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Gevrey Class Regularity and Stability for the Debye-Hückel System in Critical

Fourier-Besov-Morrey Spaces
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abstract: In this paper, we study the analyticity of mild solutions to the Debye-Hückel system with small
initial data in critical Fourier-Besov-Morrey spaces. Specifically, by using the Fourier localization argument,
the Littlewood-Paley theory and bilinear-type fixed point theory, we prove that global-in-time mild solutions
are Gevrey regular. As a consequence of analyticity, we get time decay of mild solutions in Fourier-Besov-
Morrey spaces. Finally, we show a blow-up criterion of the local-in-time mild solutions of the Debye-Hückel
system.
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1. Introduction

In this paper, we consider the following Cauchy problem for the Debye-Hückel system in Rn × R+:





∂tv − ∆v = −∇ · (v∇φ) in Rn × (0, ∞),
∂tw − ∆w = ∇ · (w∇φ) in Rn × (0, ∞),
∆φ = v − w in Rn × (0, ∞),
v(x, 0) = v0(x), w(x, 0) = w0(x) in Rn,

(1.1)

where the unknown functions v = v(x, t) and w = w(x, t) denote densities of the electron and the hole in
electrolytes, respectively, φ = φ(x, t) denotes the electric potential, v0(x) and w0(x) are the initial data.
Throughout this paper, we assume that n ≥ 2.

Notice that the function φ is determined by the Poison equation in the third equation of (1.1), and it
is given by

φ = (−∆)−1(w − v) = F
−1(|ξ|−2

F(w − v)), (1.2)

where F is the Fourier transform. So, the system (1.1) can be reduced to the following system:





∂tv − ∆v = −∇ ·
(
v∇(−∆)−1(w − v)

)
in Rn × (0, ∞)

∂tw − ∆w = ∇ ·
(
w∇(−∆)−1(w − v)

)
in Rn × (0, ∞)

v(x, 0) = v0(x), w(x, 0) = w0(x) in Rn.
(1.3)
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Also the system (1.1) can be rewritten as the following equivalent integral system coming from the famous
Duhamel principle: {

v(t) =et∆v0 − B(v, φ)

w(t) =et∆w0 + B(w, φ),
(1.4)

where

B(v, φ) := −

∫ t

0

e(t−τ)∆∇ ·
(
v∇(−∆)−1(w − v)

)
(τ )dτ ,

B(w, φ) :=

∫ t

0

e(t−τ)∆∇ ·
(
w∇(−∆)−1(w − v)

)
(τ )dτ ,

Any solution that satisfies system (1.4) is called a mild solution of the system (1.1).
The Debye-Hückel system (1.1) is scaling invariant in the following sense: if (v, w) solves (1.1)

with the initial data (v0, w0) (φ can be determined by (v, w)), then (vγ , wγ) with (vγ , wγ) (x, t) :=(
γ2v, γ2w

) (
γx, γ2t

)
is also a solution to (1.1) with the initial data

(v0,γ , w0,γ) (x) :=
(
γ2v0, γ2w0

)
(γx) (1.5)

(φγ can be determined by (vγ , wγ)).

Definition 1.1. A critical space for the initial data of the system (1.1) is any Banach space E ⊂ S′ (Rn)
whose norm is invariant under the scaling (1.5) for all γ > 0, i.e.,

‖(v0,γ , w0,γ) (x)‖E ≈ ‖(v0, w0) (x)‖E .

In accordance with these scales, we can show that the space pairs FN
−2+ n

p′ + λ
p

p,λ,q × FN
−2+ n

p′ + λ
p

p,λ,q are
critical for (1.1) (see Remark 2.5 for details).

There is a huge literature on well-posedness for fluid dynamics PDEs with singular data in differ-
ent spaces, where the conditions are taken in norms of critical spaces. For instance, for Navier-Stokes
equations and related models, we have well-posedness results in the critical case of the following spaces:
Lebesgue space Lp [29], Marcinkiewicz space Lp,∞ [40], Sobolev spaces Hs [19], Lei-Lin spaces Xs

[10,9,11], Besov spaces Bs
p,q [41], Triebel-Lizorkin spaces F s

p,q [15], Morrey spaces Mλ
p [30], Besov-Morrey

spaces Ns
p,λ,q [32], Fourier-Besov spaces FBs

p,q [17,25], Fourier-Herz spaces FBs
1,q = Bs

1,q [14], Fourier-

Besov-Morrey spaces FNs
p,λ,q [4,3,2,5,20,1], BMO−1 [31] and pseudomeasure spaces PM [35], among

others.
The system (1.1) has been studied extensively in various function spaces. Karch in [28] established

the proof of existence and uniqueness of global solutions of the system (1.1) for initial data in the Besov
spaces Bs

p,∞ with the condition of −1 < s < 0 and p = n
s+2 . Later, Zhao et al. [43] established the global

and local well-posedness for the system (1.1) in the critical Besov space Ḃ
−2+ n

p
p,r (Rn) with 2 ≤ p < 2n and

1 ≤ r ≤ ∞ (which improved the corresponding results of Karch obtained in [28]). Kurokiba and Ogawa
in [33] obtained similar results for the initial data in critical Lebesgue and Sobolev spaces. Very recently,
Azanzal, Abbassi and Allalou [3] proved that small data global existence and large data local existence of

mild solutions of the system (1.1) in critical Fourier-Morrey-Besov space FN
−2+ n

p′ + λ
p

p,λ,q ×FN
−2+ n

p′ + λ
p

p,λ,q , More
related research can be consulted in [36,37]. It should be noted that for the Navier-Stokes equations,
there is no existence result for initial data in a space with regularity index s < −1. In fact, the nonlinear
term of (1.1) appears to be more closely related to the quadratic nonlinear heat equation (∼ u2) than to
the Navier-Stokes equations (∼ u · ∇u).Thus, the Debye-Hückel system has a better property than the
Navier-Stokes equations in regard to the existence of solutions.

We mention here that if w vanishes (w = 0), the system (1.1) becomes to the well-known Keller-Segel
model of chemotaxis: 




∂tv = ∆v − ∇ · (v∇φ) in Rn × (0, ∞),
∆φ = v in Rn × (0, ∞),
v(x, 0) = v0(x), in Rn.

(1.6)
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In the paper [12] the local well-posedness of the system (1.6) has been proved in the three-dimensional
case. Iwabuchi and Nakamura [26,27] get the global well-posednes of (1.6) for small initial data in the

critical space Ḃ
−2+ n

p
p,r (Rn) with 1 ≤ p < ∞ and 1 ≤ r ≤ ∞.

Our first aim in this paper is to show the analyticity of mild solutions to the system (1.1) by using
the method of Gevrey estimate, which was first introduced by Foias and Temam [23]. Since then,
the Gevrey class technique has become an important approach in the study of the space analyticity of
solutions, which was later developed by several researchers, particularly with regard to the Navier-Stokes
equations (NSE). Gruji and Kukavica [24] showed the Gevrey regularity in Lp for the NSE, Bae [6]
proved the Gevrey estimate of solution for NSE in the critical Lie-Lin space X−1. More similar studies
on the analyticity of solutions for NSE can be seen in Lemarie-Rieusset [34] and the references therein.
Biswas [13] established Gevrey class regularity of solutions to a large class of dissipative equations in
Besov type spaces defined via caloric extension. In 2016, Zhao [42] proved that the global mild solutions
to the system (1.1) are Gevrey regular for all 2 ≤ p < 2n and 1 ≤ r ≤ ∞. Recently, Cui and Xiao
[17] established the Gevrey class regularity for (1.1) in the Fourier-Besov space FBs

p,q. Inspired by this,
we will establish the Gevrey class regularity for the system (1.1) in the Fourier-Besov-Morrey spaces
FNs

p,λ,q (larger than FBs
p,q-spaces, ie., FNs

p,0,q = FBs
p,q ). The Gevrey class technique enables us to avoid

cumbersome recursive estimation of higher-order derivatives (any order derivative of the solution (v, w)
enjoys the same behavior with (v, w) in some sense), see [39]. The second aim of this paper is decay of
Fourier-Besov-Morrey norms of mild solutions. In the end, we prove the blow-up criteria of the local mild
solution of the Debye-Hückel system (1.1). In some suitable sense, our results extend/ complement some
previous works such as [17,42,43,44,21,22].

Let us define our setting before we present our results. Denote the set of all polynomials by P and
the Morrey spaces by Mλ

p with norm

‖f‖Mλ
p

= sup
x0∈Rn

sup
r>0

r− λ
p ‖f‖Lp(B(x0,r)) < ∞.

We define

FNs
p,λ,q =





f ∈ S′\P | ‖f‖FNs
p,λ,q

=


∑

j∈Z

2jsq
∥∥∥ϕj f̂

∥∥∥
q

Mλ
p




1
q

< ∞





, (1.7)

where
{

ϕj

}
is the Littlewood-Paley decomposition (see Section 2 for details). The Fourier-Besov-Morrey

spaces FNs
p,λ,q were introduced by [20] in the context of active scalar equations. Later, these spaces were

employed to investigate the global well-posedness of the Navier-Stokes-Coriolis system in [18]. The space
(1.7) belongs to a class whose definition of the norm is based on Fourier transform, but it is not contained
in L2, i.e., there is f ∈ FNs

p,λ,q with infinite L2-norm.
Throughout this paper, we use FNs

p,λ,q to denote the homogenous Fourier-Besov-Morrey spaces and
χA to denote the indicator function of a set A. Let X, Y be Banach spaces, we use (v, w) ∈ X to denote
(v, w) ∈ X × X and

‖v‖X∩Y := ‖v‖X + ‖v‖Y ;; ‖(v, w)‖X := ‖v‖X + ‖w‖X ,

C will denote constants which can be different at different places, A ∼ B means that there are two
constants C1, C2 > 0 such that

C1B ≤ A ≤ C2B,

V . W denotes the estimate V ≤ CW for some constant C ≥ 1, and p′ is the conjugate of p satisfying
1
p + 1

p′ = 1 for 1 ≤ p ≤ ∞.
Since the argument employed in the proof of the global-in-time existence of mild solution of the system

(1.1) with small initial data in FN
−2+ n

p′ + λ
p

p,λ,q is crucial in the proof of our first main result, let us recall the
result obtained in [3].

Theorem 1.2. Let n ≥ 2, ρ0 > 2, max{n − (n − 1)p, 0} ≤ λ < n, 1 ≤ p < ∞, q ∈ [1, ∞], (v0, w0) ∈

FN
−2+ n

p′ + λ
p

p,λ,q and 1
ρ0

+ 1
ρ′

0

= 1. Then there exists T ≥ 0 such that the system (1.1) has a unique local mild
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solution
(v, w) ∈ X, where

X = L
ρ0

(
[0, T );FN

−2+ n
p′ + λ

p
+ 2

ρ0

p,λ,q

)
∩ L

ρ′
0

(
[0, T );FN

−2+ n
p′ + λ

p
+ 2

ρ′
0

p,λ,q

)
,

and

(v, w) ∈ C

(
[0, T );FN

−2+ n
p′ + λ

p

p,λ,q

)
.

Besides, there exixts K ≥ 0 such that if (v0, w0) satisfies ‖(v0, w0)‖
FN

−2+ n
p′ + λ

p

p,λ,q

≤ K, then the above

assertion holds for T = ∞; i.e., the mild solution (v, w) is global.

Now we give the first result of this paper, which shows that mild solutions obtained in Theorem 1.2
are analytic in the sense of the Gevrey class.

Theorem 1.3. Let n ≥ 2, ρ0 > 2, max{n − (n − 1)p, 0} ≤ λ < n, 1 ≤ p < ∞, q ∈ [1, ∞], (v0, w0) ∈

FN
−2+ n

p′ + λ
p

p,λ,q and 1
ρ0

+ 1
ρ′

0

= 1.

Then, there exixts K0 ≥ 0 such that if (v0, w0) satisfies ‖(v0, w0)‖
FN

−2+ n
p′ + λ

p

p,λ,q

≤ K0, the global-in-time

mild solution obtained in Theorem 1.2 is analytic in the sense that

‖
(

e
√

t|D|v, e
√

t|D|w
)

‖X . ‖(v0, w0)‖
FN

−2+ n
p′

+ λ
p

p,λ,q

,

where e
√

t|D| is the Fourier multiplier with symbol e
√

t|ξ|.

In the above theorem, we have proved analyticity of mild solutions, so that we can further obtain the
time decay estimates of mild solutions.

Theorem 1.4. Under the assumptions of Theorem 1.2. The global-in-time mild solution (v, w) ∈ X and(
e

√
t|D|v, e

√
t|D|w

)
∈ X obtained from Theorem 1.3 satisfies the following time decay estimate:

∥∥∥
(

(−∆)
1
2 v(t), (−∆)

1
2 w(t)

)∥∥∥
FN

−2+ n
p′

+ λ
p

p,λ,q

. t− 1
2 ‖(v0, w0)‖

FN
−2+ n

p′
+ λ

p

p,λ,q

,

where (−∆)1/2v = F−1
(

|ξ|F(v)
)

.

Lastly, if we suppose that the maximal time of existence is finite, the following theorem guarantees a
blow-up criterion for solutions of the system (1.1).

Theorem 1.5. Let T ∗ denote the maximal time of existence of a solution

(v, w) ∈ L∞
(

[0, T ∗) ;FN
−2+ n

p′ + λ
p

p,λ,q

)
∩ L1

(
[0, T ∗) ,FN

n
p′ + λ

p

p,λ,q

)
.

If T ∗ < ∞, then
‖(v, w)‖

L1

(
[0,T ∗),FN

n
p′

+ λ
p

p,λ,q

) = ∞.

2. Preliminaries

Existence and analyticity of Lei-Lin solution to the Debye-Hückel system
In this section, we recall some basic properties of Fourier-Besov-Morrey spaces and other analysis

tools that we will employ throughout this study.
The function spaces Mλ

p are defined as follows.
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Definition 2.1. [30] Let 1 ≤ p ≤ ∞ and 0 ≤ λ < n.

• The homogeneous Morrey space Mλ
p is the set of all functions f ∈ Lp (B (x0, r)) such that

‖f‖Mλ
p

= sup
x0∈Rn

sup
r>0

r− λ
p ‖f‖Lp(B(x0,r)) < ∞, (2.1)

where B (x0, r) is the open ball in Rn centered at x0 and with radius r > 0.
The space Mλ

p endowed with the norm ‖f‖Mλ
p

is a Banach space.

When p = 1, the L1 -norm in (2.1) is understood as the total variation of the measure f on B (x0, r)
and Mλ

p as a subspace of Radon measures. When λ = 0, we have M0
p = Lp.

• The mixed Morrey-sequence space lq(Mλ
p) consists of all sequences {fi}i∈Z of measurable functions

in Rn such that ‖{fi}i∈Z‖lq(Mλ
p ) < ∞. For {fi}i∈Z ∈ lq(Mλ

p) we define

‖{fi}i∈Z‖lq(Mλ
p ) :=


∑

j∈Z

‖fi‖
q
Mλ

p




1
q

.

The proofs of the results discussed in this work are based on a dyadic partition of unity in the
Fourier variables, known as the homogeneous Littlewood-Paley decomposition. We present briefly this
construction below. For more detail, we refer the reader to [8].
Let f ∈ S′ (Rn) . Define the Fourier transform as

f̂(ξ) = Ff(ξ) = (2π)− n
2

∫

Rn

e−ix·ξf(x)dx

and its inverse Fourier transform as

f̆(x) = F
−1f(x) = (2π)− n

2

∫

Rn

eix·ξf(ξ)dξ.

Let ϕ ∈ S
(
Rd
)

be such that 0 ≤ ϕ ≤ 1 and supp(ϕ) ⊂
{

ξ ∈ Rd : 3
4 ≤ |ξ| ≤ 8

3

}
and

∑

j∈Z

ϕ
(
2−jξ

)
= 1, for all ξ 6= 0.

We denote
ϕj(ξ) = ϕ

(
2−jξ

)
, δj(ξ) =

∑

k≤j−1

ϕk(ξ)

and
h(x) = F−1ϕ(x), g(x) = F−1δ(x).

We now present some frequency localization operators:

∆̇jf = F−1ϕj ∗ f = 2dj

∫

Rd

h
(
2jy
)

f(x − y)dy

and

Ṡjf =
∑

k≤j−1

∆̇kf = F−1δj ∗ f = 2dj

∫

Rd

g
(
2jy
)

f(x − y)dy.

where ∆̇j = Ṡj − Ṡj−1 is a frequency projection to the annulus {|ξ| ∼ 2j} and Ṡj is a frequency to the
ball {|ξ| . 2j}.
From the definition of ∆̇j and Ṡj, one easily derives that

∆̇j∆̇kf = 0, if |j − k| ≥ 2

∆̇j

(
Ṡk−1f∆̇kf

)
= 0, if |j − k| ≥ 5

̂̇∆jf = ϕj f̂ .
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The following Bony paraproduct decomposition will be applied throughout the paper.

uv = Ṫuv + Ṫvu + R(u, v)

where
Ṫuv =

∑

j∈Z

Ṡj−1u∆̇jv, Ṙ(u, v) =
∑

j∈Z

∆̇ju∆̃jv, ∆̃jv =
∑

|j′−j|≤1

∆̇j′ v.

Lemma 2.2. [20] Let 1 ≤ p1, p2, p3 < ∞ and 0 ≤ λ1, λ2, λ3 < n.
(i) (Hölder’s inequality) Let 1

p3
= 1

p1
+ 1

p2
and λ3

p3
= λ1

p1
+ λ2

p2
, then we have

‖fg‖
M

λ3
p3

≤ ‖f‖
M

λ1
p1

‖g‖
M

λ2
p2

. (2.2)

(ii) (Young’s inequality) If ϕ ∈ L1 and g ∈ Mλ1
p1

, then

‖ϕ ∗ g‖
M

λ1
p1

≤ ‖ϕ‖L1‖g‖
M

λ1
p1

, (2.3)

where ∗ denotes the standard convolution operator.

Now, we recall the Bernstein-type lemma in Fourier variables in Morrey spaces.

Lemma 2.3. [20] Let 1 ≤ q ≤ p < ∞, 0 ≤ λ1, λ2 < n, n−λ1

p ≤ n−λ2

q and let γ be a multi-index. If

supp(f̂) ⊂ {|ξ| ≤ A2j}, then there is a constant C > 0 independent of f and j such that

‖(iξ)γ f̂‖
M

λ2
q

≤ C2j|γ|+j(
n−λ2

q
− n−λ1

p
)‖f̂‖

M
λ1
p

. (2.4)

Let us now recall the definition of Fourier-Besov-Morrey spaces FN
s
p,λ,q(Rn), see [20].

Definition 2.4. (Homogeneous Fourier-Besov-Morrey spaces )
Let 1 ≤ p, q ≤ ∞, 0 ≤ λ < n and s ∈ R. The homogeneous Fourier-Besov-Morrey space FNs

p,λ,q is defined
as the set of all distributions f ∈ S′\P, P is the set of all polynomials, such that the norm ‖f‖FNs

p,λ,q
is

finite, where

‖f‖FNs
p,λ,q

def
=





(∑
j∈Z

2jsq
∥∥∥ϕj f̂

∥∥∥
q

Mλ
p

) 1
q

for q < ∞

supj∈Z
2js
∥∥∥ϕj f̂

∥∥∥
Mλ

p

for q = ∞.
(2.5)

Note that the space FN
s
p,λ,q(Rn) equipped with the norm (2.5) is a Banach space. Since M0

p = Lp, we

have FNs
p,0,q = ˙FB

s

p,q , and FNs
1,0,1 = χs where χs is the Lei-Lin space [10].

Remark 2.5. The space pair FN
−2+ n

p′ + λ
p

p,λ,q × FN
−2+ n

p′ + λ
p

p,λ,q is critical for (1.1). For this,

set v0,γ(ξ) = γ2v0(γξ), then its Fourier transform is v̂0,γ(ξ) = γ2−nv̂0

(
γ−1ξ

)
.

Let

fj(ξ)
def
= ϕ

(
2−j+[log2 γ]−log2 γξ

)
v̂0,γ(ξ) = ϕ

(
2−j+[log2 γ]−log2 γξ

)
γ2−nv̂0

(
γ−1ξ

)

By change of variable, we get:

‖fj‖
Mλ

p
= γ2−n

∥∥∥ϕ
(

2−j+[log2 γ]−log2 γξ
)

v̂0

(
γ−1ξ

)∥∥∥
Mλ

p

= γ2−n sup
x0∈Rn

sup
r>0

r− λ
p

∥∥∥ϕ
(

2−j+[log2 γ]γγ−1ξ
)

v̂0

(
γ−1ξ

)∥∥∥
Lp(B(x0,r))

= γ2−nγ
n
p γ

−λ
p sup

x0∈Rn

sup
r>0

(
γ−1r

)− λ
p

∥∥∥ϕ
(

2−j+[log2 γ]η
)

v̂0(η)
∥∥∥

Lp(B(γ−1x0,γ−1r))

= 2

(
2− n

p′ − λ
p

)
log2 γ

∥∥∥ϕ
(

2−j+[log2 γ]η
)

v̂0(η)
∥∥∥
Mλ

p

,
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which implies

‖{2j(−2+ n
p′ + λ

p
)‖fj(ξ)‖Mλ

p
}‖lq

= ‖{2j(2− n
p′ − λ

p
)2log2 γ(−2+ n

p′ + λ
p

)‖ϕj−[log2 γ]v̂0(ξ)‖Mλ
p
}‖lq

= ‖{2(log2 γ−[log2 γ])(2− n
p′ − λ

p
)2(j−log2 γ)(−2+ n

p′ + λ
p

)‖ϕj−[log2 γ]v̂0(ξ)‖Mλ
p
}‖lq

≈ ‖v0‖
FN

−2+ n
p′

+ λ
p

p,λ,q

and since

ϕj(ξ)v̂0,γ(ξ) =
∑

|k−j|≤2

ϕj(ξ)fk(ξ),

we can get

‖v0,γ‖
FN

−2+ n
p′ + λ

p

p,λ,q

≈ ‖v0‖
FN

−2+ n
p′ + λ

p

p,λ,q

.

Similary, we have

‖w0,γ‖
FN

−2+ n
p′ + λ

p

p,λ,q

≈ ‖w0‖
FN

−2+ n
p′ + λ

p

p,λ,q

.

Consequently,

‖(v0,γ , w0,γ)‖
FN

−2+ n
p′ + λ

p

p,λ,q

≈ ‖(v0, w0)‖
FN

−2+ n
p′ + λ

p

p,λ,q

.

Lemma 2.6. The derivation ∂α
ξ : FN

s+|α|
p,λ,q → FNs

p,λ,q is a bounded operator.

Proof: We have

‖∂α
ξ v‖FNs

p,λ,q
= ‖{2jsϕj ∂̂α

ξ v}j∈Z‖lq(Mλ
p )

= ‖{2jsϕj |ξ|αv̂}j∈Z‖lq(Mλ
p )

. ‖{2js2j|α|ϕj v̂}j∈Z‖lq(Mλ
p ) (2.6)

. ‖v‖
FN

s+|α|

p,λ,q

,

where in (2.6) we used the fact that |ξ| ∼ 2j for all j ∈ Z.

Remark 2.7. As a consequence of Lemma 2.6, we have the following estimates:

‖∇v‖FNs
p,λ,q

. ‖v‖
FN

s+1

p,λ,q

‖∇ · v‖FNs
p,λ,q

. ‖v‖
FN

s+1

p,λ,q
,

‖∆v‖FNs
p,λ,q

. ‖v‖
FN

s+2

p,λ,q
.

The definition of mixed space-time spaces is given below.

Definition 2.8. [21]
Let s ∈ R, 1 ≤ p < ∞, 1 ≤ q, ρ ≤ ∞, 0 ≤ λ < n, and I = [0, T ), T ∈ (0, ∞]. The space-time norm is
defined on u(t, x) by

‖u(t, x)‖Lρ(I,FNs
p,λ,q

) =
{∑

j∈Z

2jqs‖̂̇∆ju‖q
Lρ(I,Mλ

p )

}1/q

,

and denote by Lρ(I,FNs
p,λ,q) the set of distributions in S′(R × Rn)/P with finite ‖ · ‖Lρ(I,FNs

p,λ,q
) norm.
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According to Minkowski inequality, it is easy to verify that

Lρ
(
I;FNs

p,λ,q

)
→֒ Lρ

(
I,FNs

p,λ,q

)
, if ρ ≤ q, (2.7)

L
ρ
(
I,FNs

p,λ,q

)
→֒ Lρ

(
I;FNs

p,λ,q

)
, if ρ ≥ q, (2.8)

where ‖u(t, x)‖Lρ(I;FNs
p,λ,q) :=

(∫

I

‖u(τ, ·)‖ρ
FNs

p,λ,q
dτ

)1/ρ

.

At the end of this section, we will recall an existence and uniqueness result for an abstract operator
equation in a Banach space that will be used to show Theorem 1.2 in the sequel. For the proof, we refer
the reader to see [34,7].

Lemma 2.9. Let X be a Banach space with norm ‖.‖X and B : X × X 7−→ X be a bounded bilinear
operator satisfying

‖B(u, v)‖X ≤ C0‖u‖X‖v‖X

for all u, v ∈ X and a constant C0 > 0. Then, if 0 < ε < 1
4C0

and if y ∈ X such that ‖y‖X ≤ ε, the
equation x := y + B(x, x) has a solution x in X such that ‖x‖X ≤ 2ε. This solution is the only one
in the ball B(0, 2ε). Moreover, the solution depends continuously on y in the sense: if ‖y′‖X < ε, x′ =
y′ + B(x′, x′), and ‖x′‖X ≤ 2ε, then

‖x − x′‖X ≤
1

1 − 4εC0
‖y − y′‖X .

3. Gevrey Class Regularity

Let us sketch the proof of Theorem 1.2. Setting V (t) = e
√

t|D|v(t), W (t) = e
√

t|D|w(t), and Φ(t) =

e
√

t|D|φ(t) = W (t) − V (t). Then we see that (V (t), W (t)) satisfies the following integral system:





V (t) = e
√

t|D|+t∆v0 −

∫ t

0

e[(
√

t−√
s)|D|+(t−s)∆]∇ · e

√
s|D|

(
e−√

s|D|V (s)e−√
s|D|∇Φ(s)

)
ds

:= e
√

t|D|+t∆v0 − B(V, Φ),

W (t) = e
√

t|D|+t∆w0 +

∫ t

0

e[(
√

t−√
s)|D|+(t−s)∆]∇ · e

√
s|D|

(
e−√

s|D|W (s)e−√
s|D|∇Φ(s)

)
ds

:= e
√

t|D|+t∆w0 + B(W, Φ).

We recall an auxiliary lemma that will help us to prove that the global-in-time mild solutions of the
system (1.1) are Gevrey regular.

Lemma 3.1. [38] Let 0 < s ≤ t < ∞. Then the following inequality holds

t|a| −
1

2
(t2 − s2)|a|2 − s|a − b| − s|b| ≤

1

2
(3.1)

for all a, b ∈ Rn.

Now, we will establish some important linear estimates in Fourier-Besov-Morrey spaces.

Lemma 3.2. Let 0 ≤ λ < n, 1 ≤ p < ∞, 1 ≤ q ≤ ∞ and (v0, w0) ∈ FN
−2+ n

p′ + λ
p

p,λ,q (Rn). Then there exists
a constant C1 > 0 such that

‖(e
√

t|D|et∆v0, e
√

t|D|et∆w0)‖X ≤ C1‖(v0, w0)‖
FN

−2+ n
p′ + λ

p

p,λ,q

, (3.2)

Proof: We have
e(

√
t|D|+∆t)v0 = e− 1

2
(
√

t|D|−1)2+ 1
2 e

1
2

t∆v0.

Using the Fourier transform, multiplying by ϕj and taking the Mλ
p -norm we obtain

‖ϕj
̂e

√
t|D|et∆v0‖Mλ

p
. e− 1

2
t22j( 3

4
)2

‖ϕj v̂0‖Mλ
p
.



Gevrey Class Regularity and Stability for the Debye-Hückel System 9

Multiplying by 2(−2+ n
p′ + λ

p
+ 2

ρ0
)j and taking lq(Z)-norm we get

‖e
√

t|D|et∆v0‖
Lρ0

(
[0,∞[;FN

−2+ n
p′

+ λ
p

+ 2
ρ0

p,λ,q

) . ‖v0‖
FN

−2+ n
p′

+ λ
p

p,λ,q

.

and
‖e

√
t|D|et∆v0‖

L
ρ′

0

(
[0,∞[;FN

−2+ n
p′

+ λ
p

+ 2

ρ′
0

p,λ,q

) . ‖v0‖
FN

−2+ n
p′

+ λ
p

p,λ,q

.

Then
‖e

√
t|D|et∆v0‖X . ‖v0‖

FN
−2+ n

p′
+ λ

p

p,λ,q

.

Similary,

‖e
√

t|D|et∆w0‖X . ‖w0‖
FN

−2+ n
p′

+ λ
p

p,λ,q

.

We complete the proof of Lemma 3.2.

Lemma 3.3. [16] Let 0 < T ≤ ∞, s ∈ R, 0 ≤ λ < n, 1 ≤ p < ∞, 1 ≤ q, ρ, r ≤ ∞ and 1 ≤ r ≤ ρ. There
exists a constant C > 0 such that

∥∥∥∥
∫ t

0

e∆(t−τ)h(τ )dτ

∥∥∥∥
Lρ([0,T ),FNs

p,λ,q
)

≤ C ‖h‖
Lr([0,T ),FN

s−2− 2
ρ

+ 2
r

p,λ,q
)
,

for all h ∈ Lr([0, T ),FNs
p,λ,q).

The next lemma will be applied in the proof of Theorem 1.5.

Lemma 3.4. Let T > 0, s ∈ R, and u, θ ∈ S′ (Rn). Then,

∫ t

0

∥∥∥e(t−z)∆∇ · (u∇θ)
∥∥∥
FNs

p,λ,q

dz .

∫ t

0

‖u∇θ‖
FN

s+1

p,λ,q
dz,

for all t ∈ (0, T ].

Proof: Observe that

∫ t

0

∥∥∥e(t−z)∆∇ · (u∇θ)
∥∥∥
FNs

p,λ,q

dz =

∫ t

0


∑

j∈Z

2jsq
∥∥∥ϕjF(e(t−z)∆∇ · (u∇θ))

∥∥∥
q

Mλ
p




1
q

dz

=

∫ t

0


∑

j∈Z

2jsq
∥∥∥ϕje−(t−z)|ξ|2

F(∇ · (u∇θ))
∥∥∥

q

Mλ
p




1
q

dz

.

∫ t

0


∑

j∈Z

2jsq
∥∥ϕjF(∇ · (u∇θ))

∥∥q

Mλ
p




1
q

dz

.

∫ t

0

‖∇ · (u∇θ)‖
FNs

p,λ,q
dz

.

∫ t

0

‖u∇θ‖
FN

s+1

p,λ,q
dz, (3.3)

where in (3.3) we have used Remark 2.7.
In the following proposition, we will establish the bilinear estimate which will be crucial in the proof

of Theorem 1.2.
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Proposition 3.5. Under the hypothesis of Theorem 1.3, there exists a constant C0 > 0 such that

‖B(V, Φ)‖X ≤ C0‖(V, W )‖2
X

for all V, W ∈ X.

Proof: First, using Lemma 3.3 and Lemma 3.1 and Remark 2.7, we have

‖B(V, Φ)‖
Lρ0

(
[0,∞[;FN

−2+ n
p′

+ λ
p

+ 2
ρ0

p,λ,q

)

. ‖e
√

τ |D|∇ ·
(

e−√
s|D|V (s)e−√

s|D|∇Φ(s)
)

‖
L1

(
[0,∞[,FN

−2+ n
p′

+ λ
p

p,λ,q

)

. ‖e
√

τ |D|
(

e−√
s|D|V (s)e−√

s|D|∇Φ(s)
)

‖
L1

(
[0,∞[,FN

−1+ n
p′

+ λ
p

p,λ,q

).

Then, it suffices to show that

‖e
√

τ |D|
(

e−√
s|D|V (s)e−√

s|D|∇Φ(s)
)

‖
L1

(
[0,∞[,FN

−1+ n
p′

+ λ
p

p,λ,q

) . ‖(V, Φ)‖2
X . (3.4)

Applying Bony para-product decomposition and quasi-orthogonality property for Littlewood-Paley de-
composition, for fixed j, we obtain

∆̇je
√

τ |D|
(

e−√
s|D|V e−√

s|D|∇Φ
)

=
∑

|k−j|≤4

∆̇je
√

τ |D|(e−√
s|D|Ṡk−1V e−√

s|D|∆̇k∇Φ)

+
∑

|k−j|≤4

∆̇je
√

τ |D|(e−√
s|D|Ṡk−1∇Φe−√

s|D|∆̇kV )

+
∑

k≥j−3

∆̇je
√

τ |D|(e−√
s|D|∆̇kV e−√

s|D| ˜̇∆k∇Φ)

:= R1
j + R2

j + R3
j .

Then, by the triangle inequalities in Mλ
p and in lq(Z), one has

‖B(V, Φ)‖
Lρ0

(
[0,∞[;FN

−2+ n
p′

+ λ
p

+ 2
ρ0

p,λ,q

)

.




∑

j∈Z

2j(−1+ n
p′ + λ

p
)q‖F

(
∆̇je

√
τ |D|

(
e−√

s|D|V e−√
s|D|∇Φ

))
‖q

L1([0,∞[,Mλ
p )





1
q

≤




∑

j∈Z

2j(−1+ n
p′ + λ

p
)q‖R̂1

j ‖q
L1([0,∞[,Mλ

p )





1
q

+




∑

j∈Z

2j(−1+ n
p′ + λ

p
)q‖R̂2

j ‖q
L1([0,∞[,Mλ

p )





1
q

+




∑

j∈Z

2j(−1+ n
p′ + λ

p
)q‖R̂3

j ‖q
L1([0,∞[,Mλ

p )





1
q

:= I1 + I2 + I3.
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By using the Young inequality in Morrey spaces and the Bernstein-type inequality with |γ| = 0, we have

∥∥∥ϕj V̂
∥∥∥

L1
≤ C2j( n

p′ + λ
p

)
∥∥∥ϕj V̂

∥∥∥
Mλ

p

.

Thus, using Young’s inequality in Morrey spaces (2.3), the estimate (2.4) and Lemma 3.1, we get

‖R̂1
j‖L1([0,∞[,Mλ

p ) =

∥∥∥∥∥∥
∑

|k−j|≤4

ϕje
√

τ |ξ| ̂(e−√
s|D|Ṡk−1V e−√

s|D|∆̇k∇Φ)

∥∥∥∥∥∥
L1([0,∞[,Mλ

p )

=

∥∥∥∥∥∥
∑

|k−j|≤4

ϕje
√

τ |ξ|




 ∑

m≤k−2

e−√
τ |ξ|ϕmV̂


 ∗ e−√

τ |ξ|ϕk∇̂Φ



∥∥∥∥∥∥

L1([0,∞[,Mλ
p )

=

∥∥∥∥∥∥
∑

|k−j|≤4

ϕj

∫

Rn

e
√

τ(|ξ|−|ξ−y|−|y|)


 ∑

m≤k−2

ϕmV̂


 (ξ − y)ϕk∇̂Φ(y)dy

∥∥∥∥∥∥
L1([0,∞[,Mλ

p )

.
∑

|k−j|≤4

‖ ̂(Ṡk−1V ∆̇k∇Φ)‖L1([0,∞[,Mλ
p )

.
∑

|k−j|≤4

2k‖ϕkΦ̂‖
L

ρ′
0 (I,Mλ

p )

∑

l≤k−2

‖ϕlV̂ ‖Lρ0 (I,L1)

.
∑

|k−j|≤4

2k‖ϕkΦ̂‖
L

ρ′
0 (I,Mλ

p )

∑

l≤k−2

2
( n

p′ + λ
p

)l
‖ϕlV̂ ‖Lρ0 (I,Mλ

p )

.
∑

|k−j|≤4

2k‖ϕkΦ̂‖
L

ρ′
0 (I,Mλ

p )

∑

l≤k−2

2
(−2+ n

p′ + λ
p

+ 2
ρ0

)l
2

(2− 2
ρ0

)l
‖ϕlV̂ ‖Lρ0 (I,Mλ

p )

. ‖V ‖
Lρ0 (I,FN

−2+ n
p′ + λ

p
+ 2

ρ0

p,λ,q
)

∑

|k−j|≤4

2k
( ∑

l≤k−2

2l(2− 2
ρ0

)q′
) 1

q′

‖ϕkΦ̂‖
L

ρ′
0 (I,Mλ

p )

. ‖V ‖
Lρ0 (I,FN

−2+ n
p′ + λ

p
+ 2

ρ0

p,λ,q
)

∑

|k−j|≤4

2k(3− 2
ρ0

)‖ϕkΦ̂‖
L

ρ′
0 (I,Mλ

p )

. ‖V ‖
Lρ0 (I,FN

−2+ n
p′ + λ

p
+ 2

ρ0

p,λ,q
)

2
j(−1− n

p′ − λ
p

)
×

∑

k∈Z

2
−(j−k)(1− n

p′ − λ
p

)
χ{k′;|k′|≤4}(j − k)2

k( n

p′ + λ
p

+ 2

ρ′
0

)
‖ϕkΦ̂‖

L
ρ′

0 (I,Mλ
p )

. ‖V ‖
Lρ0 (I,FN

−2+ n
p′ + λ

p
+ 2

ρ0

p,λ,q
)

2
j(1− n

p′ − λ
p

)
(Pk′ ∗ Gk)j ,

with

Pk′ = 2
−k′(1− n

p′ − λ
p

)
χ{k′ ;|k′|≤4} and Gk = 2

k( n

p′ + λ
p

+ 2

ρ′
0

)
‖ϕkΦ̂‖

L
ρ′

0 (I,Mλ
p )

.

Hence, by using the Young inequality for series, one has

E1 . ‖V ‖
Lρ0 (I,FN

−2+ n
p′ + λ

p
+ 2

ρ0

p,λ,q
)

‖Pk′‖l1(Z)‖Gk‖lq(Z)

. ‖V ‖
Lρ0 (I,FN

−2+ n
p′ + λ

p
+ 2

ρ0

p,λ,q
)

‖Φ‖
L

ρ′
0 (I,FN

n
p′ + λ

p
+ 2

ρ′
0

p,λ,q
)

.

Similary, we get

E2 . ‖Φ‖
Lρ0 (I,FN

n
p′ + λ

p
+ 2

ρ0

p,λ,q
)

‖V ‖
L

ρ′
0 (I,FN

−2+ n
p′ + λ

p
+ 2

ρ′
0

p,λ,q
)

.
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For I3, first we use the Young inequality in Morrey spaces (2.3), the Bernstein-type inequality with |γ| = 0
together with the Hölder inequality, to get

‖R̂3
j‖L1([0,∞[,Mλ

p )

=

∥∥∥∥∥∥
∑

k≥j−3

̂
∆̇je

√
τ |D|(e−√

s|D|∆̇kV e−√
s|D| ˜̇∆k∇Φ)

∥∥∥∥∥∥
L1([0,∞[,Mλ

p )

=

∥∥∥∥∥∥
∑

k≥j−3

ϕje
√

τ |ξ| ̂
(e−√

s|D|∆̇kV e−√
s|D| ˜̇∆k∇Φ)

∥∥∥∥∥∥
L1([0,∞[,Mλ

p )

=

∥∥∥∥∥∥
∑

k≥j−3

ϕje
√

τ |ξ|



(

e−√
τ |ξ|ϕkV̂

)
∗

∑

|m−k|≤1

e−√
τ |ξ|ϕm∇̂Φ



∥∥∥∥∥∥

L1([0,∞[,Mλ
p )

=

∥∥∥∥∥∥
∑

k≥j−3

ϕj

∫

Rn

e
√

τ(|ξ|−|ξ−y|2−|y|2)ϕkV̂ (ξ − y)
∑

|m−k|≤1

ϕm∇̂Φ(y)dy

∥∥∥∥∥∥
L1([0,∞[,Mλ

p )

≤
∑

k≥j−3

‖̂(∆̇kV ∗
̂̃
∆̇k∇Φ‖L1([0,∞[,Mλ

p )

≤
∑

k≥j−3

‖ϕkV̂ ‖
L

ρ′
0 (I,Mλ

p )

∑

|l−k|≤1

‖ϕl∇̂Φ‖Lρ0 (I,L1)

.
∑

k≥j−3

‖ϕkV̂ ‖
L

ρ′
0 (I,Mλ

p )

∑

|l−k|≤1

2l2l( n
p′ + λ

p
)‖ϕlΦ̂‖Lρ0 (I,Mλ

p )

.
∑

k≥j−3

‖ϕkV̂ ‖
L

ρ′
0 (I,Mλ

p )

( ∑

|l−k|≤1

2l(1− 2
ρ0

)q′
) 1

q′

‖Φ‖
Lρ0 (I,FN

n
p′ + λ

p
+ 2

ρ0

p,λ,q
)

. ‖Φ‖
Lρ0 (I,FN

n
p′ + λ

p
+ 2

ρ0

p,λ,q
)

∑

k≥j−3

2
k(1− 2

ρ0
)
‖ϕkV̂ ‖

L
ρ′

0 (I,Mλ
p )

. ‖Φ‖
Lρ0 (I,FN

−2+ n
p′ + λ

p
+ 2

ρ0

p,λ,q
)

2
j(−1− n

p′ − λ
p

)
×

∑

k∈Z

2
−(j−k)(1− n

p′ − λ
p

)
χ{k′;k′≤2}(j − k)2

k( n

p′ + λ
p

+ 2

ρ′
0

)
‖ϕkV̂ ‖

L
ρ′

0 (I,Mλ
p )

. ‖Φ‖
Lρ0 (I,FN

−2+ n
p′ + λ

p
+ 2

ρ0

p,λ,q
)

2
j(1− n

p′ − λ
p

)
(Pk′ ∗ Gk)j ,

with Pk′ = 2
−k′(1− n

p′ − λ
p

)
χ{k′;k′≤2} and Gk = 2

k( n

p′ + λ
p

+ 2

ρ′
0

)
‖ϕkV̂ ‖

L
ρ′

0 (I,Mλ
p )

.

Then, applying the Young inequality for series, we obtain

E3 . ‖Φ‖
Lρ0 (I,FN

−2+ n
p′ + λ

p
+ 2

ρ0

p,λ,q
)

‖Pk′‖l1(Z)‖Gk‖lq(Z)

. ‖Φ‖
Lρ0 (I,FN

−2+ n
p′ + λ

p
+ 2

ρ0

p,λ,q
)

‖V ‖
L

ρ′
0 (I,FN

n
p′ + λ

p
+ 2

ρ′
0

p,λ,q
)

.
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Consequently,

‖B(V, Φ)‖
Lρ0 (I,FN

−2+ n
p′ + λ

p
+ 2

ρ0

p,λ,q
)

. ‖V ‖
Lρ0 (I,FN

−2+ n
p′ + λ

p
+ 2

ρ0

p,λ,q
)

‖Φ‖
L

ρ′
0 (I,FN

n
p′ + λ

p
+ 2

ρ′
0

p,λ,q
)

+ ‖Φ‖
Lρ0 (I,FN

−2+ n
p′ + λ

p
+ 2

ρ0

p,λ,q
)

‖V ‖
L

ρ′
0 (I,FN

n
p′ + λ

p
+ 2

ρ′
0

p,λ,q
)

.

Analogously,

‖B(V, Φ)‖
L

ρ′
0 (I,FN

n
p′ + λ

p
+ 2

ρ′
0

p,λ,q
)

. ‖V ‖
Lρ0 (I,FN

−2+ n
p′ + λ

p
+ 2

ρ0

p,λ,q
)

‖Φ‖
L

ρ′
0 (I,FN

n
p′ + λ

p
+ 2

ρ′
0

p,λ,q
)

+ ‖Φ‖
Lρ0 (I,FN

−2+ n
p′ + λ

p
+ 2

ρ0

p,λ,q
)

‖V ‖
L

ρ′
0 (I,FN

n
p′ + λ

p
+ 2

ρ′
0

p,λ,q
)

.

Therefore

‖B(V, Φ)‖X

. ‖V ‖
Lρ0 (I,FN

−2+ n
p′ + λ

p
+ 2

ρ0

p,λ,q
)

‖Φ‖
L

ρ′
0 (I,FN

n
p′ + λ

p
+ 2

ρ′
0

p,λ,q
)

+ ‖Φ‖
Lρ0 (I,FN

−2+ n
p′ + λ

p
+ 2

ρ0

p,λ,q
)

‖V ‖
L

ρ′
0 (I,FN

n
p′ + λ

p
+ 2

ρ′
0

p,λ,q
)

.

Since Φ = (−∆)−1(W − V ) = F−1(|ξ|−2F(W − V )), then

‖B(V, Φ)‖X . ‖V ‖
Lρ0 (I;FN

−2+ n
p′

+ λ
p

+ 2
ρ0

p,λ,q
)

× ‖(−∆)−1(W − V )‖
L

ρ′
0 (I;FN

n
p′

+ λ
p

+ 2

ρ′
0

p,λ,q
)

+ ‖(−∆)−1(W − V )‖
Lρ0 (I;FN

n
p′

+ λ
p

+ 2
ρ0

p,λ,q
)

× ‖V ‖
L

ρ′
0 (I;FN

−2+ n
p′

+ λ
p

+ 2

ρ′
0

p,λ,q
)

. ‖V ‖
Lρ0 (I;FN

−2+ n
p′

+ λ
p

+ 2
ρ0

p,λ,q
)

× ‖W − V ‖
L

ρ′
0 (I;FN

−2+ n
p′

+ λ
p

+ 2

ρ′
0

p,λ,q
)

+ ‖W − V ‖
Lρ0 (I;FN

−2+ n
p′

+ λ
p

+ 2
ρ0

p,λ,q
)

× ‖V ‖
L

ρ′
0 (I;FN

−2+ n
p′

+ λ
p

+ 2

ρ′
0

p,λ,q
)

. ‖(V, W )‖
Lρ0 (I;FN

−2+ n
p′

+ λ
p

+ 2
ρ0

p,λ,q
)

× ‖(V, W )‖
L

ρ′
0 (I;FN

−2+ n
p′

+ λ
p

+ 2

ρ′
0

p,λ,q
)

≤ C0‖(V, W )‖2
X .

Remark 3.6. By following a similar argument to the one presented above, we get

‖v∇φ‖
L1

(
[0,∞[,FN

−1+ n
p′

+ λ
p

p,λ,q

) ≤ ‖(v, w)‖
Lρ0 (I;FN

−2+ n
p′

+ λ
p

+ 2
ρ0

p,λ,q
)
‖(v, w)‖

L
ρ′

0 (I;FN

−2+ n
p′

+ λ
p

+ 2

ρ′
0

p,λ,q
)

.

Particularly,
‖v∇φ‖

FN
−1+ n

p′
+ λ

p

p,λ,q

. ‖(v, w)‖
FN

−2+ n
p′

+ λ
p

p,λ,q

‖(v, w)‖
FN

n
p′

+ λ
p

p,λ,q

. (3.5)

3.1. Proof of Theorem 1.3

From Proposition 3.5, we have

‖(B(V, Φ),B(W, Φ))‖X ≤ C0‖(V, W )‖2
X . (3.6)
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By Lemma 2.9, we know that if ‖(e
√

t|D|et∆v0, e
√

t|D|et∆w0)‖X ≤ ε with ε = 1
4C0

, then the system (1.1)
has a unique analytic solution in B(0, 2ε) := {y ∈ X : ‖y‖X ≤ 2ε} .

We explain that it is possible to choose the initial data such that ‖(e
√

t|D|et∆v0, e
√

t|D|et∆w0)‖X ≤ ε.
According to Lemma 3.2, we have

‖(e
√

t|D|et∆v0, e
√

t|D|et∆w0)‖X ≤ C1‖(v0, w0)‖
FN

−2+ n
p′

+ λ
p

p,λ,q

. (3.7)

So, if we choose ‖(v0, w0)‖
FN

−2+ n
p′

+ λ
p

p,λ,q

≤ K0 with K0 = 1
4C1C0

, then Lemma 2.9 together with the estimates

(3.6) and (3.7) assures that the Debye-Hückel system (1.1) has a unique analytic solution so that

‖
(

e
√

t|D|v, e
√

t|D|w
)

‖X ≤ C1‖(v0, w0)‖
FN

−2+ n
p′

+ λ
p

p,λ,q

,

This completes the proof of Theorem 1.3.

4. Time decay of mild solutions

As an application of the analyticity of solutions discussed above, we shall prove Theorem 1.4

4.1. Proof of Theorem 1.4

By using the definition of the Fourier-Besov-Morrey spaces, we have
∥∥∥(−∆)

1
2 v(t)

∥∥∥
FN

−2+ n
p′

+ λ
p

p,λ,q

=
∥∥∥(−∆)

1
2 e−

√
t|D|e

√
t|D|v(t)

∥∥∥
FN

−2+ n
p′

+ λ
p

p,λ,q

=
(∑

j∈Z

2j(−2+ n
p′ + λ

p
)q
∥∥∥ϕjF

(
(−∆)

1
2 e−

√
t|D|e

√
t|D|v(t)

)∥∥∥
q

Mλ
p

) 1
q

=
(∑

j∈Z

2j(−2+ n
p′ + λ

p
)q
∥∥∥|ξ|e−

√
t|ξ|ϕjF

(
e

√
t|D|v(t)

)∥∥∥
q

Mλ
p

) 1
q

Suppose the function g(x) = xe−
√

tx, where x ≥ 0. From the derivation of the function g, one can infer
that g(x) ≤ g(( x√

t
)) . t− 1

2 . Therbey,

∥∥∥(−∆)
1
2 v(t)

∥∥∥
FN

−2+ n
p′

+ λ
p

p,λ,q

. t− 1
2

∥∥∥e
√

t|D|v(t)
∥∥∥
FN

−2+ n
p′

+ λ
p

p,λ,q

. t− 1
2 ‖v0‖

FN
−2+ n

p′
+ λ

p

p,λ,q

.

Similarly,
∥∥∥(−∆)

1
2 w(t)

∥∥∥
FN

−2+ n
p′

+ λ
p

p,λ,q

. t− 1
2

∥∥∥e
√

t|D|w(t)
∥∥∥
FN

−2+ n
p′

+ λ
p

p,λ,q

. t− 1
2 ‖w0‖

FN
−2+ n

p′
+ λ

p

p,λ,q

.

Thus,
∥∥∥
(

(−∆)
1
2 v(t), (−∆)

1
2 w(t)

)∥∥∥
FN

−2+ n
p′

+ λ
p

p,λ,q

. t− 1
2

∥∥∥
(

e
√

t|D|v(t), e
√

t|D|w(t)
)∥∥∥

FN
−2+ n

p′
+ λ

p

p,λ,q

. t− 1
2 ‖(v0, w0)‖

FN
−2+ n

p′
+ λ

p

p,λ,q

.

5. Blow-up criteria

By following the techniques described in [10], we will show the blow-up criteria of solutions if the
maximal time of existence is finite.
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5.1. Proof of Theorem 1.5

Let T ∗ < ∞ be the maximal existence time of solutions of the system (1.1) in

C

(
[0, T ∗),FN

−2+ n
p′ + λ

p

p,λ,q

)
R

n
))

∩ L
∞
(

[0, T ∗);FN
−2+ n

p′ + λ
p

p,λ,q

)
∩ L

1
(

[0, T ∗),FN
n
p′ + λ

p

p,λ,q

)
.

By contradiction assume that T ∗ < ∞ and

∫ T ∗

0

‖(v, w)‖
FN

n
p′

+ λ
p

p,λ,q

< ∞. (5.1)

Let T0 ∈ (0, T ∗) so that

‖(v, w)‖
L1

(
[T0,T ∗);FN

n
p′

+ λ
p

p,λ,q

) <
1

4
.

For t ∈ [T0, T ∗) and s ∈ [T0, t], we consider the following integral system:





v(s) =es∆v0 −

∫ s

T0

e(s−τ)∆∇ ·
(
v∇(−∆)−1(w − v)

)
(τ )dτ

w(s) =es∆w0 +

∫ s

T0

e(s−τ)∆∇ ·
(
w∇(−∆)−1(w − v)

)
(τ )dτ .

(5.2)

The same calculus used to prove Proposition 3.5 yields

‖v(s)‖
FN

−2+ n
p′

+ λ
p

p,λ,q

. ‖v(T0)‖
FN

−2+ n
p′

+ λ
p

p,λ,q

+ ‖v∇φ‖
L1

(
[T0,s),FN

n
p′

+ λ
p

p,λ,q

)

. ‖v(T0)‖
FN

−2+ n
p′

+ λ
p

p,λ,q

+ sup
T0≤s≤t

‖(v(s), w(s))‖
FN

−2+ n
p′

+ λ
p

p,λ,q

‖(v, w)‖
L1

(
[T0,s),FN

−1+ n
p′

+ λ
p

p,λ,q

)

. ‖v(T0)‖
FN

−2+ n
p′

+ λ
p

p,λ,q

+
1

4
sup

T0≤s≤t
‖(v(s), w(s))‖

FN
−2+ n

p′
+ λ

p

p,λ,q

,

and

‖w(s)‖
FN

−2+ n
p′

+ λ
p

p,λ,q

. ‖w(T0)‖
FN

−2+ n
p′

+ λ
p

p,λ,q

+ ‖w∇φ‖
L1

(
[T0,s),FN

n
p′

+ λ
p

p,λ,q

)

. ‖w(T0)‖
FN

−2+ n
p′

+ λ
p

p,λ,q

+ sup
T0≤s≤t

‖(v(s), w(s))‖
FN

−2+ n
p′

+ λ
p

p,λ,q

‖(v, w)‖
L1

(
[T0,s),FN

−1+ n
p′

+ λ
p

p,λ,q

)

. ‖w(T0)‖
FN

−2+ n
p′

+ λ
p

p,λ,q

+
1

4
sup

T0≤s≤t
‖(v(s), w(s))‖

FN
−2+ n

p′
+ λ

p

p,λ,q

.

It follows that

‖(v(s), w(s))‖
FN

−2+ n
p′

+ λ
p

p,λ,q

. ‖(v(T0), w(T0))‖
FN

−2+ n
p′

+ λ
p

p,λ,q

+
1

2
sup

T0≤s≤t
‖(v(s), w(s))‖

FN
−2+ n

p′
+ λ

p

p,λ,q

.

Consequently,

sup
T0≤s≤t

‖(v(s), w(s))‖
FN

−2+ n
p′

+ λ
p

p,λ,q

. 2‖(v(T0), w(T0))‖
FN

−2+ n
p′

+ λ
p

p,λ,q

, ∀t ∈ [T0, T ∗).
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Put

N = max

(
2 ‖(v(T0), w(T0))‖

FN
−2+ n

p′
+ λ

p

p,λ,q

; max
t∈[0,T0]

‖(v(t), w(t))‖
FN

−2+ n
p′

+ λ
p

p,λ,q

)
.

Hence, we deduce
‖(v(t), w(t))‖

FN
−2+ n

p′
+ λ

p

p,λ,q

. N, ∀t ∈ [T0, T ∗). (5.3)

Let (κn)n∈N
a sequence such that κn ր T ∗, where κn ∈ (0, T ∗), for all n ∈ N. We want to prove that

lim
n,m→∞

‖(v, w) (κm) − (v, w) (κn)‖
FN

−2+ n
p′

+ λ
p

p,λ,q

= 0. (5.4)

In order to achieve this aim, we use the integral form of (v, w) to obtain

(v, w)(κm) − (v, w)(κn)

=
(
[eκm∆ − eκn∆]v0, [eκm∆ − eκn∆]w0

)

−

(∫ κm

κn

e(κm−z)∆∇ · (v∇φ) dz, −

∫ κm

κn

e(κm−z)∆∇ · (w∇φ) dz

)

−

(∫ κn

0

e(κn−z)∆(e(κm−κn)∆ − 1)∇ · (v∇φ) dz, −

∫ κn

0

e(κn−z)∆(e(κm−κn)∆ − 1)∇ · (w∇φ) dz

)

:= A1(m, n) + A2(m, n) + A3(m, n).

First, we have

‖[eκm∆ − eκn∆]v0‖
FN

−2+ n
p′

+ λ
p

p,λ,q

=




∑

j∈Z

2j(−2+ n
p′ + λ

p
)q‖ϕj

(
eκm|ξ|2

− eκn|ξ|2
)

v̂0‖q
Mλ

p





1
q

.




∑

j∈Z

2j(−2+ n
p′ + λ

p
)q‖ϕj

(
eκm|ξ|2

− eT ∗|ξ|2
)

v̂0‖q
Mλ

p





1
q

,

provided that κn < T ∗, for all n ∈ N. As a result, by using the fact that v0 ∈ FN
−2+ n

p′ + λ
p

p,λ,q , it derives
from dominated convergence theorem that

lim
n,m→∞

∥∥[eκm∆ − eκn∆]v0

∥∥
FN

−2+ n
p′

+ λ
p

p,λ,q

= 0.

By following a similar argument, one has

lim
n,m→∞

∥∥[eκm∆ − eκn∆]w0

∥∥
FN

−2+ n
p′

+ λ
p

p,λ,q

= 0.

Consequently
lim

n,m→∞
‖A1(m, n)‖

FN
−2+ n

p′
+ λ

p

p,λ,q

= 0.

Furthermore, using Lemma 3.4 and the estimate (3.5), one reaches
∫ κm

κn

∥∥∥e(κm−z)∆∇ · (v∇φ)
∥∥∥
FN

−2+ n
p′

+ λ
p

p,λ,q

dz

.

∫ T ∗

κn

‖v∇φ‖
FN

−1+ n
p′

+ λ
p

p,λ,q

dz

.

∫ T ∗

κn

‖(v, w)‖
FN

−2+ n
p′

+ λ
p

p,λ,q

‖(v, w)‖
FN

n
p′

+ λ
p

p,λ,q

dz

.

(∫ T ∗

κn

‖(v, w)‖
2

FN
−2+ n

p′
+ λ

p

p,λ,q

dz

) 1
2
(∫ T ∗

κn

‖(v, w)‖
2

FN

n
p′

+ λ
p

p,λ,q

dz

) 1
2

.
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By using (5.3), Hölder’s inequality, and the estimate (5.1), one obtains

∫ κm

κn

∥∥∥e(κm−z)∆∇ · (v∇φ)
∥∥∥
FN

−2+ n
p′

+ λ
p

p,λ,q

dz .

(∫ T ∗

κn

‖(v, w)‖
2

FN

n
p′

+ λ
p

p,λ,q

dz

) 1
2

≤ C(T ∗ − κn)
1
2 .

As a consequence,

lim
n,m→∞

∫ κm

κn

∥∥∥e(κm−z)∆∇ · (v∇φ)
∥∥∥
FN

−2+ n
p′

+ λ
p

p,λ,q

dz = 0.

Analogously, one can infer

lim
n,m→∞

∫ κm

κn

∥∥∥e(κm−z)∆∇ · (w∇φ)
∥∥∥
FN

−2+ n
p′

+ λ
p

p,λ,q

dz = 0.

Thereby, we have
lim

n,m→∞
‖A2(m, n)‖

FN
−2+ n

p′
+ λ

p

p,λ,q

dz = 0.

Lastly,

‖

∫ κn

0

e(κn−z)∆(e(κm−κn)∆ − 1)∇ · (v∇φ) dz‖
FN

−2+ n
p′

+ λ
p

p,λ,q

.




∑

j∈Z

2j(−2+ n
p′ + λ

p
)q

∫ κn

0

‖ϕje−(κm−z)|ξ|2

(1 − e−(κm−κn)|ξ|2

) ̂∇ · (v∇φ)‖q
Mλ

p





1
q

.




∑

j∈Z

2j(−1+ n
p′ + λ

p
)q

∫ T ∗

0

‖ϕj(1 − e−(T ∗−κn)|ξ|2

)v̂∇φ‖q
Mλ

p





1
q

,

where κn < T ∗, for all n ∈ N. By using the assumption (5.1) and the estimate (5.3) , we get

∫ T ∗

0

‖v∇φ‖
FN

−1+ n
p′

+ λ
p

p,λ,q

dz < ∞.

Thus, by dominated convergence theorem, we deduce

lim
n,m→∞

∥∥∥∥
∫ κn

0

e(κn−z)∆(e(κm−κn)∆ − 1)∇ · (v∇φ) dz

∥∥∥∥
FN

−2+ n
p′

+ λ
p

p,λ,q

= 0.

Moreover, by applying an analogous process, we conclude that

lim
n,m→∞

∥∥∥∥
∫ κn

0

e(κn−z)∆(e(κm−κn)∆ − 1)∇ · (w∇φ) dz

∥∥∥∥
FN

−2+ n
p′

+ λ
p

p,λ,q

= 0.

Therefore,
lim

n,m→∞
‖A3(m, n)‖

FN
−2+ n

p′
+ λ

p

p,λ,q

= 0.

Consequently,
lim

n,m→∞
‖(v, w) (κm) − (v, w) (κn)‖

FN
−2+ n

p′
+ λ

p

p,λ,q

= 0.

This implies that ((v, w)(κn))n∈N satisfies the Cauchy criterion at T ∗ in the Banach space FN
−2+ n

p′ + λ
p

p,λ,q .

Then, there exists an element v∗, w∗ in FN
−2+ n

p′ + λ
p

p,λ,q such that

lim
n→∞

‖(v, w) (κn) − (v∗, w∗)‖
FN

−2+ n
p′

+ λ
p

p,λ,q

= 0.
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We point out that the above limits are independent of (κn)n∈N. In other words,

lim
tրT ∗

‖(v, w) (t) − (v∗, w∗)‖
FN

−2+ n
p′

+ λ
p

p,λ,q

= 0.

Now, consider the system (1.1) with the initial data (v∗, w∗), instead of (v0, w0)





∂tv = ∆v − ∇ · (v∇φ),
∂tw = ∆w + ∇ · (w∇φ),
∆φ = v − w,
v(x, 0) = v∗, w(x, 0) = w∗.

We assure, by Theorem 1.2, the existence and uniqueness of (θ, Ω) ∈ C

(
[0, t0) ,FN

−2+ n
p′ + λ

p

p,λ,q (Rn)
)

(t0 > 0)

for the Debye-Hückel system (1.1). Therefore

(ṽ, w̃)(t) =

{
(v, w)(t), if t ∈ [0, T ∗)
(θ, Ω) (t − T ∗) if t ∈ [T ∗, T ∗ + t0]

is a solotion of (5.5) with initial data (v0, w0) on the interval [0, T ∗ + t0] which contradicts the maximality
of T ∗.

References

1. Aurazo-Alvarez, L. L., Ferreira, L.C.F.: Global well-posedness for the fractional Boussinesq-Coriolis system with strat-
ification in a framework of Fourier-Besov type. SN Partial Differential Equations and Applications 2, pp.18 (2021)

2. Azanzal, A., Allalou, C., A., Abbassi,: Well-posedness and analyticity for generalized Navier-Stokes equations in critical
Fourier-Besov-Morrey spaces. J. Nonlinear Funct. Anal. 2021 (2021), Article ID 24.

3. Azanzal, A., Abbassi, A., Allalou, C., Existence of Solutions for the Debye-Hückel System with Low Regularity Initial
Data in Critical Fourier-Besov-Morrey Spaces. Nonlinear Dynamics and Systems Theory, 21, 367-380 (2021).

4. Azanzal, A., Abbassi, A., Allalou, C.: On the Cauchy problem for the fractional drift-diffusion system in critical
Fourier-Besov-Morrey spaces. International Journal On Optimization and Applications, 1, pp.28 (2021).

5. Azanzal, A., Allalou, C., Melliani, S.: Well-posedness and blow-up of solutions for the 2D dissipative quasi-geostrophic
equation in critical Fourier-Besov-Morrey spaces. J Elliptic Parabol Equ (2021). https://doi.org/10.1007/s41808-021-
00140-x

6. Bae, H.: Existence and analyticity of Lei-Lin solution to the Navier-Stokes equations. Proceedings of the American
Mathematical Society, 2887-2892 (2015).

7. Bahouri, H., Chemin, J. Y., Danchin, R.: Fourier analysis and nonlinear partial differential equations. Springer Science
and Business Media. 343 (2011).

8. Bahouri, H.: The Littlewood-Paley theory: a common thread of many words in nonlinear analysis. European Mathe-
matical Society Newsletter (2019).

9. Benameur, J.: Long time decay to the Lei–Lin solution of 3D Navier–Stokes equations. Journal of Mathematical Analysis
and Applications. 422 , 424-434 (2015).

10. Benameur, J., Benhamed, M.: Global existence of the two-dimensional QGE with sub-critical dissipation. Journal of
Mathematical Analysis and Applications. 423, 1330-1347 (2015).

11. Benhamed, M., Abusalim, S. M.: Long Time Behavior of the Solution of the Two-Dimensional Dissipative QGE in
Lei–Lin Spaces. International Journal of Mathematics and Mathematical Sciences. 2020, 1-6 (2020).

12. Biler, Piotr.: Existence and asymptotics of solutions for a parabolic-elliptic system with nonlinear no-flux boundary
conditions. Nonlinear Analysis: Theory, Methods and Applications. 19, 1121-1136 (1992).

13. Biswas, A.: Gevrey regularity for a class of dissipative equations with applications to decay. Journal of Differential
Equations. 253, 2739-2764 (2012).

14. Cannone, M., Wu, G.: Global well-posedness for Navier-Stokes equations in critical Fourier-Herz spaces. Nonlinear
Anal, 75 (2012).

15. Chae, D.: On the well-posedness of the Euler equations in the Triebel-Lizorkin spaces. Communications on Pure and
Applied Mathematics: A Journal Issued by the Courant Institute of Mathematical Sciences. 55, 654-678 (2002).

16. Chen, X.: Well-Posedness of the Keller-Segel System in Fourier-Besov-Morrey Spaces. Zeitschrift für Analysis und ihre
Anwendungen. 37, 417-434 (2018).

17. Cui, Y., Xiao, W.: Gevrey regularity and time decay of the fractional Debey-Hückel system in Fourrier-Besov spaces.
Bulletin of the Korean Mathematical Society. 57, 1393-1408 (2020).

18. de Almeida, M. F., Ferreira, L. C. F., Lima, L. S. M.: Uniform global well-posedness of the Navier–Stokes–Coriolis
system in a new critical space. Mathematische Zeitschrift. 287, 735-750 (2017).

19. Duvaut, G., Lions, J. L.: Inéquations en thermoélasticité et magnétohydrodynamique. Archive for Rational Mechanics
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