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General Decay for a Timoshenko-type System for Thermoelasticity of Type III with
Delay, Past History and Distributed Delay

Salim Hamida, Salah Zitouni and Djamel Ouchenane

ABSTRACT: In this studies, we are interested to the one dimensional Timoshenko system of thermoelasticity
of type III with past history, delay and distributive delay. We show the well-posedness and we give a general
stability result of the system, under suitable conditions on the kernel function of infinite history in the both
cases equal and nonequal speeds of wave probagation. Our result improves the few existing works in this
direction.
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1. Introduction

In the present work, we are concerned with the following problem,

P1pe — K (o, + ¢) + B0tx + 1oy (2, 1)
+ oy (Z‘, t— T) =0, in (Oa 1) ( ) )
Pty — bwzz +k(p, +) =B+ f (¥
—l—fo L (T, t—s)ds =0, in (0,1) x (0,00),
P30 — 59m ""Y‘Ptm + v, — 0izn
— [0 (Q) e (.t = €)dC =0, in (0,1) x x(71,72) x (0,00),
o (1,0) = o (1), 0 (.0) = ¢, (x), 0(2,0) = 6o (), (1.1)
9t(x 0)=61(z), z€(0,1),
Y (x,—t) =y (x,t), x€(0,1), t >0,
80(0, t)=¢(1,1) =¢(0,t) =v(1,t) =0,
0(0,t)=6(1,t)=0, t >0,
o, (z,t —7) =ho (z T)

oz, t— €(0,1), 7€ (0,72), t >0,
Oy (z,—t) = fo (z,t), x €

(0,1), t > 0.

Where ¢ is the longitudinal displacement, 1 is the volume fraction, 6 is the difference in temperature,
the coefficients py, po, p3, k, b, £, B, &, v, 141, o are positive constants with p; > u, and 71 < 79 are
non-negative constants such that p : [71,72] — R represents distributed time delay, f is a forcing term.

In 1921, Timoshenko [19] considered the system (1.2) as a simple model describing the transverse
vibration of a beam. Where ¢ denotes the time variable and z is the space variable along the beam of
length L, in its equilibrium configuration, w is the transverse displacement of the beam and ¢ is the
rotation angle of the filament of the beam. The coefficients p, I,,, I/, I and K are respectively the density
(the mass per unit length), the polar moment of inertia of a cross section, Young’s modulus of elasticity,
the moment of inertia of a cross section, and the shear modulus.
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{ puge = k (ug + ‘P)w ) (1.2)
Lopy = (Elp,), + K (uz — ) . .

In recent years, the problem of existence and stability of the Timoshenko system and hyperbolic
system with past history has attracted considerable attention of a lot mathematicians and many results
have been established concerning existence and asymptotic behavior. (e.g. [4,5,6,7,9,11,15,18,20,22]).
Guesmia and Messaoudi [7] considered the following Timoshenko-type system

{ PP — bsom +k(p, +¥)+ ’yh )+ 9 z) @, (xz,t—s)), ds =0, (1.3)

showed that the complementary controls guarantees the stability of the system in the both cases equal
and nonequal speeds propagation.
E. Jaime et all [18] considered the similar system

{ plsott) k (o, + ¢) (1.4)

They gave some general decay results for the case of equal speeds propagation, under some conditions
that satisfies the relaxation function g which are given by

kog(t) g'(t) < —kag(t), 19" ()] < =k [g()],

b b— / s)ds > 0.

In our case we suppose that the relaxation function g satisfies the following condition

g'(t) < —€)g(t), (1.5)

for which we will assure a general decay for the case of equal speeds of wave propagation as well as in
the opposite one.

Time delays arise in many application, because the model where the time delay appears takes into
consideration the past of the phenomena, in order to be more precise when they treat it. (e.g. [3,4,8,9,
10,12,14,21,22,23]). Houasni et all [10] considered a thermo-viscoelastic system of Timoshenko-type with
nonlinear damping and a distributed delay acting on transverse displacement,

IN

P — K(p, + w) + s+ [ na(s) ey (0 — s) ds = 0,

oty — Btbuy + [3 9 (t = 5) (@), (5)), ds + K (¢, + )

+hg (1) b(z) f(¢y) + 70 = 0, (1.6)
P30 + Kqp + vy, =0,

page +0q+ K0, =0.

Under suitable assumptions on the weight of the delay and that of frictional damping, the authors
established the well-posedness result and proved that the system is exponentially stable regardless of the
speeds of wave propagation.

In the same direction Feng and Pelicer [4] considered a Timoshenko system with time delay

{ Pl%ptt_k(%c"‘@[’)x =0 (1.7)
Patyr — by + ki (0p + ) + ity (2,1) + pothy (w,t = 7) + f (¥) =0 '

where pyt,(x,t — 7) is time delay. They established the well-posedness of the problem with respect
to weak solutions under suitable assumptions and the exponential stability of the system under the usual
equal wave speed assumption.

Kafini et al. [9] were interested by the following Timoshenko-type system of thermoelasticity of type
IIT with distributive delay, precisely they considered the system
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prow — k(o +¢), =
030t — 0040 — KOppy — f g (s Htm (x,t — 8)ds + v, =0,

where 71 < T2 are non-negative constants such that g : [71, 73] — R represents the distributive time
delay. They proved an exponential decay in the case of equal wave speeds and they gave a polynomial
decay result in the case of nonequal wave speeds for some smooth initial data.

In the present work we consider (1.1), we prove the well-posedness and we establish the energy decay
rate in case of the equal-speed propagation as well as in the opposite case.

In the next section we present some basic results, in section 2 by the aid of the semigroup theory we
show that the problem (1.1) is well-posed, section 3, is devoted to establish some technical lemmas that
we need. in section 4 we give our stability result.

2. Some useful preliminary results

In this section we present some basic results which will be used later, for easy reading we introduce
the new variables

Z(x,p,t):got(x,t—Tp), 336(0,1), pe(oal)v t>0,
Z(xvpvgvt) = otﬁ(xat_ §p), HES (07 1); pe (Oa 1)7 € (7—1)7-2); t>0.

leads to
7zi(x, p, ) + Zp(x, p,t) =0, € (0,1), p€(0,1), > 0.

So we have
gzt(xvpa§7t) + Zp(xapvgvt) = Oa S (07 1)) pe (Oa 1)7 (S (TlaTQ)v t>0.
Substituting the last expressions we get the equivalent system

P1Pu — k(0 + ), + B0tz + pypy (2,1)

+oZ (x, 1,t) =01in (0,1) x (0,00),

—|—f0 wmxt—s)dS—Om (0,1) x (0,00),

p39tt - 50zz éatmz + YPtx + ’Y¢t

— 721 (s) 2z (2, 1,6,t)ds = 0 in (0,1) x (71,72) x (0,00),
Tz(x p.t) + 2Z(x,p,t) =0, x,pe(0,1), t>0,

szi(z, p,s,t) + zp(x, pys,t) =0, z,pe(0,1), ¢ € (11,72), t >0, (2.1)
¢ (2,0) =g (7)), ¢, (2,0) = ¢y (), 0(x,0) =0 (2),

0, (7,0) = 01 (2) n (0,1),

Y (z,—t lbo(xt) in (0,1) x (0,00),

@(Ovt):(p(l’t) (Ovt):w(l ):

6(0,t)=6(1,t) =01in (0,00),

zZ(x,p,0) = ho (x,—7p), x€(0,1), pe(0,1), 7€ (0,72)

Z(xapag O) f()(l' pg) m,pG(O,l), §€(T1,T2) .
Suppose that (Hy,Ho,Hs,Hy,Hs,Hg) hold.

(H1) p:[r1,72] — R is a bounded function and

0 — / (¢)|ds > 0. (2.2)
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(H2) g: Ry — R, is a C* function satisfying
g(0) >0, b-— / g(s)ds=1>0, / g(s)ds = go. (2.3)
0 0

(H3) There exists a positive nonincreasing differentiable function £ : Ry — Ry satisfying

g'(t) < =€(t)g(t), t = 0. (2.4)
(H4) f:R — R satisfies
F@W) = F@N)] < ko(j91e + [W2|9)|e" =97, ¢'¢° € R, (2.5)
where ko > 0, o > 0. In addition we assume that
0< f(¥) < f¥), VER, (2.6)

with f(1)) = fow f(s)ds.
(H5) Assume that the constant ¢ satisfies the following inequality

Tty < & < Ty (211 — pg) . (2.7)

The first-order energy associated to the system (1.2) is given by
g ! 2 > 2
B0) =7 [ et ket + g+ (0= [ gtolas) ] ao (2.8
0 0

1 1
30w+ [ Fda+ g [ (ostt +062) da

5 1 1 ﬁ 1 1 To
w5 [ [ Pepndptos s [ [T du@R ot dedpd
2 0 0 2 0 0 T1

1 oS
(gov)(t) = /0 /0 g(s)(w(z,t) — v(z,t — s))? dsdx.

where

3. Well-posedness of the problem

Concerning problem’s (1.2) solution, we give an existence and uniqueness result by using semigroup
theory. Before that we denote by

nt(xas) :¢($,t)—¢($,t—8), tERJra (x,t,s) € (071) XR+ XRJra (31)
and we have
n+nt—v, = 0, (v,t,) €(0,1) x Ry x Ry (3.2)
n'(0,5) = n'(1,5) =0, (t,5) € Ry x R
n'(z,0) = 0, (x,t) € (0,1) x Ry

Using the new notation, the second equation of the system (1.2) can be formulated as follow

Let
770(3375) = 770(% S) = ¢0(x70) - ¢o($73)7 (ZC,S) € (07 1) X R+-
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and
U=, v=1, w=0;.

Let U= (¢,u,v,v,0,w,nt, z, 2), we define the linear operator A : D(A) C H — H and the vector F as
follow

—u
k
——(p, + ) + B+ My 4 M2 5 (2,1,1)
P1 P1 P1 P1
—v
b k 5
__d}a:a: + —(ng + ¢) + - f() nww z,t, S)dS - p_w
P2 P2 2
AU = 5 ’ —w , (3.3)
__eww - Wz + Uy + _U_ f Zg; x,l,g t)d
P3 P3 P3 P3
My — v
! z
—~p
i
Z2,
0
0
0
~ L)
FU)= 0 (3.4)
0
0
0
0
then, the system(1.2) takes the abstract formulation (3.5)
iu +AU = F (W)
{ dt B ’ (3.5)
u (O) =Uo = (‘PO; ©1, Y0, Y1, 00,601,709, ho, fO) :

We will use the following standard energy space

H = H3(0,1) x L*(0,1) x H}(0,1) x L*(0,1) x H3(0,1) x L*(0,1) x L
x L2((0,1),L*(0,1)) x L*((0,1) x (0,1) x (71,72)),

{¢ Ry — H;(0,1), // ¢dsd;v<oo}

where

and the inner product is
W@L—// )1 ()65, (s) ds do.

Suppose that £ — f (¢)|ds > 0.
For U = (tp,u,¢,v,0,w,n ,Z,2)T € H, and U = (&,ﬂ,i,i,g,fa,rﬁ,%,E)T € H we define the inner
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product in H as follow
1
(U, 0)sc =~ / (Prtus + pyu + k(g + )@+ B) + bbb — ot Br)de
0

~ 1 N
+y<n'nt >, +ﬁ/ (pawid + 06,0, )da
0

1,1
—|—£//z_2'(x,p)dpdx
o Jo
1 1 T2
+ﬁ/// clu(9)|2z(z, py s, +) ds dp dz.
0 0 T

D(A) = {U € H: 1,0 € H2(0,1) N HL(0,1), u,v,w € HL(0,1),

The domain of A is

Nt € Ly 22, € L2((0,1) x (0,1)), 2,2, € L2((0,1) x (0,1) x (71,72))},

which is dense in H, and we have the following existence theorem.

Theorem 3.1. Assume Uy € H and (H1)-(H5) hold. Then, there exists a unique solution U € (R4, H)
of problem (2.1). Moreover, if Uy € D(A) then

UeC(Ry,D(A)NCYHR,,H).
To prove Theorem (3.1), we use the semigroup approach see for example [21].

4. Stability results

In this section we give a stability result for the solution of the system (2.1) , by using the multiplier
technic. To achieve our goal, we need the following lemmas.

Lemma 4.1. Let (@, ¥, 0) be the solution of (2.1), then we have

1
Lo ov = (= [ o) [ 0o~ (- £ -2 [ ha
1
- (% - %)/0 22 (2,1,1) da. (4.1)

Proof: Multiplying (2.1)1 by v¢,, (2.1)2 by v1,, (2.1)3 by 50, integrating over (0, 1) with respect to x,
multiplying equation (2.1)4 by =z and integrating over (0,1) x (0, 1), multiplying (2.1)s by B8|u(s)|z and
T

integrating over (0,1) x (0,1) x (71, 72) with respect to p,z and ¢, summing them up, we obtain
§ poy\ [
E't)= (g ov,) + (2——/m+ 5 pide
0

py [ . /2
5 2T>/0 2(x,1,t)dx — L3 | 07 dx

1 T2
/ / 1($)zz (2, 1,6, t)ds O (, t)da
0

T1

/T2| (s )|z (z,1,¢,t)ds dx

|d</ 07, (4.2)
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Integrating by parts and using Young’s inequality, we get
,6’/ / )ze(x, 1,6, t)dsO (x, t)dx

= —ﬁ/ / (x,1,6,t)dsOy(z, t)dx
< ﬁ/ / 2(z,1,5, t)dgdx+§/: Iu(g)ldg/olﬁzr(x,t)dx.

A combination of (4.2) and (4.3) gives

B < 1(g ov,) - B (e— / Iu(<)|d€> / i,

Thus (4.1) follows.
Let E(t) = E(t,¢,1,0,2) = E1(t), the energy defined in (2.8) then

EQ(t) = E(ta wtthaetazt)v
and we have

By(1) < L ohay) - /Mx

M

where ¢ is some positive constant. It is easy to obtain to show the following inequalities.

Lemma 4.2. For the functions g,v, go, we have,

/01 (/Ooo (), (t - S)ds)
2

/o1 (/ooog(s)(%“) —u(t = s>>ds) da < golg o, (1),

2

1
dz < 290(g 0 ¥,)(£) + 290 / W2z,
0

where di and ds are positive constants.

Lemma 4.3. Let (p,1,0) be the solution of (2.1). Then, the functional

1 1
7 (2) :—pl/o o di — py wdx—— [

(4.5)

(4.6)

(4.7)
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satisfies

dJi(
0 <oy [ e+ B [ e igov0)

+3k/ (pz + 1) dx+2k/ 2(x,1,t) dx

+ c/ Yida.
0

Proof: By a simple computations, and using (2.1), we obtain

dJy(t) by ' 2 Lo b
= [ etk [ et o) dx—pQ/ vido+b [ vids

—6/ 6: (0, + ) dx—/ / o (a,t — 5) ds d

/f wdx—kug/ Z(z,1,t) pdx.

Using Young’s and Poincaré inequalities, then

_ﬁ/ Or (o T0) d x<k/1(%+¢ dr + — /92dx

By using Young’s inequality and (4.4), we get

/1%/ ), (z,t —s)dsdx
< <§ +90>/0 V3 dz + go(g 0 v,)(t).

Cauchy-Schwarz and Poincaré inequalities lead to

1 1 1 )
[ 1wt < [ e < 101 laior Iollde < [ v2de.

By using Young’s and Poincaré inequalities, we get

1
k
Mz/ E(x,l,t)godxg—/ 2 dx +M2 7% (z,1,t) dx.
o 2 J 2k

On the other hand, we have

0

So, (4.14) becomes

1 1 1
Ho / Z(z,1,t)pdr < k/ (p, +¥)2dz+k | ¢ida
0 0 0

3

+2k

1
7% (x,1,t) dx.

The substitution of (4.11), (4.13) and (4.16) into (4.10) gives (4.9).

1 1 1 1 1
/ ©2dx < 2/ (0, +v)dx + 2/ e < 2/ (0, +¥)dx + 2/ Yida.
0 0 0 0

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)
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Lemma 4.4. Let (p,1,0) be the solution of (2.1). Then, the functional

1 1 1
Jo(t) = p3/ 0.0dx + g/ 02 dx —|—’y/ p0dx, (4.17)
0 0 0

satisfies

1
d‘b(”g—é/ 02dz + 1657 / 02, d +—/ W2 dx

v k
+—/ ¢t2dx+ (%"’1#)26155

5/ / 2(2,1, 5, t)dsda. (4.18)

Proof: Taking the derivative d‘]jt(t) and using (2.1), we get

dJ2 / 0 dx—l—’y/ gprﬁtdx—é/ 02 dx — / Y, 0dx
/ / 2(x,1,¢,t)dsb, du. (4.19)

By using Young’s, Poincaré inequalities and (4.15), we have

1 1 1 1 2 1
7/ 0. 0udz < ﬁ/ (cpw+w)2daz+£/ widwrﬂ/ 02, dz, (4.20)
o 32 J, 32 J, ko J

1 ) 1 72 1
7/0 Y, 0dx < Z/0 92dx+7/0 Yida. (4.21)

Young’s and Cauchy Schawrz inequalities, give us

/()1995(/72,1() (x1§t)d>dx

2
< - / 02 dx +5/ </ x,l,gt)dg) dx
< - / 62 da +5/ / §)|2%(x, 1,5, t)dsdz. (4.22)
The substitution of (4.20), (4.21) and (4.22) into (4.19), then (4.18) is established. O

Lemma 4.5. Let (¢, ¥, 0) be the solution of (2.1). Then, for any positive constant €1 the functional

)= —py / " / g (1) — (¢ — 8)) ds d, (4.23)
satisfies

dJs(t
dt

) < cre / V2dz — (pago — 21y / Vda
1 1
+c(1+a+—><goww><t>+ak/ (s + 9)2de
0

B/ 62 dx —”Q—dZ( Yo, )(b). (4.24)
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Proof: First, we note that

5 (] s - v - 9pas)

5 ([ att= o))~ viopas)
- / Gt = )W) — v(s)ds+ [ gt — $),(D)ds

— 0o

|

— gov(t) + / T ()W) — it — ))ds.

By simple computation and using (2.1), we find

L) :b/ol% (/Ooog@)(m) —m—s))ds) dx—go@/olw?dx

— P2 /01 h </OOO g'(s)(W(t) —v(t - 8))) ds dw

+k/01<sow+w> (/Ooog@)(w(t) —wa—s))ds) da

—ﬁ/olet (/Omgas)(w) —wa—s))ds) ds

+/01f(¢) ([ st - v - 9)ds ) da

-/ ([ storente=9s) ([ at0a0 - v, -sas ) o

Young’s inequality, (4.5), (4.7) and (4.6), lead to

o[-
< ver /w d“zil / (/Ooog@)(m)—%(t—s))ds)?dx

/wd +b90 ot

~ s / o[ g - v - 9)as)
< por1 / vido 22 / 1 ( / °°gf<s)(¢<t>_¢<t_5>>ds>2dx
<,02€1/ Yyda p2j12 (g’ 0 1h,)(1),

/f/l(soﬁ@/}) (/O“’g@w(t) —wa—s))ds) da

0
<51k/1 (pr +1) dﬂch4—k1 1(/0009(8)(1#@)—w(t—S))d8>2dw

g0,

l\DI@‘

<51k/ 0, +V)dr +

(4.25)

(4.26)

(4.27)

(4.28)
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Young’s, Poincaré inequalities and (4.6), give us

B/ 9,5/ P(t —s))dsdx
<5 / 02, do + 2 / ( / g<s><¢<t>—w<t—s>)ds)2dx

5/ Oz + 20 (g0, )(0),

[ s ([ oo - oo -9as) a
< ko /0 12l (/Ooog(s)(w(t) —w(t—s)ms) "

1/2

< olltll8 g 1) 201y ( | @) - bt - s))ds)zdx)

1
d
< e / Wz + 2 (go (),
0 461

[ ([ srt=as) ([~ o100~ vute - s ) a
<o [ ([ ot —oan)

L ( / " 05 W (8) — 0t - s))ds)zdx

481

1 1
< <2€1 + 4—> go(gov,) + 26190/ Yrda.
51 0
By substituting (4.26)-(4.31) into (4.25), we obtain (4.24).

Let the multiplier w defined as a solution of the following differential equation
—Wee =, w(0)=w(l)=0.
Lemma 4.6. The solution w of (4.32) satisfies

/ 2dx</¢dx</wdx
/O da:</0w dx</wtda:

Lemma 4.7. Let (p,1,0) be the solution of (2.1). Then, the functional

1
Ju(t) = ; (Prpyw + patpyp)d

d l !
J;t(t) /¢dw+(2l)/ 62 du +(10+52—“ll>/ P2da
<%+p2>/ Yo+ 22 (g0y,)(1)

513 72
+2—l ; z (x,l,t)dx—/o f(w)dx

satisfies

11

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)
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Proof: A simple differentiation of J4(t), using (2.1) and 4.6, we obtain

dJ4

<B/ Htwggdx—i—pl/ cptwtdx—i—ﬁ/ Oupdx
0

—b/¢dm+p2/ Yide
w o[ ot - [ swva

1 1
M / prwdx — fig / Z(z,1,t) wde,
0 0

(4.36)

where we have used integration by parts, (4.32) and the boundary conditions in (2.1). By using Young’s,

Poincaré inequalities, Lemma 4.2 and Lemma 4.6, we have

1 1
/ﬁ@twrdxga/ 2dx+4 /692daz<a/ wzdx+—/ 02 dx
0 0

1 1
pl/ wtwtdxga/ dm—i— / dm
0 0 4o
§J/ dx—i— /¢tdx
0
1
/3/ 0t¢dx§a/wdx+—/02dx
0

([ antent = oyts) v
/01 (/m 9(8)(o(@t = 5) =0 (B) + %(t))ds) by
= [ ([ sttt =0 v, 0is) o+ ([ gtoras) [ ita

< a/l VA0 + - / (/Ooog@)wr(x,t ) - m))ds)de

(o) [

<a/¢da:+ (go,) +go/¢da:

1 1 1 2 1
—,ul/ pwdr < a/ wide + X H1 / ordr < O’/ widx + ﬂ/ ©2dx
0 0 4o 0 0 4o Jo

1 1
—Mz/ Z(x,1,t)wdx < 0/ wide + 52 15 7% (z,1,t) dx
0 0 4o Jo

1 p2 [
Sa/ widx—k—z/ 72 (z,1,t) dz.
0 40 Jo

By substituting (4.37)-(4.42) in (4.36) and letting o = -, we have (4.35).

S—

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)



EXPONENTIAL DECAY FOR A TIMOSHENKO-TYPE SYSTEM

Lemma 4.8. Let (p,1,0) be the solution of (2.1). Then, the functional

1
t>:=p2/0 ulios + 1) dx+—/ oy

-2l ([ atopvute—syis)

satisfies

oo o—1 L
det(t) < [%(b% —/0 g(S)¢r(t—s)dS)L_0+p2/O Vo

k ! 2 ! 2 °
+elgot,) (t) —clg o,)(t)

1 1 1
. b
v [ dtar— [ Fware (ﬁ—@) | it
0 0 k 0
1 1
+c/ widx—kc/ 72 (z,1,t) d.
0 0

Proof: We note that

& ([ s - o)

oo

— (0, () + / T () Wt — ) — () st [ g (s)dsn(t)
0 0
- / 6'(5) (W (t — ) — ¥, (1)) ds.

Integration by parts, and combination with (2.1) we obtain

50 r=1 1 1
Do Jeatbi, = [ o= 0] o [vtie—k [, 4w

w5 [ oot ortes S [0 ([ o)t - - vt a5 o
w2 Lo ([T 0w -y as Y (0 [ o
[ eardx+—/ 2ot ([ oot - 9ds) ao

1
/wf d—“—1 01, d —’%b/zx,l,t%dx

+% %(/O g()zb(t—S)d)d%L( 0——)/9“@[’ d.

13

(4.43)

(4.44)

(4.45)
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Using Young’s and Poincaré inequalities, Lemma 4.2, we obtain

1 k 1
5/0 9t(<pm+¢)dx§4/ (0, +v) dx+—/ 02 dx,

2o ([t =9 - vaeyas ) as
< grlow)+ g [ e

%/ / (L - 8)) dsda
0) p;

1
P1
<202 oy )0+ A@%&

2k

b 1 1
(%go — ?ﬁ) /0 Ozt dr < c/o (992515 + wi) dx
1

; lon f (W)ld < Nl MIel5 o1y 1¥l1204+1)

k
< —
8/ dx+k/¢dx

%/(gﬁr+¢) dr + (— /¢daz

1
b
_ < 2
v, gptgbggal;vf—m€ y dx —|— /wd

b [t Hab
2 [, de < /¢d+

e [ ([ o= )

s (aLw(/'g@w@@—ﬁdﬁcm
0
H1 Ha =
<
ST gotd T+ == ok (x,l,t) dx
2 (g + 2 (py + !

d
Substituting (4.46)-(4.52) into J;t(t), gives (4.43).

For the boundary terms that appears in (4.43), we define the function

q(z) =2 —4z, =x€]0,1].

b 1
ok 7% (2,1,t) d,

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

(4.51)

(4.52)



EXPONENTIAL DECAY FOR A TIMOSHENKO-TYPE SYSTEM 15

Lemma 4.9. Let (p,1,0) be the solution of (2.1). Then we have,

o (b= [ttt -sias)| _

<—%%/01 (x)sotsowdwc/ vido+ 35 [+ 0
—%i/ o (v~ [ atore. <t—s>ds) dr + clg o, (1)

1
—|—c/ Yide —c(g op,) —|—c/ 07 dx—l—— gofdx. (4.53)

Proof: Using Young’s and Poincaré inequalities, then for any g > 0, we have

=1

o (b= [ st %)E_o

— . (1) (b@bw W~ [ g s)ds)
0 (0) (m 0~ [ gl s)ds)

0, (1)* + ¢,(0)?]
(b0t~ [ atopvane- s)ds)2 + (0.0~ [T o100 - s ] .

| =

Sz[

>l oo w

+

By simple computation we have

& sty (o0 [ atsrinte - syas) a

- [(bww(n - T ()1, t — )ds)? + (b%(@) - " () 0.t~ s)ds) ]

2

= (00— [ topinte=o1ts) as
v [ atwe (00— [ stopvute = s1as )

—k/ol ()(%+¢)<w /Oog( Vo (t—S)dS)der?pz/@/}tdx

_/O ) (b, / L(t — s)ds)dx

+ s / g(@), / 0 ()W (t) — u(t — )) ds dz,
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which gives

| oo
L — |
N
>
<
—~
S~—
8
Q
—~
[
SN—
<
—~
—
~
|
[V
N—
IS
&
~_
[\v]
+
N
<>
<
—~
S~—
N
3
Q
—~
w
S~—
<
—~
=)
~
|
[V
N—
IS
~_
LN

-3 [ e (wa - [ syt as ) as

?6 (”% 9(5)¥( t—s)ds)de

3 [ (b% | et = syis) o

=8 [ e+ o) (00— [ otp0utt = s ) o 2228 [
% /OIW)f (%) (b% - /0 ) g(sm(t—s)ds) da

+ 22 o, [0 @) = vt = ) dsd

A combination of Young’s and Poincaré inequalities, Lemma 4.2, and the fact that 0 < ¢(x) < 4, for
x € [0,1], we get,

16 [ 2

(e [ ante- s o

g%/ob%/; dz +—/ </ t—s)d)de
< (B o) [ rar+ Bov )0,

86/ x)0: (b, / L(t = s)ds)dx

5 212/8 oo
<o [ s+ 55 v [T isra
323¢ 323
732/9twd+— /¢dm
1
—8/ 4(@)(po + 1) (b1, / byt — 8)ds)dz
1
,;2 (QDT—HZJ)dx—i——/ x) (b, / L(t — 8)ds)?dx

1

_;“2 (0 + 1) dx+c/ W2 dx + elg 0 9,) (1),

-2 [ (bwr [ oo o)

<t [z Egovo
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8,02 ' OO ’
q(w)z/}t 9 () (W, (t) =, (t — 5)) dsdx

f32/wt — S o))

We remark that

1 1
[ Bawreipede = -0 + 0] 42 die | at@ens, da
1

2
( )9t$(pxdx+ Zl QDtdLC,
0

which gives

k d1 ! kot
Feor2o)=-2t1 / (@)oo, dz + / Pda

32 dt 32 16
k 1 /6 1
k 1
+ % ©ldr.

By using Young’s and Poincaré inequalities we have

1 1 1
1% p2dx < g/ (%+¢)2dﬂs+ﬁ/ Vidz,

1

k ko[t
3, q(z), b, dx<—/ (0, +) dx+632/ Yid.

o TR FR
_= < A A
i q(2)0pp, dr < 33/, (pp +)*dx + 3/, wzdx—kc 0;,.dx.

Thus, we obtain (4.53). O

Lemma 4.10. Let (p,1),0) be the solution of (2.1). Then for some positive constant «y the functional

1 1 T2
R :/ / / s u(s)|z%(z, p, s, t) ds dp da,
0 0 T1

satisfies

dJ6 < al/// slu(s)|22( xp,gtdgdpd:v—i—é/ 07 . dx

—041/ / 2(2,1,,t)ds da. (4.54)
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Proof: Differentiating Js(¢) and using (2.1), we obtain

dJ
6( _2/// e Plu(s)|z(z, p,s, t)z(z, p,s,t) ds dp dx

= —2/ / / o)z, p, < t)2p(, s 6, t) ds dp da

/ / / (e u(6)|22 (. prs, 1)) ds dpd
- / / / <P |u(<)|22 (@, py <. ) de dp da
0 0 T1

1 T2
—/ / lu(s)] (e7°2%(x, 1,6, ) — 2%(2,0,¢,t)) ds d
0 T1

1 1 T2
- / / / ce (0|2 (2, prs, 1) de dp da.

We know that z(x,0,¢,t) = 0y (z,t) and e™* < e~ < 1, then we obtain

dJs ’ Lo
/ / 2(2,1,5, t)dgdx—i—/ |,u(§)|d§/ 0, (z,t)dx
T1 0
—/ // e |u()|22(x, p, s, t) de dp da.
0 0 T1

Because —e™¢ is an increasing function, we have —e™¢ < —e~ 72 for all ¢ € [r1,72]. Finally, setting
a1 = e~ 72 and recall (2.2), we obtain (4.54). O

Lemma 4.11. Let (p,1),0) be the solution of (2.1). Then the functional

/ / 2772 (x, p, t)dpd, (4.55)

satisfies for some positz’ve constants cpand oo

dJ7 —0// (z,p,t) dpdx——/_2x1tdx+ / rdx
0
< —ao/ / EQ(x,p,t)dpdx—i——/ wid. (4.56)
o Jo T Jo

Proof: By differential of (4.55) we get

dJ7 =— / / *27'”—2 (z,p,t) dpdx
_ 1t
dJ7 < 2/ / 2”’2; (x,p,t) (x,l,t)da? +—/ tp%dx.
T Jo

Finally we get the estimate (4.56). U

Let the Lyapunov functional L(t) defined by

L(t) = NE(t) + %Jl(t) + Jg(t) + Nljg(t) + N2J4(t) + J5(t) + Nng(t)
+ J7(t) + i’%/o q(z)pyp da

+ 22 [, - [ o) (4.57)

where N, N1, Ny, N3, Ny are positive constants to be chosen properly later.
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Lemma 4.12. Let (¢, 1, 0) be the solution of (2.1). For N large enough, there exist two positive
constants v, and v satisfies

Y1 E(t) < L(t) < 7,E(t). (4.58)

1 00
B0 =7 [ oot + ka0 + oo+ (0= [ g)as) o | ao
1 1
+%(gowr>+v/o f(w>dw+§/0 (pat7 + 067) d

f 1 1 ﬁ 1 1 To
+—//22<x,p,t>dpdx+—/// ()22 (@, py <, ) ds dp
2 0 0 2 0 0 T1

Proof: By the same arguments as in [4], using fol P2(t) < 2f0 0, +0)2dr + 2f0 Y2 (t)dz and Lemma
2, we can deduce

1

1 1
|L(t) — NE(t)| < 6, / O2dx + 0y | ide + 63/ (¢, +1b)*dz
0 0 0

1 1 .
+64/ widx+55/ ggdxHG/ 02 da

0 0
+o7(g0,) +58/ Fw

1
+59/ // §e*€P|u(<)|z2(x,p7g7t)d<dpdx
+510/ / “21022 (1 t)dpdz

< CE(t

in which 0; (¢ = 1,...,10) are positive constants as in [4]. O

Lemma 4.13. Assume that (H1)-(H5) hold, then, there exist two positive constants $, and 4 such that
for some ¢y >0

/1 ¢gz(x, s)dx < c¢p, Vs >0, (4.59)
0
we have for all t > 0
E()L(t) + B E'(t)
0o plb 1
< ~asB0) + 5,60 [ go)as+e0 (% =) [ elwvatenin o)

with By = —and By = <7+2c .
T 2T\ —g) T

Remark 4.14. In what follows, we note that all positive constants are bounded by some positive constant

C.

1
Proof: By differentiating L(¢), using Lemma 4.3-Lemma 4.10, we obtain by letting ¢; = TN the
1
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following

() Y padsa ’
TS <N§—N1 de, _C) (9 0%)

i Moy L 5_/‘% _ /1 2
( ( 2 o ) Me\fg Ty )7 ), el
32 (%th/J) dx — N2+1/ dx——/ 02dx
50
- (N1p2go—N2< 5 +p) (32+cp2+c )/ Yida
l 1
(NQE—Nlé‘lC———C)/ wzd —|—<T—p2>/0 (pthtdl‘
1.1 11
—Ngal/ / / §|u(§)|z2(m,p,§,t)d§dpdx—ao/ / Z%(x, p, t)dpdx
0 o Jo
2
(N3041—E>/ / $)|2%(x, 1,5, t)ds dx

— (NBm —c(1+ Ny + N3)) / 07, da

- (N (25_7_%) —c(N2+1)) /0152(33,1,@@:

+e [Nl(l +e1+ é) + Na + 1} (gov,)(t)

We choose Ny and N3 large enough such that

32 l k
N30¢1_TC>0, NQ——N1616—3——C>0.

Next, we pick Ny large enough such that

5p1
Nipago — N < 5 TP2) - (32 +cp2+c) 0,

Finally, we choose N large (such that (4.58) remains valid) so that

Y pada
NI _N >0
2 Mg, 7Y
NBm —c¢(1+ No+ N3) >0,
§ K27y
N(> BT Ny 41
<2T 2 (N2 +1) >0,

and
£ pey L, 5ui
N - = =) =Ny — | = 0.
(”” 2r 2 02w ) ¢
Consequently, by using Poincaré inequality and (2.8), we obtain

L'(t) < —auE(t) +a5/ / 8) (Y (w,t) — by (x,t — 8))* dsdx
(2= 0) / 0 ()02, ), (461)
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where a4 and as are positive constants.
Using (H3) and (4.1), we obtain that for all ¢t € R,

t{é [;g@X¢Ax¢>—¢@@at—s»%de
SL/ /1£@hﬂ8Mwm@uﬂ-—wz@%t—SDzdsdx

<- L/ij/ — (ot —5))?dsda
<- //' 2,) =, (2.t — 5))? ds do
<

_Z E’
~
On the other hand, using the definition of F(t), the fact that E(t) is nonincreasing and (4.59), we ask

fort,s € Ry,
1 1
2/ wi(x,t)dx+2/ 0zt
0

1
4 sup ¢ x, s)dx + 2bup/ wi(x,r)dx
s>0 7<0

IN

1
/www> (ot — )%

IN

IN

1
4sup/ V2 (x,s dx—|—2sup/ w%r(x,T)dx

s>0 7>0.J0

IA

7+2c
yb—go)  °

j/ j/ (b — 5))? ds da

<<_@t%5+z@)awlmg@M&

Then, we deduce that, for all t € R,

// ) = (@t — )2 ds da

) 8E(0) =
< —;E (t)+ <m + 2co> f(t)/t g(s)ds.

The proof is complete. O

Then, we obtain

Theorem 4.15. Assume that (H1)-(H5) hold.
1. If pﬁl = % holds, then, for any ((¢q,®1), (Yo, %), (00,01)) € (HE(0,1) x L?(0,1))® there emist
constants €1,e2 > 0 such that, for all €y € [0, €1], we have

E(t) < e (1 + /Ot(g(s))leods> gm0 Jy €os /too g(s)ds, t > 0. (4.62)

2. If p_kl 7& % ’ then} fOT any ((@Ov‘pl)a (¢07w1)7 (90791)) € (Hol(ov 1) X L2(07 1))3 satzsfymg, fO?” some
Cp Z 0

1 1
max{/ ¢(2)w(x,s)dx,/ wgw(x,s)dx} <co, s>0, (4.63)
0 0
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there exists a constant ea > 0 such that, for allt € R,

ea(1+ fo &( f g(r des

- Jo €

E(t) <

Proof: First, we define

Ly(t) = @) L(t) + B, E(t), r(t) = &(t) /too g(s)ds.

Clearly, L1 (t) and E(t) are equivalent, that is, exist positive constants ag and «y, such that

Oée,E(t) S Ll(t) S OWE(t).

Then using Lemma 4.13 we have

1
L4(0) < ~a€ @) + 8 + (2 = ) €0 [ (o (o)

with ¢; = g—j This inequality still holds, for any € € [0, €1], that is

L4 (0) <~ ) + B ) + (42 = ) €0) [ o1l (o1

Now, we distinguish two cases.

(4.64)

(4.65)

(4.66)

k b
Case 1: If — = — holds. Because the last term in (4.66) vanishes, then (4.66) implies that, for all

P1 P2
te R4,

" ( 60f E(s)ds Lu(t )) < Bye® fotﬁ(s)dST(t).

Therefore, by integrating over [0, 7] with T' > 0, we have
T J T t 4
Lo(T) < e Jo &) <L1(O) +B2/ o Jy €@ Sr(t)dt) :
0

which implies

1 fTﬁ(s)ds r € ftﬁ(s)ds
E(T) < —e ©Jo 5% L1(0)+52/ e Jo S (t)dt | .

(&7 0

Because

€ ’ s)ds 1 € ¢ s)ds >
0 Jo € r(t)dt:g% (egfoﬁ( )d>/ g(s)ds
t
1 e [ e(s)ds e € s)ds
:_di<€of0£(()d/ g()d)+g of.f()d
t t

€0

by integration we obtain

T
/ ¢ Jo €y
0

1 € fTﬁ(s)ds > > r € ftﬁ(s)ds
=— e’ / g(s)ds—/ g(s)ds—!—/ e Jo g(t)dt | .
€0 T 0 0

(4.67)
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Consequently

Br) = L (na e 0 B [T )

Qe 60

T T t
1 L2 e [ g / e Jo € )y, (4.68)
0

QAg€Q

On the other hand, using (2.4), multiplying by €y > 0 and integrating over (0,¢), for all ¢t € Ry,

(9(t) < (g(0)) e Ja €)% 4> 0,

Now, integrating over (0,7, we get

T t T
| e kst gar < @y [ oy (4.69)

Inserting (4.69) into (4.68) and letting

1 = oo { 1200), 22, B2 g0

Qg € €0

we obtain(4.62).
Case 2: pﬁ + pi We estimate the last term of (4.66) as follows:

b 1
(% - pQ) A (pt(xat)wzt(x7t)dx

_ mb—pok [ > ) .
B g()k A wt(x7t)A g(s)(wzt(x7t) wzt(xyt S)) ds dx

b— pok 1 S
9o 0 0

By using Young’s inequality, for any £ > 0, there exists a positive constant ¢. (depending on £) such that
b k >
200k [ ) [ (61l ot = o) ds
< / i@t [ a9 nt) = st = )] dsda

—|—c€/ / z,t) — Y, (x,t — ) dsda.
At the same time we have

/ " g5yt — s)ds = / () (gt — ) — 0, (1)) dis
0 0

wlm

9ok
< B ey o))
€ 2c.
< B0 - TE),
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b 1
(4= 0) [ o t0vuatoias

IN

IN

Thus, we have

60 (20~ ) [ o tiate e
< ecB) +ecl) [ 1 | 60 atet) = bl = 9 s
~ZEE OB (1),
Consequently,
LH) < —asEEWD) + Ayr(t) = Z€OF (1)
-
te(®) [ [ 900 t) = bualant = ) dsda,

where ag = ¢gag — €. By using the definition of Fs(t), E5(t) and (4.63), we have

1 t ) 2 ,
) / / 95NV 6) = gt = ) dsde < =2 B3,

/ / z,t) — (2, t — s8))? dsdx
8E4(0
( (b= 90) +2CO> "
Hence, combining (4.70), (4.71) and (4.72) we obtain

& (00 + 500+ Ze0r0)

< —ast(B)B(t) + Bar(t) + %s'@m,

CE(t) + . / /O“g@)(%(x,t)_%(x,t_s)ydsdx zjfE'@).

1 e’} c
CE(t) + o / / 0(5) (a1, ) — Vo (a1 — )2 ds dr — 2jE'<t>.

(4.70)

(4.71)

(4.72)

(4.73)

where 35 = B4 + ( 85,(0) 2¢p)ce. Because £ is nonincreasing, the last term of (4.73) is nonpositive,

7(b—g0)
therefore, by integration on [0, 7] and using the fact F(t) is nonincreasing, we obtain

T
st (1) [ e < 10+ 220 + 25 50) 45, [ o,
which gives (4.64) with
1 265 205
= max{L1(0) + _EQ(O) + ?( )JE(0), B3}

This completes the proof.
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