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ABSTRACT: This article aims to study the existence of at least one unbounded nondecreasing sequence of
nonnegative eigenvalues (Ag)p>1 for a class of elliptic Navier boundary value problems involving the degen-
erate p(z)-biharmonic operator with q(x)-Hardy inequality by using the variational technique based on the
Ljusternik-Schnirelmann theory on C'-manifolds and the theory of the variable exponent Lebesgue spaces.
We also obtain the positivity of the infimum eigenvalue for the problem.
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1. Introduction

In recent years, the study of nonlinear elliptic differential equations and variational problems with
variable exponent has been very successful. It has many applications in several scientific fields, including
physics, nonlinear electrorheological fluids, and elastic mechanics. In that situation, we refer to Ruzicka
[18] and Zhikov [23], the reference in that respect, and see also [8,9,10,11].

Fourth order elliptic equations arise in many applications such as: Micro Electro Mechanical systems,
thin film theory, surface diffusion on solids, interface dynamics, flow in Hele-Shaw cells, and phase field
models of multiphase systems (see [12]). Additionally, this type of equation can describe the static from
a beam change or the sport of a rigid body.

In this work, we consider the problem

[u]9(®) =2y,

A ((a(|Au|P(r)) |Au|P(r)—2Au) =\ (w(x)|u|?(z)—2u — NW) in ,

(1.1)
u=Au=0 on 0f,

where Q2 ¢ RN (N > 3) is a bounded domain with smooth boundary, 6(z) = dist(x,9S) denotes the
distance from the boundary 9€2. A and p are two real parameters, w is a positive function such that
w € L*®(Q), p,q are continuous functions on € verifying:

1<p™ = inf p(z) < p" =maxp(r) < ¢ = inf ¢(z) < ¢" = maxq(z) <
e e e e

2010 Mathematics Subject Classification: 35J70, 34B15, 35A15.

Submitted March 03, 2022. Published September 28, 2022

Typeset by Esﬁstyle.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.62754

2 A. BELAKHDAR, H. BELAOUIDEL, M. FiLALI AND N. TsouLI

(A1) a:Rt = Ris a real continuous function, and the mapping © : RV — R, given by ©(¢) = A(|¢[P(*))
is strictly convex, where A is the primitive of a that is

Alt) = /Ota(s)ds.

(Az) There exist two constants L and K 0 < L < K such that V(t > 0) L <a(t) < K.

We indicate that elliptic equations requiring the p(-)-biharmonic equations are not trivial general-
izations of identical problems investigated in the stable case since the p(z)-biharmonic operator is not
homogeneous, so few techniques utilized in the situation of the p-biharmonic operators will lose out in
that new case, for example, the Lagrange Multiplier Theorem.

The group of p(x)-biharmonic equations deemed by several authors in later years. Several scientists
have studied gleam equations under diverse boundary conditions and by different approaches.

In [4] Ayoujil and El Amrouss are studied a class of p(-)-biharmonic of the form

(1.3)

A(JAuP®) =2 Au) = AMu|?®) 2y in Q,
u=Au=0 on 0f,

where  is a bounded domain in RY with smooth boundary 2, N > 1, A > 0; by applying variational
methods based on the Mountain Pass Lemma and Ekeland Variational Principle, they established several
existence criteria for eigenvalues.

By using mainly adequate variational techniques, Ayoujil in [2] and El Allali et al. in [20] studied
some problems with an indefinite weight under Neumann boundary conditions and Navier boundary
conditions.

In the case where p(xz) = ¢(z), Ayoujil and El Amrouss in [5] proved the existence of infinitely
many eigenvalue sequences regarding the problem (1.3) by using the Ljusternik-Schnirelmann theory on
C'-manifolds.

In [16], Lin Li et al. considered the above problem and using variational methods, problem assuming
that the function f is Carathéodory, using the mountain pass theorem, fountain theorem, local linking
theorem, and symmetric mountain pass theorem, have establish the existence of at least one solution and
infinitely many solutions of this problem, respectively.

In [3], Tsouli et al. have been considered the fourth-order quasi-linear elliptic equation involving
the (p1(+),p2(+))-biharmonic operator, and applying variational methods, by the assumptions on the
Carathéodory function f, they establish the existence of at least one solution and infinitely many solutions
to this problem, respectively

A(|Au|Pr @2 Au) + A(JAu|P2@) 2 Au) = f(z,u) in Q,
u=Au=0 on 09,

Motivated by the above papers inspired by some techniques from Belaouidel et al. in [6], and based
on Ljusternik-Schnirelmann theory, this article aims to study the existence of at least one unbounded
nondecreasing sequence of nonnegative eigenvalues (A;)r>1 for a class of elliptic Navier boundary value
issues involving the degenerate p(x)-biharmonic operator with q(x)-Hardy inequality. Specifically, it is a
generalization of the work of El Khalil et al. [13].

Here, Problem (1.1) has been stated in the framework of the generalized Sobolev space

X = W2POQ) n WP (),

The remainder of this paper has been organized as follows: In Section 2, we present the main re-
sults. In Section 3, we introduce some basic preliminary results for the variable exponent Lebesgue
spaces, LP(*)(Q), and Sobolev spaces, W*P?(*)(Q). In Section 4, we give g(z)-Hardy Inequality. In
Section 5, we provide some results and proofs of the functionals. In Section 6, we demonstrate the ex-
istence of at least one non-decreasing sequence of nonnegative eigenvalues to Problem (1.1) by applying
Ljusternik—Schnirelman theory. In Section 7, we provide proof of the positivity of the infimum of all
eigenvalues.
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2. Main results

Definition 2.1. We say that a function u € X is a weak solution of (1.1) if

(z)—2

/ (|A((a(|Au|p(m)) |Au|p<$)*2AuAv) de =\ /w(x)|u|p(w)*2uvdx—u/ B Ydr , (2.1)
Q Q Q 5(,};)2‘1("5)

for all v € X.

If u is not equivalently zero, we say that \ is the eigenvalue of (1.1) corresponding to the eigenfunction
u of degenerate p(x) biharmonic operator associated to the eigenvalue of .
Set

A= {)\ : Ais an eigenvalue of (1.1)}.

Define the following functionals on X. For u € X, define

Ix(u) = d(u) = Ap(u).
Where p,¢: X - R

1 |u|9(®)qy
— P() g — T A
o(u) = /Q p(x)w(x)|u| de —p ) 5(z)7a@ dx;

1
o(u :/ — A(|AulP®)dz.
) = [ s aaupe)
We also define the following sets:

Y, ={K C H | K is symmetric, compact, and y(K) > j},

where v(K') = j is the Krasnoselskii genus of the set K, i.e., the smallest integer j such that there exists
an odd continuous map from K to R7\{0}. For more details, the reader may refer to [19]. And set

H={uveX]|epu) =1}
The main results of this work are the following.
Theorem 2.2. : For any integer j € N*,

A; = inf maxo(u
T kewn; uek o(w),

is a critical value of ¢ restricted on J. More precisely, there exists u; € K such that :
Aj = ¢(u;) = sup ¢(u),
ueK

and u; is a solution of Problem (1.1) associated to the positive eigenvalue \j. Moreover,
Aj — 00 as j — oo.
Theorem 2.3. : If there exists an open subset U C Q and a point xg € 0 such that
p(zo) < (or >)p(x) forallz € AU, then, A\ = 0.

We set:

|u|q(w)u

_ . RS p(=) L P@ gy [ AU gy —
A1 uuelg({/ﬂp(x)Aun' )dx | /Qp(x)w(x)|u| dr — p g 5(I)2q(z)dxfl . (2.2)
The value defined in (2.2) can be as the Rayleigth quotient:

fQ ﬁA(|Au|p(”))dw

Al = ulgi 1 p(z)d 1 \u\‘I(m) )
o semw@ulr®de — p [, 25 50w

where the infimum is taken over X \ {0}.
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Corollary 2.4. : The following statements hold true
(i) A = 1nf /—A(|Au|p(m))dx |u€Xand/ w(z) [P da; — / u|q(m)u =1;
L o p() o) S

3. Preliminaries

To guarantee the completeness of this paper, we need some results on the variable exponent spaces
LPO)(Q) and WHFP()(Q), and some properties, which we use later. Let 2 be a bounded domain of RV,
denote

C.(Q) = {h(m) : h(z) €C(Q), h(x)>1, Vxc ﬁ}.
For any h € C(Q), we define
ht = max{h(m) RS ﬁ}, h™ =min {h(x) NS ﬁ};
For any p € C(Q), we define the variable exponent Lebesgue space
LPO(Q) = {u : 2 — R measurable and /Q lu(z)|P @ dx < oo},
equipped with the so-called Luxemburg norm:

|u|p(_):inf{u>0: /|M|p(')dx§1}.
Q M

Then, (LPM)(Q),] - |,()) becomes a Banach space.

Proposition 3.1 ([21]). The space (LPO)(Q),] - Ip(y) is separable, uniformly convex, reflevive and its
conjugate space is LIC)(Q) where q(-) is the conjugate function of p(-), i.e.,

Foru € LPO)(Q) and v € L1O)(Q), we have

/ uvdx
Q

The Sobolev space with variable exponent W*P()(Q) is defined as

11
< (p—_ + q—_> [ulpeylvlgey < 2ulpey|vlge)-

Wlmp(')(Q) = {u c Lp(')(Q) : D% e Lp(')(Q), la] < k},

N
u, with @ = (a1,...,ay) is a multi-index and |a| = Zai. The space
i=1

alal

a,
where D%u = Bw(;l@:rgQ...('):rNN

WP (Q) equipped with the norm:

ullpe) = D [Duly(.-

lo| <k
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It also becomes a separable and reflexive Banach space. For more details, we refer the reader to [21].

Denote Nl
p(- .
pi() = { RO if kp() < N,
+o0 if kp(-) > N,

for any k > 1.

Proposition 3.2 ([5]). For p,r € C(Q) such that r(-) < pi(-), there is a continuous embedding

WEPO(Q) — L7O(Q).
If we replace < with <, the embedding is compact.

We denote by W, kp( )(Q) the closure of C§°(Q2) in WFP()(Q).
Let us choose on X the norm ||.|| define by:
p(x)
de <1 5.

Jul =inf{u>o;/ﬂ (‘AUTU

We note that space X, equipped with the above norm, is a separable, reflexive, and Banach space.

Remark 3.1. We can know that for any u € X, [Jul| = ||u]

1,p(z) + ||u||2,p(a:) where

[ull1,p@) = [ulp@) + [Vulpa);

[ull2p@) = > 1D Ulp(a)-

|| =2
According to [ [21] Theorem 4.4], the norm || - ||2 ,(») is equivalent to the norm |- [,y in the space X.
Consequently, the norms || - [|3 ¢y, || - || and | - [,y are equivalent.
Similar to Proposition 3.2, we have:
Proposition 3.3 ([1]). Let I(u) = [, A (|Au(2)[P™)) dz. Then, for u,u, € X, we have

(1) |lul] <1 (respectively=1; > 1) <= I(u) < 1 (respectively =1; >1);
4 _

(2) Nlull < 1= JlullP” < I(u) <lul? ;
- +

(3) ull = 1= Jlull? < I(u) < ful|”";

(4) llunll = O (respectively — o0) <= I(u,) — 0 (respectively — co).

4. On the ¢(z)-Hardy inequality

Lemma 4.1. Let Q be a regular bounded domain in RN and 1 < p~ <pt < ¢~ < qt < % Vae Q.
Then, there exists a positive constant C such as the q(x)-Hardy Inequality

L P(2) 7|u|q T
,/Qp( ] A(]Aul )d >C/ e 2q@d , (4.1)

holds for all w € X in the following two cases:
(i) lul < (8(x))* and [A(|AuP™))| > 1,
(it) Jul > (8(x))* and |A(|AuP™))| < 1.
Proof. We have

W= [ A AWP@ e [Auf®
olu) /me“‘('“ )d ZK/Q )
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(i) Since A is bounded, under (i), we have |u| < (§(x))? and |A(|Au|P@®)| > 1,
then,

p+ p+ _
/ —A (|Au|p(‘r)) dx > K/ = | AuP®) dy > K/ |[Aul? dx.
o p(z) o p(z) Q

On the other hand, the subsequent inequality:

— — p P
/ |AuPdx > (N(p 1)5N 2p)> [ul dx  whenever ue CF(Q).
Q p

o 0(x)*

. _ |u|p_
Aul? dx > KC /7_61%
/Q' | o (3@

o (N(N = 253@))2)@ = 1))”

We obtain:

where

Thus, we deduce from (4.2) that

1 Jul

a P~ 0% @ ()

pT o
ZA(|AuP®) ) dx > p C™K
J A (1) ez p

Now, since |u| < (6(z))?, we obtain :

((6@)2)}0 - <<6<|Z|>>2>p(z)'

Thus,
o 1 |U| P o 1 |u| p(a:)
pC/—_<7> de >p C —(7 dx.
ap” \(0(z))? ap(x) \(6(2))?
Therefore,
p e [ 2Tl N
Z—A(|AulP® ) dz > p~C K/—( dr,
/Qp(m) (l | ) =P o p(z) \6%(2)
then,

/QmA (|Au|p<$>)dx> Lo~ K/ <$ |“|2;z)) dz.

Since p(z) < ¢(x) in €2, then, there exists the continuous embedding
LI®)(Q) — LP@(Q),
i.e., there exists a non negative constant M such that:
[ulLae @) < MulLre) (@),

S0,

Y

1 |u|p($)
p+C K/< 3@ dx,

1 |u|q(fr)
ot |, (s ) &

/Q Z%A (|Au|p(m)) dx

Y

(4.3)
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Hence, we deduce that

1 1 |ule@®)
—A(]Auff™ ) d >C/—7d
/Qp@c) (18 @) do 2 € | oy da

- K
c=Lc-

where

We use a similar process to (i), we have |u| > (§(z))? and |A(|Au[P(*))| < 1, thus,

+
/ L4 (|Au|p(z)) dzx > K/ |Au|p+dx.
a p(z) Q
On the other hand, by (3.2) in [13], we have:

Jul?”
/Q (|Au|p )dac>KC+/(S 2p+dx

L (NN = 2p(2))(p* — 1)
¢ = (pt)? '

where

Thus, we deduce from (4.6) that :

1 |up”
xZ.
o p o(x)2PF

((5&'})2)p+>(%)pm.

+
p (x) +,,—
— A (|AulP de > C K
/Q p(x) (| | ) =

Since |u| > (6(x))?, we get

Thus,
N
1 P 1 p(r)
p CTK —( I ) dxzp‘C+K/ —( I ) dz.
o P~ \6%(x) o p(x) \§°(z)
Therefore,
/—A (|Au|p<$)) dr >p CTK ! ( Jul >p(w)dx
o p(z) o () \6%(z) '
Then,
1 p- 1 ) p(x)
— A (|AuP®)) dz > —C+K/ —( ) dx.
[y (18 dox o [ o (s

Hence, we deduce that

oz 1 |u|p(oc)
fyam (@) anz fzet | oot

By using the continuous embedding L) (Q) < LP(®)(Q) and equation (4.4), we have:

[ulLae) ) < Mulpre) o)-

Then,

1 1 |ud®
—A(|Auf® ) dz > C | —————d
/Qp@c) (18ur@) do 2 € | ooy o
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O

Remark: It is assumed that the function ¢ verifies the hypothesis throughout the article: There
exists the constants D; > 0 and 1 > 0 such that n > p* and

1 qa(z) p(x) 1
0< / ——w(x) |[uP W d — u/ #dw < / Mdm - u/ —|u|?) dg,
a p(x) o 0(z)®) Q n an

for all |u| > Ds.
Using the properties found in [14] and in Chapter 3, Section 3.2 of [17], we can say that ¢(u) is well
defined on X,

5. Functional framework

Throughout this paper, we note X* as the dual of X. To show the main results of this work, we need
to know some properties of the functionals ¢ and ¢, which have already been defined in Section 2.

Lemma 5.1. The following statements hold :
(i) ¢ and ¢ are even and of class C* on X,
(ii) H is a closed C'-manifold.

Proof. Similar to the argument to [ Lemma 3.3 in [13]] that ¢ and ¢ are even and of class C! on X and
H = (1). In view of Lemma 4.1 3 is closed.
The derivative operator ¢ satisfies ¢ (u) # 0 for all u € H (i.e., : ¢ (u) is into for all u € H).
Hence, ¢ is a submersion, which proves that it is a C''-manifold.
The operator T := (b, : X — X* defined as

(T (), v) = / a(| AP | AuPD -2 AuAvda,
Q

for any u,v € X satisfies the assertions of the following lemma, which is the key to establishing our main
results in the next section. O

Lemma 5.2. : The following statements hold:
(i) T is continuous, bounded, and strictly monotone,
(i) T is of (Sy) type,

(iii) T is a homeomorphism.

Proof. (i) T = ¢, is the Frechet derivative of ¢, it follows that 7" is continuous and bounded, and hence,
for all u,v € X, we deduce that (T'(u) — T(v),u — v) > 0. It means that T is strictly monotone.

(ii) Let (un)n be a sequence of X and limsup,,_,, (T (un), un —u) < 0, under the monotony of 7', we

obtain (T'(u,) — T'(u), un — u) > 0 and since u, — v in X, we have lim sup(T (u,,), u, — u) = 0.
n—-+oo

Put:
Uy={zeQ:px)>2}, V,={zeQ:1<p() <2}

Using the following elementary inequalities:
|z —yP < 2P (|2[P"%2 — [y[P?y) - (z —y) if p=2 and

lz—y* <

(lz| + [y))> P (jafP?2 — |y 2y) - (x —y) if 1<p<2,

1
(r—1)
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for all (x,) € (RV)?2, where 2.y denotes the usual inner product in RY we obtain,
(T(un) — T(w), un —u) = /Q (a(|Aun|p(z))|Aun|p(z)_2AunA(un - u)) dz  (5.1)
_ /Q (a8l A2 Al A — u)) der
Since a is bounded,

(T(un) = T'(u),un — u)

vV

L/ (|Aun|p(z)_2AunA(un - u)) dx
Q
—K/ |AuP® 2 Au (Auy, — ) de,
Q
> max(L, K) {/ (|Aun|P(w)f2|Aun| - |Au|P(oc)f2|Au|) Aluy, — u)} dx
Q

> K/ (|Aun|P<w>*2|Aun|—|Au|ﬂ<w>*2|Au|)A(un—u)dx.
Q

Therefore, we have: fup |Auy — AulP®) <207 =2 [ A(u,, u)da,

/ Aty — AufP® d < (p* — 1) / (At )™ (Blun, ) =5
V, Q
where
A, u) = (|Aun|P<r>—2Aun - |Au|P<ff>—2Au) (A, — Au),
and

B(un,u) = (|Auy| + [Aul)?> 7).
Using (T (u,) — T(u), uy, —u) > 0 and

/ Aty w)dz = (T(wn) — T(u), wn — u)
Q
we have 0 < [, A(up,u)dz < 1.
Now, we distinguish two cases:
(1) If [, A(up,u)dz =0 then, since A(up,u) >0 so A(un,u)=0.
-1
(2) If 0< [, A(tn,u)dz <1 then, tP(*) = (fvp A(un,u)dx) is positive.

By applying Young’s inequality, we deduce that:

[t 0) B e <
%

P VP

[A(un,u)(t)ﬁ + (B(un,u))p(””)} dz.

Now, by the fact that % < 2, we have

/v [A(umu)(t)pﬁw+(B(un,u))f’<f>} dr < /v [A(un,u)(t)2+(B(umu))pm} dz,

p

p

IN

1+ /\7 (B(tt, u))"™ da.

P

Hence,

1

( /VpAwn,u)dxf ( /

IN

/ | A, — AulP@ dz

P

(B(un, u))P<w>dx> .

P
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Since, [, (B(tn,u))"™ dz is bounded, we have fvp |Au, — Au| — 0 as n — +o0.

(iii) Now, we prove that 7" is a homeomorphism. First, by the strict monotonicity, 7" is an injection.
Furthermore, for any v € X with ||u|| > 1, we have

(T(u),u) ¢ (u)

lull [l

> lullP 7! = oo as ||| = 400

i.e., T is coercive. Thus, T' is surjection in view of the Minty-Browder Theorem (see Theorem 26
A(d)in [22]). Hence, T has an inverse mapping T~! : X* — X. Therefore, the continuity of 7!
is sufficient to ensure 7' to be a homeomorphism. Indeed, let (f,), be a sequence of X* so that
fn — fin X. Let u, and u such that T=(f,) = u, and T~(f) = u. Through the coercivity of
T, we conclude that the sequence (), is bounded in the reflexive space X. For a subsequence, if
necessary, we have u,, — 4 in X for some 4, then,

lim (T(up,)—T(4),u, —a) = lim {(f, — f,u, — @) =0.

n—-+oo n—-+oo

By assertion (ii) and the continuity of T, it follows that u,, — @ in X and T'(u,) — T(4) = T'(u)
in X*. In addition, since 7" is an into the operator, we conclude that v = 4. The following lemma

plays the central role in proving our fundamental result related to existence.
O

Lemma 5.3. The following statements hold:
(i) cp/ is completely continuous,

(ii) ¢ satisfies the Palais-Smale condition on H, i.e., for u, C H, if {¢(un)}, is bounded and

an=¢ (tn) — ,Bngol (up) — 0 as n — +o0,

where B, = (o () o)

then, {un}, <, has a convergent subsequence in X.

Proof. (i) Let us prove that ¢ is completely continuous. Let u,v € X. We have:

, q(z)—2
(@ (u),v) = / w(@)|uf @~ uvda / '“'—2 dz.
Q q(z)

Indeed, let (u,), C X, u, — u in X implies ¢ (u,) = ¢ (u) in X .

For any v € X, by Holder’s inequality in X and continuous embedding of X into LP(*) (), it follows
that

(@ (un) — @ (u),0) = / w(@)(Jun P20y — [ulP " u)vde

_ / e 2q |q(z)—2un _ |u|‘1(z)_2u)vdx.
On the one hand, we will show that

/(W(x)|un|p(”)_2un o |u|p(z)_2u)vdaz S||w||oo ‘/ (|un|p(z)—2un o |u|p(z)—2u)vdx :
Q Q

<du ]l oo | P2 — [uPO2u] 0 |0]lp(a), di >0,

<da |l oo [ Jun PP~ — JuPO 2|, g ]|, d2 >0,



THE INFIMUM EIGENVALUE FOR DEGENERATE p(z)-BIHARMONIC OPERATOR 11

where 7(z) = —p(pw()zzl.

Since X — LP(*)(Q), we have u,, — u in LP®)(Q). We deduce that

[un |P@ 20, — [u|P® 20 as n— 400 in L"®(Q).

On the other hand,

B(x) / || a(*)—2 e < / |u|q(m)f2d / |u|q(m)f2d
xT) = ———vdzx < 4T + 5 azx.

o 0(z)2e(®) (eeq/5(z)>1} 0(2)24(®) (ve/s()<1} 0(2)20(®)
By applying Holder’s inequality, we obtain

U ja(z)—2)_Y
(x)2|q(x) |5(x)2|q(z)'

x)—2
[B(@)] < 2fule) oy +2I3

This and the ¢(.)-Hardy inequality (4.1) yield

xr)—2 2 x)—
[B(@)| < 2[ulgs) vl + Gl dul®™ 2| Avly().

Then,
2Ks

| B(w)| < 2K [u|"™) 72 ||v]| + o2 |72 o]l
where K7 is a constant given by the embedding of X in L) (©) and K> is given by the equivalence

of norms |A - |,y and ||.|.

2K.
|B(2)+ < (2K1 + 0_22)||u||q<w>—2’
where ||.||. is the dual norm associated with ||.]|. Since g € L9®)~1(Q), it follows from the domi-

nated convergence theorem that
[ 9D 20,, — [u|7@ 2y in L9 @(Q).
Recall that the embedding
L7 @(Q) < X,
and
L"@(Q) — X*,
That is ¢ (un) — ¢ (u) in X*. this proves assertion (i).

The functional ¢ satisfies the Palais-Smale condition on I, i.e., u, C H, if {¢(un)}, is bounded

and ay = ¢ (un) — B¢ (un) = 0 as n — +oo, where 3, = EZET;Z%;

convergent subsequence in X. Indeed, we show that {u,}, -, has a convergent subsequence that

converges strongly. First, we show ¢ is coercive.
We have

then, {u,},~; , has a

1 1 L -
w) = [ ——A(|AulP®) dac>/—A Au|)P@dy > Z|yl|?
o) = [ AP > [ —A(Au) e > ]

for all w € X such that ||ul| > 1, and so ¢ is coercive, then, (u,),, is bounded, we have u, — win X
and w,, converges strongly to u in LP(®) (€©2). Throughout this, we easily deduce the boundedness of
{un}. By the definition of ¢ , we have that p(Au,,) is bounded in R; thus, without loss of generality,
we assume that w, converge weakly in X for some functions v € X, and p(Au,) — I, for the rest
we distinguish two cases:
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(1) If 1[1=0, then, u, converges to 0 in X.
(2) If 1+£0,since T=¢ isof (ST) type then, it suffices to show that

lim sup(T (uy,), un, — u) < 0.

n—-+o0o

Indeed, notice that
(T(un), un —u) = p(Aun) = (T'(un), u).

Set )
P = 1 s n)
then, ) ,
an = ¢ (Uun) = B (Un) = n—st00 0
Therefore, ,
(T () 0 — ) = (D) — vy — L0 1
nj)y n n n < ’ (un), un> nj)s
That is, ( )
—u:wluu—/u u) —
(T (un), un ) <¢/(Un),un> (@ (un),un) — (¢ (un),u) n-

On the other hand, from Lemma 5.3, <p/ is completely continuous, thus,
@ (un) = ¢ (u),

and ) )
(o (un),un) = (¢ (u),u).
Then,

’ ’ ’

(o' (tm), tn) = (0 (um), )| < (0 (m), un) — (0 (w), u)] + (0 (wn), u) — (' (u), ).
It follows that

/ /

(' (), n) = (0 (un)s )] < (@ (un ) un) = (@ (), )| + 10 (un) = @ () ]|

It implies that ) ,
(¢ (un),un) — (¢ (un),u) — 0 asn — +oc.

Combining with the above equalities, we obtain

l / ,
lim sup(T (uy,), Up — u) < ———— limsu Uy ), Up ) — Up ), U) ) .
i sup (T (un), i = ) < s Timsup (¢ (), tn) = (' () )
We deduce
lim sup(T (un,), un — u) < 0. (5.2)
n—-+oo

On the other hand,

according to (5.2), we conclude that

lim sup(@ (un), up — 1) < 0.
n—-+4oo
In view of Lemma 5.2 w, — u strongly in X.
O

As is well known, to solve the eigenvalue problem (1.1), the constrained variational method can be
applied. We will use the following Ljusternik-Schnirelmann principle on C'-manifolds [19)].
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6. Existence results

Recall that the main result of this work is to show that problem (1.1) has at least one unbounded
nondecreasing sequence of nonnegative eigenvalues (A;)r>1. We use a variational technique based on
the Ljusternik-Schnirelmann theory on Cl-manifolds [19] to attain this objective. We give a direct
characterization of (\g) involving a mini-max argument over sets of genus greater than k.

Proposition 6.1. : Suppose that H is a closed symmetric C'-manifold of real Banach space X and
0 ¢ H, also suppose that ¢ € CH(H,R) is even and bounded below.
Define

A;j = inf ] i=1,2,...

j = inf Slelgaﬁ(l), i=12,...,

where ¥; = {K C H : compact, symmetric, and v(K) > j}. If S # 0 for some k > 1 and if ¢ satisfies
the Palais-Smale condition (PS) for all X = X;, j = 1,2,...,k, then, ¢ has at least k distinct pairs of
critical points.

Lemma 6.2. : For any j € N* X; # ().

Proof. : Since X is separable, for any j € N*, there exists (e;);>1 lineary dense in X such that

{ supp(e;) N supp(e;) =0 if i # j,

meas(supp(e;)) >0 forie{1,2,---,j}.
Let
F; = Span{eq, ez, ..., e;}.
F; be the vector subspace of X generated by j vectors {e1,es,...,e;} then, dimF; = j. We may assume
that e; € H (if not, we take e; = ——=——). Let j € N* clearly, F} is vector subspace with dimF; = j.

[p(z)e(ei)] P ‘
J
If v € Fj then, there exist aq, e, ..,; in R, such that v = Z Q;e;.
i=1

Thus,
J J
pv) =Y JaiDple) =) Jaif.
i=1 i=1
It follows that the map v — (gp(v))ﬁ = |||v]|| defines a norm on Fj;. Consequently, there is constant

¢ > 0 such that [[v]| < [|[v][| < [jv[|. It implies that the set V; = F; N {v € X/p(v) <1} is bounded
because Vi, C B(0,1) where B(0,1) ={ue X / |lul <1}

Thus, V; is a symetric bounded neighborhood of 0 € Fj;. Moreover, F; N H is a compact set. By
Proposition 2.3 (f) [19], we conclude that y(F; N H) = j and then, we finally obtain that X; # 0. O

Lemma 6.3. \; = 00 as j — oo.

Proof. Let (eg, € )k.n be a bi-orthogonal system satisfying: (ex)y are linearly dense in X, (e« )y, are total
for X*, (ef,ex) =0 if n#k, (e}, ex) =1 VneN*~

Set for every k € N* Fy, = Span{ei, ez, ..., er} and Fi- = Span{ei1,eki2,...}. From (g) in Propo-
sition 2.3 [19], we have K N Fi- ; = () for any K € 3.

Let’s prove that t; := inf sup  ¢(u) — oo as k — 0.
€Xk ueKNF- |

Arguing by contradiction, assume that for k is large enough, there exists uy, € Fi- | with

p(z)—2 q(z)
/%dx—u/ #dw:l.
Q p(x) Q q(x)0%1@
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Such that : t; < ¢(ug) < M. For some M > 0 independent of K. Thus, [Aug|,) < M.
It implies that (uy), is bounded in X. We may assume that u;, — u in X and uy — u in LPO(Q). By
choice of Fi- ;. We observe that u;, — u in X because (e}, e;) = 0 for any k > n. It contradicts the fact:

p(z)—2 a(z)
1= / w—(x)|uk| dx — ,u/ 7|uk| 5oy dz — 0,
Q p(x) Q q(z)6%1@

for every k. Hence, A\ > t; for every k > 1. O

Proof of Theorem 2.2 : Applying Lemma 6.2, 6.3, and Ljusternik-Schnirelmann theory to the
Problem (1.1), we have for each j € N*. ), is a critical value of (1.1) on C'-manifold H such that
Aj = 00 as j — oo.

7. On the positivity of inf A

Now, we give the following lemma, which will be used in Theorem 2.3, which is the second main result
of this paper.
We introduce the following Rayleigh quotients
: Jo A(AuP))da
inf T .
u€ X, u#0 fQ w(x)|u|l7(w)dx — Mfg W|u|4(w)

R(u) = Ry(),q()(u) =

Lemma 7.1. : Ay =0« R(u) =0.
Proof. of Lemma 7.1: Similar the argument to [ Lemma 5.1, [13]], we have the bounds

D p

p—JrR(U) <A < FR(u),
for which it follows that A\ =0 < R(u) = 0. O
Proof. of Theorem 2.3 : We try to show the case where p(zo) < p(z). For the case p(zo) > p(z) it’s
similar. For O C © and ¢ > 0.

Set B(0O,9) = {x € RN /dist(z,0) < 5}. Without loss of generality, we may assume that U C €.
Then, there exists 3¢9 >0 p(zo) < p(z) —4ey Vo € OU

Je1>0:  p(zg) < plx) —2¢ Vo e BOU,e), (7.1)

where
BOU,e1)={2|FyedU:|jz—y|<ei} CQ,

and e > 0: B(zg,e2) C U\B(9U,&1) and
Ip(z0) — p(z)| <o Va € B(xo,e2). (7.2)
Take ug € C§°(€2) such that 0 < ug < 1, |A(up(z))| < C, and

(= { 1 iz U\BOQ=),
YW= 0 ifz ¢ UUBOQ,¢e1).

Then, for sufficiently small ¢ > 0, we obtain
fQ A (|A(tu0(x))|p(”)) dx

R(tUQ) =
fQ W(x)|tuo(x)|p(z)dx — fQ W“udq(w)dx
Joov.ery A (Ao (2)P)) da
: (@) 1 dx
fB Z0,E2 w(m)|tu0|P dr — :ufB 0,2 W|tu0|q($)
(0,£2) (z0,e2) 6(x)
< C_ltp(ﬁl)fp(ﬁg)’

C2
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where ¢1 = [p 5.,y A (|Aug(2)[P)) dz and

1
co = w(@)|ug(z) [P dz — u/ ———Juo(2)]9®) .
/13(900,52) B(wo,es) 0(x)21@)

Note that ¢; and ¢ are positive constants independent of ¢, with &; € B(9U,e1) and &, € B(xg,e2).

Using (7.1) and (7.2) we get [p(&;) — p(&y)] > <o-
Therefore,

R(tup) < C—ltso forallt e (0;1),
C2

when ¢t — 07 , we obtain R(u) = 0. In view of Lemma 7.1, we deduce A\; = 0. This complete the proof.
O

Proof. of Corralary 2.4
(i) For u € H, set K1 = {u, —u}. It is clear that v(K;) = 1.
. _ - .
¢ is even and ¢(u) H}gx¢ > Klggl max o(u) =X\

On the other hand, for all K € ¥ and u € K, we have sup ¢ > ¢(u) > in& o(u). Tt follows that
=) ue

. s .

GO, TR0 = A2 g o)

Then,

. 1 w(x) 1 |uli®) =2y
A1 = inf /—A Au)P@dz | uwe X and / 2 P g — /—7dx:1 .
=t { [ At | o o) " # Jo @) S

(ii) For all i > j, we have ¥; C X;, and in view of \;, i € N*, we get A; > ;. As regards A, — oo it
has been proved in Theorem 2.2.

O

To create the Acknowledgements

Acknowledgments

We thank the referee for your suggestions.

References

1. A. Ancona, On strong barriers and an inequality of hardy for domains in RN | Journal of London Mathematical Society,
2.2, 274-290, (1986).

2. A. Ayoujil, Ezistence and nonexistence results for weighted fourth order eigenvalue problems with variable exponent,
Boletim da Sociedade Paranaense de Matemética, 37.3, 55-66, (2019).

3. A. Ayoujil, H. Belaouidel, M.Berrajaa, N.Tsouli, On a class of elliptic Navier boundary value problems involving the
(p1(.), p2(.))-biharmonic operator, Mathematicki Vesnik, 72.3, 196-206, (2020).

4. A. Ayoujil, A. El Amrouss, Continuous spectrum of a fourth order nonhomogeneous elliptic equation with variable
exponent, Electronic Journal of Differential Equations, 2011, 1-8, (2011).

5. A. Ayoujil, A. R. El Amrouss, On the spectrum of a fourth order elliptic equation with variable exponent, Nonlinear
Anal. T.M.A, 71.10, 4916-4926, (2009).

6. H. Belaouidel, A. Ourraoui, N. Tsouli, General quasilinear problems involving p(x) Laplacian with Robin boundary
condition, Ural Mathematical Journal, 6.1, 30-41, (2020).

7. A. El Amrouss and A. Ourraoui, Ezistence of solutions for a boundary problem involving p(x)-biharmonic operator,
Bol. Soc. Paran. Mat, 31.1, 179-2, (2013).

8. A. El Hamidi, Existence results to elliptic systems with nonstandard growth conditions, J. Math. Anal. Appl, 300, 30-42,
(2004).



16

10.

11.

12.

13.

14.

15.
16.

17.

18.

19.

20.

21.

22.

23.

24.

A. BELAKHDAR, H. BELAOUIDEL, M. FiLALI AND N. TSOULI

X. L. Fan, X. Y. Han, Ezistence and multiplicity of solutions for p(x)-Laplacian equations, in RN Nonlinear Anal.
T.M.A, 59, 173-188, (2004).

X. L. Fan, Q. H. Zhang, Existence of solutions for p(x)-Laplacian Dirichlet problems, Nonlinear Anal. T.M.A, 52,
1843-1852, (2003).

X. L. Fan, Solutions for p(x)-Laplacian Dirichlet problems with singular coefficients, J. Math. Anal. Appl, 312, 464-477,
(2005).

A. Ferrero, G. Warnault, On a Solutions of second and fourth order elliptic with power type nonlinearities, Nonlinear
Anal. T.M.A, 70, 2889-2902, (2009).

El Khalil, A., El Moumni, M., Alaoui, M. D. M., Touzani, A, p(z)-biharmonic operator involving the p(z)-Hardy
inequality . Georgian Mathematical Journal, (2018).

ILH. Kim, Y.H. Kim, Mountain pass type solutions and positivity of the infimum eigenvalue for quasilinear elliptic
equations with variable exponents , Manuscripta Math. 147, 169-191, (2015).

0.Kovadik, J.Réakosnik, On spaces LP(*) and W1P(*)  Czechoslovak Math, J.41 ,592-618, (1991).

L. Li, C. L. Tang, Ezistence and multiplicity of solutions for a class of p(z)-biharmonic equations, Acta Mathematica
Scientia, 33, 155-170, (2013).

V. Radulescu, D. Repovs, Partial differential equations with variable exponents: variational methods and qualitative
analysis, CRC Press, Taylor and Francis Group, Boca Raton FL, (2015).

M. Ruzicka, Electrorheological fluids: modeling and mathematical theory, Lecture Notes in Mathematics, 1748, Springer-
Verlag, Berlin, (2000).

Szulkin, Ljusternik-Schnirelmann theory on C'-manifolds, Ann. Inst. H. Poincaré Anal. Non Linéaire 5 , 2, 119-139,
(1988).

S. Taarabti, Z. El Allali and K. Ben Hadddouch, Figenvalues of the p(z)-biharmonic operator with indefinite weight
under Neumann boundary conditions, Bol. Soc. Paran. Mat, 36, 195-213, (2018).

A. Zang , Y. Fu, Interpolation inequalities for derivatives in variable exponent Lebesgue-Sobolev spaces, Nonlinear Anal,
69.10, 3629-3636, (2008).

E. Zeidler, Nonlinear function analysis and its applications, Nonlinear Monotone Operators,vol. II/B, Springer, New
York, (1990).

V. V. Zhikov, Averaging of functionals of the calculus of variations and elasticity theory, Math. USSR. Izv, 9, 33-66,
(1987).

Qing-Mei Zhou , Jian-Fang Wu, FEzistence of solutions for a class of quasilinear degenerate p(z)-Laplace equations,
Electronic Journal of Qualitative Theory of Differential Equations, 69, 1-10, ( 2018).

A. Belakhdar,

Department of Mathematics,

Faculty of Sciences, University Mohammed 1st, Oujda
Morocco.

E-mail address: ad.belakhdar@gmail.com

and

H. Belaouidel,

National School of Business and Management,
University Mohammed 1st, Oujda

Morocco.

E-mail address: belaouidelhassan@hotmail.fr

and

M. Filali,

Department of Mathematics,

Faculty of Sciences,

University Mohammed 1st, Oujda
Morocco.

E-mail address: £i1ali1959@yahoo.fr

and

N. Tsouli,

Department of Mathematics,

Faculty of Sciences, University Mohammed 1st, Oujda
Morocco.

E-mail address: tsouli@hotmail.com



	Introduction
	Main results
	Preliminaries
	On the q(x)-Hardy inequality
	Functional framework
	Existence results
	On the positivity of inf 

