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The Multiplicity of Solutions for a Critical Problem Involving the Fracional p-Laplacian
Operator

Djamel Abid, Kamel Akrout and Abdeljabbar Ghanmi

ABSTRACT: This paper deals with the existence of multiple solutions for the following critical fractional
p-Laplacian problem

(—A)su() = AulP =2 u + f(z,0) + pg(, w) in ,u >0,
u=0onR"\Q,

where p > 1, s € (0,1), Q C R™(n > ps), be a bounded smooth domain, A, p are positive parameters and the
functions f, g : Q% [0,00) — [0, 00), are continuous and differentiable with respect to the second variable. Our
main tools are based on variational methods combined with a classical concentration compacteness method.

Key Words: Nehari manifold, Fibering maps, Ekland’s variational principle, Multiplicity of solu-
tions.
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1. Introduction

Let p > 1, s € (0,1) and let Q be a smooth bounded domain in R™(n > ps). In this paper, we study
the existence of at least three nontrivial solutions for the following fractional p-Laplacian problem
(—A) u(x) = Aa(z) w2 u+ f(z,u) + pg(z,u) in Qu >0,
(1.1)
u=0onR"\Q,

where A and p are positive parameters, the functions f,g:Q xR — R, and a : Q — R are continuous,
(—=A), is a nonlocal operator which is defined‘, up to normalization factors, by the Riesz potential as

_ p—2 _
(=A)yu(r) = 2lim [ul@) = u(y)] ]\(ﬁ(f) u(y))dy, x €,
=0 Jo\B, (x) |z — y|[N+P:
where B.(z) := {y € Q: |z —y| < €}. Note that, in [3,10], the eigenvalue problem associated with the
fractional nonlinear operator (—A); was studied, and particularly some properties of the first eigenvalue
A1 were obtained. We refer to [3,10,20,21] for more details on nonlocal fractional operators.

Problems like (1.1) are naturally arise in many different contexts, such as, among the others, the thin
obstacle problem, optimization, finance, conservation laws, ultra relativistic limits of quantum mechanics,
quasi-geostrophic flows, materials science and water waves. For more details, we can see [20,21].

When p = 2, (1.1) becomes an elliptic problem involving a linear fractional Laplacian, and when s gets
close to 1, problem (1.1), becomes an elliptic problem involving the p-Laplace operator div(|Vu|P~2Vu)).
Recently, a great deal of attention has been focused on studying problems involving these type of operators
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see for example [5,10,11,12,15,18,19]. Precisely, in [12], Ghanmi studied the following fractional p-
Laplacian problem
(=AY u(z) = f(z,u) + Aa(z) |u|"?u, in Qu >0,

u=0onR"\Q.

Under appropriate conditions, and using the decomposition of the Nehari manifold, the author proved
that the above non-local elliptic problem has at least two nontrivial solutions.
In [16], using the Nehari manifold method, Kratou, studied the following elliptic problem

—(A)u(@) = f(@) [ul " u+ Ag(a) [ul " u, in ©,
u=0onR"\Q.

Under adequate assumptions on the sources terms f and g, the author established the existence of three
solutions: one is positive, one is negative and the other changes sign.

In order to precisely state our result, we introduce the assumptions on the functions f and g. We suppose
that, there exist positive constants «; and 3, for i = 1,2, 3,4 such that

. 1 . -
min(aq, f1) < max(ai, f;) < pr— < p < min(as, f5) < max(asg, 8y) < min(p}, o, By).

Moreover, for any u € LP (), we have

043HUHLP t(9) < ozg/QF(x u)dx < / flz,u)udzx < 041/ fu(z, u)u?de < OZ4HUHLP 1) (1.2)

and

g(z, u)udx < Bl/ﬂgu(x,u)uzdx < Ballull Loy (1.3)

Bllultq < B /Q Glaujde < [

Q

for some g with p < ¢ < p%. Where
* np
ps = .
n— sp

{ F(x,u) = fOZf(a:,s)ds
G(z,u) = [y g(z,s)ds

Our main result of this paper is the following theorem.

and F, G are defined by

Theorem 1.1. If Equations (1.2), and (1.3) hold, then there exists p* > 0, such that for every X € (0, \1)
and p > p*, problem (1.1) admits three different nontrivial solutions. Moreover, these solutions are, one
negative, one positive and the other has non-constant sign.

The rest of this paper is organized as follows: in Section 2, we introduce the functional settings of
problem (1.1), and we study the Nehari manifold and fibering map analysis. Section 3, is devoted to the
proof of Theorem 1.1.

2. Functional analytic settings and Nehari manifold analysis

In this section, we briefly recall some definitions and basic properties of the fractional Sobolev spaces.
After that, we define the Nehari manifold sets and we discuss the relationship between fibering maps and
the Nehari manifold.

For any 1 > ¢ > oo, We denote the usual norm of L(€2) by |u|,. Moreover, for each 0 < s <1 < p < 00,
and for all measurable function u : RY — R, we define the Gagliardo seminorm which is defined by

) )P\
sp = </ it n+p8| dz dy) . (2.1)
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The fractional Sobolev space

W*P(R™) = {u is measurable in L”(R™) : [u],, < 0o},

|u(z) —u(y)l” )%
ulf + dxzd .
H Hsp <| | /Rzn |x_y|n+ps Yy

In the rest of this paper, we shall work in the following space

is equipped with the norm

Xo={ue W*P(R"):u=0forae. ze€R"\Q}. (2.2)
As we can see in ([21], Theorem 7.1), X, can be equivalently equipped by setting

[ull = [u]s,p-

It is well known(see [21,23]), that X is a uniformly convex and separable Banach space. Moreover, the
embedding Xy — L7(Q) is compact for any 1 < o < p% and continuous for each 1 < o < p*. Moreover,
from [14], the fractional p-Laplacian is redefined variationally as the nonlinear operator from X into its
dual X, which is defined, for all u,v € Xy, by

—u@)|”% (u(x) —u v(z) —v
= [ B ) ) =),

Definition 2.1. We say that u € Xy, is a weak solution of problem (1.1), if for all v € Xy, we have the
following weak formulation

(2.3)

= /\/ x)|ulP~ 2uvdx—|—/ flz,u)v )dm—|—,u/ g(x,uw)v(x)dz.
Associated to the problem (1.1), we define the functional ® , : Xo — R, as
1
Bau0) = 3 A u) = B (1) = uC (w). (2.4)

where
A(u) = [Jul|P = )\/ a(x)|ulPdr; B(u) = / F(z,u)dz, and C (u / G(z,u)d
Q Q
It is not difficult to prove that ® is of class C'', moreover, for any u,v € Xo, we have
<(I)/>\,u (u),v) = (T (u),v) — / a(x)|ulP™ 2uvdw—/ [z, u)v(x)de — /g(x,u)v(m)dw.
Q Q
So, according to Definition 2.1, we can see that, critical points of the functional ® correspond to solutions
for the problem (1.1).
To prove the main result of this paper, we will use the same aproach as in [24]. That is, we will constact

three disjoint sets K, Ko and K3 not containing 0 such that ®, , has a critical point in K;. These sets
will be subsets of the following C'! manifolds

M1:{UEXO:/Qqu>OandA(u+)—/Qf(x,u)qu—,u/Qg(x,u)quzO},

Mgz{ueXO:/Qu >0 and A(u /fxu —u/ g(z, u)u_ :0},

Mz = M; N Mo,

and

where vy = max{u, o0}, u_— = max{—u,0} are the negative and positive parts of .
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Lemma 2.2. For every wy € Xo,wo > 0, (wo < 0), there existst,, > 0 such that t,,wy € M, (t,wo € Ms).
Moreover, lim t,, = 0. In particular, if wo > 0 and w1 < 0, are two functions in Xo with disjoint supports,
H—>00

then, there exist t;“tu > 0 such that t;two +t,wy € Ms. Moreover t;t and t, tend to zero as p tends to
nfinity.

Proof. For w € Xg, we put

o(w) = Aw) = | fa.wpwds —p [ gl wywde.

Let wy > 0. We will prove that ¢(t,wo) = 0 for some ¢, > 0.
Using conditions (1.2) and (1.3), for ¢t > 0, we get

o(twy) = A(two)—/Qf(x,two)twodx—,u/ﬂg(x,two)twodx

> P A(wg) — agths

woy: — Byt wol,
and

B(two) < P A(wo) — astPs |wy g — pBtwold.

We can easily see that for all u € Xy. If A < Ay, then

(1= 5 ) lulP < A0 < (25)

1

Therefore, the fact that p < ¢ < p%, implies that ¢(twy) is negative for ¢ large enough, and positive for ¢
small enough . Consequently, by Bolzano’s theorem, there exists ¢, > 0, such that ¢(t,wo) = 0. On the
other hand, we have

P(twog) < P A(wo) — pBst|wol?
A('w()) _
< tpuﬁ |’LU()|q (7_254 P
SN B3 lwol§
So, we can choose t,, such that
1
A =
0<t, < (&)q) . (2.6)
1Bs|wolg
Finally, from (2.6), we can see that t, — 0 as u — +o0o. This completes the proof of Lemma 2.2. O

Put
Klz{’U,EMll’U,ZO},KQZ{UEMQZUSO}, and K3 = Ms;.

Lemma 2.3. For every u € K;,i=1,2,3, we have

P < (1 - %)1 </Qf(x,u)udx—|—u/gg(x,u)udx), (2.7)
and

(% - m) (/Q f(x,u)udx—l—,u/ﬂg(x,u)udx) < Py p(u) < (% + M) [[ul[”(2.8)

Proof. Let u € K;. Then, from the definition of K;, we have

Au) :Af(x,u)udx—i—u/ﬂg(x,u)udx. (2.9)
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So, from (2.5), we get

lullP < <1——> </ @) udx+u/ (x,u)udw).

This establishes inequality (2.7). On the other hand, Now, by combining Equations (1.2) and (1.3) with
(2.9), we obtain

B(u) + pC(u) < m </ flz,u udx—|—u/ (x,u)udx) .
So

Byp(u) = %AW%%BWHw@Wﬂ

<%_m> </fxuudx+u/ (x,u)ud;v).

This proves the first inequality in (2.8). On the other hand, from (1.2), (1.3), we obtain

Y

Dy, (u) < %A(u)—l—aiz/f(x,u)udx—i—ﬁﬁ/ﬂg(x,u)udx

< %A()—i—max(a )(/fxuudx—i—u/ (x,u)udw)

< %A(u)—i— m (/ flz,u) udx—l—u/ (x,u)udx) .
Therefore, from (2.5) and (2.9), we get

1 1 1 1
e Au<(—+f————>ua
() (p mm(@mﬁz)) (®) p  min(az,3,y) Il
This finishes the proof U

Lemma 2.4. There exists ¢ > 0 such that,

lu—ll > ¢ forall ue Ky
lutl] > e forall ue Ky
>

min(||u—|, [Jus]) ¢, for all uwe Ks

Proof. Let u € K;, then, from Equations (1.2), (1.3) and the Sobolev embedding, we have

Aluy) = /Qf(x,ui)uidx—|—u/ﬂg(x,ui)uidx

IN

i Baplus|d

Pi o Byeallug .

IN

yC HU:I:

for some positive constants ¢; and cs.

Now, from (2.5), one has
A
1- = r<(
(1= 5 ) husl <

Since 0 < A < A1 and p < ¢ < pi, then, the result of Lemma 2.4 follows immediately from Equation
(2.10). O

4 /34@”%”(1) . (2.10)
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Lemma 2.5. There exists | > 0 such that, for every u € Xy, we have
() = ul?,

provided that ||u|| is small enough.

Proof. Let u € Xg, then, by combining Equations (1.2) and (1.3) with (2.5), we get

1
Oy pu(u) = ]—)A(u)—B(u)—uC(u)
1 A ag pr Bap
> (1= =) ullP — —=|ult: — —==|ul?
> (15 ) Tl - S - S
1 A croy « CofSup
> — 1= — ) |l — —|ul|Ps — ==—]ul|?
> (15 )l = S - 2
1 A “
>l (_ (1 _ _> G0y in @ﬁ_w”u”qp) ,
p A (€] Ba

Since 0 < A < A1 and p < ¢ < p%. Then, from the above inequality, we see that for ||u|| small enough, we
have

D(u) = Ufull”,

for some positive constant [. 1

Now we introduce lemma for describing the properties of the manifolds M;

Lemma 2.6. M;, is a C' sub-manifold of Xo of co-dimension 1 (i =1,2) and of co-dimension 2 for
i1 = 3. The sets K; are complete. Moreover, for every u € M; we have the direct decomposition

T.Xo =T,M; @ span (u_,u4),

where T, M is the tangent space at w of the banach manifold M. Finally, the projection onto the first
component in this decomposition is uniformly continuous on bounded sets of M.

Mlz{uEXO:/u+dx>O}.

Q

Mg:{ueXO:/u_dx>0}.
Q

Mg = Ml ﬁMg.

Proof. Let us denote

We see that M; C M;. The set M; is open in Xy, than it will be enough to prove that M; is C! sub-
manifold of M;. In order to do this, we have to construct a C'-functions ¢, : M; — R¢ with d = 1 for
i=1,2and d = 2 for i = 3 and we will get M; = ¢; ' (0), where 0 is regular value of ¢,. First we define

o (u) = Alug) — /Q flx,w)upde — u/ﬂg(x,u)m.dm for u € M,

do(u) = Alu-) — /Q flz,uw)u_de — ,u/ﬂg(x,u)u_dx for u € My,

p3(u) = (¢ (uv), ¢ (u)) for u e Ms.
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We can easly see that M; = ¢; '(0). From standard arguments see [4], ¢; is of class C''. Therefore, we
just need to prove that 0 is a regular value for ¢,. Let u € M, then we have

@) = v = [ feuds = [ o= [ gleaude =g [ gueaidde

pA(u+)—/Q <1+ail) f(x,u)u+dx+u<1+ﬁil> /Qg(x,u)qudx

< pAfuy) — <1+m> (/Qf(a:,u)qudx—l—u/ﬂg(x,u)mrdx)

(p— - m> Ay

The fact that max(ay, ;) < p%l, implies that (¢ (u),us) < 0. Therefore, M; is a C! sub-manfold of
X. The same arguments are used to prove that My and M3, are C* sub-manfold of X.

Now, we will prove that K; is complete,

Let uy be a Cauchy sequence in Kj, then up — w in X. Moreover (ux)+ — (u)f in X. Moreover, from
Lemma 2.4, we can deduce that u € K;. Finally, we have the decomposition

IA

A

T,X =T,M; @ span (uy),

where
My ={u: ¢y (u) =0} and T,M; = {v: (¢}(u),v) =0}.

Put
(01 (u),v)

(@1 (), ug)’
and let v € T,, Xy be unit tangential vector, then, we can write v = v +vs where vo = yuy and v; = v—wvs.
Moreover, it is clear that v; € T, M7, and (¢} (u),v1) = 0. The same arguments are used to show that

T.X =T,M, @ span{u_), and T, X =T, M3 @ span (u_,uy).

The proof of Lemma 2.6 is now completed. O

Lemma 2.7. The unrestricted functional @y, verifies the palais-Smale condition for energy level

s [y wT A\7 n
< S (% A R 2.11
<2 (2) 7 (1-1) " s (2.11)

where Sy, is the best Sobolev constant which is given by

Ilvli%,

1mn —_— .
vexo\{o} [[v]® -

= (2.12)

Proof. Let {ux} C Xo be such that
Py u(ur) = ¢, and @)  (up) — 0, as k — oo.

We need to prove that {u} have a convergent sub-sequence.
From Lemma 2.3, we see that {ux} is bounded in X,. Then, up to a sequence, still denoted by {uy},
there exists u, € Xo such that

U — Uy, weakly in Xj.

So immediately, we have
A(ug) = A(uy), as k — oc.



8 D. ABID, K. AKROUT AND A. GHANMI

Moreover, by [23], [lemma 8], as k — oo, we get

up — Uy, weakly in LPs (R™),
Uk — Uy, strongly in L™HL(R™),
U — Uy, a.e. in R™.

On the other hand, from Theorem IV-9 in [4], there exists [ € L™ T*(R™), such that:
lug(z)] <l(x) in R".
Therefore,the dominated convergence theorem, implies that
C(ug) — C(us), as k — oo.
Now, by using Brezis-Lieb lemma [26], we obtain
A(ur) = A(up —us) + A(uy) + o(1),
B(ug) = B(ur—ux)+ B(us)+o(1).
From the above equations, one has
(@Y . (uk), uk>X0 = Al(uk) —psB (ug) — pgC (ux)
= Al — ) + A(w) — 2B (ug — 1) + B () — 1gC (ug) + o(1)
= <J§\7H(u*),u*>xo + A(ug — us) — piB (ur — uy) .

Since <<I>'>\,H(u*), u*>X =0, and <<I>’>\’H(uk), uk>X — 0 as k — oo, then, we obtain
0 0
lim A(up —u.) = lim piB (ur — us) :=b. (2.13)
k—o0 k—r o0

If b = 0, then the proof is completed. So we assume that b > 0. From (2.5), we have

* Qg _% A R
_ < 4 _ - —u,
P < 25,7 (1) 7 (A - )

=%

By letting k tends to infinity, we get

On the other hand, we have

)
Il

i <%A (ur) = B (ux) — uC (uk)>

= lim <1A(uk —uy) — B (ur — uy) — %A (us) — B (uy) — uC(uk)> +o(1)

k—oc0 \ P

1 1
= &y, (uy) +b(———
A,u( ) (p p;)

s (o 7 AP
> Dy (u) + = [ pr 1— =) sp.
- A:H(u )+ n (a2ps> ( )\1> p

By the assumption that ¢ < 2 (%p:) =i (1 - )\—Al) " 8p7, we obtain @) ,(u.) < 0. In particular, u, # 0,
and

B (uy) > %A (us) — pC (us) . (2.14)
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So
= lim ® = 1l D ! ol
¢ = lim aplug) = i aplur) — ]—)< /\7#(“’“)’“’“>x0
= lim (B - 1)(B (e — w) + B () — p(E=1)C(w)
k—so0" P p
P P—q
= 0 (Blux—u)+ B(u)) - M(T)C (us)
s (prog\ 7 AN mspl q—p
> | 1-—— 5 B * - *
> (BT (1o )T s 4 L s ( ) o)
s [y ot A\ =
> — [ —p! 1—— Sy,
Ton <042ps) < /\1) g
which is a contradiction. Hence, b = 0, and ug — u, strongly in X(y. This completes the proof. O

3. Proof of Theorem 1.1

In this section, we will prove the main result of this paper (Theorem 1.1). First of all, we begin by
remark that if u € K is a critical point of the restricted functional ® ,|k,. Then u is also a critical point
of the unrestricted functional ® ,. Which implies that u is a weak solution for problem (1.1).

Lemma 3.1. Ifc satisfies (2.11), then the functional @y ,, defined on K; satifies the Plais-Smale condition
at level c.

Proof. Let (uy) € K; be a sequence such that @y ,(uy) is uniformly bounded and @)  (ur) — 0. Let
vj € Ty; Xo, be a unit tangenttial vector such that

(@) . (ug),v5) = | @, (uj)]|x.

By lemma 2.6, we have that v; = w; + y;, for some w; € T,,; M; and y; € span ((u;)4, (u;)—) -
Since ® ,(u;) is uniformly bounded, then, by lemma 2.3, u; is also uniformly bounded in Xy. So, w; is
uniformly bounded in Xy. Therefore, as j tends to infinity, we get

194 . (ui)llxr = (@Y L (ug) v5) = (@) Ll (), 05) — 0.

as a consequences we get
!
) i (ug) — 0.

Finally, the result follows immediately from Lemma 2.7. t
Now we need to show that the functional ®» |k, satifies the hypothesis of the Ekcland’s Variational
Principle [8]. We have as a direct consequence of the construction of the manifold K; that ®, , is bounded

below over Kj;.
Hence, by Ekeland’s Variational Principle, there existe v;, € K; such that

Dy (Vi) = ci = i£f<1>>\7# and (@ ,lx,) (v)) — 0.
On the other hand, from Lemma 2.2, if 4 is large, then we have

s [ ay ot A\ o
o< S Ypr 1- 2" s
' n<@2ps) < /\1) g

Hence, Lemma 2.7 implies that ®, ,, satisfies the palais smail condition in K; for i = 1,2, 3. Therefore, up
to sub-sequences, there exist u € K1,v € Ko, w € K3 such that, as k tends to infinity, we have v,i — u,
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vi — v, and v} — w.
The fact that K; C M; implies that

/ uydr > 0, / v_dx >0, and / wydr > 0.
Q Q Q

So, u, v and w are nontrivial. On the other hand, since K;, Ko and K3 are disjoint, then, u, v and
w are distinct. Now, since the convergence of vi is strongly, then, u, v and w are critical points of the
functional @) ,,. Finally, the fact that v € Ki,v € Ky, w € K3 , implies that problem (1.1) admits three
nontrivial solutions, moreover these solutions are one positive, one negative and the other change sign.
The proof of Theorem 1.1 is now completed.
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