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On a Class of Fractional Langevin Inclusion with Multi-point Boundary Conditions
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abstract: The aim of this paper deals with the existence results for a class of fractional Langevin inclusion
with multi-point boundary conditions. To prove the main results, we use the fixed point theorem for condensing
multivalued maps, which is applicable to completely continuous operators. Our results extend and generalize
several corresponding results from the existing literature.

Key Words: Caputo derivative, Langevin equation, Fractional Langevin inclusion, Boundary value
problems, Fixed point theorem.

Contents

1 Introduction 1

2 Preliminaries 2

2.1 Fractional Calculus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
2.2 Multi-valued Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

3 Existence Results 5

4 Conclusion 12

1. Introduction

Fractional derivatives give an excellent description of memory and hereditary properties of different
processes. Properties of the fractional derivatives make the fractional order models more useful and prac-
tical than the classical integral-order models. Several researchers in the recent years have employed the
fractional calculus as a way of describing natural phenomena in different fields such as physics, biology,
finance, economics, and bioengineering (for more details see [3,8,9,13,14,18,19,22,24,25] and many other
references).

With the recent outstanding development in fractional differential equations, the Langevin equation
has been considered a part of fractional calculus, and thus, important results have been elaborated (see
[1,2,7,20,23])

An equation of the form m d2x
dt2 = λdx

dt
+η(t) is called Langevin equation, introduced by Paul Langevin

in 1908. The Langevin equation is found to be an effective tool to describe the evolution of physical
phenomena in fluctuating environments [15]. For some new developments on the fractional Langevin
equation, see, for example, [4,5,17].

In this paper we prove the existence results for a fractional Langevin inclusion with multi-point
boundary conditions of the form :







cDα(cDβ + λ)x(t) ∈ G(t, x(t)), 0 < t < 1

x(0) = 0, Dβx(0) = 0, x(1) =
n
∑

i=1

µix(ηi) +
n
∑

i=1

γi

∫ ηi

0

x(s)ds,
(1.1)

where cDα and cDβ are the Caputo fractional derivative of order α ∈ (1, 2], β ∈ (0, 1], λ ∈ R is the

dissipative parameter, µi, γi ∈ R and ηi ∈ (0, 1), i = 1, ..., n such that n ∈ N with ω =
n
∑

i=1

µiη
β+1
i 6= 1 and
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G : [0, 1] ×R −→ P(R) is a bounded, closed, convex, multivalued map (P(R) is the family of all nonempty
subjects of R).

The paper is organized as follows. In the second section, we will recall briefly some basic definitions
and preliminary facts which will be used in the following section. In the third section, we discuss the
existence results for our problem by making use of the fixed point theorem for condensing multivalued
maps.

2. Preliminaries

2.1. Fractional Calculus

Definition 2.1. [13] The fractional integral of order α > 0 with the lower limit zero for a function f

can be defined as

Iαf(t) =
1

Γ(α)

∫ t

0

(t − s)α−1f(s)ds, (2.1)

Definition 2.2. [13] The Caputo derivative of order α > 0 with the lower limit zero for a function f

can be defined as

cDαf(t) =
1

Γ(n − α)

∫ t

0

(t − s)n−α−1f (n)(s)ds, (2.2)

where n − 1 < α < n, n = [α] + 1, and [α] denotes the integer part of the real number α.

Lemma 2.3. [13] Let α, β, non-negative then, the following relations hold:

Iαtβ =
Γ(β + 1)

Γ(α + β + 1)
tα+β , (2.3)

cDαtβ =
Γ(β + 1)

Γ(β − α + 1)
tβ−α, (2.4)

Lemma 2.4. [13] Let n ∈ N and n − 1 < α < n, if f is a continuous function, then, we have

IαcDαf(t) = f(t) + a0 + a1t + a2t2 + ... + an−1tn−1. (2.5)

For some ai ∈ R, i = 1, ..., n − 1, (n = [α] + 1) .

In the following, AC
1([0, T ],R) will denote the space of functions x : [0, T ] −→ R that are absolutely

continuous and whose first derivative is absolutely continuous.

Definition 2.5. A function x ∈ AC
1([0, 1],R) is called a solution of problem (1.1) if there exists a

function g ∈ L
1([0, T ],R) with g(t) ∈ G(t, x(t)) for a.e t ∈ [0, T ] such that cDα(cDβ + λ)x(t) = g(t) and

x(0) = 0, Dβx(0) = 0, x(1) =
n
∑

i=1

µix(ηi) +
n
∑

i=1

γi

∫ ηi

0

x(s)ds.

Lemma 2.6. Let g ∈ C([0, 1],R) Then, a unique solution of the boundary value problem







cDα(cDβ + λ)x(t) = g(t), 0 < t < 1

x(0) = 0, Dβx(0) = 0, x(1) =
n
∑

i=1

µix(ηi) +
n
∑

i=1

γi

∫ ηi

0

x(s)ds,
(2.6)

is given by
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x(t) =
1

Γ(β + α)

∫ t

0

(t − s)β+α−1g(s)ds −
λ

Γ(β)

∫ t

0

(t − s)β−1x(s)ds

+
tβ+1

1 − ω

[

λ

Γ(β)

∫ 1

0

(1 − s)β−1x(s)ds −
1

Γ(β + α)

∫ 1

0

(1 − s)β+α−1g(s)ds

+

n
∑

i=1

µi

Γ(β + α)

∫ ηi

0

(ηi − s)β+α−1g(s)ds −

n
∑

i=1

λµi

Γ(β)

∫ ηi

0

(ηi − s)β−1x(s)ds

+
n
∑

i=1

γi

∫ ηi

0

x(s)ds

]

.

Proof. Applying Lemma 2.4, we get

cDβx(t) = Iαg(t) − λx(t) + a0 + a1t. (2.7)

Furthermore, we apply Lemma 2.4 and Lemma 2.3 the equation (2.7) becomes :

x(t) =
1

Γ(β + α)

∫ t

0

(t − s)β+α−1g(s)ds −
λ

Γ(β)

∫ t

0

(t − s)β−1x(s)ds

+
tβ

Γ(β + 1)
a0 +

tβ+1

Γ(β + 2)
a1 + a2.

By using the boundary conditions x(0) = 0 and cDαx(0) = 0 we get respectively a0 = 0 and a2 = 0,

and by using x(1) =
n
∑

i=1

µix(ηi) +
n
∑

i=1

γi

∫ ηi

0

x(s)ds and ω =
n
∑

i=1

µiη
β+1
i we get :

a1 =
Γ(β + 2)

1 − ω

[

λ

Γ(β)

∫ 1

0

(1 − s)β−1x(s)ds −
1

Γ(β + α)

∫ 1

0

(1 − s)β+α−1g(s)ds

+

n
∑

i=1

µi

Γ(β + α)

∫ ηi

0

(ηi − s)β+α−1g(s)ds −

n
∑

i=1

λµi

Γ(β)

∫ ηi

0

(ηi − s)β−1x(s)ds

+

n
∑

i=1

γi

∫ ηi

0

x(s)ds

]

.

Substituting the value of a0, a1, and a2, we obtain the desired results. Furthermore, it is not difficult
to see that this solution verifies the boundary condition of the problem (1.1). This completes the proof

�

2.2. Multi-valued Analysis

Now we recall some basic definitions on multivalued maps. [11,12,21]
Let C([0, 1],R) denote a Banach space of continuous functions from [0, 1] into R with the norm ‖x‖ =

supt∈[0,1]|x|. Let L
1([0, 1],R) be the Banach space of measurable functions x : [0, 1] −→ R which are

Lebesgue integrable and normed by ‖x‖L1 =

∫ 1

0

|x(t)|dt .

For a normed space (X, ‖.‖) let :

Pcl(X) = {Y ∈ P(X) : Y is closed}.

Pb(X) = {Y ∈ P(X) : Y is bounded}.

Pcp(X) = {Y ∈ P(X) : Y is compact}.

Pcp,cv(X) = {Y ∈ P(X) : Y is compact and convex}.

Pb,cl,cv(X) = {Y ∈ P(X) : Y is bounded, closed and convex}.
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Lemma 2.7. Let (X, ‖.‖) be a Banach space. A multivalued map G : X −→ P(X) is convex closed, if
G(x) is convex closed, for all x ∈ X; and G is bounded on bounded sets, if G(B) = ∪

x∈B
G(x) is bounded

in X, for any bounded set B of X.

Theorem 2.8. G is called upper semi-continuous (u.s.c) on X, if for each x ∈ X, the set G(x) is a
nonempty, closed subset of X, and if for each open set B of X containing G(x), there exists an open
neighborhood V of x such that G(V ) ∈ B.

Theorem 2.9. G is said to be completely continuous if G(B) is relatively compact, for every bounded
subset B ⊂ X.

Lemma 2.10. If the multivalued map G is completely continuous with nonempty compact values, then

G is u.s.c. if and only if G has a closed graph
(

i.e xn −→ x, yn −→ y; yn ∈ G(xn) imply y ∈ G(x)
)

.

Definition 2.11. an upper semi-continuous multivalued map G : X −→ X is said to be condensing
if for any subset B ⊂ X with α(B) 6= 0, we have α

(

G(B)
)

< α
(

B
)

, where α denotes the Kuratowski
measure of noncompactness [16].

Lemma 2.12. :
A completely continuous multivalued map is a condensing map

Theorem 2.13. :(Arzelà-Ascoli’s theorem)
Let K be a compact space and (E, d) a metric space. A ⊂ C(K, E) is relatively compact (i.e.

included in a compact) if and only if, for any x of K:

• A is equicontinuous in x, i.e. for everything ε > 0, there exist a neighborhood V of x such that :
∀f ∈ A, ∀y ∈ V d(f(x), f(y)) < ε

• The set A(x) = {f(x); f ∈ A} is relatively compact.

Definition 2.14. A multivalued map G : [0, 1] −→ P(X) is said to be Carathéodory if

(i)- t −→ G(t, x) is measurable for each x ∈ R.

(ii)- x −→ G(t, x) is upper semicontinuous for almost all t ∈ [0, 1].

Further a Carathéodory function G is called L
1-Carathéodory if

(iii)- for each θ > 0 there exist ϕθ ∈ L
1([0, 1],R+) such that

‖G(t, x)‖ = sup{|g|, g ∈ G(t, x)} ≤ ϕθ(t).

For all ‖x‖∞ ≤ θ and for all a.e t ∈ [0, 1]
For each x ∈ C([0, 1],R), define the set of selections of G by

S
G,x

= {g ∈ L1(J, X) : g(t) ∈ G(t, x(t)); for a.e t ∈ [0, 1]}.

Lemma 2.15. [6]
Let X be a Banach space. Let G : [0, 1] × R −→ Pb,cl,cv be a L

1-Carathéodory multivalued. And let
Υ be a linear continuous mapping from L1([0, 1], X) to C([0, 1], X). Then the operator :

Υ ◦ S
G

: C([0, 1], X) −→ Pb,cl,cv

(

C([0, 1], X)
)

; x −→
(

Υ ◦ S
G

)

(x) = Υ
(

S
G,x

)

,

is a closed graph operator in C([0, 1], X) × C([0, 1], X).

Theorem 2.16. (Leray-Schauder’s fixed point) [10]
Let X be a Banach space and N : X −→ Pb,cl,cv an u.s.c condensing map. If the set :

Λ := {x ∈ X : ρx ∈ Nx for ρ > 1}

is bounded, then N has a fixed point.
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3. Existence Results

Definition 3.1. A function x ∈ C([0, 1],R) is said to be a solution of (1.1), if there exists a function
g ∈ L

1([0, 1],R) with g(t) ∈ G(t, x(t)) a.e t ∈ [0, 1] and

x(t) =
1

Γ(β + α)

∫ t

0

(t − s)β+α−1g(s)ds −
λ

Γ(β)

∫ t

0

(t − s)β−1x(s)ds

+
tβ+1

1 − ω

[

λ

Γ(β)

∫ 1

0

(1 − s)β−1x(s)ds −
1

Γ(β + α)

∫ 1

0

(1 − s)β+α−1g(s)ds

+

n
∑

i=1

µi

Γ(β + α)

∫ ηi

0

(ηi − s)β+α−1g(s)ds −

n
∑

i=1

λµi

Γ(β)

∫ ηi

0

(ηi − s)β−1x(s)ds

+

n
∑

i=1

γi

∫ ηi

0

x(s)ds

]

.

Assume that :

(H1)- G : [0, 1] ×R −→ P(R) is Carathéodory and has nonempty compact and convex values, and for each
fixed x ∈ C([0, 1],R) the set :

S
G,x

= {g ∈ L
1([0, 1], X) : g(t) ∈ G(t, x(t)); t ∈ [0, 1]},

is nonempty.

(H2)- ‖G(t, x)‖ := sup{|g| : g ∈ G(t, x)} ≤ p(t)Ψ(‖x‖) for all t ∈ J and all x ∈ C([0, 1], X), where
p ∈ L1([0, 1],R+) and Ψ : R+ −→ [0, +∞) is continuous and nondecreasing function.

(H3)- there exists a number M > 0 such that :

‖p‖∞Ψ(‖x‖∞)Φ

1 − Ω
<

‖p‖∞Ψ(M)Φ

1 − Ω
.

Where

Φ =

|1 − ω| + 1 +
n
∑

i=1

|µi|η
β+α
i

|1 − ω|Γ(β + α + 1)
.

And

Ω =

|1 − ω||λ| + |λ|
(

1 +
n
∑

i=1

|µi|η
β
i

)

+ Γ(β + 1)
n
∑

i=1

|γi|ηi

|1 − ω|Γ(β + 1)
.

With Ω < 1.

Our main result may be presented as the following theorem.

Theorem 3.2. Assume that hypotheses (H1) − (H3) hold, then the problem (1.1) has at least one
solution.

Proof. Let us introduce the operator N : C([0, 1],R) −→ P([0, 1],R) as
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N(x) :=















































































































h ∈ C([0, 1],R) : h(t) =















































































































1

Γ(β + α)

∫ t

0

(t − s)β+α−1g(s)ds

−
λ

Γ(β)

∫ t

0

(t − s)β−1x(s)ds

+
tβ+1

1 − ω

[

λ

Γ(β)

∫ 1

0

(1 − s)β−1x(s)ds

−
1

Γ(β + α)

∫ 1

0

(1 − s)β+α−1g(s)ds

+
n
∑

i=1

µi

Γ(β + α)

∫ ηi

0

(ηi − s)β+α−1g(s)ds

−

n
∑

i=1

λµi

Γ(β)

∫ ηi

0

(ηi − s)β−1x(s)ds

+

n
∑

i=1

γi

∫ ηi

0

x(s)ds

]















































































































.

For g ∈ S
G,x

.

Now we shall prove that N is a completely continuous multivalued map, u.s.c, with convex and
closed values. The proof will be given in several steps.

Step 1 : N(x) is convex for each x ∈ C([0, 1],R).

Indeed, if h1, h2 belong to N(x), then there exist g1, g2 ∈ S
G,x

such that for each t ∈ [0, 1] we have:

hj(t) =
1

Γ(β + α)

∫ t

0

(t − s)β+α−1gj(s)ds −
λ

Γ(β)

∫ t

0

(t − s)β−1x(s)ds

+
tβ+1

1 − ω

[

λ

Γ(β)

∫ 1

0

(1 − s)β−1x(s)ds −
1

Γ(β + α)

∫ 1

0

(1 − s)β+α−1gj(s)ds

+

n
∑

i=1

µi

Γ(β + α)

∫ ηi

0

(ηi − s)β+α−1gj(s)ds −

n
∑

i=1

λµi

Γ(β)

∫ ηi

0

(ηi − s)β−1x(s)ds

+
n
∑

i=1

γi

∫ ηi

0

x(s)ds

]

.

For j = 1, 2. Let 0 ≤ k ≤ 1 then, for each t ∈ [0, 1], we have

kh1(t) + (1 − k)h2(t) =
1

Γ(β + α)

∫ t

0

(t − s)β+α−1
[

kg1(s) + (1 − k)g2(s)
]

ds

−
λ

Γ(β)

∫ t

0

(t − s)β−1x(s)ds +
tβ+1

1 − ω

[

λ

Γ(β)

∫ 1

0

(1 − s)β−1x(s)ds

−
1

Γ(β + α)

∫ 1

0

(1 − s)β+α−1
[

kg1(s) + (1 − k)g2(s)
]

ds

+

n
∑

i=1

µi

Γ(β + α)

∫ ηi

0

(ηi − s)β+α−1
[

kg1(s) + (1 − k)g2(s)
]

ds

−

n
∑

i=1

λµi

Γ(β)

∫ ηi

0

(ηi − s)β−1x(s)ds +

n
∑

i=1

γi

∫ ηi

0

x(s)ds

]

.

Thus kg1 +(1−k)g2 ∈ N(x)
(

because S
G,x

is convex
)

, then N(x) is convex for each x ∈ C([0, 1],R)
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Step 2 : N(x) maps bounded set into bounded set in C([0, 1],R).

Indeed, it is enough to show that there exists a positive constant l such that for each h ∈ N(x);
x ∈ Bq = {x ∈ C([0, 1],R : ‖x‖∞ ≤ q} we have ‖h‖∞ ≤ l .
If h ∈ N(x) then there exist g ∈ S

G,x
, such that for every t ∈ [0, 1] we have :

h(t) =
1

Γ(β + α)

∫ t

0

(t − s)β+α−1g(s)ds −
λ

Γ(β)

∫ t

0

(t − s)β−1x(s)ds

+
tβ+1

1 − ω

[

h1(t) + h2(t)

]

.

Where :

h1(x) =
λ

Γ(β)

∫ 1

0

(1 − s)β−1x(s)ds −

n
∑

i=1

λµi

Γ(β)

∫ ηi

0

(ηi − s)β−1x(s)ds

+

n
∑

i=1

γi

∫ ηi

0

x(s)ds,

h2(g) =

n
∑

i=1

µi

Γ(β + α)

∫ ηi

0

(ηi − s)β+α−1g(s)ds −
1

Γ(β + α)

∫ 1

0

(1 − s)β+α−1g(s)ds, then :

|h(t)| ≤
1

Γ(β + α)

∫ t

0

(t − s)β+α−1|g(s)|ds +
|λ|

Γ(β)

∫ t

0

(t − s)β−1|x(s)|ds

+
tβ+1

|1 − ω|

[

|h1(t)| + |h2(t)|

]

,

and

|h1(x)| ≤
|λ|

Γ(β)

∫ 1

0

(1 − s)β−1‖x‖∞ds +

n
∑

i=1

|λ||µi|

Γ(β)

∫ ηi

0

(ηi − s)β−1‖x‖∞ds

+
n
∑

i=1

|γi|

∫ ηi

0

‖x‖∞ds

≤ ‖x‖∞

(

|λ|

Γ(β)

∫ 1

0

(1 − s)β−1ds +

n
∑

i=1

|λ||µi|

Γ(β)

∫ ηi

0

(ηi − s)β−1ds +

n
∑

i=1

|γi|

∫ ηi

0

ds

)

≤
‖x‖∞

Γ(β + 1)

(

|λ| + |λ|

n
∑

i=1

|µi|η
β
i + Γ(β + 1)

n
∑

i=1

|γi|ηi

)

≤
q

Γ(β + 1)

(

|λ| + |λ|

n
∑

i=1

|µi|η
β
i + Γ(β + 1)

n
∑

i=1

|γi|ηi

)

≤
q

Γ(β + 1)

(

|λ| + |λ|
n
∑

i=1

|µi|η
β
i + Γ(β + 1)

n
∑

i=1

|γi|ηi

)
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|h2(g)| ≤

n
∑

i=1

µi

Γ(β + α)

∫ ηi

0

(ηi − s)β+α−1‖g(s)‖ds +
1

Γ(β + α)

∫ 1

0

(1 − s)β+α−1‖g(s)‖ds

≤
‖g(s)‖

Γ(β + α)

(

n
∑

i=1

|µi|

∫ ηi

0

(ηi − s)β+α−1ds +

∫ 1

0

(1 − s)β+α−1ds

)

≤
‖g(s)‖

Γ(β + α + 1)

(

1 +
n
∑

i=1

|µi|η
β+α
i

)

≤
‖p‖∞Ψ(‖x‖∞)

Γ(β + α + 1)

(

1 +

n
∑

i=1

|µi|η
β+α
i

)

≤
‖p‖∞Ψ(q)

Γ(β + α + 1)

(

1 +

n
∑

i=1

|µi|η
β+α
i

)

.

Then

|h(t)| ≤
‖g(s)‖

Γ(β + α)

∫ t

0

(t − s)β+α−1ds +
|λ|‖x‖∞

Γ(β)

∫ t

0

(t − s)β−1ds

+
tβ+1

|1 − ω|

[

|h1(t)| + |h2(t)|

]

≤
‖p‖∞Ψ(‖x‖∞)tβ+α

Γ(β + α + 1)
+

|λ|‖x‖∞tβ

Γ(β + 1)
+

tβ+1

|1 − ω|

[

|h1(x)| + |h2(g)|

]

≤
‖p‖∞Ψ(q)tβ+α

Γ(β + α + 1)
+

|λ|qtβ

Γ(β + 1)

+
tβ+1

|1 − ω|

[

q

Γ(β + 1)

(

|λ| + |λ|

n
∑

i=1

|µi|η
β
i + Γ(β + 1)

n
∑

i=1

|γi|ηi

)

+
‖p‖∞Ψ(q)

Γ(β + α + 1)

(

1 +
n
∑

i=1

|µi|η
β+α
i

)]

≤ ‖p‖∞Ψ(q)

|1 − ω| + 1 +
n
∑

i=1

|µi|η
β+α
i

|1 − ω|Γ(β + α + 1)

+ q

|1 − ω||λ| + |λ|
(

1 +
n
∑

i=1

|µi|η
β
i

)

+ Γ(β + 1)
n
∑

i=1

|γi|ηi

|1 − ω|Γ(β + 1)
.

Then
‖h‖∞ ≤ ‖p‖∞Ψ(q)Φ + qΩ := l.

where

Φ =

|1 − ω| + 1 +
n
∑

i=1

|µi|η
β+α
i

|1 − ω|Γ(β + α + 1)
.

And

Ω =

|1 − ω||λ| + |λ|
(

1 +
n
∑

i=1

|µi|η
β
i

)

+ Γ(β + 1)
n
∑

i=1

|γi|ηi

|1 − ω|Γ(β + 1)
.
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Step 3 : N maps bounded set into equicontinuous sets of C([0, 1],R):

Let t1, t2 ∈ [0, 1]; t1 < t2, and x ∈ Bq where Bq, as above, is a bounded set of C([0, 1],R); for each
x ∈ Bq and h ∈ N(x); there exist g ∈ S

G,x
such that :

|h(t2) − h(t1)| ≤
∣

∣

∣

1

Γ(β + α)

∫ t2

0

(t2 − s)β+α−1g(s)ds −
λ

Γ(β)

∫ t2

0

(t2 − s)β−1x(s)ds

−
1

Γ(β + α)

∫ t1

0

(t1 − s)β+α−1g(s)ds +
λ

Γ(β)

∫ t1

0

(t1 − s)β−1x(s)ds
∣

∣

∣

+
∣

∣

∣

t
β+1
2 − t

β+1
1

1 − ω

[

h1(x) + h2(g)

]

∣

∣

∣
.

≤
∣

∣

∣

1

Γ(β + α)

∫ t2

0

[

(t2 − s)β+α−1 − (t1 − s)β+α−1
]

g(s)ds

+
1

Γ(β + α)

∫ t2

t1

(t2 − s)β+α−1g(s)ds
∣

∣

∣
+
∣

∣

∣

λ

Γ(β)

∫ t2

0

[

(t2 − s)β−1 − (t1 − s)β−1
]

x(s)ds

+
λ

Γ(β)

∫ t2

t1

(t2 − s)β−1x(s)ds
∣

∣

∣
+

t
β+1
2 − t

β+1
1

|1 − ω|

[

|h1(x)| + |h2(g)|

]

.

As t2 −→ t1 the right-hand side of the above inequality tends to zero, implies that N(x) is equicon-
tinuous. Therefore it follows by Arzela-Ascoli theorem that N : C([0, 1],R) −→ P(C([0, 1],R)) is relatively
compact then N is completely continuous.

Step 4 : N has a closed graph.

Let xn −→ x∗, hn ∈ N(xn) and hn −→ h∗, we shall prove that h∗ ∈ N(x∗).
hn ∈ N(xn) then there exists gn ∈ S

G,xn
such that for each t ∈ [0, 1]

hn(t) =
1

Γ(β + α)

∫ t

0

(t − s)β+α−1gn(s)ds −
λ

Γ(β)

∫ t

0

(t − s)β−1xn(s)ds

+
tβ+1

1 − ω

[

λ

Γ(β)

∫ 1

0

(1 − s)β−1xn(s)ds −
1

Γ(β + α)

∫ 1

0

(1 − s)β+α−1gn(s)ds

+

n
∑

i=1

µi

Γ(β + α)

∫ ηi

0

(ηi − s)β+α−1gn(s)ds −

n
∑

i=1

λµi

Γ(β)

∫ ηi

0

(ηi − s)β−1xn(s)ds

+
n
∑

i=1

γi

∫ ηi

0

xn(s)ds

]

.

We should prove that g∗ ∈ S
G,x∗

such that for each t ∈ [0, 1] :

h∗(t) =
1

Γ(β + α)

∫ t

0

(t − s)β+α−1g∗(s)ds −
λ

Γ(β)

∫ t

0

(t − s)β−1x∗(s)ds

+
tβ+1

1 − ω

[

λ

Γ(β)

∫ 1

0

(1 − s)β−1x∗(s)ds −
1

Γ(β + α)

∫ 1

0

(1 − s)β+α−1g∗(s)ds

+

n
∑

i=1

µi

Γ(β + α)

∫ ηi

0

(ηi − s)β+α−1g∗(s)ds −

n
∑

i=1

λµi

Γ(β)

∫ ηi

0

(ηi − s)β−1x∗(s)ds

+
n
∑

i=1

γi

∫ ηi

0

x∗(s)ds

]

.
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We have that :

‖

(

hn(t)+
λ

Γ(β)

∫ t

0

(t − s)β−1xn(s)ds +
tβ+1

1 − ω

[

λ

Γ(β)

∫ 1

0

(1 − s)β−1xn(s)ds

−

n
∑

i=1

γi

∫ ηi

0

xn(s)ds +

n
∑

i=1

λµi

Γ(β)

∫ ηi

0

(ηi − s)β−1xn(s)ds

])

−

(

h∗(t) +
λ

Γ(β)

∫ t

0

(t − s)β−1x∗(s)ds +
tβ+1

1 − ω

[

λ

Γ(β)

∫ 1

0

(1 − s)β−1x∗(s)ds

−

n
∑

i=1

γi

∫ ηi

0

x∗(s)ds +

n
∑

i=1

λµi

Γ(β)

∫ ηi

0

(ηi − s)β−1x∗(s)ds

])

‖ −→ 0.

As n −→ ∞

Consider the linear operator :

Υ : L1([0, 1],R) −→ C([0, 1],R)

g −→ Υ(g)(t).

With

Υ(g)(t) =
1

Γ(β + α)

∫ t

0

(t − s)β+α−1g(s)ds

−
tβ+1

1 − ω

[

1

Γ(β + α)

∫ 1

0

(1 − s)β+α−1g(s)ds −

n
∑

i=1

µi

Γ(β + α)

∫ ηi

0

(ηi − s)β+α−1g(s)ds

]

.

From Lemma 2.15; Υ ◦ S
G

is a closed graph operator then we have that :

hn(t)+
λ

Γ(β)

∫ t

0

(t − s)β−1xn(s)ds +
tβ+1

1 − ω

[

λ

Γ(β)

∫ 1

0

(1 − s)β−1xn(s)ds

−
n
∑

i=1

γi

∫ ηi

0

xn(s)ds +
n
∑

i=1

λµi

Γ(β)

∫ ηi

0

(ηi − s)β−1xn(s)ds

]

∈ Υ
(

S
G,xn

)

.

Since xn −→ x∗, and hn −→ h∗ then :

h∗(t)+
λ

Γ(β)

∫ t

0

(t − s)β−1x∗(s)ds +
tβ+1

1 − ω

[

λ

Γ(β)

∫ 1

0

(1 − s)β−1x∗(s)ds

−

n
∑

i=1

γi

∫ ηi

0

x∗(s)ds +

n
∑

i=1

λµi

Γ(β)

∫ ηi

0

(ηi − s)β−1x∗(s)ds

]

∈ Υ
(

S
G,x∗

)

.

It follows that g∗ ∈ S
G,x

such that
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h∗(t) =
1

Γ(β + α)

∫ t

0

(t − s)β+α−1g∗(s)ds −
λ

Γ(β)

∫ t

0

(t − s)β−1x∗(s)ds

+
tβ+1

1 − ω

[

λ

Γ(β)

∫ 1

0

(1 − s)β−1x∗(s)ds −
1

Γ(β + α)

∫ 1

0

(1 − s)β+α−1g∗(s)ds

+

n
∑

i=1

µi

Γ(β + α)

∫ ηi

0

(ηi − s)β+α−1g∗(s)ds −

n
∑

i=1

λµi

Γ(β)

∫ ηi

0

(ηi − s)β−1x∗(s)ds

+
n
∑

i=1

γi

∫ ηi

0

x∗(s)ds

]

.

From the Step 1, step 2, step 3 and step 4 we deduce that N is u.s.c, completely continuous then by
Lemma 2.12, N is a condensing, bounded, closed and convex operator. In order to prove that N has a
fixed point, we need one more step.

Step 5 : The set Λ := {x ∈ X : ρx ∈ Nx for ρ > 1} is bounded.

Let x ∈ Λ. Then ρx ∈ N(x), thus there exists g ∈ S
G,x

such that :

x(t) =
ρ−1

Γ(β + α)

∫ t

0

(t − s)β+α−1g(s)ds −
ρ−1λ

Γ(β)

∫ t

0

(t − s)β−1x(s)ds

+
ρ−1tβ+1

1 − ω

[

λ

Γ(β)

∫ 1

0

(1 − s)β−1x(s)ds −
1

Γ(β + α)

∫ 1

0

(1 − s)β+α−1g(s)ds

+
n
∑

i=1

µi

Γ(β + α)

∫ ηi

0

(ηi − s)β+α−1g(s)ds −
n
∑

i=1

λµi

Γ(β)

∫ ηi

0

(ηi − s)β−1x(s)ds

+

n
∑

i=1

γi

∫ ηi

0

x(s)ds

]

.

By (H1) − (H3)and (H5) we have :

‖x‖∞ ≤ ‖p‖∞Ψ(‖x‖∞)Φ + ‖x‖∞Ω.

where

Φ =

|1 − ω| + 1 +
n
∑

i=1

|µi|η
β+α
i

|1 − ω|Γ(β + α + 1)
.

And

Ω =

|1 − ω||λ| + |λ|
(

1 +
n
∑

i=1

|µi|η
β
i

)

+ Γ(β + 1)
n
∑

i=1

|γi|ηi

|1 − ω|Γ(β + 1)
.

With Ω < 1.
Then

‖x‖∞ − ‖x‖∞Ω ≤ ‖p‖∞Ψ(‖x‖∞)Φ

≤
‖p‖∞Ψ(‖x‖∞)Φ

1 − Ω

≤
‖p‖∞Ψ(M)Φ

1 − Ω
:= K

< K,
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where K depends only on the functions p and Ψ. This shows that Λ is bounded.
As a consequence of Theorem 2.16 (Leray-Schauders’s fixed point) we deduce that N has a fixed point
which is a solution of our problem (1.1). �

4. Conclusion

In the current article, we investigated the existence of solution for a fractional Langevin inclusion
with multi-point boundary conditions. We established the existence resut by using Leray-Schauder’s
fixed point theorem.
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