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ABSTRACT: We obtain sufficient conditions to know if given a positive even integer number and a set of
positive integer numbers being all even or all odd, such a number can be expressed as sum of two elements
of this set. As consequence we obtain a result which would prove Goldbach”s Conjecture for sequences with
contractive distribution functions, provided that certain conditions are satisfied. These hypotheses, in the
context of prime numbers, include Prime Consecutive Conjecture, which is a generalized form of Twin Prime
Conjecture. In addition, we extend these results to sets of positive real numbers, even for two different sets.
We also obtain a recurrent approximation of 7(x) for enough large x € R, being m the distribution function of
the prime number set, which uses whichever expression of x as product of enough large factors. We also state
this approximation in a more general context, give upper and lower bounds for the error, and show that this
approximation is asymptotically equivalent to 7(z).
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1. Introduction

We investigate sufficient conditions to determine if given a positive even integer number and a set
of positive integer numbers being all even or all odd, such a number can be expressed as sum of two
elements of this set. In our research, for the particular case of the prime numbers set, we obtain a result
which may be used to prove (Strong) Goldbach”s Conjecture for sequences with contractive distribution
functions, stated in fact in a more general setting (see Corollary 2.2 and Corollary 7.2 ). One of the
hypothesis of this result is the consecutive prime conjecture, which includes Twin Prime Conjecture as a
particular case. In addition, we generalize these results to the general setting of positive real numbers,
for sums of two elements of the same set and for the ones of two elements belonging every one of them
to different sets.

We also obtain an approximation of the distribution function of prime numbers set using whatever
factorization of the argument whenever its factors are enough large, and we study the quality of this
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approximation under certain hypotheses. This approximation is also stated in a more general context.
For the case consisting of two factors this approximation is:

zym(x) 7(y)

for each x, y € R, =,y > ko, 1.1
T Ty PR m Y ER By 2k (1)

m(xy) =~

and it is based on

m(z)

We give upper and lower bounds for the error in the generalized approximation (1.1) for m > 2 factors,
prove that this approximation is asymptotic to 7(z), and apply these results to approximate () when
x is the product of prime numbers.

We establish some notation. We denote Zt := {m € Z|m >0}. Given A C R", we denote
the indicator function of A with respect to R™ by x,, and define z4A = {az|a€ A}, A+ B :=
{a+bla€ A, be B} for every B C R". Given m € N, aq,...,a,, € R, we denote their product by
Prod™, a;. We denote by P the set of prime numbers, and P* := P\ {2}. We denote the number of
elements of a set A by Card(A). Given € R we denote by E(z) its integer part. We also denote the
set of positive real numbers by R*.

X ——, T — +00.
log x

1.1. Definitions

We work with the concepts of distribution function and discriminant function of a set of natural
numbers P. We also use other concepts which help us to determine whether a given even natural number
is or not a sum of two elements of P.

Definition 1.1. Let P = (pi)iew be a strictly increasing sequence in Z7T.

1. a:=p; =min{p; |i € ZT} € Z".

2. ro:=min{py1 —p;|i€ZT}=min{qg—p|p, q€P, p<q} >1.

3. Nsg:={neN|n>a} CZ", 2N5,:={2n|n €N, n > a}.

4. The function m:= 7p : (0, +00) — R defined by

m(x):=Card({p € P|p <z})=Card(PnN(0, z]),
for each x € (0, +00), is called the distribution function of P. 7 is monotonically increasing.

Remark 1.2. Observe these consequences of the definition of m:

1. For every n € Z* we have {p1,...,Pr(n)} C [1, n], and then pr(n,y < n.

2. (p <n&ep< p,,(n)) for everyn € Z%, p € P.

Definition 1.3. Let P = (pl')iEZJr be a strictly increasing sequence in Z™ such that P C 2N or P C 2N+1.
Then rq is even and rg > 2.

1. Let k € 2N, k > rg. Define the function mj : (0, +00) — R by
mx(z) :=Card({peP| (p+k <z, p+keP)}) <m(x),
for each x € (0, +00).

2. Let x € (0, +o0). Dif (P)(z) := {pit1 —pi : i €LY, piy1 <z} is called the difference set of P
until x. Notice that

Dif (P)(z) C2Nsma ={2s] (s €N, 25 = r9)} = {ro,ro + 2,70 +4,..}.

Observe that if P = P, then 74 is the distribution function of the twin prime numbers.
Using Definition 1.1 we can formulate (Strong) Goldbach”s Conjecture:



ADVANCES IN ADDITIVE NUMBER THEORY 3

Conjecture 1.4 ((Strong) Goldbach”s Conjecture).
2N23 C P* + P,

In 2014 Harald Andres Helfgott proved the Ternary (also called Odd) Goldbach” s Conjecture, which
we can formulate as follows:

Theorem 1.5 (Ternary Goldbach”s Conjecture (see [7])).
2N24+ 1 C P* 4+ P* + P*.

This is, every odd integer greater or equal than 9 is the sum of three odd prime numbers.

Let P = (pi);cz+ be a strictly increasing sequence in Z*. Let m € N>,, where a = p;. We wonder
if 2m € P 4+ P. Obviously, if m € P (the trivial case), then 2m = m +m € P + P and the answer is
affirmative. The question is what happens if m ¢ P. Suppose that 2m € P + P, with m ¢ P. There
exist p, ¢ € P, with p < ¢, such that 2m = p + ¢q. Then 2m > 2p and, consequently, p < m, or what is
equivalent, p < pr(,,). Thus we have that p € P, 2m —p € P and p < pr(;n)- So these last three conditions
altogether are equivalent to 2m € P + P when m ¢ P (of course it is also true for m € P).

Definition 1.6 (Discriminant function). Let P = (p;);c,+ be a strictly increasing sequence in Z*, and
define a := p1. The function ¢ : N>, — N defined by

w(m)
Y(m) = Z w(2m — p;) = Z 7w(2m — p) for all m € N>,
i=1 peP, p<m

is called the discriminant function of P.
1.2. Results
Our main results are the following theorems.

Theorem 1.7. Let P = (p;), o+ be a strictly increasing sequence in Z+ such that P C 2N or P C 2N+41.
Suppose that there exists a constant C' > 0 such that

m(x) = m(y) > C m(x —y) for all v, y € [1, +00), > y.
Define a := p1, and consider the function f : N>, \ P — N defined by
flm) = Z (k4 2) mi(m) for every m € N>, \ P.
keDif(P)(m)

Then:

1. p(m)—y(m—1) > w(m)+C f(m)—m(2m—a—2) > w(m)+C f(m)—m(2m) for every m € N>, \P.

2. Let m € N5, \P. If r(m) +C f(m) —7(2m —a —2) >0, then 2m € P+ P.

3. If iminf,, 4 o meo % > L € (1, +o0], then there exists mo € N>, \ P such that 2m €

P+ P for each m € N> \ P, m > my.

Remark 1.8. Obviously in Theorem 3.5 we can replace the function f by a positive function g : N>o\P —
Z* wverifying that f(m) > g(m) for allm € N>, \ P whenever such a function exists. This is more suitable
in practice as we will show in the next section (see Corollary 2.2).

Given a sequence of real numbers greater or equal than 1, the following two theorems give us an
approximation of the values of its distribution function, 7(x), depending on the factors of =, namely:

x Prod]L ()
Z;'n:1 xj Prodi’y ;;m ()

with x = z1 - ... -y, m > 2. We may apply both of them to prime numbers set P with A =1, B =
1.1, zg = 60184 (see [4], and also [3] p. 37).

m(x) ~
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Theorem 1.9. Let P = (p;);cp+ be a strictly increasing sequence in RT, and let w : (0, +00) = R be its
distribution function. Suppose that there exist constants xo, A, BE€R, g > 1,0 < A < B < logzg, such

that
Y <r@)< _r
logx — A — ~ logz— B

Letm €N, m > 2, x1,...,&m € [xg, +00). Define x := Prod™, x; € [xg, +00) and

- for all x € [zg, +00).

Prodm (log Tj— Z 1
Py (logx] - C = Prodl, ;,;(logz; — C)

g1, ..., xm,C, D) :=

for all C; D € R. Then we have:

1. g(z1,...;om, A, B) < mmﬂffw(zi) < g(z1, . Tm, B, A).
Z:;lr Prodi 1, i ( )
2. 1imm1—>+oo,...,zm—>+oo rPro:iT"E”z)-n(Tj) =1.

m
27 p %3 Prodily iz (@4)

Theorem 1.10. Let P = (p;),c,+ be a strictly increasing sequence in R, and let 7 : (0, +00) — R be
its distribution function. Suppose that there exist constants xg, A, B € R, 90 > 1,0 < A < B < logxg,
such that

m(x) <

T
~ logx— B
Letm e N, m > 2, &1, ..., Ty, € [0, +0). Define x := Prod™, x; € [xg, +00) and

— < .
ogr A for all x € [xg, +00)

1

m Prod™ (logz;—C) ’
E] 1 Proal’”1 izj(logzi—D)

h(z1, ..., m,C, D) :=

1

TC IO To ) B S—
(xlv » L ) ijl 10g1‘] - D

- h(l‘l, ooy Ty C,D)

for all C; D € R. Then we have:

x Prod;’ y7(x;)

Em_ T Prod;":’1 wﬁjﬂ'(z,;)

1. zl(x1, .oy, B, A) < 7w(x) — <zl(zry,..,xm, A, B).

j=1
2.
lim W(x1y oy T, B, A) =
T1—>+00,...,Tm—>+00
= lim Wz1, ey X, A, B) =0

T1—>+00,...,Tm—>+00

1im xl(x17"'7xm7B7A) =

T1—>+00,...,Tm—>+00
= lim xl(z1, .., T, A, B) = 400

T1—>+00,...,Tm—>+00

() x Prod;nzlﬂ(n:j)
m
Zj:l @ Prod?’z’l’ 1:#],71'(.7:1')
I
Zlgwgm(logzi)(logmj)

The paper is structured as follows. Section 1 contains definitions and the main results. In section 2
we prove Theorem 1.7 and we obtain as consequence a result which may be applied to prove Goldbach”s
Conjecture for sequences with contractive distribution functions (Corollary 2.2 and Corollary 7.2). In
section 3 we generalize Theorem 1.7 to positive real numbers setting, obtaining Theorem 3.5. In section

3. 1im331‘>+oo:~~~;w'm‘)+oo =1.
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4 we obtain sufficient conditions to determine, given two sets of positive real numbers A, B, when a given
positive real number is a sum of an element of A and an element of B. In section 5 we prove Theorem
1.9 and we obtain some consequences for prime numbers. Section 6 is devoted to the proof of Theorem
1.10. Finally, in section 7 we state slight generalizations of Theorem 1.7 and Corollary 2.2 for sequences
of natural numbers whose distribution functions are quasi-contractive.

2. Proof of Theorem 1.7 and consequences.

In this section we will prove Theorem 1.7. First we need the following result which justifies the name
of discriminant fucntion.

Lemma 2.1. Let P = (p;),cy+ be a strictly increasing sequence in 2+ such that P C 2N or P € 2N 4 1.
Define a := p1, and let m € N>,, m ¢ P be. Then:

1op(m) =yp(m—=1) =3 cp pom Xp(2m —p) > 0 is the number of times that 2m can be expressed as
sum of two elements of P (considering the same form p+ q and q+ p for all p, q € P).

2. p(m)—yp(m—-1)>0<2me P+ P.

Proof. Since m ¢ P, then m(m) = w(m — 1). Therefore:

7(m) w(m—1)
m) —bm—1) = 3 7@m—p) = 3 7 (2m—1)—pi) =
i=1 i=1
7(m—1) 7(m—1)
= > w@m-p)— Y w((2m-p)-2)=
i=1 =1
m(m—1) m(m—1)

= > [m@m—p)—7(@m—p)-2]= > xo2m-—p;)=

i=1 =1

m(m)
= > xo(@m—p)= D xp(2m—p)>0,
i=1 peP, p<m

where the fifth equality, the key step, is because of 2m — p; and 2m — p; — 2 are both even or both odd.
O

Proof of Theorem 1.7.

1. Let m € N>, \ P. Then m(m) = w(m — 1). Therefore:

7(m) m(m—1)
p(m) —gm—=1) =Y w2m—p)— > 7(2(m—1)—p)

i=1 i=1
w(m) m(m—1)

=Y w@m—p)— > w(@m—(pi+2)
i=1 i=1
7(m) (m)

=Y w@2m—p) - Y 7(2m— (pi+2))
i=1 =1
w(m) m(m)—1

= m(2m — p;) — m(2m — (pj+1 +2))
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=m(2m — pﬂ(m>) —m(2m— (p1+2))

m(m)— w(m)—1
+ Z w(2m — p;) Z 7 (2m — (pj41 +2))
j=1
=m(2m = pr(m)) — ™ (2m — (p1 + 2))
w(m)—1

+ Z m(2m —p;) — 7 (2m — (piy1 + 2))] .

Since pr(m) < m, then 2m — pr(y) > m, and thus 7(2m — pr(my) > 7(m). On the other hand, let
i€{l,...,m(m) — 1} be. Then

7(2m —pi) — 7 (2m — (piy1 + 2)) =
> Cn((2m—pi) — (2m — (pit1 +2))) =
=Cn(pit1 —pi +2).

Hence
w(m)—1
) bl = 1) 2 wm) =52~ =2+ € 3 7 i i+ 2),
Since
m(m)—1
Y mpi-pit2) = > m(g—p+2)=
i=1 p, g€P consecutive, p<g<m
= > wk+2) m(m) = f(m),
kEDif(P)(m)

then we have

Y(m) —p(m 1) w(m )+Cf( y—7m(2m —a—2)>
m(m) + C f(m) — m(2m).
2. It is an immediate consequence of the previous item and the second item of Lemma 2.1.

3. Let m € N>, \ P. If 7(m) + C f(m) —w(2m) > 0, then by the previous item we have 2m € P + P.
From this fact we obtain the result.

O

Corollary 2.2. Let P = (p;);cz+ be a strictly increasing sequence in 7. such that P C 2N or P C 2N+1.
Suppose that there exists a constant Cy > 0 such that

mw(z) —w(y) > Cr w(x —y) for all z, y € [1, +0), > y.
Define a := p1. Let a € RT. Suppose that
1. There ezist constants Cy > 0, mg € N>, \ P such that
Card (Dif (P)(m)) > Cy log™(m)

for every m € N>, \ P, m > my.
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2. There exist constants m1 € N>, \ P, A, B, C5 € R, C3 > 0 such that

mi(m) > —— A
(log(m) + A)*" + B

for every m € N>, \ P, m > my, and every k € {2,4, . 2F (%ﬂ(m)) }

3. 1My 4 oo, nen ’lf(:”) = 1.
4. 01'02'03>1.
Then there exists mo € N>q \ P such that 2m € P+ P for all m € N>, \ P, m > mao.

7(2n) -1
2n .
log(n)+log 2
Define s¢ := max {mg, m1}. Let o € Z* be an even integer such that xo > 4 and 7m(x¢) > 1. Let
m € N>, \ P, m > s, be such that Card (Dif (P) (m)) > %> — 2. Then

fm):= Y w(k+2)mi(m) > > m(zo) g (m) >

Proof. The assumption (3) implies that lim,_, 4o nen

keDif (P)(m) kEDif(P)(m), k>z0—2
Csm . Zo
> (Card(Dif (P)(m)) — — +2) >
(log(m) + A)O‘Jrl + B ( (Dif (7) (m) 2 )

Cy log™(m) — % +2 -

Z 03 m e — g(m)
(log(m) +A4)* " + B
Hence
m Co log"‘(m)_z_ﬂ_;,_g
- 4+ O O3 m ot
lim inf M — liminf log 2W(Llog(m)JrA) 11 B _
m— 00 7r(2m) m— 00 e
14+ C1 Cy C
_ GGt g
2
We obtain the result as consequence of Theorem 1.7. O

Remark 2.3. Observe that for « = 1, and in the context of the prime numbers, the second hypothesis
is called the Consecutive Prime Conjecture, and for k = 2 it is a Hardy and Littlewood " s conjecture for
the distribution of the twin prime numbers (for example, see [6], [8] and [1]). In addition, the third
hypothesis is Prime Number Theorem (see [5] and [2]).

In the two following sections we generalize the results of the first section to positive real numbers.

3. On the existence of an expression of a positive real number as sum of two elements of a
given set of positive real numbers.

3.1. Definitions

Definition 3.1. Let P = (p;);cz+ be a strictly increasing sequence in RY such that it is uniformly discrete
(briefly, u.d.), this is, inf;cz+ {piv1 — pi} > 0.

1. a:=p; =min{p;|i € ZT} € RT.
2. Rsg:={z €R|z>a} CRY, 2R>, := {22 |z € R, z > a}.
3. The function 7 := wp : (0, +00) = R defined by
7w(z) :=Card({p € P|p <z}) = Card(PnN(0, x]),

for each x € (0, +00), is called the distribution function of P. 7 is monotonically increasing.
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Remark 3.2. Notice these consequences of the definition of w:
1. For every x € RT we have {pl, ...,pﬂ(w)} C (0, z], and then pr(y) < .
2. (p <zep< pﬂu)) for every x € RT, p € P.

Definition 3.3. Let P = (p;i),c5+ be a strictly increasing and u.d. sequence in RT.
1. Dif (P) :={pnt1 —pn : n € ZT} CRT is called the difference set of P.

2. Let x € (0, +00). Dif (P)(x) := {pnt1 —pn : n € ZY, ppi1 < x} is called the difference set of P
until x.

3. Letp, ¢ € P, p < q. We say that p and q are consecutive respect to P if (p, q) NP = 0.
4. Letp, q€P, p<q, k€ R"Y. We say that p and q are k-consecutive if ¢ — p = k.
5. Let k € Dif (P). We define the function y := w3 : (0, +00) = R by

mp(z) =Card{peP| (p+k <z p+ke?P)}) <n(zx),

for each x € (0, +00). Ty 1= i, is called the distribution function of the k-consecutive elements
of P, and it is also called the distribution function of the k-differences of elements of P.

Let P = (pi);ez+ be a strictly increasing and u.d. sequence in R*. We define a := p1. Let (by),,cp+
be a strictly increasing sequence in R* such that there exists m € N, m > 2 verifying b,, > a. Let
m € N, m > 2 be, with b,, > a. We wonder if 2b,, € P+ P. If b,, € P (the trivial case), then
2b,, = by, + by, € P+ P and the answer is affirmative. The question is what happens if b, ¢ P. Assume
that 2b,, € P+ P, with b,, ¢ P. There exist p, ¢ € P, with p < g, such that 2b,, = p+¢q. Then 2b,, > 2p,
and therefore p < b,,, or what is equivalent, p < pr(,.). Thus we have that p € P, 2b,, —p € P and
P < Pr(b,,)- So these last three conditions altogether are equivalent to 2b,, € P + P when b,, ¢ P (notice
it is also true for b, € P).

Definition 3.4 (Discriminant function). Let P = (pi);cy+ be a strictly increasing and u.d. sequence in
R*, and define a := py. Let (by),,cz+ be a strictly increasing sequence in RT such that there exists
m € N, m > 2 verifying b,, > a. The function ) : ZT — N defined by

m(be)

G(t) =Y @b —pi) = > 7w(2b—p) forallt €Lt

i=1 pEP, p<by
is called the discriminant function of P respect to (bm),,cz+ -

3.2. Results

We have the following result.

Theorem 3.5. Let P = (pi);cyv be a strictly increasing and uniformly discrete sequence in RT, and
define a := p1. Let (by,),,cz+ be a strictly increasing sequence in R* such that there exists m € N, m > 2
verifying by, > a. Define inf(b) := inf,,cz+ (bymy1 — bm) > 0. Let m € N, m > 2 verifying b,, > a.
Suppose that by, & P, w(by,) = 7 (bm—1), and

7 (2bm — pi) — 7 (2bm—1 — pi) = X (2by, — pi) for each i € {1,...;m (bym—1)}.
Also assume that there exists a constant C' > 0 such that
w(x) —7m(y) > Cw(z —y) for all z, y € (0, +00), x > y.

Define
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famyi= Y w2 (b — b)) Tr(m) >

kEDif(P)(m)

> > w(k+2inf(b) m(m) =: g(m) > 0.
keDif(P)(m)

Then:

P(m) —¢(m —1) 2 7 (bp) + C f(m) =7 (2bp 1 —a) =
> 7 (by) + C g(m) —w (2bp—1 — a) .
2. If (b)) + C f(m) — 7 (2by—1 — a) > 0, then 2b,, € P+ P.
3. If w(bm) + C g(m) — w (2byy—1 — a) > 0, then 2b,, € P+ P.
We need the following lemma:

Lemma 3.6. Let P = (pi);cy+ be a strictly increasing and u.d. sequence in RT, and define a := py.
Let (bm),,cz+ be a strictly increasing sequence in R* such that there exists m € N, m > 2 verifying that
by > a. Let m € N, m > 2 be such that b,, > a. Suppose that b, ¢ P, 7w (by,) = 7 (byn—1), and

T (20, — pi) — ™ (2bm—1 — Di) = X9 (2by, — p;) for each i € {1,....;7 (byp—1)}.
Then:

1op(m) —pm—1) =3 cp <p, Xp(2bm —p) > 0 is the number of times that 2by, can be expressed
as sum of two elements of P (considering the same form p+ q and q +p for all p, ¢ € P).

2. v(m)—¢Y(m—1)>0< 2b,, € P+ P.
Proof.

7(bm) T(bm—1)
Ym) —pm—1)= > 7(2bm—p)— Y T(2bm1—pi) =
1=1 =1
7r(b'mfl) 7r(b'mfl)

=S )= Y w2 p)

i=1 i=1

W(bm/—l) W(bnl—l)
= Y @@ —pi) =7 @b —p)l = Y Xop(2bm —pi) =
1=1 =1
7 (bm )
= > xXo@bm—p)= >, Xp(2bm—p)>0.
i=1 pEP, p<bn,

Therefore the next conditions are equivalent:
i) ¥(m) —1(m—1) >0.
ii) There exists p € P, p < by, such that x5 (2b,, —p) > 0.
iii) 2b,, € P+ P.
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Proof of Theorem 3.5.
1. Since 7 (by,) = 7 (by—1), then:

w(bm) W(bm—l)

P(m) —p(m—1)= > 7(2bm—p)— P T(2bmo1—pi) =

i=1 i=1

7 (bm—1)

= Z T(2bm — pi) — Z T (2bp—1 — pj1) =
=1 =0

7r(b'm) 7\'(1)"7’)71
= 7(2by, — pi) — T (2bm—1 —Ppjt1) =

i—1 j=0
= 77(2bm - p7r(bm)) -7 (2bm—1 - pl) +
7 (bm)—1 7 (b )—1

+ Z (20, — pi) — Z T (2by—1 — Djt1) =

i=1 j=1

= 7r(2bm —Pw(bm)) -7 (2bm71 _pl) +
7 (b )—1
+ Z (7 (2by, = pi) — 7 (2bim—1 = pit1)] .

Since pr(p,.) < bm, then 2by, — pr(p,.) = b, and thus (26, — pr(p,.)) = 7 (bin).
On the other hand, let ¢ € {1,...,7 (b,,) — 1} be. Then

7T (20, — pi) — 7 (201—1 — Pit1) >
> C 7 ((2bm —pi) — (2bm—1 — piy1)) =
=Cm(Pit1 —pi +2(bm — bm-1)),

where we have used that 2b,,, — p; > 2b,,—1 — p;+1 because of p;+1 —p; > 0> 2 (b,

Hence
Y(m) —P(m —1) > 7 (by) — 7 (2bm—1 —p1) +
7T(bm
+C Z T (Pis1 —pi+2 (b — 1))
Since
7 (bm)—1
S w1 —pi +2 0w —bm1)) =
=1
= > (g —p+2(bm —bmo1)) =

p, g€P consecutive, p<qg<m

= Y wlk+2(bm —bm-1)) m(m) = f(m),

kEDif(P)(m)
then we have
Y(m) —yp(m —1) > 7 (by) +C f(m) — 7 (2by—1 —a) >
> 7 (by) +

Cg(m) —7m(2bm—1 —a) >
+Cg(m) — 7 (2bym—1) .

1 _bm)
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2. It is an immediate consequence of the previous item and the second item of Lemma 3.6.

3. It is obvious from the previous item.

Analogously we can prove the following result:
Proposition 3.7. Let P = (p;),c5+ be a strictly increasing and uniformly discrete sequence in R*, and
define a := py. Let (bym),,cz+ be a strictly increasing sequence in R* such that there exists m € N, m > 2
verifying by, > a. Let m € N, m > 2 be such that b, > a. Suppose that b,, ¢ P, 7 (by,) = 7 (bm-1), and
7 (2by, — pi) — T (2by—1 — pi) = X9 (2by, — pi) for each i € {1,...;m (bm—1)}.
Also assume that there exists a constant D > 0 such that
m(z) = n(y) < D 7(x —y) for allz, y € (0, +00), x > y.
Define
flm) = Z 7 (k+2 by —bm-1)) m(m).
keDif(P)(m)

Then:

0 < (m) — (m —1) < 7 (2o = Prgo) + D F(m) = 7 (261 — ).
Hence, if © (2bm, — Pr(p,)) + D f(m) — 7 (2by—1 — a) = 0, then 2by, ¢ P+ P.
2. Assume that there exists E,, € (0, 1) such that (Ey, - by, b)) NP # (0. Then:
0<t(m)=¢(m—1) <m((2 = En)bm) + D f(m) =7 (2bpm -1 —a).
Thus, if 7 ((2 = Ew) bm) + D f(m) — 7 (2by,—1 — a) =0, then 2b,, ¢ P+ P.
Proof.
1. The proof of this item is analogous to the proof of Theorem 3.5.

2. In this case Ey, - by < Pr(p,,) < bm (observe that b, ¢ P because 7 (b,,) = 7 (b,—1)). Then
20y — By - by > 2byy — Dr(s,,,) > b and therefore

s (2bm —p.,r(bm)) <7 ((2 — Em) bm) .

Obviously, the constant D > 0 must be minimum, and this minimum exists if the distribution function
7 is not constant.
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4. A positive real number as sum of two elements where every one belongs to a given set
of positive real numbers.

In this section we will need Definition 3.1, Remark 3.2 and Definition 3.3.

Let A = (ai);ez+, B = (bi);ez+ be strictly increasing and u.d. sequences in RT. We define a’ := ax,
b :=b1. Let (¢m),,cz+ be a strictly increasing sequence in R™ such that there exists m € N, m > 2
verifying 2¢,, > a’ +bV'. Let m € N, m > 2 be, with 2¢,,, > a’ + . We wonder if 2¢,,, € A + B.
Obviously, if ¢,, € AN B (the trivial case), then 2¢,, = ¢y, + ¢ € A + B and the answer is affirmative.
The question is what happens if ¢,, ¢ AN B. Suppose that 2¢,, € A + B, with ¢,, ¢ AN B. There exist
a € A, b€ B such that 2¢,,, = a+ b.

e If a <b: then 2a < a+ b = 2¢,,, thus a < ¢,,, what is equivalent to a < Ay (

C'm)'

e If b <a: then 2b < a + b = 2¢,,, therefore b < ¢,,, what is equivalent to b < bm(cm).

Observe that a # b. Indeed, if a = b, then 2¢,, = 2a = 2b, and therefore ¢, = a = b € AN B, which
is a contradiction with our assumption.
Conclusion: the cases a < b and b < a are mutually exclusive because the equality a = b is not true.
Definition 4.1 (Discriminant function). Let A = (ai);c5+, B = (bi);cpr and € = (ct),cqy be strictly

increasing sequences in RY. Assume that A and B are uniformly discrete. The function v : Z+ — N
defined by

P(t) == Z w5 (2¢; —a) + Z wa(2c; — b) =

acA, a<lcy beB, b<c
malct) w5 (ct)
= Z 7520 —a;, )+ Z 7a(2¢; — biy) for allt € 27,
'Lﬂzl ig:l

is called the discriminant function of {A, B} respect to C.
We have the following result.

Theorem 4.2. Let A = (ai);cp, B = (bi);cq+ be strictly increasing and u.d. sequences in RY. We
define a’ = ay, V' = b1. Let (cm),,cp+ be a strictly increasing sequence in RT such that there exists
mo € N, mg > 2 verifying 2¢,m, > o' +b'. Let m € N, m > 2 be, and verifying that 2¢,, > a’ +b'. Suppose
that ¢y € ANB, T4 (cm) =74 (Cm-1), ™8 (¢m) =73 (¢m—1) and

78 (20m — aiy) — 78 (2em—1 — @i, ) = X5 (2em — ai,) for each i € {1,...ma (¢m—1)},

TA (20m —biy) — A (2¢m—1 — biy) = X4 (2¢m — biy,) for eachin € {1,...,75 (¢m-1)} -
Define inf(c) := inf;ez+ (cit1 —¢;) > 0.
Also assume that there exist constants Ca, Cg > 0 such that
Ta(z) = ma(y) = Ca malz —y),
g (z) —75(y) > Cp T3 (r — 1Y),
for all x, y € (0, +00), z > y.

We define
f(m):=Cg > wp (k+2(cm — cm-1)) Tealm)+
keDif(A)(m)
+Ca Y mal+2(em —cmo1)) mz(m) >
leDif(B)(m)

>Cy Y wa(k+2inf(c) mha(m)+

keDif(A)(m)
+Cx Z wa(l+2inf(c)) m.s(m)=:g(m)>0.
leDif(B)(m)

Then:
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Y(m) —(m—1) = 75 (cm) + 74 (em) +
+f(m) =74 2cm_1—b) =75 (21 —a’) >
> 15 (em) + T4 (Cm) +
+g(m) — 74 (2¢m—1 —b) — 75 (21 —ad’).

2. If 7 (em) + A (em) + f(m) — 74 (2¢—1 = V) — w5 (2¢pn—1 — @’) > 0, then 2b,, € A+ B.

3. If mp (em) +7a () + g(m) — 74 (2¢m-1 — V') — 75 (2¢,—1 — a’) > 0, then 2b,, € A+ B.

We need the following result:
Lemma 4.3. Let A = (a);cz4, B = (bi);cp+ be strictly increasing and u.d. sequences in RY. We
define o’ := ay, V' := b1. Let (cm),,cp+ be a strictly increasing sequence in RY such that there exists

mo € N, mg > 2 verifying 2¢,,, > o’ +b'. Let m € N be such that m > 2, 2¢,, > o’ +b'. Suppose that
em EANB, w4 (cm) =74 (¢m-1), 78 (¢m) = T8 (¢m—1) and

w8 (20m — @i, ) — T8 (2¢m—1 — @i, ) = X5 (2¢m — ai, ) for each ig € {1,...,ma (¢m=-1)},
TA (20m —biy) — A (20m—1 — biy) = X4 (2¢m — biy,) for eachin € {1,...,75 (¢m-1)}-

Then:

Lopm)—p(m—1) =>4 ace, X8(20m — )+ D pen pee, Xa(26m —b) > 0 is the number of times
that 2¢,, can be expressed as sum of one element of A and one element of B (considering the same
form a+b and b+ a for alla € A, b€ B).

2. Yp(m) —y(m—1) > 0<% 2¢, € A+ B.

Proof.
ma(cm) 75 (Cm)
B —pm—1)= 3 7o —ai)+ > Ta(em —biy)—
ia=1 ip=1
Ta(Cm—1) w5 (Cm—1)
- Z T8 (20m—1 —ai,) — Z Ta(2em—1 —bi,) =
ia=1 in=1
TrA(Cm_l)
= Z [m3 (2¢m —a;,) — 78 (26m-1 —a;, )] +
ia=1
TR (Cm—l)
+ > maem —biy) —ma (2em1 = biy)] =
in=1
ma(em-1) 5 (Cm—1)
= Z XB (2Cm - aiﬂ) + Z XA (2Cm - b'L’B) =
'Lﬂzl ig:l
= Z Xz (2¢m —a) + Z Xa(2¢m —b) > 0.
acA, a<lc beB, b<cm

Therefore the next conditions are equivalent:

i) ¥(m) — ¥(m —1) = 0.

ii) xg (2¢m —a) =0foralla € A, a < ¢y, and x4 (2¢,, —b) =0 for all b € B, b < ¢p.
iii) 2¢, ¢ A+ B.
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From here we obtain the result.

Proof of Theorem 4.2.

1.
WA(CM) W’B(Cm/)
Y(m) —¢(m—1) = Z 75 (26m — ai, ) + Z TA(2Cm — biy)—
ia=1 ip=1
WA(Cmfl) 7\'3(0,”71)
- Z T8 (2em—1 —ai,) — Z Ta(2¢m—1 —bi,) =
ta=1 ip=1
ma(Cm) ma(Cm—1)
= Z 7520 —ai, ) — Z 78 (2em_1—ai,) | +
ia=1 ig=1
W%(C'm) TR (Cm—l)
+ Z TA(2¢m — biy ) — Z ma (2¢m—1 — biy)
ig=1 ig=1
Define
TrA(Cm) 7T‘A(Cm71)
RBA = Z WB(Qcm—am)— Z 7@(2cm,1—am),
ia=1 ta=1
7";B(Cm) WB(Cm—l)
Rup = Z Ta(2¢m — biy) — Z TA (20m—1 — biy) -
ip=1 ip=1

As we did in the proof of Theorem 3.5 (Proof 3.2), using that 74 (¢y) = 74 (¢m—1), we obtain:

m(cm)—1

Rpa > mg (¢m) — 73 (2em-1 —a') + C3 Z 7 (ait1 — ai + 2 (Cm — Cm-1)) =
=1

7(em)—1
=73 (¢m) — T8 (2¢m—1 —a’) + Cp Z T8 (Gig1 — @i + 2 (¢ — Cm—1)) =
i=1
=73 (cm) — 78 (26,1 —a')+
+Cx Z m(@—a+2(cm —Cm-1)) =

a, a€A consecutive, a<a<cy,

=7g (cm) — T8 (2¢m_1 —a') + Cn Z w8 (k+2(cm — ¢m-1)) Tka(m).
keDif(A)(m)

Analogously, using that 7 (¢,) = 73 (¢m—1), we have:

Rap > 7ma(cm) —ma (2¢m—1 —b')+

+Cy Z Ta(l +2(cm — cm-1)) m,8(Mm).
leDif(B)(m)
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Hence
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Y(m) —(m—1) = Rpa + Rap > g (¢m) — 73 2cm-1 —a') +

+Cp Z m(k+2(¢m — ¢m—1)) Tk,a(m)+
keDif(A)(m)

+7Ta (Cm) — A (2Cm,1 — bl) +

+Cy Z TaA(l+2(cm — cm—1)) T8(M) = 78 (¢m) +

leDif(B)(m)

+ma(em) + f(m) —7ma (2em1 — V) — 75 (2cm—1 —a).

2. It is an immediate consequence of the previous item and the second item of Lemma 4.3.

3. It is an immediate consequence of the previous item.

Analogously we can prove the next complementary result.

Proposition 4.4. Let A = (ai);cp+, B = (bi);cys be strictly increasing and u.d.
define a’ = ay, V' = b1. Let (cim),,cpt be a strictly increasing sequence in Rt

sequences in RT. We
such that there exists

mo € N, mg > 2 verifying 2¢;m, > o’ +b'. Let m € N, m > 2 be such that 2¢,, > o’ +b'. Suppose that

em @ANB , w4 (cm)=ma(cm-1), ™8 (¢m) =75 (¢m-1) and

75 (20m — @iy ) — T8 (2¢m—1 — ai,) = X5 (20m —a;i, ) for eachig € {1,..

A (2¢m — biy) — Ta (2¢m—1 — biy ) = x4 (2¢; — biy, ) for each in € {1, ...

Also assume that there exist constants Dy, Dy > 0 such that

ma(r) —ma(y) < Da malz —y),
73 (z) — w8 (y) < Ds ms(r —y),

for all x, y € (0, +00), z > y.

We define
f(m):= Dy > wp(k+2(cm — cm-1)) Thalm)+
keDif(A)(m)
+Da > ma(l+2(em — emo1)) mn(m).
leDif(B)(m)
Then:
1.

oA (em-1)},

, TB (Cmfl)} .

0<yp(m)—tv(m—-1)<n73 (20m - aWA(C,,n)) + 74 (20m — bm(cm)) +

+f(m) =74 2em_1—b) — 75 (21 —ad').

2' If b (2Cm - aﬂ'fl(cm,)) + TA (2Cm - bﬂ"B(Cm,)) +
+ f(m)—ma (2¢m—1 —b) — 78 (2¢m—1 —a') =0, then 2b,, ¢ A+ B.

As in the previous section, the constants D4, Dg > 0 must be minimum, and both minima exist if

every distribution function 74, 73 is not constant. See also Proof 3.2.
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5. Proof of Theorem 1.9 and consequences.
In this section we will prove Theorem 1.9.
Proof of Theorem 1.9.

1. It is consequence of the inequalities
x x

s <70 <= (5.1)
> jelogz; — A > j—1logz; — B
and o
7 < —J  f 1,. . 2
logz; — A <m(z;) < long—B or every j € {1,..,m} (5:2)
Hence
x x
< Prody <
Prodj, (logx; — A) rodizim (z) < Prodj, (logz; — B)’
and then
x2 ?
< x Prodl~ ) < .
Prod, (logzj — A) — @ Prodjzym(z;) < Prodj", (logz; — B)
So we have
Prod}t, (logz; — B) - 1 - Prodj_, (logz; — A) (5.3)
z? = @ Prodjtym(x;) ~ x? ' '

Let j € {1,...,m}. From inequalities (5.2) we obtain:

Prod ,;
Prod, . (logz; — A)

Prod 1, i Ti
Prodl, ,,; (logz; — B)

< Prodi’y ;™ (x;) <
Multiplying by z; we have

x - Prod™ (1) < T
xj - Prod™, ... m(z;) < .
Prod, ,,; (logz; — A) — / =17 Prodl, ,,; (logz; — B)

Thus

Multiplying these inequalities and (5.1) we obtain

1 1
2
S - <
2 jologz; — A ]z:; Prod, ;,; (logz; — A)
< m(z) ij Prodi®y ;;m(xi)| <
j=1

o 1
< 2 - .
Z logx] - B 2:: Prod, ,,; (logz; — B)
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Finally, multiplying these inequalities and the ones of (5.3) we have

g(xlv"wx’vaaB) S ﬂ—(x) Sg(xlv'~'7x’mv-B714)

T Prod;.":lﬂ'(zj)
m
ijl Tj Prod:”:ly i¢j7r(w¢)

2. It is an immediate consequence of the previous item.

3. It is an immediate consequence of the first item.

Corollary 5.1. Consider the sequence of number primes
P={p1=2p2=3,p3=5,..}.

Let xg, A, BER, 29 > 1, 0< A< B <logxg be constants such that

X

T
— < < — ll .
gz A4 = m(z) < gz _ B for all x € [xg, +0)

Let n € Z7" be such that p, > xq, and let m € Z* be. Then:

nppl  (ogpn =BT g o nont  (logpn = AT
m logpn — A (logp, — A"~ = 7"~ mlogp, — B (logp, — B)™ "

Proof. 1t is an immediate consequence of Theorem 1.9 for = p]”* and of the fact consisting of 7 (pr) = k
for every k € Z+. O

Corollary 5.2. Consider the sequence of number primes
P={p1=2p2=3p3=5,..}.

Let xg, A, BER, 290 > 1,0< A< B <logxg be constants such that

T T
— < < — .
ogr A m(x) < ogs B for all x € [xg, +00)

Let m € ZF, and let ny,...,ny, € ZT be such that pp,,...,pn,, > xo. Then:
T (Pny * - " Pn,,)

g(pnlv"'vpnm)AvB) S Pry Py M1 im S g(pnlv"'vpnm)BaA)v
Zj:l Py ProdiL,  ;ni

where the function g is defined in Theorem 1.9.

Proof. This is consequence of Theorem 1.9 for x = p,,, - ... - pn,, and of the fact consisting of 7 (px) = k
for every k € ZT. O

Corollary 5.3. Consider the sequence of number primes
P={p1=2p2=3,p3=5,..}.

Then:
T (Pny = o " Pry)

Dy Prign L o
T

Pnj Prod™ 1, iy

i=

lim =1.
n1—=4+00,...,Mym—>+00

=1
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6. Proof of Theorem 1.10.
Proof of Theorem 1.10.

1. It is consequence of the inequalities

; < W(m) < ;
Z;‘nﬂl(’ng_A_ B Z?:llOgmj_B,

and . .
— < )< ——L— f je{l,...,m}.
T— <m(z;) < T— or every j € {1,...,m}

Indeed
x? x?

< z Prodj™ ) < .
Prod, (logzj — A) — @ Prodjzym(z;) < Prod", (logz; — B)

Let j € {1,...,m}. From inequalities (5.2) we obtain:

m X m .
Prodi™y ;i Prodi™y ;i

< .
= Prod, ., (logz; — B)

< Prod™, ... s
Prod™, ., (logz; — A) — rodity ;7 (%)
Multiplying by x; we have

T
Prod, . (logz; — A)

<mz;-Prod’; ,.;m (z;) <

T
< .
= Prod, ., (logz; — B)

Thus
m 1 m
x < x; Prod® .7 (x;) <
j; Prod;’;L it (logx; — A) ; J L, i#j
T Prod, ;,;(logzi — B)
Then
1 1 1
- m 1 S m m S
Ty i Prod, . (ogz:—B) Dojer t Prodity i m (w:)
1 1
<

— — T .
r Zj:l Prod™ 7.,;ﬁj(log:n,;—A)

Multiplying the inequalities (6.3) and the previous ones we obtain

x Prodj®m (x;)
Z;nzl xj Prodi’, ;.. (i)

xh(x1, ..y Tm, A, B) < <z h(zy,...,xm, B, A)

So
x Prodj* m (z;)
Z;‘n:l xj Prodi’, ;. (i)

—xh(xy, ..., tm, B, A) < — < —zh(x1, .oy T, A, B)

(6.1)

(6.2)
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Finally we sum these inequalities to inequalities (6.1), and obtain

x Prod'™. T
joum (@) <zl(r1,..,Tm, A, B).

l m)B)A < o m
x (xla y L ) — 7T(33) Zj:l T P’/‘Od;’;ly i#jﬂ- (xl) -

2. It is obvious.
3. It is obvious.

4. Tt is an immediate consequence of the first item.

7. Appendix

A slight generalization of Theorem 1.7 and Corollary 2.2 are the following results, with analogous
proofs.

Theorem 7.1. Let P = (p;),c+ be a strictly increasing sequence in Z+ such that P C 2N or P C 2N+41.
Assume that there exist constants C' > 0, D > 0 such that

m(x) —7m(y) > Cw(x —y) — D for every x, y € [1, +00), = > y.
Define a := p1, and consider the function f : N>, \ P — N defined by
flm) = Z (k4 2) mi(m) for every m € N>, \ P.
keDif(P)(m)
Then:
1. p(m) —¢(m—1)> (1= D) n(m)+ D+ C f(m) —m(2m — a — 2) for all m € N>, \ P.
2. Let m € N5, \P. If 1 = D) w(m)+ D+ C f(m) —m(2m —a—2) >0, then 2m € P+ P.
(1=D) m(m)+C f(

8. If liminf,, | o mep erD) m > [ e (1, +o0], then there exists mo € N>q \ P such that
2m € P+ P for each m € N>4 \ P, m > my.

Corollary 7.2. Let P = (p;);cz+ be a strictly increasing sequence in 7 such that P C 2N or P C 2N+1.
Suppose that there exist constants Cy > 0, D > 0 such that

m(x) —7m(y) > Crw(x—y)— D forallx, y € [1, +0), z > y.
Define a := p1. Let a € RT. Suppose that
1. There exist constants Cy > 0, mg € N>, \ P such that
Card (Dif (P)(m)) > Cs log™(m)
for every m € N>, \ P, m > mg.

2. There exist constants my € N>, \ P, A, B, C3 € R, C3 > 0 such that

03 m
Tk (m) Z a+1
(log(m) + A) + B

for every m € N>, \ P, m > mq, and every k € {2,47 .2 F (%&(m)) }

. m(n
3. hmn—)+00, neN (—) =

lo'gLn
4. C1-Cy-C3>14D.
Then there exists mo € N>q \ P such that 2m € P+ P for all m € N>, \ P, m > mao.
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