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ABSTRACT: In this paper, we introduce a new class of open sets namely -open sets in a topological space.

In addition, we define 3-T; (i = 0, %, 1,2) spaces, (¥, B)-continuous mapping and study their basic properties.
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1. Introduction

Kasahara [3] initiated the concept of a-operation in topological spaces, Jankovic[2] obtained the a-
closed graphs and Ogata[7,8] defined the vy-operation (resp. y-closed set) and investigated the relation-
ships between cl,(A) and 7,cl(A) for a subset A of a topological space X. Further, he obtained the
concept of v-T; (i = 0, %, 1,2) spaces through the v-closed and y-open sets. Levine [4] defined a gener-
alized closed set and Maki et al. [6] extended this generalized closed set to a y-g.closed set. Dunham [1]
introduced T’y spaces and Levine [5] defined a semi-open set. Sai sundara Krishnan et al. [9,10] modified
the concept of semi-open to 7-semi-open (resp. y*-pre-open) and he was studied ~y-semi-separation ax-
ioms. Saravanakumar et al.[11,12,13] introduced a fi-open set, fi-separation axioms and some continuous
mappings with respect to v and § operations on the topological spaces (X, 7) and (Y, o) respectively and
investigated their basic properties.

In this paper, we define a J-open set in a topological space with respect to y-operation and its family
denoted by 4O(X). Further, we obtain a 4-closed set, ¥-interior, ¥-closure and 4-boundary in a topolog-
ical space. Moreover, we discuss the basic properties of 3-T; (i = 0, %, 1,2) spaces and (7, 3)-continuous
mappings.

2. Preliminaries

Let the topological spaces (X, 7) and (Y, o) be respectively denoted by X and Y. An operation 7]
on the topology 7 is a mapping from 7 into the power set P(X) of X such that V' C V7 for each V € 7,
where V7 denotes the value of v at V. Similarly, an operation 5 on the topology ¢ is a mapping from
o into the power set P(Y) of Y such that W C W# for each W € o, where W# denotes the value of 3
at W. A subset A of X is y-open[7], if for each x € A, there exist an open neighborhood U such that
z € U and UY C A. Its complement is called -closed and 7 [7] denotes set of all v-open sets in X. For
a subset A of X, y-interior [7] of A is inty(A) ={x € A: 2 € N € 7 and N7 C A for some N}; y-closure
[Tfof Aiscly(A) ={z e Xtz eUertand U'NA# () forall U}; 7,-int(A)[7] = U{G : G C A and
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GeTyh yc(A)[T={F:ACFand X\ F € 7,}. Asubset Aof X is y-g.closed [7] if cl,(A) C U
whenever A C U and U is y-open in X. For a subset A of X, clZ(A)[6] denotes the intersection of
all v-g.closed sets containing A, that is the smallest v-g.closed set containing A; int;(A) [6] denotes the
union of all y-g.open sets contained in A, that is the largest v-g.open set contained in A. If A is a subset
of X and z € X, then (i) = € cl5(A)[6] if and only if M N A # () for each y-g.open set M containing x;
(ii) cl2 (X \ A)[6] = X \ int}(A) and (iii) cl3(cl5(A))[6] = cl3(A). A subset A of X is y-semi-open [9] if
A C 1ycl(1yint(A)) and vSO(X)[9] denotes set of all y-semi-open sets in X.

3. A-open sets

Definition 3.1. Let X be a topological space and v : 7 — P(X) be an operation on 7. A subset A of X
is said to be a y-open set, if there exists a set U € 7~ such that U € A C cl(U). The collection of all
F-open sets is denoted by YO(X).

Example 3.2. Let X = {a,b,c}, 7 = {0, X, {a}, {c},{a,b},{a,c}} and define an operation v : 7 — P(X)
by
[ Au{c} if A= {a}
v(A) = { Cl(A) if A+ {a} for every A € T.
Then 50(X) = {0, X, {c}, {a,b}}.
Theorem 3.3. Let X be a topological space and v : 7 — P(X) be an operation on 7. If A is a subset of
X, then A € 5O(X) if and only if A C cl%(7~int(A)).

Proof. If A € 7O(X), then there exists a set U € 7, such that U C A C ¢l (U). Since U € 7, we have
that U = 7,int(U) C 7-int(A). Therefore A C cl3(U) C cl5(4int(A)) and hence A C cl(7,int(A)).
Conversely, assume that A C cl’(74int(A)). To prove that A € YO(X). Take U = 7,int(A). Then
Tyint(A) C A C cl3(7~int(A)). Hence A € yO(X). O

Theorem 3.4. Let X be a topological space and v : 7 — P(X) be an operation on 7. If A is a subset of
X and A € 7, then A € YO(X).

Proof. If A € 7, then A = 7,int(A). Since A C cl3(A), we have that A C cl3(7int(A)). Then by
Theorem 3.3, A € YO(X). O
Remark 3.5. The converse of the Theorem 3.4 need not be true.

Consider X = {a,b,c,d}, 7 = {0, X,{a},{d},{a,d},{b,c},{a,b,c},{b,c,d}} and define an operation
v:7— P(X) by

Aif A={b,c
v(A) = { AU]~C{b ) EfA}sé (¢} for every A € T.
Then 7o = {0, X, {b,c},{b,c,d}} and yO(X) = {0, X, {b,c},{a,b,c},{b,c,d}}. Hence A = {a,b,c} €
FO(X), but A& 7.
Theorem 3.6. Let X be a topological space and v : 7 — P(X) be an operation on 7. If A is a subset of
X and A € 3O(X), then A € vSO(X).

Proof. If A € 4O(X), then by Theorem 3.3, we have that A C ¢l (7 int(A)). Since every y-closed set is -
g-closed and cl%(7,int(A)) is a least 7-g.closed set containing 7. int(A), this implies that cl3(7-int(A)) C
Tycl(Tint(A)). Thus A C 7,cl(7,int(A)) and hence A € vSO(X). O

Remark 3.7. The converse of the Theorem 3.6 need not be true.

Consider X = {a,b,c,d}, 7 = {0, X,{a},{d},{a,d},{b,c},{a,b,c},{b,c,d}} and define an operation
v:17— P(X) by
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A A
v(A4) = { AUZJf{fll}eifd ¢ A for every A € 7.

Then vSO(X) = {0, X, {d},{a,d}, {b,d},{c,d},{a,b,d},{a,c,d},{b,c,d}} and YO(X) = {0, X, {d},
{a,d},{b,c,d}}. Hence A ={b,d} € vSO(X), but A ¢ 3O(X).

Theorem 3.8. Let X be a topological space and v : 7 — P(X) be an operation on 7. If A, € ¥O(X) for
each a € J, then |J,c ; Aa € 7YO(X).

Proof. Since A, € YO(X), then there exists a set U, € 7 such that U, C A C cl%(U,). This implies that
UacsUa € Uscs Aa € Ugescli(Ua) € cl5(U,e s Ua) since union of all y-open sets is y-open. Therefore

Uaes Aa € 7O(X). O

Note that intersection of any two sets in ¥O(X) need not be §-open. Let X = {a,b,c,d}, 7 =
{0, X,{a},{d},{a,d}, {b,c}, {a,b,c},{b,c,d}} and define an operation v : 7 — P(X) by

Au{b}ifac A
(A):{ Au{d}ifag A

Take A = {a,b,c} and B ={b,c¢,d}. Then A, B € ¥O(X), but AN B = {b,c} € 3O(X).

for every A € 7.

Theorem 3.9. Let X be a topological space and v : 7 — P(X) be an operation on 7. If a set A € 30O(X)
and B is a subset of X such that A C B C cl}(r,int(A)), then B € 7O(X).

Proof. If A € 7O(X), then by Theorem 3.3, A C cl’(7,int(A)). Since A C B, this implies that
cly(tyint(A)) C cli(ryint(B)). By hypothesis B C clX(ryint(A)) C cli(74int(B)) and hence B C
cl3(tyint(B)). This shows that B € 7O(X). O

Definition 3.10. Let X be a topological space and v : 7 — P(X) be an operation on 7. A subset A of X
is called a A-closed set if its complement X \ A € 3O(X). The collection of all 7-closed sets is denoted

by vC(X).

Theorem 3.11. Let X be a topological space and v : 7 — P(X) be an operation on 7. If A is a subset
of X, then A € ¥C(X) if and only if int’ (T cl(A)) C A.

Proof. If A € ¥C(X), then X \ A € yO(X) is J-open. Therefore X \ A C ¢l (7,int(X \ A)) (by Theorem
3.3) = cl3(X \ 7ycl(A)) = X \'int;(7,cl(A)). This implies that int’(7,cl(A)) C A. Conversely, suppose
that int;(7,cl(A)) € A. Then X \ A C X \ int}(7,cl(A)) = cl3(X \ 7,cl(A)) = cli(T4int(X \ A)).
Therefore X \ A € O(X) and this shows that A € 4C(X). O

Theorem 3.12. Let X be a topological space and v : 7 — P(X) be an operation on 7. If a set F € T
and A is a subset of X such that int3(F) C A C F, then A € yC(X).

Proof. Let int3(F) C A C F where F' € 75. Then X \ F' C X\ A C X \ int’(F) = cl3(X \ F). Let
U=X\F. ThenU € 7, and U C X \ A C cl5(U). This implies that X \ A e O( ) and hence
AeFC(X). O

Remark 3.13. The converse of the Theorem 3.12 need not be true.

Consider X = {a,b,c,d}, 7 = {0, X, {a},{b},{c},{a, b}, {a,c}, {b,c}, {b,d},{a,b,c},{a,b,d},{b,c,d}}
and define an operation v : 7 — P(X) by

Aif A= {a}
v(A) = c(A) if A= {a,d} for every A € 7.

AU{c} if A# {a} and {a,b}
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Thus for the set {b} € ¥C(X), does not exist any ~y-closed set in X.

Theorem 3.14. Let X be a topological space and v : 7 — P(X) be an operation on 7. If A is a subset
of X, then

(i) int’ (T~ cl(A)) is §-closed;

(i) cl5(Tyint(A)) is ¥-open.

Proof. (i) Clearly, we have that int’ (7 cl(int’ (7,cl(A)))) C int: (T, cl(T,cl(A))) = int;(7,cl(A)). Hence
int(Tcl(A)) is J-closed.

(ii) Follows from (i) and Theorem 3.3. O

Theorem 3.15. Let X be a topological space and v : 7 — P(X) be an operation on T. If A, € ¥C(X)
for each a € J, then (| ,c; Aa € 7C(X).

Proof. Let A, € ¥C(X). Then X\ A, € YO(X). By Theorem 3.8, |, ;(X \ Aa) € YO(X). This implies
that (J,c; (X \ Aa) = X \Nacs Aa € YO(X) and hence [, ; Aa € 7C(X). O

Definition 3.16. Let X be a topological space and v : 7 — P(X) be an operation on 7. If A is a subset
of X, then y-interior of A is defined as union of all ¥-open sets contained in A. Thus inty(A) = U{U :
U e€q0(X) and U C A}.

Definition 3.17. Let X be a topological space and v : 7 — P(X) be an operation on 7. If A is
a subset of X, then 7-closure of A is defined as intersection of all 4-closed sets containing A. Thus
cy(A)={F: X\ F €30(X) and A C F}.

Theorem 3.18. Let X be a topological space and v : 7 — P(X) be an operation on 7. If A is a subset
of X, then

(1) int5(A) is a Y-open set contained in A;

(11) cl5(A) is a F-closed set containing A;

(11t) A is J-closed if and only if cl5(A) = A;

(iv) A is y-open if and only if int5(A) = A;

(v) int5(ints5(A)) = int5(A);

(vi) cls(cl5(A)) = cl5(A);

(vii) int5(A) = X \ cl5(X \ A);

(viii) cls(A) = X \ int5(X \ A4).

Proof. (i) Follows from the Definition 3.16 and Theorem 3.18.

(ii) Follows from the Definition 3.17 and Theorem 3.15.

(iii) and (iv) Follows from the condition (ii), Definition 3.17 and the condition (i), Definition 3.16 respec-
tively.

(v) and (vi) Follows from the conditions (i), (iv) and the conditions (ii), (iii) respectively.

(vii) and (viii) Follows from the Definitions 3.10, 3.16 and 3.17. O

Theorem 3.19. Let X be a topological space and v : 7 — P(X) be an operation on 7. If A and B are
two subsets of X, then the following are hold:

(1) If A C B, then ints(A) C int5(B);

(11) If A C B, then cl5(A) C cl5(B);

(it) int5 (AU B) D inty(A) U int5(B);

(i) cls (AN B) C cly(A) Nely(B);

(v) inty(AN B) C int5(A) Ninty(B).

(vi) cl5 (AU B) D cl(A) Ucly(B).

Proof. (i) and (ii) Follows from the Definition 3.16 and Definition 3.17 respectively.
(iii) and (iv) Follows from the condition (i), Theorem 3.8 and the condition (ii), Theorem 3.15 respectively.
(v) and (vi) Follows from the condition (i) and condition (ii) respectively. O
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Theorem 3.20. Let X be a topological space, v : 7 — P(X) be an operation on 7 and A be a subset of
X. (i) If A Cint3(T4cl(A)), then cly(A) Cint (T, cl(A));
(i) If cl’(T~int(A)) C A, then ints(A) 2 cli(T~int(A)).

Proof. (i) Since cl5(A) is the least §-closed set containing A and Theorem 3.14(i) shows that int? (1,cl(A)) €
FC(X). Therefore cl5(A) C int’ (7-cl(A)).

(ii) Since int5(A) is the greatest §-open set containing A and Theorem 3.14(ii) shows that cl3(7-int(A))
€ O(X). Therefore int5(A) 2 cl’(1~int(A)). O

Definition 3.21. Let X be a topological space and vy : 7 — P(X) be an operation on 7. A subset A of
X is called Y-regular if it is both -open and y-closed. The collection of all ¥-reqular set of X is denoted

by YR(X).
Note that a set A € ¥R(X), then its complement X \ A € yR(X).

Definition 3.22. Let X be a topological space and v : 7 — P(X) be an operation on 7 and A be a subset
of X. Then F-boundary of A is denoted by bds(A) and is defined as bds(A) = cl5(A) Nely (X \ A).

Theorem 3.23. Let X be a topological space and v : 7 — P(X) be an operation on 7. For a subset A of
X, bds(A) =0 if and only if A € YR(X).

Proof. Let bds(A) = 0. Then cl5(A)Nels (X \A) = 0. This implies that cl5(A) € X\ cl5(X\A) = int5(A)
(by Theorem 3.18(vii)). Therefore cl5(A) = A = int5(A) and hence A € JO(X) and A € 3C(X).
Conversely, assume that A € yR(X). Then A € YO(X) and A € 4C(X). This implies that cl5(A4) =
A =int5(A) = X \ cl5(X \ A) (by Theorem 3.18(vii)). Since X \ cl5(X \ A) Nels(X \ A) = 0, we have
that cls(A) Nely(X \ A) = 0. This shows that bds(A) = 0. O

Theorem 3.24. Let X be a topological space, v : 7 — P(X) be an operation on T and A be a subset of
X. Then the following are equivalent:

(1) X \ bd5(A) =int5(A) Uints(X \ A);

(11) cl5(A) = int5(A) Ubds(A);

(111) bd5(A) = cl5(A) Nely(X \ A) = cl5(A) \ int5(A).

Proof. (i) = (ii). From (i) X \ bds(A) = int5(A)Uints (X \ A) implies that bd5(A) = [X \int5(A4)]N[X\
inty(X \ A)]. Therefore ints(A)Ubds(A) = [int5(A)U (X \int5(A))]N[ints(A)Ucls(A)] = X Nely(A) =
cly(A). Hence cl5(A) = int5(A) Ubds(A).

(ii) = (iii). From (ii) cl5(A) \ int5(A) = [int5(A) Ubds(A)] \ int5(A) = bds(A
XNecly(A) = int5(A)Ubds (A) implies that [ints(A)U(X \ints(A))|N[ints (A)Ucls (A)] = int5(A)Jbds (A)
implies that ints(A) U [cl5(X \ A) Ncl5(A)] = int5(A) Ubds(A). Therefore bds ( ) =cl5(A ) Necls (X \ A)
....... (*2). From (*1) and (*2), we have that bds(A) = CZ:Y(A) Nely (X \A) = cl 5(4) \mt (A).

~—

....... (*1). Also from (ii)

N
A

(ili) = (i). From (iii), we have that X \bds(A) = X\ [cl5(X\A)Necl5(A)] = [X\cl5 (X \A)]U[X \cl5(A)] =
ints(A) Uints(X \ A). Therefore X \ bds(A) = ints(A) Uints(X \ A). O

Theorem 3.25. Let X be a topological space and v : 7 — P(X) be an operation on 7. For a subset A of
X, we have the following conditions hold:

(i) bds(A) = bds (X \ A);

(i1) bd; (A) = cls (4) \ int5(A);

(tv) cl5(A) = int5(A) U bdy(A);

(v) bds(int5(A)) C bd5(A);

(vi) bds(cl5(A)) C bds ( );

(vii) X\bd (A) = int5(A) Uints(X \A),

(viii) X = int5(A) Uints(X \ A) Ubds(A).
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Proof. (i) By Definition 3.22, we have that bd5(A) = cl5(X \ A)Ncl5(A) = cls (X \A)Nels (X \ (X \4)) =
bd5 (X \ A). Therefore bds(A) = bd5(X \ A).

(ii) By Definition 3.22, we have that bds(A4) = cl3(A) Ncly(X \ A) = cl5(4) \ (X \ c3(X \ 4)) =
15(A) \ int5(A) (by Theorem 3.18 (vii)). Therefore bds(A) = cl5(A) \ ints(A).

(iii) By Definition 3.22, we have that bds(A) Nint5(A) = (cl5(A) \ int5(A)) Nint5(A) (by (i) = 0.
Hence bd5(A) Nint5(A) = 0.

(iv) Follows from (ii) and Theorem 3.24.

(v) By Definition 3.22, we have that bds(int5(A)) = cl5(X \ int5(A)) N cls(int5(A)) = ¢
A)) Nely(int5(A)) = cl5 (X \ A) Nels(inty(A)) (by Theorem 3.18 (vi)) C cl5(X \ A) Ncly(A) = bds(A).
This shows that bd5(inty(A)) C bdy(A).

(vi) By Definition 3.22, we have that bds(cl5(A4)) = cl5(X\cl5(A4))Nel5 (e

l l
(by Theorem 3.18 (vi)) C cl5(X \ A) Ncl5(A) = bd5(A). Therefore bds(cl

(int(X\ A))Nel; ()

&(A)) 5
cls bds(A).

+(4)) C bd

(vii) Follows from (iv) and Theorem 3.24.
(viii) Using (vii) \ bd
A)U

(X (A)) Ubds(A) = [int5(A) Uints(X \ A)] U bds(A). This implies that X =
ints(A) Uints (X \

Zl() O

Theorem 3.26. Let X be a topological space, v : 7 — P(X) be an operation on T and A be a subset of
X. Then

(i) A € 3O(X) if and only if ANbds(A) =0;

(it) A € 3C(X) if and only if bd5(A) C A.

Proof. Let A € 4O(X). Then X \ A € 4C(X) and cl5(X \ A) = X \ A. Also A # cl5(A). By Definition
3.22, ANbdy(A) = AN (cly(A)Nely(X\A) =ANcly(AN(X\A) =AN0=0. Thus ANbd5(A) = 0.
Conversely, assume that A N bds(A) = 0. Then AN (cl5(A) Necly(X \ A)) = 0. This implies that
AnNely(X \ A) = 0 and hence cl5(X \ A) € X \ A. Therefore cl5(X \ A) = X \ A. This shows that
X\ A €A4C(X) and hence 4 € ¥O(X)

(i) Let A € 4C(X). Then A = cl5(A). Since bdy(A) = (cly(A) Ncls(X \ A)) C cl5(A) = A. There-
fore bd5(A) C A. Conversely, let bds(A) € A. Then bdy(A) N (X \ A) = (. By Theorem 3.25(i),
bds(X \ A)N (X \ A) =0. By (i), X \ A € JO(X). Hence A € 3C(X). O

4. #y-separation axioms

Definition 4.1. A topological space X is called a ¥-Ty space if for each pair of distinct points x,y € X,
there exists a set U € ¥O(X) such that either v € U and y ¢ U ory e U and x € U.

Definition 4.2. A topological space X is called a ¥-Ty space if for each pair of distinct points x,y € X,
there exists sets U,V € 3O(X) containing x and y respectively such that y € U and x ¢ V.

Definition 4.3. A topological space X is called a ¥-Ts space if for each pair of distinct points x,y € X,
there exists sets U,V € YO(X) such that x € U andy €V and UNV =0).

Definition 4.4. Let X be a topological space, v : 7 — P(X) be an operation on 7 and A be a subset of
X. Then A is called a 7-generalized closed (briefly 4-g.closed) set if cls(A) C U whenever A C U and
U € 3O(X). The collection of all -g.closed sets is denoted by YGC(X).

Note that every J-closed set is #-g.closed, but the converse need not be true.
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Definition 4.5. A topological space X is called a ’y—T% space if each §-g.closed set of X is 7-closed.

Theorem 4.6. Let X be a topological space and v : 7 — P(X) be an operation on 7 . Then for a point
re X, xecly(A) if and only if VN A#D for any V € 3O(X) such that z € V.

Proof. Let Fy be the set of all y € X such that VN A # ) for any V € ¥O(X) and y € V. Now, we prove
that cl5(A) = Fy. Let us assume z € cly(A) and o ¢ Fy. Then there exists a set U € YO(X) containing
x such that U N A = ). This implies that A C X \ U. Therefore cl5(A) € X \U. Hence = ¢ cl5(A). This
is a contradiction. Hence cl5(A) C Fy. Conversely, let F be a set such that A C F and X \ F' € 40(X).
Let ¢ F. Then we have that x € X \ F and (X \ F) N A = (. This implies that & Fy. Therefore
FO - F'. Hence F() - Cl,g,(A) [

Theorem 4.7. Let X be a topological space and v : 7 — P(X) be an operation on T and A be a subset
of X. Then A € ¥GC(X) if and only if cly({x}) N A # 0 holds for every x € cl5(A).

Proof. Let U € ¥O(X) such that A C U. Let = € cl5(A). By assumption there exists a point z € cl5({z})
and z € A C U. Then by Theorem 4.6, we have that U N {z} # 0. This implies that « € U and hence
A € YGC(X). Conversely, suppose there exists a point © € cl5(A) such that cls({z}) N A = (. Since
cls({z}) € #C(X) implies that X \ cl5({z}) € O(X). Since A C X \ cl5({z}) and A € ¥GC(X), implies
that cl5(A) € X \ cl5({z}). Hence = ¢ cl5(A). This is a contradiction. O

Theorem 4.8. Let X be a topological space and v : 7 — P(X) be an operation on T and A be a
subset of X. Then cls({z}) N A # O for every x € cl5(A) if and only if cl5(A) C kers(A) holds, where
kers(E) =n{V :V € 30(X) and E C V} for any subset E of X.

Proof. Let x € cl5(A). By hypothesis, there exists a point z such that z € cly({z}) and z € A. Let
U € 3O(X) be a subset of X such that A C U. Since z € U and z € cl3({z}). By Theorem 4.7,
we have that U N {z} # 0, this implies that « € kers(A). Hence cl3(A) C kers(A). Conversely, let
U € ¥O(X) such that A C U. Let x be a point such that = € cl5(A). By hypothesis, « € kers(A) holds.
Namely, we have that z € U, because A C U and U € YO(X). Therefore cl5(A) C U. By Definition 4.4,
A € YGC(X). Then by Theorem 4.7, cl5({z}) N A # (0 holds for every x € cl5(A). O

Theorem 4.9. Let X be a topological space and v : 7 — P(X) be an operation on T and A be a subset
of X. If A € 3GC(X), then cl5(A) \ A does not contain a non empty y-closed set.

Proof. Suppose there exists a non empty set F' € 4C(X) such that F' C cl5(A) \ A. Let x € F'. Then
z € cly(A), implies that FN A = cl5(A)NA D cls({z}) N A # 0 and hence F N A # (. This is a
contradiction. (]

Theorem 4.10. For each x € X, {z} € C(X) or X \ {z} € yGC(X).

Proof. Suppose that {z} ¢ ¥C(X). Then X \ {z} ¢ YO(X). This implies that X € ¥O(X) and the set
X only containing X \ {z}. Hence X \ {z} € 3GC(X). O
Theorem 4.11. A topological space X is a ﬁ-T% space if and only if for each x € X, {x} € 3O(X) or
{z} € 9C(X).

Proof. Suppose that {z} ¢ ¥C(X). Then it follows from the assumption and Theorem 4.10, {z} € O(X).
Conversely, let F' € yGC(X). Let « € cl5(F). Then by the assumption {z} € O(X) or {z} € 3C(X).

Case(i): Suppose that {z} € ¥O(X). Then by Theorem 4.6, {z} N F # (. This implies that cls(F) = F.
Therefore X is a ’y—T% space.

Case(ii): Suppose that {z} € JC(X). Let us assume « ¢ F. Then = € cl5(F) \ F. This is a con-
tradiction. Hence x € F'. Therefore X is a ’y—T% space. O
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Theorem 4.12. A space X is ¥-Ty if and only if for any x € X, {z} € 3C(X).

Proof. Follows from Definitions 3.10 and 4.2. (]

Remark 4.13. (i) From the Theorems 4.10, 4.11 and 4.12, we have that every i—T% space is ¥-Ty, every
¥-T1 space is ﬁ-T% and every v-Ty space is -T1.

(ii) Let X be the set of real numbers, T be the co-finite topology on X and define an operationy : 7 — P(X)
for a particular point p € X by

v(A) = { cﬁéj;pifepé A for every A €.

Then X is a ¥-Ty space but not ’y—T%.

(iii) Let X = {a,b,c}, 7 = {0,X,{a},{c},{a,b},{a,c}} and define an operation v : 7 — P(X) by
v(A) = AU {a} for every A€ 1. Then X is a 3-Ty space but not 5-Ty.

(iv) Let X = {a,b,c}, 7 = P(X) and define an operation v : 7 — P(X) by

AuU{c} if A= {a} or {b}
v(A) =< AU{a} if A={c} for every A € 1.
A if A#{a},{b} and {c}

Then X is a 4-11 space but not -T.

5. (7, B)-continuous mappings
Definition 5.1. A mapping f : X — Y is said to be (3, B)-continuous if f~1(V) € 3O(X) whenever
V e BO(Y).

Example 5.2. Let X = {a,b,c}, Y = {1,2,3}, = = {0,X,{a},{b},{a,b},{b,c}} and
o=1{0,Y,{1},{3},{1,2},{1,3}} and define operations v: 17 — P(X) and 8 :0 — P(Y) by

v(A) = { AAUZ'J;CCL}%}L‘C cA for every A € T and

B(A) = { jil%i;)}zflziil{}l} for every A € o respectively.

Define f: X =Y by f(a) =3, f(b) =1 and f(c) = 2. Then the inverse image of every -open set is
F-open under f. Hence f is (7, 8)-continuous.

Definition 5.3. (i) Let X be a topological space and v : 7 — P(X) be an operation on 7. A subset A
of a topological space X is said to be a ¥-neighborhood of a point x € X if there exist a set U € ¥O(X)
such that v € U C A.

Note that 4-neighborhood of x may be replaced by F-open neighborhood of x.

(ii) Let X be a topological space. A C X and p € X. Then p is called a §-limit point of A if
UnN(A—{p}) #0, for any set U € YO(X) containing p. The set of all -limit points of A is called a
A-derived set of A and is denoted by d5(A). Clearly if A C B then d5(A) C d5(B).

Remark 5.4. From the Definition 5.3(ii), it follows that p is a F-limit point of A if and only if p €
cly(A = {p}).
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Theorem 5.5. For any A, B C X, the A-derived sets have the following properties:
(i) cl5(A) D AU ds(A);

(1) Uids (A;) = d5 (Ui Aq);
(i) d5(d5(A)) € ~(A)
(iv) cly(d5(A)) = d5(A).

Proof. Follows from the Definition 5.4(ii) and Remark 5.4. O

Theorem 5.6. Let f: X — Y be a mapping. Then the following statements are equivalent:

(i) f is (3, B)-continuous;

(ii) for each point z in X, the inverse of every B-neighborhood of f(x) is a §-neighborhood of x;

(iii) for each point x in X and each B-neighborhood B of f(x), there is a 5-neighborhood A of x  such
that f(A) C B;

() for each x € X and each set B € BO(Y) contains f(x), there is a set A € ¥O(X) containing x such
that f(A) C B;

(v) f(cl5(A)) C clz(f(A)) holds for every subset A of X;

(vi) for any set H € BC(Y), f~(H) € 3C(X).

Proof. (i) = (ii). Let 2 € X and B be a B-neighborhood of f(z). By Definition 5.3(i), there exist
V € BO(Y) such that f(z) € V C B. This implies that z € f~Y(V) C f~%(B). Since f is (7, §)-
continuous, so f~1(V) € 4O(X). Hence f~!(B) is a 4-neighborhood of z.

(i) = (i). Let B € BO(Y). Put A = f~(B). Let 2 € A. Then f(z) € B. Clearly, B (being j-
open) is a B-neighborhood of f(z). By (ii), A = f~!(B) is a F-neighborhood of x. Hence by Definition
5.3(i), there exist A, € yO(X) such that x € A, C A. This implies that A = Uy 4 A,. By Theorem 3.8,
we have that A € 5O(X). Therefore f is (5, 3)-continuous.

(i) = (iii). Let 2 € X and B be a S-neighborhood of f(z). Then, there exist Oy € BO(Y) such
that f(z) € Opy C B. It follows that z € f~1(Oy,)) C f~1B). By (i), f ' (Opw)) € YO(X). Let
A= f~1(B). Then it follows that A is 4-neighborhood of x and f(A4) = f(f~*(B)) C B.

(iii) = (i). Let U € BO(Y). Take W = f~'(U). Let + € W. Then f(z) € U. Thus U is a j-
neighborhood of f(z). By (iii), there exist a §-neighborhood V,. of x such that f(V,) € U. Thus it
follows that = € V,, C f~(f(V,)) € f~1(U) = W. Since V, is a -neighborhood of z, which implies that
there exist a W,, € ¥O(X) such that x € W, C W. This implies that W = Ugew W,. By Theorem 3.8,
W € 50(X). Thus f is (5, B)-continuous.

(iii) = (iv). We may replace the 4-neighborhood of = as ¥-open neighborhood of z in condition (iii).
Straightforward.

(iv) = (v). Let y € f(cl5(A)) and any set V € BO(Y’) containing y. Then, there exist a point # € X and
aset U € §O(X) such that z € U with f(z) =y and f(U) C V. Since z € cl5(A), we have that UNA # ()
and hence ) # f(UNA) C f(U)Nf(A) € VN f(A). This implies that y € cl5(f(A)). Therefore, we have

that f(cls (A) € cl(f(4)).

(v) = (vi). Let H € BC(Y). Then clz(H) = H. By (v), flels(f~1(H))) C clB(f(ffl(H))) Ccls(H) =
H holds. Therefore cl5(f~'(H)) C f~'(H) and thus f~'(H) = cls(f~'(H)). Hence f~'(H) € ¥C(X).

(vi) = (i). Let B € BO(X). We take H Y — B. Then H € BC(Y). By (iv), f~(H) € 7C(X).
Hence f~1(B) =X — f~'(Y = B) = X — f~(H) € 30(X). 0

Theorem 5.7. A mapping f: X — Y is (7, B)-continuous if and only if f(d5(A)) C clz(f(A)), for all
ACX.
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Proof. Let f: X —Y be (¥, §)-continuous. Let A C X and z € d5(A). Assume that f(z) & f(A) and
let V denote a S-neighborhood of f(z). Since f is (5, 3)-continuous, so by Theorem 5.6(iii), there exist
a 4-neighborhood U of  such that f(U) C V. From x € d5(A), it follows that U N A # (); there exist,
therefore, at least one element a € U N A such that f(a) € f(A) and f(a) € V. Since f(z) & f(A), we
have that f(a) # f(z). Thus every B-neighborhood of f(z) contains an element f(a) of f(A) different
from f(z). Consequently, f(x) € d5(f(A)). Conversely, suppose that f is not (7, /3)-continuous. Then by
Theorem 5.6(iii), there exist 2 € X and a S-neighborhood V of f(z) such that every §-neighborhood U of
x contains at least one element a € U for which f(a) € V. Put A={a € X : f(a) ¢ V}. Since f(z) € V,
therefore » ¢ A and hence f(z) ¢ f(A). Since f(A) N (V —{f(2)}) = 0, therefore f(z) & dz(f(A)). It
follows that f(z) € f(d5(A)) — (f(A)Udz(f(A))) # 0, which is a contradiction to the given condition. [J

Theorem 5.8. Let f: X — Y be an injective mapping. Then [ is (7, B)—contz'nuous if and only if
f(d5(A)) C dz(f(A)), for all AC X.

Proof. Let A C X, x € ds(A) and V be a B-neighborhood of f(x). Since f is (¥, B)-continuous, so by
Theorem 5.6(iii), there exist a 4- neighborhood U of x such that f(U) C V. But x € d5(A) gives there
exist an element a € U N A such that a # x. Clearly f(a) € f(A) and since f is injective, f(a) # f(x).
Thus every S-neighborhood V of f(x) contains an element f(a) of f(A) different from f(z). Consequently,
f(z) € d5(f(A)). Therefore, we have that f(d5(A)) C dz(f(A)). Converse follows from the Theorem
5.7. (]

Theorem 5.9. Let f: X — Y be a (7, ()-continuous and injective mapping. If Y is B-Ty (resp. B-T),
then X is 4-To (resp. 4-11).

Proof. Suppose Y is 3-Ty. Let  and y be two distinct points of X. Then, there exist two sets U,V &
BO(X)-open such that f(z) € U, f(y) € V and UNV = (). Since f is (5, B)-continuous, for U and V,
there exist two sets W, .S € YO(X) such that z € W and y € S, f(W) C U and f(S) C V, implies that
W NS =0. Hence X is 5-T». In similar way we prove X is -1} whenever Y is 5-T. O
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