong A-statistical
cluster points of a sequence in a PM space and study some of their properties.

Definition 4.1. Let (X,F,7) be a PM space, © = {xy }ren be a sequence in X and X\ € Aso. If {xg, tren
is a subsequence of the sequence x and B = {qr : k € N} then we denote {xq, tren by {x}s. Now if
dx(B) =0, then {x}5 is called a \-thin subsequence of x. On the other hand, {x}s is called a A\-nonthin
subsequence of x, if B does not have A-density zero i.e., if either dx(B) is a positive number or B fails to
have \-density.

Definition 4.2. [25] Let (X,F,7) be a PM space, © = {xk}ren be a sequence in X and X\ € Ay. An
element | € X is said to be a strong limit point of the sequence x, if there exists a subsequence of x that
strongly converges to l.

To denote the set of all strong limit points of any sequence x in a PM space (X,F,7) we use the
notation LY.

Definition 4.3. Let (X,F,7) be a PM space, © = {x}ren be a sequence in X and X € Aw. An element
L € X is said to be a strong A-statistical limit point of the sequence ¥ = {xy}ren, if there exists a
A-nonthin subsequence of x that strongly converges to L.

To denote the set of all strong A-statistical limit points of any sequence z in a PM space (X, F, 1) we

use the notation As{(\)7.

Definition 4.4. Let (X,F,7) be a PM space, & = {x}ren be a sequence in X and A € Aw. An element
Y € X is said to be a strong \-statistical cluster point of the sequence x = {x }ren, if for every t > 0,
the set {k € N: F,,y(t) > 1 —t} does not have A-density zero.

To denote the set of all strong A-statistical cluster points of any sequence x in a PM space (X, F,7)
we use the notation I'$'(\)7

s

Note 2. If we choose N\, =n for all n € N, then strong A-statistical limit points and strong A-statistical
cluster points coincide with strong statistical limit points and strong statistical cluster points of a sequence
respectively in a PM space as introduced in [23].

Theorem 4.5. Let (X,F,7) be a PM space, * = {xi}ren be a sequence in X and X € As. Then

AN )T c LT

Proof. Let &€ € As(\)7. Then we get a subsequence {z, }nen of the sequence x such that F- lim xy, = &
n—oo

and dx(M) # 0, where M = {k, € N: n € N}. Suppose t > 0 be arbitrary. Since F- ILm xg, = &, 80

3 po € N such that F;, ¢(t) > 1 —t whenever n > po. Let B = {ki1, k2, ..., kp,—1}. Then,

{keN:Fe(t) >1 -t} D{kn, e N:ne N})\B
= M={k,eN:neN} C{k:F,(t) >1—-t} UB.

Now if dx({k € N: F, ¢(t) > 1 —t}) = 0, then we get dx(M) = 0, a contradiction. Hence ¢ is a strong
A-statistical cluster point of z. Since & € A%(\)Y is arbitrary, so ASH(\)T c T'st(\)T.

S
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Now let a € T¥*(\)?. Then A-density of the set
{keN:F, o) >1—1t}

is not zero, for every ¢ > 0. So there exists a subsequence {z}x of x that strongly converges to a. So,
aelL?.
Therefore, T'31(X\)7 < LY. O

Theorem 4.6. Let (X,F,7) be a PM space, * = {xp}lren be a sequence in X and N € As. If
stf-klim ry, = a, then A (\)T =T\ = {a}.
—00

Proof. Let stg—klim xp = a. So for every t > 0, dyx({k € N : F,,(t) > 1 —t}) = 1. Therefore,
— 00

a € T(\)7. Now assume that there exists at least one 8 € T's(\)7 such that o # 8. Then F,5 # €.
Then there is a ¢; > 0 such that dp(Fas,€0) = t1. Then there exists ¢ > 0 such that dr(Fuu,€0) < t
and dr,(Fyw, €0) < t imply that dp(Fuw,€0) < t1. Now since a, 3 € T'$H(\)7, for that t > 0, dx(G) # 0
and dx(H) # 0, where G = {k e N: F,,o(t) >1 -t} and H = {k € N: F,,5(t) > 1 —t}. As, o # S,
so GNH = () and so H C G°. Since stf—klim zp = a so dy(G°) = 0. Then dx(H) = 0, which is a
contradiction. Oo

Therefore, I'$f(\ ) ={a}.

As sty - hm rr = a, so from Theorem 3.7, we have o € A3{(\)J. Now by Theorem 4.5, we get

A (NT F“() = {a}. =

Theorem 4.7. Let (X,F,7) be a PM space, A € A and @ = {x tren, ¥ = {Yk}ren be two sequences
in X such that dy({k € N: xp # yr}) = 0. Then A5 (N)T = ASH(AN)T and T5F (V)T = T5H (V).

Proof. Let ¢ € T5(\)7 and € > 0 be given. Let B = {k € N : x;, = y;}. Since d\(B) = 1, so
dx({k € N: F,,¢(t) > 1 —t} N'B) is not zero. This gives dy({k € N: Fy, ¢(t) > 1 —t}) is not zero and so
€ eTs' (N7, Since € € T8 (N)7 is arbitrary, so T5f(X\)7 € T5'(\)7. Similarly, we get T3/ (A)7 D T3 (X)7.
Hence T5H(N)T = T5H(A)7.

Now let n € A5 (A)7. Then y has a A-nonthin subsequence {yp, }nen that strongly converges to 7. Let
Z ={kn, € N:yp =, }. Since dx({kn € N:yx, # 2k, }) = 0 and {yk, }nen is a A-nonthin subsequence
of y so dx(Z) # 0. Using the set Z we get a A-nonthin subsequence {2} of the sequence x that strongly
converges to 7. Thus n € A3 (A)]. Since n € AS (M) is arbitrary, so AS'(A\)T € A3/(A)]. By similar

argument, we get AS'(A)T C ASH(A)T. Hence AST(A)T = Ast(N)T. O

Theorem 4.8. Let (X,F,7) be a PM space, x = {xy}, o be a sequence in X and X\ € Ay Then the
set T5H(\)T is a strongly closed set.

S

Proof. To show that T5{(\)7 is a btrongly closed, let ¢ be a strong limit point of the set ['$*(\)7. Then
for every ¢t > 0 we have Ng () N(LsH(A)T)\ {€}) # 0. Let 8 € Ne(t) N (T (N)T)\ {¢}). Now we can choose
t1 > 0 such that Ng(t1) C Ne(t). Since 8 € T5H(N)Y so

da({keN:F,,5(t1) >1—t1}) #0

= d\({k eN:F,e(t) >1—1}) #0.
Hence & € T${(\)7. O

Theorem 4.9. Let (X,F,7) be a PM space, © = {x1}, oy be a sequence in X and X € Ay. Let C be a
strongly compact subset of X such that C NT3H(N)T = 0. Then dx(G) =0, where G = {k € N: z}, € C}.
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Proof. As C NTH(A)T =0, so for all B € C, there exists a real number ¢ = t(3) > 0 so that dy({k €
N:F,,50t) >1—t}) =0. Let Bg(t) = {a € X : Fo5(t) > 1 —t}. Then the family of strongly open sets
Q = {Bg(t) : 8 € C} forms a strong open cover of C. As C is a strongly compact set, so there exists

a finite subcover {Bg, (t1), Bg, (t2), ..., Bs,, (tm)} of the strong open cover Q. Then C C |J Bj, (¢;) and
j=1
also for each j =1,2,...,m we have dy({k € N: Ty, 5 (t;) > 1—1t;}) = 0. So,

{keN:zz € C} SZ‘{kEN:EFrk,;j(tj)>1—tj}’.
j=1

Then,
1 1 &
Jim (ke o € CY) < lim Z: ’{k €L Fupp () > 1 —tj}’ —0.
j=
This gives dx(G) = 0, where G = {k e N: z, € C}. O

Theorem 4.10. Let (X,5F,7) be a PM space and x = {xy}, oy be a sequence in X. If x has a strongly
bounded \-nonthin subsequence, then the set TS{(\)T

5 1s nonempty and strongly closed.

Proof. Let {z}5 be a strongly bounded A-nonthin subsequence of z. So dx(B) # 0 and there exists a
strongly compact subset C' of X such that z; € C for all k € B. If ['$/(\)7 = 0 then CNT(N)T =0
and then by Theorem 4.9, we get d\(G) = 0, where G = {k € N: z, € C}. But {kel,: ke B} <
|{k € I,, : € C'}|, which gives dy(B) = 0, which contradicts our assumption. Hence I's*(\)7 is nonempty

S

and also by Theorem 4.8, T's*(\)7 is strongly closed. O

Definition 4.11. Let (X,J,7) be a PM space and x = {xy}, oy be a sequence in X. Then x is said to
be strongly \-statistically bounded if there exists a strongly compact subset C' of X such that dy({k € N :
Tk ¢ C}) =0.

Theorem 4.12. Let (X,J,7) be a PM space and x = {x1}, .y be a sequence in X. If x is strongly
\-statistically bounded then the set TS{(\)Y is nonempty and strongly compact.

S

Proof. Let x be strongly A-statistically bounded. Let C' be a strongly compact set with dy(E) = 0, where
E={keN:uxp¢ C}. Then dy(E) =1 # 0 and so C contains a A- nonthin subsequence of z. So, by
Theorem 4.10, I'$*(\)7 is nonempty and strongly closed. We now prove that I'$/(\)7 is strongly compact.
For this we only show that T'$Y(\)Y C C. If possible, let n € T${(\)J \ C. As C is strongly compact so
there is a ¢ > 0 such that N,,(¢) NC' =0. So we get {k € N: F,,,,(¢) >1—¢} C {k € N:x, ¢ C} which
implies that dy({k € N: F,,,(¢) > 1—q}) = 0, which contradicts that n € ['$*(\)7. So, I'*(\)? c €. O
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