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1. Introduction

In this paper, we will study the existence, uniqueness and controllability of solutions for FNSDEs
with impulses given by











d
[

y(t) − f(t, y(t))
]

=
[

Ay(t) + g(t, y(t)) + v(t)
]

dt +
〈

h(t)dBH(t)
〉

, t ∈ J = [0, T ].

∆y(tk) = Ik(y(t−
k )), k = 1, ..., m t 6= tk.

y(t) = y0.

(1.1)

Where A : J −→ FRn is a fuzzy coefficient, f, g : J × FRn −→ FRn are nonlinear continuous functions, h :
J −→ R

n, v : J −→ FRn is an admissible control function and BH is a fractional Browian motion defined
on a filtered probability space

(

Ω,A, {AH
t }0≤t≤T ,P

)

, the initial data y0 ∈ FRn and Ik ∈ C
(

FRn ,FRn

)

are bounded functions, ∆y(tk) = y(t+
k ) − y(t−

k ) represents the left and right limits of y(t) at t = tk

respectively, k = 1, .., m.
We wish to mention that the theory of fuzzy neutral stochastic differential equations with impulses have
recently been the subject of important studies. As, for the controllability of fuzzy stochastic differential
equations, even less has been done, with only a few works published in this topic as far as we know. In
[18,19] Sakthivel et al studied the approximate controllability of nonlinear impulsive differential systems
and stochastic systems with unbounded delay. Bouffoussi et al [11] studied the existence, uniqueness and
asymptotic behavior of mild solutions for the neutral stochastic differential equations with finite delay. In
[6] Arhrrabi et al studied the existence and stability of solutions of fuzzy fractional stochastic differential
equations with fractional brownian motions. Park et al [20] proved the existence and uniqueness of
fuzzy solutions and controllability for the impulsive semilinear fuzzy integrodifferential equations. In [12]
Bouzahir et al discussed the controllability of neutral functional differential equations with infinite delay.
Ahmed [2,3] studied the controllability of impulsive neutral stochastic differential equations with finite
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delay and fractional Browian motion in a Hilbert space. Achary et al in [1] studied the controllability
of fuzzy solutions for first order nonlocal impulsive neutral functional differential equations by using the
Banach fixed point theorem. Chalishajar et al [13] proved the existence, uniqueness and controllability
for impulsive fuzzy neutral functional integrodifferential equations.
Our results are inspired by the one in [16] where the approximate controllability of impulsive neutral
fuzzy stochastic differential equations with nonlocal condition in Banach space is studied. The rest of this
paper is organized as follows, Section 2 summarizes the fundamental aspects. The existence, uniqueness
and controllability results of solution for fuzzy neutral stochastic differential equations with impulses are
proved in Section 3, an example in Section 4 is given to illustrate the results and we conclude the results
in Section 5.

2. Preliminaries

Let FRn denote the set of fuzzy subsets of the real axis, if Λ : Rn −→ [0, 1], satisfying the following
properties:

(i) Λ is normal, that is, there exists z0 ∈ R
n such that Λ(z0) = 1,

(ii) Λ is fuzzy convex, that is, for 0 ≤ λ ≤ 1

Λ
(

λz1 + (1 − λ)z2

)

≥ min {Λ(z1), Λ(z2)} , for any z1, z2 ∈ R
n,

(iii) Λ is upper semicontinous on R
n,

(iv) [Λ]0 = cl{z ∈ R
n : Λ(z) > 0} is compact, where cl denotes the closure in (Rn, |.|).

Then FRn is called the space of fuzzy number. For α ∈ (0, 1], we denote [Λ]α = {z ∈ R
n|Λ(z) ≥ α} and

[Λ]0 = {z ∈ R
n|Λ(z) > 0}. From the conditions (i) to (iv), it follows that the α − level set of Λ, [Λ]α, is

a nonempty compact interval, for all α ∈ [0, 1] and any Λ ∈ FRn .
The notation [Λ]α = [Λ(α), Λ(α)], denotes explicitly the α − level set of Λ, for α ∈ [0, 1]. We refer to
Λ and Λ as the lower and upper branches of Λ, respectively. For Λ ∈ FRn , we define the lengh of the
α − level set of Λ as len([Λ]α) = Λ(α) − Λ(α). For addition and scalar multiplication in fuzzy set space
FRn , we have [Λ1 + Λ2]α = [Λ1]α + [Λ2]α, [λΛ]α = λ[Λ]α.
The Hausdorff distance between fuzzy numbers is given by

D∞

(

Λ1, Λ2

)

= sup
0≤α≤1

{

|Λ1(α) − Λ2(α)|, |Λ1(α) − Λ2(α)|
}

,

= sup
0≤α≤1

DH

(

[Λ1]α, [Λ2]α
)

.

The metric space (FRn ,D∞) is complet metric space and the following properties of the metric D∞ are
valid.

D∞

(

Λ1 + Λ3, Λ2 + Λ3

)

= D∞

(

Λ1, Λ2

)

,

D∞

(

λΛ1, λΛ2

)

= |λ|D∞

(

Λ1, Λ2

)

,

D∞

(

Λ1, Λ2

)

≤ D∞

(

Λ1, Λ3

)

+ D∞

(

Λ3, Λ2

)

,

for all Λ1, Λ2, Λ3 ∈ FRn and λ ∈ R
n.

Definition 2.1. [1] The metric D on C
(

J,FRn

)

is given by

D
(

Λ1, Λ2

)

= sup
0≤t≤T

D∞

(

Λ1(t), Λ2(t)
)

.

Remark 2.2.
(

C(J,FRn), D
)

is a complete metric space.
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Definition 2.3. [1] • The derivative v′(t) of a fuzzy processus u is defined by

[v′(t)]
α

= [(vα)′(t), (vα)′(t)] ,

provided that the equation define a fuzzy set u′(t) ∈ FRn .

• The fuzzy integral
∫ b

a
v(t)dt, a, b ∈ [0, T ] is defined by

[

∫ b

a

v(t)dt

]α

=

[

∫ b

a

vα(t)dt,

∫ b

a

vα(t)dt

]

,

provided that the Lebesgue integral on the right hand side exist.

Definition 2.4. [1] A mapping f : J −→ FRn is strongly measurable if for all α ∈ [0, 1] the set-valued
function Fα : J −→ K(Rn) defined by Fα(t) = [f(t)]α is Lebesgue measurable when K(Rn) has the
topology induced by the Hausdorff metric.

Definition 2.5. [1] • A mapping f : J −→ FRn is called level wise continuous at t0 ∈ J if the multivalued
mapping Fα(t) = [f(t)]α is continuous at t = t0 with respect to the Hausdorff metric for all α ∈ [0, 1].
• A mapping f : J −→ FRn is said to be integrably bounded if there is an integrable function g(t) such
that ‖y(t)‖ ≤ g(t) for every y(t) ∈ F0(t).
• A strongly measurable and integrably bounded mapping f : J −→ FRn is said to be integrable over J if
∫ T

0
f(t)dt ∈ FRn .

Remark 2.6. If f : J −→ FRn is strongly measurable and integrably bounded, then f is integrable.

Let
〈

.
〉

: Rn −→ FRn denote the embedding of Rn into FRn , i.e. for r ∈ R
n we have

〈

r
〉

(a) =

{

1 , if a = r,

0 , if a 6= r.

Remark 2.7. It is easy to see that if y : Ω −→ R
n is an R

n-valued random variable on a probability
space (Ω,A,P), then

〈

y
〉

: Ω −→ FRn is a fuzzy random variable. For stochastic processes we have a
similar property.

3. Main results

3.1. Existence and uniqueness result

In this subsection, we show the existence and uniqueness of fuzzy solution for FNSDEs with impulses
given by (1.1) (v ≡ 0).

Definition 3.1. A fuzzy process {y(t), t ∈ J} is said to be solution of System (1.1) if:

(i) y(·) ∈ C
(

J,FRn

)

,

(ii) y(0) = y0,

(iii) for t ∈ J, we have

y(t) =G(t)
[

y0 − f(0, y0)
]

+ f(t, y(t)) +

∫ t

0

AG(t − s)f(s, y(s))ds +

∫ t

0

G(t − s)g(s, y(s))ds

+

〈
∫ t

0

G(t − s)h(s)dBH(s)

〉

+

t
∑

tk=0

G(t − tk)Ik(y(t−
k )). (3.1)
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Let us introduce the following hypotheses.

(H1) Let G(t) ∈ FRn , such that

[

G(t)
]α

=
[

Gα(t), G
α

(t)
]

, G(0) = I,

and Gα, G
α

are continuous such that max{|Gα(t)|, |G
α

(t)|} ≤ M and |AG(t)| ≤ N , ∀t ∈ J.

(H2) The functions f, g : J × FRn −→ FRn are continuous and there exists a finite constants λ, γ > 0
such that

DH

(

[f(t, y(t))]
α

, [f(t, z(t))]
α
)

≤ λDH

(

[y(t)]α, [z(t)]α
)

,

and

DH

(

[g(t, y(t))]
α

, [g(t, z(t))]
α
)

≤ γDH

(

[y(t)]α, [z(t)]α
)

,

for all y, z ∈ FRn and t ∈ J.

(H3) For each y, z ∈ FRn , there exist a constant µ > 0 such that

DH

(

[Ik(y(t−
k ))]α, [Ik(z(t−

k ))]α
)

≤ µDH

(

[y(t)]α, [z(t)]α
)

, k = 1, .., m.

(H4) λ + λNT + (γ + µ)MT < 1.

Theorem 3.2. Suppose that the hypotheses (H1) − (H4) holds, then, for all T > 0, the System (1.1)
(v ≡ 0) has a unique fuzzy solution on J.

Proof: For each y ∈ FRn and t ∈ J, define φ : C(J,FRn) −→ C(J,FRn ) by

φy(t) = G(t)
[

y0 − f(0, y0)
]

+ f(t, y(t)) +

∫ t

0

AG(t − s)f(s, y(s))ds +

∫ t

0

G(t − s)g(s, y(s))ds

+
〈

∫ t

0

G(t − s)h(s)dBH(s)
〉

+

t
∑

tk=0

G(t − tk)Ik(y(t−
k )).

Since Gα, G
α

are continuous, φy : J −→ FRn is continuous, so φ is a mapping from C(J,FRn) into itself.
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Now, for y, z ∈ C(J,FRn), we have:

DH

(

[

φy(t)
]α

,
[

φz(t)
]α
)

= DH

([

G(t){y0 − f(0, y0)} + f(t, y(t)) +

∫ t

0

AG(t − s)f(s, y(s))ds

+

∫ t

0

G(t − s)g(s, y(s))ds +
〈

∫ t

0

G(t − s)h(s)dBH(s)
〉

+

t
∑

tk=0

G(t − tk)Ik(y(t−
k ))

]α

,

[

G(t){y0 − f(0, y0)} + f(t, z(t)) +

∫ t

0

AG(t − s)f(s, z(s))ds

+

∫ t

0

G(t − s)g(s, z(s))ds +
〈

∫ t

0

G(t − s)h(s)dBH(s)
〉

+

t
∑

tk=0

G(t − tk)Ik(z(t−
k ))

]α)

,

= DH

(

[

G(t){y0 − f(0, y0)}
]α

+
[

f(t, y(t))
]α

+
[

∫ t

0

AG(t − s)f(s, y(s))ds
]α

+
[

∫ t

0

G(t − s)g(s, y(s))ds
]α

+
[〈

∫ t

0

G(t − s)h(s)dBH(s)
〉]α

+
[

t
∑

tk=0

G
(

t − tk

)

Ik

(

y(t−
k )
)

]α

,
[

G(t){y0 − f(0, y0)}
]α

+
[

f(t, z(t))
]α

+
[

∫ t

0

AG(t − s)f(s, z(s))ds
]α

+
[

∫ t

0

G(t − s)g(s, z(s))ds
]α

+
[〈

∫ t

0

G(t − s)h(s)dBH(s)
〉]α

+
[

t
∑

tk=0

G(t − tk)Ik(z(t−
k ))
]α
)

,

then:

DH

([

φy(t)
]α

,
[

φz(t)
]α)

≤

∫ t

0

DH

([

AG(t − s)f(s, y(s))
]α

,
[

AG(t − s)f(s, y(s))
]α)

ds

+ DH

([

f(t, y(t))
]α

,
[

f(t, z(t))
]α)

+

∫ t

0

DH

([

G(t − s)g(s, y(s))
]α

,
[

G(t − s)g(s, z(s))
]α)

ds

+ DH

([

t
∑

tk=0

G(t − tk)Ik(y(t−
k ))
]α

,
[

t
∑

tk=0

G(t − tk)Ik(z(t−
k ))
]α)

,

≤

∫ t

0

∣

∣

∣
AG(t − s)

∣

∣

∣
DH

([

f(s, y(s))
]α

,
[

f(s, z(s))
]α)

ds + λDH

([

y(t)
]α

,
[

z(t)
]α)

+

∫ t

0

∣

∣

∣
G(t − s)

∣

∣

∣
DH

([

g(s, y(s))
]α

,
[

g(s, z(s))
]α)

ds

+
t
∑

tk=0

∣

∣

∣
G(t − tk)

∣

∣

∣
DH

([

Ik(y(t−
k ))
]α

,
[

Ik(z(t−
k ))
]α)

,

≤ λN

∫ t

0

DH

([

y(s)
]α

,
[

z(s)
]α)

ds + λDH

([

y(t)
]α

,
[

z(t)
]α)

+ γM

∫ t

0

DH

([

y(s)
]α

,
[

z(s)
]α)

ds + µMDH

([

y(t)
]α

,
[

z(t)
]α)

,
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therefore:

D∞

(

φy(t), φz(t)
)

= sup
0≤α≤1

DH

([

φy(t)
]α

,
[

φz(t)
]α)

≤ λ sup
0≤α≤1

DH

([

y(t)
]α

,
[

z(t)
]α)

+ λN

∫ t

0

sup
0≤α≤1

DH

([

y(s)
]α

,
[

z(s)
]α)

ds

+ γM

∫ t

0

sup
0≤α≤1

DH

([

y(s)
]α

,
[

z(s)
]α)

ds + µM sup
0≤α≤1

DH

([

y(t)
]α

,
[

z(t)
]α)

,

≤ λD∞

(

y(t), z(t)
)

+ λN

∫ t

0

D∞

(

y(s), z(s)
)

ds

+ γM

∫ t

0

D∞

(

y(s), z(s)
)

ds + µMD∞

(

y(t), z(t)
)

,

or we have

D
(

φy, φz
)

= sup
0≤t≤T

D∞

(

φy(t), φz(t)
)

,

then:

D
(

φy, φz
)

≤ λ sup
0≤t≤T

D∞

(

y(t), z(t)
)

+ λN

∫ t

0

sup
0≤s≤T

D∞

(

y(s), z(s)
)

ds

+ γM

∫ t

0

sup
0≤s≤T

D∞

(

y(s), z(s)
)

ds + µM sup
0≤t≤T

D∞

(

y(t), z(t)
)

,

≤
(

λ + λNT + (γ + µ)MT
)

D
(

y, z
)

.

So, by the hypotheses (H4), φ is a contraction mapping. Hence, by Banach fixed point theorem, the
fuzzy neutral stochastic differential equations (1.1) has a unique fixed point y ∈ C(J,FRn ). �

3.2. Controllability result

In this subsection, we state the controllability result for fuzzy neutral stochastic differential equations
with impulses given by (1.1) by using Banach fixed point theorem.

Definition 3.3. [12] The System (1.1) is said to be controllable on J, if there exist a fuzzy control
function v(t) such that a fuzzy solution y(t) of (1.1) satisfies y(T ) = y1, i.e. [y(T )]α = [y1]α, where
y1 ∈ FRn is a target set.

Defined the fuzzy mapping W : P (R) −→ FRn by

W(v) =

{
∫ T

0
G(T − s)v(s)ds , v ⊂ Γv,

0 , otherwise,

where Γv is the closure of support v and P (R) is a nonempty fuzzy subset of R. Then, the α-level of W
is given by

W
α(v) =

∫ T

0

Gα(T − s)v(s)ds, v(s) ∈ [vα(s), v1(s)],

W
α

(v) =

∫ T

0

G
α

(T − s)v(s)ds, v(s) ∈ [v1(s), vα(s)].
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We assume that W,W are bijective mappings. Hence, We can introduce α-level set of v(s) given by:

[v(s)]α = [vα(s), vα(s)],

=

[

(Wα)−1
(

yα

1
− Gα(T )

{

y0
α − fα(0, y0)

}

−

∫ T

0

AαGα(T − s)fα(s, yα(s))ds

− fα(T, yα(T )) −

∫ T

0

Gα(T − s)gα(s, yα(s))ds −

∫ T

0

Gα(T − s)hα(s)dBH(s)

−
T
∑

tk=0

Gα(T − tk)Iα
k (yα(t−

k ))
)

, (W
α

)−1
(

yα
1 − G

α
(T )

{

y0
α − f

α
(0, y0)

}

−

∫ T

0

A
α

G
α

(T − s)f
α

(s, yα(s))ds − f
α

(T, yα(T )) −

∫ T

0

G
α

(T − s)gα(s, yα(s))ds

−

∫ T

0

G
α

(T − s)h
α

(s)dBH(s) −

T
∑

tk=0

G
α

(T − tk)I
α

k (yα(t−
k ))
)

]

.
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Then, substitute this expression into the Eq. (3.1) yields α-level of y(T ), we get

[

y(T )
]α

=

[

G(T )
[

y0 − f(0, y0)
]

+ f(T, y(t)) +

∫ T

0

AG(T − s)f(s, y(s))ds

+

∫ T

0

G(T − s)g(s, y(s))ds +

〈
∫ T

0

G(T − s)h(s)dBH(s)

〉

+
T
∑

tk=0

G(T − tk)Ik(y(t−
k )) +

∫ T

0

G(T − s)W−1

(

y1 − G(T )[y0 − f(0, y0)]

− f(T, y(t)) −

∫ T

0

AG(T − s)f(s, y(s))ds −

∫ T

0

G(T − s)g(s, y(s))ds

−
〈

∫ T

0

G(T − s)h(s)dBH(s)
〉

−

T
∑

tk=0

G(T − tk)Ik(y(t−
k ))

)

ds

]α

,

=

[

Gα(T )
{

y0
α − fα(0, y0)

}

+ fα(T, yα(T )) +

∫ T

0

AαGα(T − s)fα(s, yα(s))ds

+

∫ T

0

Gα(T − s)gα(s, yα(s))ds +

∫ T

0

Gα(T − s)hα(s)dBH(s)

+

T
∑

tk=0

Gα(T − tk)Iα
k (yα(t−

k )) +

∫ T

0

G(T − s)(Wα)−1

(

yα

1
− Gα(T )

{

y0
α − fα(0, y0)

}

− fα(T, yα(T )) −

∫ T

0

AαGα(T − s)fα(s, yα(s))ds −

∫ T

0

Gα(T − s)gα(s, yα(s))ds

−

∫ T

0

Gα(T − s)hα(s)dBH(s) −

T
∑

tk=0

Gα(T − tk)Iα
k (yα(t−

k ))

)

ds, G
α

(T )
{

y0
α − f

α
(0, y0)

}

+

∫ T

0

A
α

G
α

(T − s)f
α

(s, yα(s))ds + f
α

(T, yα(T )) +

∫ T

0

G
α

(T − s)gα(s, yα(s))ds

+

∫ T

0

G
α

(T − s)h
α

(s)dBH(s) +

T
∑

tk=0

G
α

(T − tk)I
α

k (yα(t−
k ))

+

∫ T

0

G((T − s))(W
α

)−1

(

yα
1 − G

α
(T )

{

y0
α − f

α
(0, y0)

}

−

∫ T

0

A
α

G
α

(T − s)f
α

(s, yα(s))ds − f
α

(T, yα(T )) −

∫ T

0

G
α

(T − s)gα(s, yα(s))ds

−

∫ T

0

G
α

(T − s)h
α

(s)dBH(s) −

T
∑

tk=0

G
α

(T − tk)I
α

k (yα(t−
k ))

)

ds

]

,
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then, we have

[

y(T )
]α

=

[

Gα(T )
{

y0
α − fα(0, y0)

}

+ fα(T, yα(T )) +

∫ T

0

AαGα(T − s)fα(s, yα(s))ds

+

∫ T

0

Gα(T − s)gα(s, yα(s))ds +

∫ T

0

Gα(T − s)hα(s)dBH(s)

+
T
∑

tk=0

Gα(T − tk)Iα
k (yα(t−

k )) + (Wα)(Wα)−1

(

yα

1
− Gα(T )

{

y0
α − fα(0, y0)

}

− fα(T, yα(T )) −

∫ T

0

AαGα(T − s)fα(s, yα(s))ds −

∫ T

0

Gα(T − s)gα(s, yα(s))ds

−

∫ T

0

Gα(T − s)hα(s)dBH(s) −
T
∑

tk=0

Gα(T − tk)Iα
k (yα(t−

k ))

)

, G
α

(T )
{

y0
α − f

α
(0, y0)

}

+

∫ T

0

A
α

G
α

(T − s)f
α

(s, yα(s))ds + f
α

(T, yα(T )) +

∫ T

0

G
α

(T − s)gα(s, yα(s))ds

+

∫ T

0

G
α

(T − s)h
α

(s)dBH(s) +

T
∑

tk=0

G
α

(T − tk)I
α

k (yα(t−
k ))

+ (W
α

)(W
α

)−1

(

yα
1 − G

α
(T )

{

y0
α − f

α
(0, y0)

}

−

∫ T

0

A
α

G
α

(T − s)f
α

(s, yα(s))ds − f
α

(T, yα(T )) −

∫ T

0

G
α

(T − s)gα(s, yα(s))ds

−

∫ T

0

G
α

(T − s)h
α

(s)dBH(s) −

T
∑

tk=0

G
α

(T − tk)I
α

k (yα(t−
k ))

)]

=
[

yα

1
, yα

1

]

=
[

y1

]α

.

Now, we set

(Πy)(t) = G(t)
[

y0 − f(0, y0)
]

+ f(t, y(t)) +

∫ t

0

AG(t − s)f(s, y(s))ds

+

∫ t

0

G(t − s)g(s, y(s))ds +

〈
∫ t

0

G(t − s)h(s)dBH(s)

〉

+

t
∑

tk=0

G(t − tk)Ik(y(t−
k )) +

∫ t

0

G(t − s)W−1

(

y1 − G(T )[y0 − f(0, y0)]

− f(T, y(t)) −

∫ T

0

AG(T − s)f(s, y(s))ds −

∫ T

0

G(T − s)g(s, y(s))ds

−
〈

∫ T

0

G(T − s)h(s)dBH(s)
〉

−
T
∑

tk=0

G(T − tk)Ik(y(t−
k ))

)

ds, t ∈ J. (3.2)

In the following theorem, the controllability of fuzzy solutions for (1.1) is established.

Theorem 3.4. If the hypotheses (H1) − (H3) are satisfied and λ(1 + NT ) + MT
(

γ + µ + λ − λNT −

γMT − µM
)

< 1, then for all T > 0, the System (1.1) is controllable on J.

Proof: We can easily check that Π is continuous mapping from C(J,FRn) to itself. For y, z ∈ C(J,FRn),
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we have

DH

(

[Πy(t)]α, [Πz(t)]α
)

= DH

([

G(t) {y0 − f(0, y0)}

]α

+

[
∫ t

0

AG(t − s)f(s, y(s))ds

]α

+

[

f(t, y(t))

]α

+

[
∫ t

0

G(t − s)g(s, y(s))ds

]α

+

[〈
∫ t

0

G(t − s)h(s)dBH(s)

〉]α

+

[ t
∑

tk=0

G(t − tk)Ik(y(t−
k ))

]α

+

[
∫ t

0

G(t − s)W−1

(

y1 − G(T ){y0 − f(0, y0)}

− f(T, y(t)) −

∫ T

0

AG(T − s)f(s, y(s))ds −

∫ T

0

G(T − s)g(s, y(s))ds

−

〈
∫ T

0

G(T − s)h(s)dBH(s)

〉

−

t
∑

tk=0

G(T − tk)Ik(y(t−
k ))

)

ds

]α

,

[

G(t){y0

− f(0, y0)}

]α

+

[
∫ t

0

AG(t − s)f(s, z(s))ds

]α

+

[
∫ t

0

G(t − s)g(s, z(s))ds

]α

+

[

f(t, z(t))

]α

+

[〈
∫ t

0

G(t − s)h(s)dBH(s)

〉]α

+

[ t
∑

tk=0

G(t − tk)Ik(z(t−
k ))

]α

+

[
∫ t

0

G(t − s)W−1

(

y1 − G(T ){y0 − f(0, y0)} − f(T, z(t)) −

∫ T

0

AG(T − s)f(s, z(s))ds

−

∫ T

0

G(T − s)g(s, z(s))ds −

〈
∫ T

0

G(T − s)h(s)dBH(s)

〉

−
t
∑

tk=0

G(T − tk)Ik(y(t−
k ))

)

ds

]α)

,

≤ λDH

(

[y(t)]α, [z(t)]α
)

+ λN

∫ t

0

DH

(

[y(s)]α, [z(s)]α
)

ds

+ γM

∫ t

0

DH

(

[y(s)]α, [z(s)]α
)

ds + µMDH

(

[y(t)]α, [z(t)]α
)

+ M

∫ t

0

(

λDH

(

[y(t)]α, [z(t)]α
)

− λN

∫ T

0

DH

(

[y(s)]α, [z(s)]α
)

ds

− γM

∫ T

0

DH

(

[y(s)]α, [z(s)]α
)

ds − µMDH

(

[y(s)]α, [z(s)]α
))

ds.
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Therefore,

D∞

(

Πy(t), Πz(t)
)

= sup
0≤α≤1

DH

(

[Πy(t)]α, [Πz(t)]α
)

,

≤ λ sup
0≤α≤1

DH

(

[y(t)]α, [z(t)]α
)

+ λN

∫ t

0

sup
0≤α≤1

DH

(

[y(s)]α, [z(s)]α
)

ds

+ γM

∫ t

0

sup
0≤α≤1

DH

(

[y(s)]α, [z(s)]α
)

ds + µM sup
0≤α≤1

DH

(

[y(t)]α, [z(t)]α
)

+ M

∫ t

0

(

λ sup
0≤α≤1

DH

(

[y(t)]α, [z(t)]α
)

− µM sup
0≤α≤1

DH

(

[y(s)]α, [z(s)]α
)

− λN

∫ T

0

sup
0≤α≤1

DH

(

[y(s)]α, [z(s)]α
)

ds

− γM

∫ T

0

sup
0≤α≤1

DH

(

[y(s)]α, [z(s)]α
)

ds

)

ds,

≤ λD∞

(

y(t), z(t)
)

+ λN

∫ t

0

D∞

(

y(s), z(s)
)

ds

+ γM

∫ t

0

D∞

(

y(s), z(s)
)

ds + µMD∞

(

y(t), z(t)
)

+ M

∫ t

0

(

λD∞

(

y(t), z(t)
)

− λN

∫ T

0

D∞

(

y(s), z(s)
)

ds

− γM

∫ T

0

D∞

(

y(s), z(s)
)

ds − µMD∞

(

y(s), z(s)
)

)

ds.

Hence,

D
(

Πy, Πz
)

= sup
0≤t≤T

D∞

(

Πy(t), Πz(t)
)

≤ λ sup
0≤t≤T

D∞

(

y(t), z(t)
)

+ λN

∫ t

0

sup
0≤s≤T

D∞

(

y(s), z(s)
)

ds

+ γM

∫ t

0

sup
0≤s≤T

D∞

(

y(s), z(s)
)

ds + µM sup
0≤t≤T

D∞

(

y(t), z(t)
)

+ M

∫ t

0

(

λ sup
0≤s≤T

D∞

(

y(t), z(t)
)

− λN

∫ T

0

sup
0≤s≤T

D∞

(

y(s), z(s)
)

ds

− γM

∫ T

0

sup
0≤s≤T

D∞

(

y(s), z(s)
)

ds − µM sup
0≤s≤T

D∞

(

y(s), z(s)
)

)

ds,

≤ λD
(

y, z
)

+ λNT D
(

y, z
)

+ γMT D
(

y, z
)

+ µMD
(

y, z
)

+ MT

(

λD
(

y, z
)

− λNT D
(

y, z
)

− γMT D
(

y, z
)

− µMD
(

y, z
)

)

,

≤

(

λ(1 + NT ) + MT
(

γ + µ + λ − λNT − γMT − µM
)

)

D
(

y, z
)

.

Then, Π is a contraction mapping. So, by Banach fixed point theorem, Eq (3.2) has a unique fixed point
x ∈ C(J,FRn ). Thus, the System (1.1) is controllable on J. �
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4. Example

In this section, we give an example to illustrate our results. let






d
dt

[

y(t) − 3ty3(t)
]

= 2y(t) + 2ty3(t) + v(t) +
〈

h(t)dBH(t)
〉

, t ∈ J,

Ik(y(t−
k )) = 2

2+y(tk) ,

y(0) = 0 ∈ FRn .

(4.1)

Then, we set f(t, y(t)) = 3ty3(t) and g(t, y(t)) = 2ty3(t). Hence, α-level of f is
[

f(t, y(t))
]α

=
[

3ty3(t)
]α

,

=
[

t(α + 2)(yα(t))3, t(4 − α)(yα(t))3
]

, ∀α ∈ [0, 1].

Therefore, we have

DH

(

[

f(t,y(t))
]α

,
[

f(t, z(t))
]α

)

= DH

(

[

t(α + 2)(yα(t))3, t(4 − α)
(

yα(t)
)3]α

,
[

t(α + 2)

(

zα(t)
)3

, t(4 − α)
(

zα(t)
)3]α

)

,

≤ t max
{

(α + 2)|(yα(t))3 − (zα(t))3|, (4 − α)|(yα(t))3 − (zα(t))3|
}

,

≤ 4t
(

(yα(t))2 + yα(t)zα(t) + (zα(t))2
)

max
{

|yα(t) − zα(t)|, |yα(t) − zα(t)|
}

,

≤ K1DH

(

[y(t)]α, [z(t)]α
)

,

where K1 = 4t
(

(yα(t))2 + yα(t)zα(t) + (zα(t))2
)

> 0.

On the other hand, the α-level of g is given by:
[

g(t, y(t))
]α

=
[

2ty3(t)
]α

=
[

t(α + 1)(yα(t))3, t(3 − α)(yα(t))3
]

, ∀α ∈ [0, 1].

Therefore, we get:

DH

(

[

g(t,y(t))
]α

,
[

g(t, z(t))
]α
)

= DH

(

[

t(α + 1)(yα(t))3, t(3 − α)(yα(t))3
]

,
[

t(α + 1)

(zα(t))3, t(3 − α)(zα(t))3
]

)

,

≤ t max
{

(α + 1)|(yα(t))3 − (zα(t))3|, (3 − α)|(yα(t))3 − (zα(t))3|
}

,

≤ 3t
(

(yα(t))2 + yα(t)zα(t) + (zα(t))2
)

max
{

|yα(t) − zα(t)|, |yα(t) − zα(t)|
}

,

≤ K2DH

(

[y(t)]α, [z(t)]α
)

,

where K2 = 3t
(

(yα(t))2 + yα(t)zα(t) + (zα(t))2
)

> 0. And, the α-level of I is given by:

[

Ik(y(t−
k ))
]α

=

[

2

2 + yα(tk)
,

2

2 + yα(tk)

]

, ∀α ∈ [0, 1].

Then, we have:

DH

(

[

Ik(y(t−
k ))
]α

,
[

Ik(z(t−
k ))
]α
)

= DH

(

[ 2

2 + yα(tk)
,

2

2 + yα(tk)

]

,
[ 2

2 + zα(tk)
,

2

2 + zα(tk)

]

)

,

≤ max

{

∣

∣

∣

∣

2

2 + yα(t−
k )

−
2

2 + zα(t−
k )

∣

∣

∣

∣

,

∣

∣

∣

∣

2

2 + yα(t−
k )

−
2

2 + zα(t−
k )

∣

∣

∣

∣

}

,

≤ K3DH

(

[

y(t)
]α

,
[

z(t)
]α
)

,
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where K3 = 2
(2+yα(t

−

k
))(2+zα(t

−

k
))

> 0. Hence, the constants k1, K2, K3 are satisfied the hypotheses (H1)-

(H4). Thus, the conditions of Theorem 3.2 are satisfied. Therefore, Systeme (4.1) has a unique fuzzy
solution.
Now, we examine the controllability result, then, let’s consider the target state y1 = 3 ∈ FRn .

[

v(s)
]α

=
[

vα(s), vα(s)
]

,

=

[

(Wα)−1
(

(α + 2) − T (α + 2)yα(T ) −

∫ T

0

G(α + 1)Gα(T − s)(α + 2)yα(s)ds

−

∫ T

0

sGα(T − s)(α + 1)yα(s)ds −

∫ T

0

Gα(T − s)hα(s)dBH(s)

− 2

t
∑

tk=0

Gα(T − tk)

2 + yα(t−
k )

)

, (W
α

)−1
(

(4 − α) − T (4 − α)yα(T )

−

∫ T

0

G(3 − α)G
α

(T − s)(4 − α)yα(s)ds −

∫ T

0

sG
α

(T − s)(3 − α)yα(s)ds

−

∫ T

0

G
α

(T − s)h
α

(s)dBH(s) − 2

t
∑

tk=0

G
α

(T − tk)

2 + yα(t−
k )

)

]

.

Further, by remplacing the above derived values into the integral equation with respect to System (4.1),
we obtain [y(T )]α = [3]α. Hence, all conditions of Theorem 3.4 are fulfilled. Therefore, the System (4.1)
is controllable.

5. Conclusion

In this work, we have proved the existence, uniqueness and controllability results for FNSDEs with
impulses via Banach fixed point analysis approach and using the fuzzy numbers whose values are normal,
upper semicontinuous, convex and compact.

Data Availability

The data used to support the findings of this study are available from the corresponding author upon
request.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

References

1. Acharya, F., Kushawaha, V., Panchal, J., Chalishajar, D., Controllability of Fuzzy Solutions for Neutral Impulsive
Functional Differential Equations with Nonlocal Conditions. Axioms, 10, 84, (2021).

2. Ahmed, H. M.,Approximate controllability of impulsive neutral stochastic differential equations with fractional Brown-
ian motion in a Hilbert space. Advances in Difference Equations, 2014:113, (2014).

3. Ahmed, H. M.,Controllability of impulsive neutral stochastic differential equations with fractional Brownian motion.
IMA Journal of Mathematical Control and Information Page 1 of 14, (2014).

4. Ahmed, H. M.,Boundary controllability of nonlinear fractional integrodifferential systems. Adv. Differ. Equ, Article ID
279493, (2010).

5. Ahmed, H. M.,Controllability of fractional stochastic delay equations. Lobachevskii J. Math. 30, 195-202, (2009).

6. Arhrrabi, E., Elomari, M., Melliani, S., Chadli, L. S., Existence and Stability of Solutions of Fuzzy Fractional Stochastic
Differential Equations with Fractional Brownian Motions, Advances in Fuzzy Systems, vol. 2021, Article ID 3948493,
9 pages, (2021).

7. Balachandran, K., Sakthivel, R.,Controllability of integrodifferential systems in Banach spaces. Appl. Math. Comput.
118, 63-71, (2001).



14 E. Arhrrabi, M. Elomari, S. Melliani and L. S. Chadli

8. Benchohra, M., Henderson, J., Ntouyas, SK.,Existence results for impulsive multivalued semilinear neutral functional
inclusions in Banach spaces. J. Math. Anal. Appl. 263, 763-780 (2001).

9. Bogdan, P., Marculescu, R.,Towards a science of cyber-physical systems design. In: Proc. 2nd ACM/IEEE Int’l Conf.
Cyber-Physical Systems, pp. 99-108. IEEE Comput. Soc., Los Alamitos (2011).

10. Bogdan, P.,Implantable pacemakers control and optimization via fractional calculus approaches: a cyber-physical sys-
tems perspective. In: Proceedings of the IEEE/ACM Third International Conference on Cyber-Physical Systems (IC-
CPS’12) (2012).

11. Boufoussi, B., Hajji, S., Neutral stochastic functional differential equations driven by a fractional Brownian motion in
a Hilbert space. Statistics and Probability Letters 82 1549–1558, (2012).

12. Bouzahir H., Fu X.,Controllability of neutral functional differential equations with infinite delay, Acta Mathematica
Scientia, Volume 31, Issue 1, Pages 73-80, (2011).

13. Chalishajar, D. N., and Ramesh, R.,Controllability for impulsive fuzzy neutral functional integrodifferential equations.
AIP Conference Proceedings 2159, 030007 (2019).

14. Fu, X.,Controllability of abstract neutral functional differential systems with unbounded delay. Appl. Math. Comput.
151, 299-314 (2004).

15. Klamka, J.,Stochastic controllability of systems with multiple delays in control. Int. J. Appl. Math. Comput. Sci. 19(1),
39-47 (2009).

16. Narayanamoorthy, S., and Sowmiya, S,.Approximate controllability result for nonlinear impulsive neutral fuzzy stochas-
tic differential equations with nonlocal conditions, Advances in Difference Equations 2015:121, (2015).

17. Sakthivel, R., Ganesh, R., Suganya, S.,Approximate controllability of fractional neutral stochastic system with infinite
delay. Rep. Math. Phys. 70, 291-311 (2012).

18. Sakthivel, R., Mahmudov, N. I., Kim, J. H.,Approximate controllability of nonlinear impulsive differential systems.
Rep. Math. Phys. 60, 85-96 (2007).

19. Sakthivel, R., Nieto, J., Mahmudov, N. I.,Approximate controllability of nonlinear deterministic and stochastic systems
with unbounded delay. Taiwan. J. Math. 14(5), 1777-1797 (2010).

20. Park, J. H., Park, J. S., Ahn, Y.C., Kwun, Y. C., Controllability for the impulsive semilinear fuzzy integrodifferential
equations, Advances in Soft Computing. 40, 704–713, (2007).

Elhoussain Arhrrabi,

Laboratory of Applied Mathematics and Scientic Calculus,

Sultan Moulay Sliman University,

Morocco.

E-mail address: arhrrabi.elhoussain@gmail.com

and

M’hamed Elomari,

Laboratory of Applied Mathematics and Scientic Calculus,

Sultan Moulay Sliman University,

Morocco.

E-mail address: m.elomari@usms.ma

and

Said Melliani,

Laboratory of Applied Mathematics and Scientic Calculus,

Sultan Moulay Sliman University,

Morocco.

E-mail address: s.melliani@usms.ma

and

Lalla Saadia Chadli,

Laboratory of Applied Mathematics and Scientic Calculus,

Sultan Moulay Sliman University,

Morocco.

E-mail address: sa.chadli@yahoo.fr


	Introduction
	Preliminaries
	Main results
	Existence and uniqueness result
	Controllability result

	Example
	Conclusion

