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ABSTRACT: In the present investigation, we discuss the sharpness of the bound of the Fekete-Szegé func-
tional |ag — ua%\ for the functions belonging to certain subclass R¢ . (¢)) of analytic functions by means of
~g

convolution. The significant and useful consequences with the relevance of this class with some known classes
are also pointed out.
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1. Introduction

Let H be the class of all functions of the form
f(z)= z—l—Zanz", (1.1)
n=2

analytic in the open unit disk U = {z € C: |z| < 1}, normalized by f(0) = 0 and f’(0) = 1. Further the
subclass of H consisting of univalent functions is denoted by S. Flash back that a function f € H
is starlike if f(U) is a starlike domain and convex if f(U) is a convex domain. The classes comprise
of starlike and convex functions are usually denoted by S* and C, respectively. The function f(z) is
subordinate to the function ¢(z), written f(z) < g(z), provided that there is an analytic function w(z)
defined on U with w(0) = 0 and |w(z)| < 1 such that f(z) = g(w(z)). A function is starlike if and only
if Re(zf'(z)/f(z)) > 0, or in other words if zf'(z)/f(z) < (14 z)/(1 — z). The superordinate function
o(z) = (1 4+ 2)/(1 — 2) is a convex function. Ma and Minda [16] have given a unification of various
subclasses consisting of starlike and convex functions for which either one of the expressions zf'(2)/f(z)
or 1+ zf"(2)/f'(2) is subordinate to a more general superordinate function. Literally, they considered
the analytic function 1 with positive real part in the unit disk U, 1(0) = 1, %'(0) > 0, where ¢ maps U
onto a region starlike with respect to 1 and symmetric with respect to the real axis. The unified class
S*(v) initiated by Ma and Minda [16] consists of functions f € H satisfying

2f'(2)
f(z)
They also investigated the corresponding class C(¢) of convex functions f € H satisfying
2f(2)
f'(z)

A function f € S*(¢) is said to be starlike function with respect to v, and a function f € C(¢) is a
convex function with respect to ¢. In geometric function theory, bounds for the coefficient |a;| play the

<YP(z) (z€l)

1+

<¢Y(z) (2 e€0).

2010 Mathematics Subject Classification: 30C45, 30C80.
Submitted January 08, 2020. Published August 25, 2020

Typeset by Esﬁstyle.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.51735

2 A. SoNI AND A. K. MISHRA

significant role, as it reveals the geometric properties for the corresponding function. For instance, the
bound for the second coefficient |ag| of given functions in the class S describes the growth and distortion
bounds together with covering theorems. The Fekete-Szego coefficient functional also comes up obviously
in the exploration of univalency of analytic functions. A number of authors have scrutinized the Fekete-
Szegd functional for functions in various subclasses of univalent, multivalent and close-to-convex functions
[17],[18],[11],]26], [14],[27],[19], [2]] and recently by R. Agrawal et al. [1].

In 1933; Fekete and Szegd [10] obtained the sharp bound for |az — pa3| as a function of the real
parameter p and proved that

2
lag — paj| < 1+ 2exp (_1_u) 0<p<),
—n

for functions in the class S. Later the problem of finding sharp bound for the non-linear functional
|az — paZ| of any compact family of functions f € S is identified as Fekete-Szegd problem.
If f € XH is given by (1.1) and g € H is given by

g(z2) =2+ bn2", (1.2)
n=2
then the convolution (or Hadamard product) f # g of f and g is defined by

(f9)(2) =2+ Y anbnz" = (g% )(2). (1.3)
n=2
In this article ¥ is assumed to be an analytic function with positive real part in the unit disk U and has
the Taylor’s series expansion of the form
Y(z) =14+ B1z + Boz? + Bsz® + ..

with By > 0 and Bs is any real number.
Stimulated by the class R7(f3) in paper [25], we introduce the following class.

Definition 1.1. Let 0 <v <1, e € C\{0}. A function f € 3} is in the class R, . (¢) if

L2 (84 0(2) + vkl f(2) — 1) < w(2), (1)
where £,(f(2)) = f(2) * g(2) and 9(2) defined same as the above.
If we set -
z
Y(z) = T B, (-1<B<A<1; z€l),

in (1.4), we get

v,Lg

. <1+Az Lof(2) vzl f(z) -1 ‘<1}

1+Bz> = Rue, (4 B) = {f €t ‘e(A— B) = B(Ly f(2) +vzLyf(2) — 1)

which is again a new class. Here we discuss some applications of particular case when g(z) = (1:2) of
our class discussed in the literature.

(1) RZ(1 —2B8,-1) = RI(B) for 0 < B < 1, 7 = C\{0} was discussed recently by Swaminathan [25].
(2) The class R7(1 — 23, 1) for 7 = € cosn, where —m/2 < n < /2 is considered in [20] and the
properties of certain integral transforms of the type

1 )
W= [ Aol fereeme
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under a suitable restriction on A(¢) was discussed using duality techniques for various values of in [20].
(3) The class R7 (0, —1) with 7 = €' cos ) was considered in [12] with reference to the univalencey of

partial sums.
(4)if f e Rim ©sN(1 — 2, —1) whenever zf'(z) € P](f), the class considered in [24].

Here we list some more particular cases of this class discussed in the literature:

(1) Let g(z) = 2+ Y ey ((HU;;#) 2% where § > 0, | > 0 and m € Ny in (1.4), then the class

R}, ¢, (¥) reduces to the class Rf, ; (), which is defined by:

L2 (10,07(2) +v2L0,D ()~ 1) < w(z), (15)

where I,(6,1) is the generalized multiplier transformation which was introduced and studied by Catas et
al. [6].

I+l
reduces to the class R} g (1)) which is defined by

(2) Let g(2) = 2+ > pey (ﬂ) 2% where [ > 0 and m € Ny in (1.4), then the class R o, @)

1
1+ - (S;(l)f(z) +v287(1) f(2) — 1) < (2), (1.6)
where 84(1) is the generalized multiplier transformation see [7,8].

(3) Let g(2) = 2+32,2, (1 +0(k — 1))™ 2*, where 6 > 0 and m € Ny in(1.4), then the class Rf, ; (1)
reduces to the class R, 1, (1) which is defined by

L (D)) + vDY0)F(2) 1) < w(z), @

where the operator D, (0) is the Salagean operator, see ([21]).

k+b
to the class Rj, ; () which is defined by

(4) Let g(2) =24+ > ey (1—“’)8 2% where b € C\Zy, s € C in (1.4), then the class R}, ¢, (¥) reduces

1
+ = (Laf (2) +v2J0 (N f(2) = 1) < ¥(2), (1.8)
where the operator J;, wae introduced and studied by Srivastava and Attiya [23].

(5) Let g(z) = 2+ > pey (k%-l) 2% where a > 0 in (1.4), then the class R}, ¢, (¥) reduces to the class
R;, 7o (1) which is defined by

1
1—1—2 (I f(2) + vzl f(z) — 1) < (2), (1.9)
where the operator ¢ was introduced and studied by Jung et al. [13].

(6) Let g(2) = 2 + 1“(;(4;12)/3) Do F(Fk(il_i)ﬂ) 2% where a > 0,3 > —1 in (1.4), then the class R o, (@)

reduces to the class Rfj,Qg (1)) which is defined by

L2 (QF'F(2) 4 v2Q3" () —1) < 6(2), (1.10)

where the operator Q§ was introduced and studied by Jung et al. [13].
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(7) Tet g(2) = =+ 3% (e Tr(an) 2, where Ti(ar) = gy, ™=
(witha; € C,i =1,2...1; bj € C\Zy ={0,-1,-2,..},j=1,2..m, [ <m+1, I,m,€ No,z € U). and (v)

is the Pochhammer symbol defined by

1, (k=0, veC*=C\{0}),
(V)k = { viv+1)..(v+k—-1), (keNveC).

Then the class R;, ; () reduces to the class R (¢) which is defined by

v,K(ay,by,l,m,p,v

1
1+ - (K'(a1,b1,l,m, p,v) f(2) + vzK" (a1, br, l,m, p,v) f(2) — 1) < 9(z), (1.11)
where the operator X(ay, b1, 1, m, u, v(1)) wae introduced and studied by Selvaraj and Karthikeyan [22].

(8) Let g(z) = 2+ > pes (l%_g) %Z’C (b e C\Zy,s € C,u >0, p> —1) then the class

R, (1) reduces to the class RS ;.. (1)) which is defined by
g 's,b

1
2 (1 (2) + vz 0P 1 (2) = 1) < (), (1.12)
e s, :
where the operator J{}" was introduced and studied by Al-Shagsi etal. [3] and Darus etal. [9].

In the present investigation, we derive the Fekete-Szegd inequality for the class R, () and deduce
the such type of results for some special classes also. Here are lemmas that are required in order to prove
our main results. Lemma 1.2 of Ali et al. [4], is a reformulation of the corresponding result for functions
with positive real part due to Ma and Minda [16].

Let © be the class of analytic functions w, normalized by the condition w(0) = 0 and satisfying
lw(z)] < 1.

Lemma 1.2. [/] Ifw(z) =wiz + w222+ ... €Q (2 € U), then
—t (

|wo — tw?| < 1 (-1
t (t

~+

IN
IV = A
A

1)
1) (1.13)
).

Fort < —1 ort > 1, equality holds if and only if w(z) = z or one of its rotations. For —1 < t < 1,
equality holds if and only if w(z) = 2% or one of its rotations. Equality holds for t = —1 if and only if
w(z)=2z(A+2)/(1+Xz) (0 < X< 1) or one of its rotations, while for t = 1, equality holds if and only
if w(z) = —z(A+2)/(1+ Az) (0 < X < 1) or one of its rotations. Also the sharp upper bound in the
inequality (1.13) can be improved as follows when —1 <t < 1;

lwa — tw?| + A+ t)|wi]> <1, (~1<t<0) (1.14)

and
lwa —twi|+ (1 —t)|wi? <1, (0<t<1). (1.15)

Lemma 1.3. (see [15]) If p(2) =1+ c12 + c22? + ¢323 + ...(2 € U) is a function with positive real part,
then for any complex number p
lea — pci| < 2max{1,|2u — 1|},

and the result is sharp for the function given by

) 14 22 142
)= ——= z
p 1—Z2’
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2. The Fekete-Szego Inequality
We begin with the following results for the class in Rj, L, ().

Theorem 2.1. let g(z) be given by (1.2) with ba, bs non zero real numbers. Also assume that ¢ > 0,
0<v<land(z)=1+Biz+ Byz?>+ - If f € Ri,gg(iﬁ) and p is any real number then

€ 3b MEB2(1+21/) .
W{BQ_W} if p <oy
|a3_MCL%| < m ifor1 < p<oo (2.1)

3bzpeBZ(1+42v) .
3\b3|(61+2l/) {_BQ + 34b§(11+u)2 } if > os.

4 2 2
o1 = M —1 + &
3bseB1(1 + 2v) By

o Ab(1+v)? 14 Bs
"~ 3bzeBi (14 2v) B’

where

and o9
The inequality (2.1) is sharp.
Further, when o1 < u < o9 the above result can be improved as follows, for this let

_ Ab3(1+v)?B,
737 3bseB2(1+ 20)

If o1 < p < o3, then

4b3(1 + v)? 3ue(l +2v)Bibs  Bs eB
2 2 2
- 1 -2 e 2.2
s = nas |+ S B+ 90 ( A1 + )26 Bl) oo™ < ST ) (22)
and if o3 < u < o9, then
4b3(1 +v)? 3ue(l +2v)B1bs By eBy
2 2 2
- 1-— =2 < 2.3
a3 = nasl 4 S B+ 20 < o B el S gpa (23)

Proof. Since f € R§7Lq(w), then there exist an analytic function w(z) = w1z + w2z? + ... € Q with
w(0) = 0 and |w(z)| < 1 such that

1
1+ - (Lo f(2) +vzL) f(z) — 1) = Y(w(z)). (2.4)
A calculation shows that
1 2a5bs 3asbs
1+; [Lof(2) +vzlyf(z)—1] =1+ - (1+v)z+ (1+2v)22 + ... (2.5)
substituting these values in (2.4) and comparing both of the sides we get
2a2b
a: 2(1+v) = Biw, (2.6)
b
3a§ (14 2) = Biwy + Baw?. (2.7)
Buy using (2.6) and (2.7), we have
2 By 2
_ - —t 2.8
IR R TN G R %) [wz = tur] (28)
where 3ue(l 4 2v)Byb B
_ 3uel+2v)Biby By (2.9)

4(1+4v)2b3 B:’
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If t < —1, then

3/16(1 + 2V)B1b3 BQ _

4(1 +v)20b3 By —
which implies
4b3(1 2 B
uw< & —1 + _2

3bseBy (1 + 2v)

Now an application of Lemma 1.2 gives

€ { 3bspeBi(1 + 2v)
2

|asz — paj| < —W} (1 <o1),

~ 3|bs|(1 4 2v)

which is the first part of assertion (2.1).
Next, if t > 1, then

3/16(1 + 21/)B1b3 BQ

——>1.
4(1+4 v)?b3 By —

4b%(1 + V)2 B2
_—_— 1 _— =
M BB+ 20) L 72

Which implies

B
applying Lemma 1.2, we have
2
az — pay| <
las = waal < g oy

which is essentially the third part of assertion (2.1).
Finally if —1 <¢ <1, then

€ 3bsueB(1+ 2v)
B, 4 2B T AP
{ 2T TR0 1 0)2 (1> 02),

3/146(1 + 21/)Blb3 B2

1< — =<1
414 v)%b3 By —
Which shows that o1 < p < 9. Thus by an application of Lemma 1.2, we obtain
€B1

lag — paz| < (01 < p < og),

= 3lbs|(1 + 2v)

which is the second part of assertion (2.1).
Further when o1 < p < 02 the above result can be improved as follows:
If -1 <t<0, then

1< 3/146(1 + 21/)Blb3 & < 07

41+v)22 B, —
which implies that o1 < pu < o3, where
. 4bg(1 + I/)2BQ

737 3hyeB2(1 + 20)°

Now using (1.14), (2.8) and (2.9), we have

3|bs| (1 + 2v)

3/146(1 + 2V)Blb3 BQ) |w1|2 < 1
GBl

2
_ |2 T A2l 22
las = paz| + ( RERPTE R TE B,

Substituting the value of w? from (2.6) to (2.10) and simplifying, we have

4b%(1 + 1/)2 1 3/1,6(1 + 2V)31b3 . & |a |2 < GBl
3|bsleBy (1 + 2v) 4(1 + v)2b2 Bi )" = 3bs(1+ 2v)°

lag — pa?| +

(2.10)

(01 < p < o3).

Further if 0 < ¢ < 1, then 03 < u < o2. Now a similar computation using (1.15), (2.6), (2.8) and (2.9)

gives us

4h2(1 2 1+ 2v)B1b B
las — paj| + 2(1+v) <1—3M6( +2v) Bibs 2

3|bsleB1(1 + 2v)
This completes the proof.

22 jag)? < B
A1+ v)2b2 By ) '™ = 3bs|(1+20)
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From Theorem 2.1, we deduce the following results:

Corollary 2.2. let g(z) be given by (1.2) with by, by non zero real numbers. Also assume that € > 0 and
-1<D<C<1 Iffe Ri7ﬁq(1+cz) and p is any real number then

1+Dz
€ 3bzpe(C—D)*(14-2v) )
3[bs|(1+2v) {D(D - 0) - =~ AZ(1+0)2 } if p<oy
las — pa3| < 3|22013,, ifor <p <oy (2.11)
€ 3bgpe(C— D 1+2u) .
3[bs[(1+2v) {_D(D —O)+ =5 4b2(1+u } if p > os.

where

403(1 + v)? 1+D
3bse(1 + 2v)

and A1 4v)? [1—
727 Bhse(1 +2v) | C — D

g1 =

The inequality (2.11) is sharp.
The above result can be improved when o1 < p < o9 as follows.

Let
4b3(1+v)2D

737 Bbse(l + 20)(D — C)°
If o1 < p < o3, then
4b3(1 + v)? 3ue(l +2v)(C — D)bs e(C — D)
— pa? 2 1+D Ta—— 1 (212
a3 = naal + S S (C = D) ( R TR T )' S gy (212
and if o3 < pu < o9, then
4b3(1 +v)? 3ue(l +2v)(C — D)bs e(C — D)
— pal 2 1-D-— o _—— 1 2.13
a5 = nas |+ S = D) ( A1+ v)262 ) ool < gy oy 319

By taking D = —1 and C' =1 in the above Corollary 2.2, we obtain the following:
Example let g(z) be given by (1.2) with ba, bs non zero real numbers. If f € R}, » (
real number then

142

1—=z

) and p is any

1— 3b3,ue(1+21/)} if 4 < o

2e
33T (1720) { 202(110)2
2e :
|ag — pa3| < Tmlirey L o1 Sp<o (2.14)

2 3bgpe(142v) .
W{—HW} if p> 0.

where (1 2
+v
= O d = 72 .
o1 =0 Aand 02 g e+ 20)
The inequality (2.14) is sharp.

Using Lemma 1.3 and equation (2.8), we deduce the following;:

Theorem 2.3. Let ¢(2) = 1+ B1z + Baz? 4+ B32® + ..., where ¢(0) = 0 and ¥'(0) > 0. If f(z) is given
by (1.1) belongs to R;, . (), (0<v <1, e € C\{0} =€), then for any complex number p

jas — pad) < =2 [,
= 30bs](1 + 20)

By 3b3zueBi(1+2v)

B 402 (1+v)?

} . (2.15)

The result is sharp.
Remark 2.4. If we put g(2) = 1= in (1.4), we have the result([5], Theorem 2.1.) of D. Bansal.

—Zz
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Putting By = (A — B) and By = —B(A — B) in Theorem 2.3, we get the following corollary.
Corollary 2.5. Let (2) = 1+ Biz+ Baz? + B3z’ + ... If f(2) is given by (1.1) belongs to R, ; (A, B),
(0<v <1, e C\{0}, z € U), then for any complex number u

A — B)le|
— 2 <(7
lag — paj] 3(6s /(1 + 20) max 1,

3 b3 pe(A — B)(1 +2v)

B+4b% (1+v)?

} . (2.16)
The result is sharp.

Putting g(z) = 24+ >, ((ZH);;#) 2%, where § >0, [ > 0 and m € Ny in (1.4), we obtain the

following corollary.

Corollary 2.6. Let1)(z) = 1+ Byz+Boz?2+B3z3+... . If f(2) is given by (1.1) belongs to Ry, @), (0<
v <1l,eec C\{0} z € U), then

Buelll + 1™ max < 1
3(14+2v)[l+ 14 20|™ ’

By 3
1

B,

I+ D)™+ 1420)™ ueBy(1+ 2v)

2
— <
a3 = pas] < (+1+o)m (1+v)2

} . (2.17)

Putting g(z) = 2+ > pes (éi—’{) 2% where [ >0 and m € Ny in (1.4), then the class R, o, (W) we

get the following corollary.

Corollary 2.7. Let1)(z) = 14+ B12+Boz?+Bsz3+... . If f(2) is given by (1.1) belongs to R, (¥), (0<
v <1l,eec C\{0}, m €Ny, z€U), then

las — pa3| <

Byle||l + 1|™ {1 By 3(1+3)"(+1)" peBi(1+2v)
4

30+ 20+ By (I +2)2m (1+0v)?

} . (2.18)

Putting g(2) = 2+ > ey (1 +0(k — 1)) 2%, where § > 0 and m € Ny, we get the following corollary.

Corollary 2.8. Let 1)(z) = 1+ Byz + Boz? + B32® + ... . If f(2) is given by (1.1) belongs to R, o, @),
(0<v <1l,eeC\{0}, me Ny, z€U), then

2
— <
s = naa| < a2

B el max L1 By 3(1+20)™ peBi(1+2v)
B 1 arom (112

} . (2.19)

3. Concluding Remarks and Observations

In this article we define a new subclass R}, Lg(d)) of analytic function by means of convolution. We
discuss the relevance of this class with some known subclasses of analytic functions.

The results depicted (see Theorem 2.1 and Theorem 2.3) which lead to various interesting results. In
Theorem 2.1, we found more improved bound using the relations (1.14) and (1.15).

We deem it proper to point out some of the known special cases which arise from the results proved
above. Similarly for the Theorem 2.3, we deduce the set of corollaries from 2.5 to 2.8.

Regarding the scope of future work, the sharp Fekete-Szego functional for Q-version of the class
Ry, Lg(d)) using @-calculus approach may be obtained.
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