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First Module Cohomology Group of Induced Semigroup Algebras

Mohammad Reza Miri, Ebrahim Nasrabadi and Kianoush Kazemi

ABSTRACT: Let S be a discrete semigroup and T be a left multiplier on S. A new product on S defined by
T creates a new induced semigroup S7. In this paper, we show that if T" is bijective, then the first module
cohomology groups ’H}l(E)(fl(S),ém(S)) and ’H}l(ET)(Zl(ST),éM(ST)) are equal, where E and Er are sets
of idempotent elements in S and St, respectively. Which in particular means that ¢ (S) is weak ¢ (E)-module

amenable if and only if ' (St) is weak o (Er)-module amenable. Finally, by giving an example, we show that
the bijectivity of T, is necessary.
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1. Introduction

The difference between amenability and weak amenability is important for group algebras and semi-
group algebras. Amini in [1] and Amini along with Bagha in [2] by introducing the concepts of module
amenability and weak module amenability, tried to make these differences clearer.

Amini in [1] showed that, inverse semigroup S with subsemigroup E of idempotent elements is
amenable if and only if semigroup algebra ¢'(S) is ¢' (E)-module amenable, when ¢'(E) acts on £'(S)
by multiplication from right and trivially from left.

After that, Amini and Bagha in [2], showed that, for every commutative inverse semigroup S with

idempodent set E, semigroup algebra ¢'(S) is always weakly ¢'(E)-module amenable, where module
actions ¢'(E) on £*(S) is

0o+ 03 =040, =00 (ee E,s€9). (1.1)

Then this sentence has been expanded by second author of the current paper along with Pourabbas.
They in [7] and [8], by introducing the concept of module cohomology group for Banach algebras ex-
tended this result and showed that the first and second ¢'(E)-module cohomology groups of £'(S) with
coefficients in él(S)(2n_1) (n € N), are zero and Banach space, respectively, when ¢'(S) is a Banach
' (E)-bimodule with actions (1.1).

Let S be a semigroup and S7 be induced semigroup by a left multiplier 7 : S — S, and F and Ep are
sets of idempotent elements in .S and S, respectively. These two semigroups are sometims different and
we try to find conditions on S and T such that the semigroups ¢'(S) and ¢'(S7) have the same module
cohomological properties.

It is worth mention that, this idea has started by Birtel in [3] and continued by Larsen in [6]. Also the
relation between weak amenability (not weak module amenability) Banach algebra A and the induced
Banach algebra Ap studied by Laali in [6], where T is left multiplier on Banach algebra A for more
details see, [3], [5], and [9].
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In this paper, we show that if 7" is bijective, then the first £' (E)-module cohomology group ¢*(S) with
coefficents in £7°(S) is eqvalence with the first £' (E7)-module cohomology group ¢'(Sy) with coefficents
in £*°(Sy). Indeed, we prove

Hi ) (L1(S), £7(S)) = Hyr py (£1(S7), €7 (S1)).

Which in particular means that ¢'(S) is weak ¢'(E)-module amenable if and only if ¢'(S7) is weak
¢ (E7)-module amenable. Finally, by giving an example, we show that the condition of bijectivity for 7,
is necessary.

We begin recalling some terminology.

Let 2l and A be Banach algebras such that A is a 2(-bimodule with compatible actions. Also, let X be
a Banach A-bimodule and a Banach 2-bimodule with compatible actions then we say that X is a Banach

A-2l-module (For more details see [1], [2] and [7]). Moreover, X is called commutative (bi-commutative)
Banach A-2l-module, if

az=z-a (a-x=2-a) (aeA,a€ A xeX).

If X is a (commutative) Banach A-2l-module, then so is dual space X ™, where the actions of A and
2 on X ™ are defined by

(a~f)(x)=f(x-a), (af)(x)=f(xa)a (OZEQ[,CLEA,IL‘EX,fEX*),

and the same for the other side actions. In particular, if A is a commutative Banach 21-module, then it
is a commutative Banach A-2-module. In this case, the dual space A" is also a commutative Banach
A-2-module.

A bounded map D : A — X is called a 2-module derivation if for « € 2 and a,b € A, we have
D(axb) =D(a) £ D(b), D(a-a)=a-D(a), D(a-a)=D(a)-a,

and
D(ab) = D(a) - b+ a- D(b).

Note that, D : A — X is bounded if there exist M > 0 such that ||D(a)|| £ M ||a]|, for each a € A.
Although D is not necessarily C linear, but still its boundedness implies its norm continuity (since D
preserve subtraction). Each x € Centy X = {r € X; x-a = a-x, for each a € 2}, defines an A-module
derivation

D(a) =ad,(a)=a-z—-2-a (a€A)

which is called inner 2l-module derivation. Note that, Centy X = X, if X is commutative Banach
A-2-module. Also if X is a bi-commutative Banach A-2-module, then the inner derivations are zero.

Definition 1.1. The Banach algebra A is called A-module amenable, if for every Banach A-2l-module
X, every A-module derivation D : A —s X is inner.

Definition 1.2. The 2A-module Banach algebra A is called weak 2A-module amenable, if every 2A-module
derivation D : A —s A" is inner.

We use the notation Zg (A, X) for the set of all A-module derivations D : A — X and By (4, X),
for those which are inner. The first 2l-module cohomology group with coefficent in X is denoted by
Ha(A, X) which is the quotient Zé[(A,X)/B%[(A,X). Hence, A is -module amenable if and only if
Ho (A, X*) = 0, for each Banach A-2-module X. Similarly, if 4 is a Banach A-2-module, then the
Banach algebra A is weak 2-module amenable if Hy (A, A*) = 0. Note that, Banach algebra A is called
amenable, (resp. weak amenable) if it is C-module amenable (resp. weak C-module amenable).
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2. Induced Semigroup S with The Left Multiplier Map T

Let S be a semigroup, the elemant s € S is called idempotent if s - s = s. The set of all idempotent
elements of S is denoted by E(S) = E. If also S is a Hausdorff topological space and the binary operation
on S is jointly continuous, then S is called a topological semigroup.

Amap T :S5 — S is called a left (right) multiplier if T'(st) = T'(s)t (T(st) = sT(t)), for all s,t € S.
The class of left (right) multiplier map on S is denoted by Mul;(S) (Mul,.(S)). The map T is called
multiplier if 7" € Mul;(S) N Mul,.(S). The space of all multiplier maps on S is denoted by Mul(.S).

Wa?

Let T € Mul;(S), we define a new operation “o” on S as follow s o ¢t := sT'(t) for every s and ¢ in
S. Tt’s easy to check that (S, o) is a semigroup which is called induced semigroup dependent on
left multiplier 7" and is denoted by Sp. Let E and Ep are sets of idempotent elements in S and Sy,
respectively.

Lemma 2.1. Let S be a semigroup and T : S — S be a bijective map, then
(i) T € Mul,(S) if and only if T~" € Mul,(S).
(ii) If T € Mul;(S), then T(Er) = E and T™'(E) = Er.
(iii) If T € Mul(S), then s o T(t) = T(s) ot and s o T™'(t) = T '(s) ot for every s,t € S.

Proof. (i) Let s,t € S and T~ (s) = z, we have
T ' (st) =T (T(2)t) = T"N(T(2t)) = 2t = T~ (s)t.

The other side of proof is proven, since T = (T~")~".
(ii) Let p € Ep, we have

T(p) =T(pop) =TI (p))=T(p)T(p)

This shows that T'(p) € E and so T(E7) € E. For the other side let ¢ € E and e = T'(p). We have to
show p € Er. Since ee = ¢ and T~" € Mul,(S) by (i), we have

pop=pT(p)=T "(e)e=T "(ee) =T '(e) = p.

Therefore T(Er) = E. The proof of T~'(E) = Ep is similar.
(iii) Since T" € Mul;(.S) N Mul,.(S), so aT'(b) = T(ab) = T'(a)b, for every a,b € S. Let s,t € S,

soT(t)=sT(T(t))=T(s)T(t)=T(s)ot.
Finally, since T € Mul(S) is equal to 77" € Mul(S) by (i), similarly we can show that s o T7'(t) =

T7'(s) ot, for every s,t € S. i

The next examples show that, when 7' is not bijective or not multiplier, previous lemma not necessarily
true, therefore, bijective and multiplier conditions are neccessary for T'.

Example 2.2. Let S = {[; 8:| , T,y € ]R}. S with matriz product is a semigroup and one can verify

that, its idempotent set is E = {[0 0:| , [1 0} Y € ]R}. Now let T : S — S be left multiplier L,,

0 0]’y O
1 0 z 0 1 Oflz O z 0 . . -
where a = [O O}' Indeed, T([y OD = [O O} [y O} = [O O], Clearly T is not right multiplier and
L _ {0 Of {1 O |z 0], [z O
bijective. It easy to show that T(Er) = {[O O} , [O O“ # E. Now for every s = [y O} ,t = [p O} €

S, where y,z £ 0, a simple computation shows that s o T(t) # T(s) o t.
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Example 2.3. Let S = {[m Z] , T, Y, 2 € R}. S with matrix product is a semigroup which its idempotent

0
. _[{0 0] |1 Of [1 w| [0 y . -
set is B = {[O O}’[O 1],[0 O}’[O 1]y € R}, Now let T : S — S be left multiplier L, where
11
a= [O 1}. Indeed,

(e R bt e

We know that T is bijective but not right multiplier. It is easy to show that

ool 0 S0 21 e

and T(Er) = E, also T7':8— Sis left multiplier 7' = Ly, where b = [(1) _11:| and T_l(E) = Er.

Now for every s = [g Z] b= [73 Z] € S, where x # z, a simple computation shows that s o T'(t) #

T(s) o t. Similarly can be shown s o T '(t) # T '(s) o t.

3. First Module Cohomology Group and Weak Module Amenability of Induced
Semigroup Algebras

Throughout this paper, unless otherwise indicated, we will assume that S is a discrete semigroup,
T € Mul(S) and T is bijective. We know that the set of point masses {J;s € S} is dense in £'(S).
Since module actions and module derivations are continuous, we consider point masses as representing
elements of semigroup algebras (81(5), ) and (£'(S7), ®), where # is the convolution on ¢'(S) and @
is convolution on ¢'(Sy), defined as follow

0s ® 0y = 050 = 05 * 01y = (1) (s,t €8). (3.1)
Lemma 3.1. Let S, Sy and T be as above. Then
Centyr gy 07 (S) = Centyr g,y €7 (St).
Proof. Let ¢ € Centyr ()£ (S) and p € Ep. Since T(p) € E by Lemma 2.1, we have

[0®06,1(6.) = ¢(0, ®0.) = ¢(dpr(z)) = H(O1(p)-)
= ¢(dr(py *0.) = [¢ * 07()]1(0.) = [d7(p) * ¢](62)
= (b(‘sz * 5T(p)) = ¢(5zop) = (b((s 51))
= [0, ® ¢](5.).

This shows that, ¢ € Centyi (g, 1°(Sy). |

Lemma 3.2. Let S, Sy and T be as above. Then D : 81(5’) - 0°(S) is (' (E)-module derivation if and
only if D : 0*(Sp) — émLST) defined as D(f) := D(foT ") is £*(Ey)-module derivation. Furthermore,
D is inner if and only if D is inner.

Proof. Note that D(4,) = D(6r(z)) for every x € S. In the first, we show that D is derivation, when D
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is derivation. Clearly D is additive. Let x,y,z € Sp be arbitrary elements, we have

[D(6.) ® 6, + 6, ® D(5,)1(5.) = [D(5,) ®6,1(6.) + [0, ® D(5,)1(6.)

= D(6.)(d, ®6.) + D(5,)(3. ®6.)

= D(07(2))(0y1(z)) + D(61(4))(027(2))

= D(07(2))(07(y)=) + D(01(4))(027(2))

= D(07(2))(07(y) * 02) + D(07()) (02 * d1())

= [D(67(a)) * 01y 1(62) + [07(2) * (D(d7(y))1(02)
[D(07(z)) * O1(yy + 01(z) * D(d7(y))1(62)
D(0p ey * 07(y))(02) = D(07(2)r(y))(0-)
D(87(er(y))(02) = D(8ur(y))(52)
D(5 ®0,)(0.).

—

Hence, it follows that D is derivation.
Now we show that D is ' (Er)-module map, when D is ¢'(E)-module map. For this, let p € Ey and
x,y € St, since T € Mul;(S) and T'(p) € FE by Lemma 2.1 (ii), we have

[‘5p ® 5(5r)](6y) = 5(51)(5@; ® 51)) = 5(51)(531%))
= D(07(2))(0y1(p)) = D(07(2)) (4 * 0 (p))
= [07(p) * D(07(2))1(dy) = [D(07(py * 072))1(dy)
= D(07(pyr(2))(0y) = D(07(pr(2)))(dy)
= D(6pr())(8,) = D(5, ® 6,)(3,).

That shows 6, ® 5(&6) = 5(5p ® 4, ). For the other side, since T' € Mul,.(S), we have

[D(,) ®6,1(3,) = D(6.)(5, ® 6,) = D(6.)(3y)
(07(2)) Opr(y)) = D(07(2) ) (01(py))
(5T(a: )(5T(p ) = (5T(a: )(5T(p * 0, )
= [(D(d1(2)) * 61(p)1(0) = D(d7(z) * 07 ())(0y)
= D(07()r(p))(0y) = D(07(ar(p)))(dy)
= D67 (8y) = D(0, ® 6,)(6,,).

=D
=D

That shows D(8,) @ op = D@, ® dp). Therefore D is (' (Ep)-module derivation.

Conversely, let D be ¢ (Er)-module derivation. Since T~' € Mul($), similarly we can show that D
is ¢'(E)-module derivation.
Finally, let D be inner. Then there exists 1) € Centy1 gy ¢*(S), such that D(f) = f %1 — ¢ * f, for

every f € £(S). Let x,y € Sy, be arbitrary elements, we have

[D(6:)1(8,) = [D(67()1(8,) = [01(a) * ¢ = ¥ % 67(2)1(5)
= Y(y * Or(a) = O1(a) * 0y) = V(Oyr(z) = O1()y)
= Y(0yr(z) = 027(y)) = V(dyor = Ozoy)
=[0, ®Y -1 ®d,](d,)

Hence, by Lemma 3.1, it follows that D is inner.
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Conversely, let D be inner. So there exists ) € Centyr (g, ™ (Sy), such that D(f) = f @ ¢ - & f,
for every f € £'(S7). Let x,y € Sy be arbitrary elements, we have

[D(5.)1(8,) = [D(67-1(1)1(6,,)
= [0p-1(2) ® Y — 1) ® dp-105)](d,)
=0y ® Op-1(x) = Op-1(a) ® Oy)
= Y(0yor-1(z) = 071 (2)oy)
= Y(0yor-1(z) = Ogor-1(y))
= P(0ye = Ouy)
= [0, ¥ = *,](d,).

Hence, D is inner by Lemma 3.1 and the proof is complete. O

Theorem 3.3. Let S, T and St be as above. Then
Hor oy (€1 (S),67°(8)) = Hpr (g, (£ (S1). €7 (S7))-
Proof. Consider the map:
D 2y (01(9),67(8)) — Hyr (o) (€ (S1), €7 (S7))
D o D+ By, (£'(Sr), €7 (Sr)).

Clearly I is linear and Lemma 3.2 shows that I' is well-define.

For surjectivity, let P € Z . (¢'(Sr),£°(Sr) and D : €'(8) — £°(S) definded by D(f) :=
P(foT). Clearly (D) = D = P. But D € Zi g (£'(5),£°(S) by Lemma 3.2. That shows, I is
surjective. On the other hand, Lemma 3.2, also shows that kerI" = B,%l(E)(fl(S),foo(S)). But

_ 2o (L(8).£7(8))

Hor i) (£1(5), £7(5)) —

=TT = Hpr g, (£ (1), £°(S1)).

m}

Corollary 3.4. ('(S) is weakly ¢ (E)-module amenable if and only if €' (Sy) is weakly ' (Er)-module
amenable.

Now by Corollary 3.4 and [7, Thorem 2.4], the following result is obtained:

Corollary 3.5. Let S be a commutative inverse semigroup and T be a bijective and left multiplier (or
right multiplier) on S. Then 0" (Sy) is weak (' (Er)-module amenable.

Finally, we will show in the next example, if T" is not bijective, then weak fl(E )-module amenability
(resp. amenability, weak amenability and (' (E)-module amenability) ¢'(S), may not be equivalent to
weak (' (Er)-module amenability (resp. amenability, weak amenability and ¢'(Er)-module amenability)
¢'(Sz).

Example 3.6. Put S = {0,1,2,3} with the operation s -t = Max{s,t} (s,t € S). Then S is a finite
commutative idempotent semigroup and so is amenable by (0.18) of [9]. S is a unital semigroup and
has a zero, indeed 1g = 0 and Og = 3. Also S is reqular, since each s € S is idempotent. Therefore the
semigroup algebra €' (S) is amenable (and so weak amenable) by Colorally 5.3 of [/]. NowletT : S —» S
be not bijective left multiplier map Lo (i.e. T(s) = La(s) = Max {2, s}). We know that St is amenable
and not regqular, since for 0 € St no exists x € Sy that 0 = 0 o x o 0. This shows that él(ST) 18

not amenable by Corollary 5.3 of [4]. Beyond that, A = él(ST) is not weak amenable, since A®> # A.
Therefore £'(S) is amenable (weak amenable) while £ (Sy) is not amenable (weak amenable).



FIrRsT MODULE COHOMOLOGY GROUP OF INDUCED SEMIGROUP ALGEBRAS 7

Now let A = ¢'(S) and A = ¢*(E). A has a bounded approzimate identity for £'(S) and so by
Proposition 2.1 of [1], 0"(8) is 0'(E)-module amenable. But {'(Er) has not a bounded approzimate

identity for €'(St), so €' (Sy) is not £* (Er)-module amenable by Proposition 2.2 of in [1]. On the other
hands, Proposition 2.3 of [2], shows that 0'(S) is weak ¢ (E)-module amenable, while KI(ST) is not weak
¢ (Er)-module amenable by Proposition 2.4 of [2], because *(Sy )0 (Ep)*(Sy) # £ (Sr).

Regarding our results, we need to make the following remark.

Remark 3.7. (i) Let S = {z € C: |z| =1} is a compact topological semigroup, under complex multi-
plication with idempotent elements E = {0,1}, Put T = L; where L;(xz) = iz, (i = v-1), clear that
T € Mul;(S) and St = (S, o) is a compact topological semigroup with idempotent elements Ep = {0, —i}.
Indeed, ¢ (E)-module derivations on ¢'(S) are R-linear, while ¢*(Ey)-module derivations on ¢*(Sy) are
C-linear. This shows that, about weak module amenability of some semigroup algebras, working with
module derivatives of one module is easier than working with module derivatives of other module.

(i) Our assumptions are not additional assumptions to achieve the results, which means that they
are ezxactly sufficient assumptions. Let S be a semigroup and T : S — S be only bijective map. Suppose
that weak ¢' (E)-module amenability of £ (S) is equal to weak él(ET)-module amenability of 0'(Sr). In
this case, the module derivation ady is (1 (E)-module inner derivation if and only if it is ¢*(Er)-module
inner derivation for every v € {7(S) = (7 (Sr). Now for every z,y € S we have

V(021(y)) = V(ar(y)) = V(0yr(a)) + V(dyr(a))

—[0. 8¢~ ®3,1(0,) + ¥(dyr(a))
—[0. &Y~ ®3,1(0,) + ¥(dyr(a))
~[ad,(6,)1(5,) + ¥(d,7(z))
—[ady(61())1(6y) + U (dyr(a))

~[07(a) * = % 07(2)](6,) + ¢( yT(z))

U(

U(

5T(a: )_ ( yT(a:)+w( )
6T(r y)

This shows that, xT(y) = T(x)y and so T is left multiplier if and only if it is right multiplier.
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