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abstract: The object of the present paper is to study Yamabe solitons on three dimensional generalized
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1. Introduction

In differential geometry an interesting problem is that whether a compact connected Riemannian man-
ifold is conformally equivalent to a manifold of constant scalar curvature. This problem was formulated
by Yamabe in 1960 [15]. Yamabe himself gave the affirmative answer, though there were some lacuna in
his arguments. Later Trudinger [14], Aubin [2] and Schoen [12] solved the problem satisfactorily.

Another important topic of differential geometry is Ricci flow which was devolved by Richerd Hamilton
[6] in order to solve the century long open problem ‘Poincare conjecture’. The notion of Yamabe flow also
arose parallelly from the work of Hamilton.

A Yamabe flow on Riemannian manifold is a heat type parabolic partial differential equation of the
form

∂

∂t
g = −rg, g(0) = g0, (1.1)

where g is Riemannian metric and r is the scalar curvature of the matric.
Self similar solutions of the geometric flows are known as solitons. A Yamabe soliton on a Riemannian

manifold is defined by

£U g = (c − r)g, (1.2)

where £U denotes the Lie-derivative operator along the vector field U and the constant c = −σ̇(g0),
where σ is a scaling function.
A generalized Sasakian space form is an almost contact metric manifold whose Riemannian curvature is
given by

R(X, Y )Z = f1{g(Y, Z)X − g(X, Z)Y } + f2{g(X, φZ)φY − g(Y, φZ)φX

+ 2g(X, φY )φZ} + f3{η(X)η(Z)Y − η(Y )η(Z)X

+ g(X, Z)η(Y )ξ − g(Y, Z)η(X)ξ}, (1.3)

where f1, f2 and f3 are C∞-functions on the manifold.
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The concept of generalized Sasakian space forms was introduced by P. Algree, D. E. Blair and A.
Carrizo subsequently. The first author of the present paper has studied generalized Sasakian space forms
[3], [9], [10], [11].

P. Algree and A. Carrizo gave some more characterizations of such space forms in the paper [1]. In
that paper they also have introduced generalized Sasakian space forms with trans-Sasakian structure and
developed some of its properties. In the paper [4] U. C. De and A. Sarkar studied generalized Sasakian
space forms with quasi-Sasakian metric.

Yamabe solitons on contact and almost contact manifolds have been studied by several authors [5],
[8]. Motivated by these works, in the present paper we would like to study Yamabe soliton on generalized
Sasakian space forms with quasi-Sasakian metric. We also, would like to study generalized Sasakian space
forms with Kenmotsu metric.

The paper is organized as follows. After the introduction we mention some required preliminaries in
Section 2. In Sections 3 and 4 we deduce some characteristic properties of three dimensional generalized
Sasakian space forms with quasi-Sasakian metric and Kenmotsu metric respectively admitting Yamabe
soliton. The last section contains examples.

2. Preliminaries

A smooth odd dimensional manifold (M, g) is said to be an almost contact metric manifold if it admits
a (1,1) tensor field φ, a vector field ξ, a 1-form η and a Riemannian metric g which satisfy

φ2 = −I + η ⊗ ξ, η(ξ) = 1. (2.1)

and
g(φX, φY ) = g(X, Y ) − η(X)η(Y ). (2.2)

For such manifolds, we also have the following :

φξ = 0, g(X, ξ) = η(X), η ◦ φ = 0. (2.3)

g(φX, Y ) = −g(X, φY ), g(φX, X) = 0. (2.4)

(∇Xη)Y = g(∇Xξ, Y ). (2.5)

An almost contact metric manifold is called contact metric manifold if dη(X, Y ) = Φ(X, Y ) = g(X, φY ).
Φ is called the fundamental two form of the manifold. For a three dimensional generalized Sasakian

space form we know the following [4]

R(X, Y )Z = f1{g(Y, Z)X − g(X, Z)Y } + f2{g(X, φZ)φY − g(Y, φZ)φX

+ 2g(X, φY )φZ} + f3{η(X)η(Z)Y − η(Y )η(Z)X

+ g(X, Z)η(Y )ξ − g(Y, Z)η(X)ξ}. (2.6)

S(X, Y ) = (2f1 + 3f2 − f3)g(X, Y ) − (3f2 + f3)η(X)η(Y ). (2.7)

r = 6f1 + 6f2 − 4f3. (2.8)

Definition 2.1. A vector field U in an n-dimensional Riemannian manifold (M, g) is said to be
conformal if

£Ug = 2ρg, (2.9)

for a smooth function ρ on M . Moreover, a conformal vector field satisfies

(£U S)(X, Y ) = −(n − 2)g(∇XDρ, Y ) + (∆ρ)g(X, Y ) (2.10)
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and
£U r = −2ρr + 2(n − 1)∆ρ, (2.11)

where D is the gradient operator and ∆ = −divD is the Laplacian operator of g. For details, we refer to
Yano [16].

Lemma 2.1. In an almost contact metric manifold, the following relations hold

(i) η(£U ξ) =
r − c

2
.

(ii) (£U η)ξ =
c − r

2
.

(iii) ρ =
c − r

2
.

If a generalized Sasakian space form M(f1, f2, f3) admits quasi-Sasakian metric [4] then

(∇Xφ)Y = β(g(X, Y )ξ − η(Y )X), ∀ X, Y ∈ χ(M), (2.12)

where β is a C∞-function on the manifold.
As a consequence, it follows that

∇Xξ = −βφX. (2.13)

(∇Xη)Y = −βg(φX, Y ). (2.14)

For details about quasi-Sasakian generalized Sasakian space forms see [4].

If the space form admits Kenmotsu metric, then

(∇Xφ)Y = α(g(φX, Y )ξ − η(Y )φX), (2.15)

where α is a C∞-function on the manifold.
It follows that

∇Xξ = α(X − η(X)ξ). (2.16)

(∇Xη)Y = αg(φX, φY ). (2.17)

3. Yamabe solitons on generalized Sasakian space forms with quasi-Sasakian metric

In this section we like to characterize three dimensional generalized Sasakian space forms with quasi-
Sasakian metric admitting Yamabe soliton.

Putting the value of ρ from Lemma 2.1 in (2.10) and (2.11), respectively, we have

(£U S)(X, Y ) =
1

2
[g(∇XDr, Y ) − (∆r)g(X, Y )] (3.1)

and
£Ur = −2∆r − r(c − r). (3.2)

Taking Lie-derivative of (2.7) in the direction of U and using (3.1) we get

g(∇XDr, Y ) = [U(4f1 + 6f2 − 2f3) + (4f1 + 6f2 − 2f3)(c − r) + ∆r] g(X, Y )

− {U(6f2 + 2f3)}η(X)η(Y ) − (6f2 + 2f3)[η(Y ) (£U η)X

+ η(X) (£U η)Y ]. (3.3)

As ξ is killing, we have ξr = 0. Differentiating it covariantly along the arbitrary vector field X and using
(2.13) we get g(∇XDr, ξ) = β(φX)r.
Substituting ξ in place of Y in (3.3) and using the above equation and Lemma 2.1, we get

β(φX)r = [U(4f1 − 4f3) + (4f1 + 3f2 − 3f3)(c − r) + ∆r] η(X)

− (6f2 + 2f3)(£U η)X. (3.4)
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Substituting ξ for X and using Lemma 2.1 we obtain from above

∆r = −U(4f1 − 4f3) − (4f1 − 4f3)(c − r). (3.5)

From (3.4) and (3.5), we have

(6f2 + 2f3)(£U η)X = (3f2 + f3)(c − r)η(X) − β(φX)r. (3.6)

Using (3.5) and (3.6) in (3.3), we get

∇XDr = [U(6f2 + 2f3) + (6f2 + 2f3)(c − r)] {X − η(X)ξ}

+ β((φX)r)ξ − β(φ Dr)η(X). (3.7)

Differentiating the above equation covariantly along the direction of Y , we obtain

∇Y ∇XDr

= [Y (U(6f2 + 2f3)) + (Y (6f2 + 2f3))(c − r) − (6f2 + 2f3)Y r] {X − η(X)ξ}

+ [U(6f2 + 2f3) + (6f2 + 2f3)(c − r)] {∇Y X − η(∇Y X)ξ + βg(φY, X)ξ

+ βη(X)φY } + (Y β)((φX)r)ξ + β Y ((φX)r) ξ − β2((φX)r) φY

− (Y β)(φ Dr)η(X) − β{φ(∇Y Dr) + β (Y r)ξ}η(X)

− β(φ Dr){η(∇Y X) − β g(φY, X)}. (3.8)

Interchanging X and Y in the above, we get

∇X∇Y Dr

= [X(U(6f2 + 2f3)) + (X(6f2 + 2f3))(c − r) − (6f2 + 2f3)Xr] {Y − η(Y )ξ}

+ [U(6f2 + 2f3) + (6f2 + 2f3)(c − r)] {∇XY − η(∇XY )ξ + βg(φX, Y )ξ

+ βη(Y )φX} + (Xβ)((φY )r)ξ + β X((φY )r) ξ − β2((φY )r) φX

− (Xβ)(φ Dr)η(Y ) − β{φ(∇XDr) + β (Xr)ξ}η(Y )

− β(φ Dr){η(∇XY ) − β g(φX, Y )}. (3.9)

Again from (3.7), we obtain

∇[Y,X]Dr = [U(6f2 + 2f3) + (6f2 + 2f3)(c − r)] {∇Y X − ∇XY − η(∇Y X)ξ

+ η(∇XY )ξ} + β((φ ∇Y X)r)ξ − β((φ ∇XY )r)ξ

− β(φ Dr)η(∇Y X) + β(φ Dr)η(∇XY ). (3.10)

From (3.8), (3.9) and (3.10) we get

R(Y, X)Dr

= [Y (U(6f2 + 2f3)) + (Y (6f2 + 2f3))(c − r) − (6f2 + 2f3)Y r] {X − η(X)ξ}

− [X(U(6f2 + 2f3)) + (X(6f2 + 2f3))(c − r) − (6f2 + 2f3)Xr] {Y − η(Y )ξ}

+ [U(6f2 + 2f3) + (6f2 + 2f3)(c − r)] {2βg(φY, X)ξ + βη(X)φY − βη(Y )φX}

+ (Y β)((φX)r)ξ − (Xβ)((φY )r)ξ + β Y ((φX)r) ξ − β X((φY )r) ξ

− β2((φX)r) φY + β2((φY )r) φX − (Y β)(φ Dr)η(X) + (Xβ)(φ Dr)η(Y )

− β{φ(∇Y Dr) + β (Y r)ξ}η(X) + β{φ(∇XDr) + β (Xr)ξ}η(Y )

+ 2β2(φ Dr)g(φY, X) − β((φ ∇Y X)r)ξ + β((φ ∇XY )r)ξ. (3.11)

The above equation gives us

S(X, Dr) = −XU(6f1 + 2f3) − X(6f1 + 2f3)(c − r) + (6f1 + 2f3)Xr

− ξ U(6f2 + 2f3) η(X) − ξ(6f2 + 2f3)(c − r)η(X)

− (e1β)(e2r)η(X) + (e2β)(e1r)η(X) − 2β2Xr. (3.12)
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Here {ei}, i = 1, 2, 3 is an orthonormal φ-basis with e3 = ξ.
Putting X = ξ in (3.12) we get

S(ξ, Dr) = −2[ξ(U(6f2 + 2f3)) + (ξ(6f2 + 2f3))(c − r)] − (e1β)(e2r)

+ (e2β)(e1r). (3.13)

Putting X = ξ and Y = Dr in (2.7), we get

S(ξ, Dr) = 0.

Suppose that 3f2 + f3 = constant. Then from (3.13), we have

e1β

e1r
=

e2β

e2r
.

Since e3r = 0 and e3β = 0, from above we get

e1β

e1r
=

e2β

e2r
=

k1e1β + k2e2β + k3e3β

k1e1r + k2e2r + k3e3r
,

where k1.k2, k3 are C∞-functions on M .
If X = k1e1 + k2e2 + k3e3 is an arbitrary vector field, we get

Xβ = σ Xr,

where σ =
e1β

e1r
is a C∞-function. From above we get, grad β = σgrad r.

Hence grad β and grad r are linearly dependent. Hence we can state the following:

Theorem 3.1. If a three dimensional generalized Sasakian space form M(f1, f2, f3) with quasi-

Sasakian metric admits Yamabe soliton, then grad β and grad r are linearly dependent, provided f3 + 3f2

is constant.

From (3.13), we see that

S(ξ, Dr) = −2[ξ(U(6f2 + 2f3)) + (ξ(6f2 + 2f3))(c − r)] − g(Dβ, φDr).

If 3f2 + f3 = constant, the above equation gives g(Dβ, φDr) = 0. This helps us to state the following:

Theorem 3.2. If a three dimensional generalized Sasakian space form M(f1, f2, f3) with quasi-

Sasakian metric admits Yamabe soliton, then the vector fields grad β and φ(grad r) are orthogonal to each

other, provided f3 + 3f2 is constant.

4. Yamabe solitons on generalized Sasakian space forms with Kenmotsu metric

As ξr = 0, the equation (2.16) gives g(∇XDr, ξ) = −αXr.
As the previous section, we have

∇XDr = [U(6f2 + 2f3) + (6f2 + 2f3)(c − r)] {X − η(X)ξ} − α(Xr)ξ

− α(Dr)η(X). (4.1)

Differentiating the above equation covariantly along Y , we obtain

∇Y ∇XDr

= [Y (U(6f2 + 2f3)) + (Y (6f2 + 2f3))(c − r) − (6f2 + 2f3)Y r] {X − η(X)ξ}

+ [U(6f2 + 2f3) + (6f2 + 2f3)(c − r)] {∇Y X − η(∇Y X)ξ − αg(φX, φY )ξ

− αη(X)Y + αη(X)η(Y )ξ} − (Y α)(Xr)ξ − α (Y (Xr)) ξ

− α2(Xr){Y − η(Y )ξ} − (Y α)(Dr)η(X) − α(∇Y Dr)η(X)

− α(Dr){η(∇Y X) + αg(φX, φY )}. (4.2)
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Interchanging X and Y in the above equation, we see that

∇X∇Y Dr

= [X(U(6f2 + 2f3)) + (X(6f2 + 2f3))(c − r) − (6f2 + 2f3)Xr] {Y − η(Y )ξ}

+ [U(6f2 + 2f3) + (6f2 + 2f3)(c − r)] {∇XY − η(∇XY )ξ − αg(φY, φX)ξ

− αη(Y )X + αη(Y )η(X)ξ} − (Xα)(Y r)ξ − α (X(Y r)) ξ

− α2(Y r){X − η(X)ξ} − (Xα)(Dr)η(Y ) − α(∇XDr)η(Y )

− α(Dr){η(∇XY ) + αg(φY, φX)}. (4.3)

From (4.1), it follows that

∇[Y,X]Dr = [U(6f2 + 2f3) + (6f2 + 2f3)(c − r)] {∇Y X − ∇XY − η(∇Y X)ξ

+ η(∇XY )ξ} − α([Y, X ]r)ξ − α(Dr)η(∇Y X)

+ α(Dr)η(∇XY ). (4.4)

from (4.2), (4.3) and (4.4), we have

R(Y, X)Dr

= [Y (U(6f2 + 2f3)) + (Y (6f2 + 2f3))(c − r) − (6f2 + 2f3)Y r] {X − η(X)ξ}

− [X(U(6f2 + 2f3)) + (X(6f2 + 2f3))(c − r) − (6f2 + 2f3)Xr] {Y − η(Y )ξ}

+ [U(6f2 + 2f3) + (6f2 + 2f3)(c − r)] {−αη(X)Y + αη(Y )X}

− α2(Xr){Y − η(Y )ξ} + α2(Y r){X − η(X)ξ} − (Y α)(Dr)η(X)

+ (Xα)(Dr)η(Y ) − (Y α)(Xr)ξ + (Xα)(Y r)ξ − α(∇Y Dr)η(X)

+ α(∇XDr)η(Y ). (4.5)

From the above equation

S(X, Dr) = −XU(6f1 + 2f3) − X(6f1 + 2f3)(c − r)

+ (6f1 + 2f3)Xr − (ξU(6f2 + 2f3))η(X)

− ξ(6f2 + 2f3)(c − r)η(X) − g(Dα, Dr)η(X) − 2α2Xr

− 4α [U(6f2 + 2f3) + (6f2 + 2f3)(c − r)] η(X). (4.6)

Putting X = ξ in the above equation and using ξr = 0 we obtain

S(ξ, Dr) = −2[ξ(U(6f2 + 2f3)) + (ξ(6f2 + 2f3))(c − r)] − g(Dα, Dr)

− 4α [U(6f2 + 2f3) + (6f2 + 2f3)(c − r)] . (4.7)

Suppose that f3 = −3f2. Then S(ξ, Dr) = −g(Dα, Dr).
Hence in view of (2.7), g(Dα, Dr) = 0. Thus, we are in a position to state the following:
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Theorem 4.1. If a three dimensional generalized Sasakian space form M(f1, f2, f3) with Kenmotsu

metric admits Yamabe soliton, then the vector fields grad α and grad r are orthogonal to each other,

provided f3 = −3f2.

5. Examples

Example 5.1. We consider the three dimensional manifold M = {(x, y, z) ∈ R
3 : (x, y, z) 6= (0, 0, 0)},

where (x, y, z) are the standard co-ordinates of R3.
Define the almost contact structure (φ, ξ, η) on M by

φ(E1) = −E2, φ(E2) = E1, φ(E3) = 0, ξ = E3, η = dz + ydx,

where E1 =
∂

∂x
− y

∂

∂z
, E2 =

∂

∂y
, E3 =

∂

∂z
.

Let g be the Riemannian metric defined by

g(Ei, Ej) =

{

1, i = j

0, i 6= j.

Here i, j = 1, 2, 3.
It is easy to verify that, (φ, ξ, η, g) defines an almost contact metric structure on M .
The Riemannian connection ∇ is given by the Koszul formula which is

2g(∇XY, Z) = Xg(Y, Z) + Y g(Z, X) − Zg(X, Y ) + g([X, Y ], Z)

− g([Y, Z], X) + g([Z, X ], Y ).

By the above formula

∇E1
E1 = 0, ∇E1

E2 = 1
2 E3, ∇E1

E3 = − 1
2 E2

∇E2
E1 = − 1

2 E3, ∇E2
E2 = 0, ∇E2

E3 = 1
2 E1

∇E3
E1 = − 1

2 E2, ∇E3
E2 = 1

2 E1, ∇E3
E3 = 0.

Here (∇Xφ)Y = − 1
2 (g(X, Y )ξ − η(Y )X) for all X, Y ∈ χ(M) . Hence the structure is quasi-Sasakian.

The components of the curvature tensor R(X, Y )Z are

R(E1, E2)E1 =
3

4
E2, R(E1, E3)E1 = −

1

4
E3, R(E2, E3)E1 = 0

R(E1, E2)E2 = −
3

4
E1, R(E1, E3)E2 = 0, R(E2, E3)E2 = −

1

4
E3

R(E1, E2)E3 = 0, R(E1, E3)E3 =
1

4
E1, R(E2, E3)E3 =

1

4
E2.

From the above components of curvature tensor, we obtain

S(E1, E1) = −
1

2
, S(E2, E2) = −

1

2
, S(E3, E3) =

1

2
and S(E1, E2) = S(E2, E3) = S(E3, E1) = 0.

The scalar curvature given by r = − 1
2 .

We see that the components Riemannian curvature calculated here satisfy

R(X, Y )Z = f{g(Y, Z)X − g(X, Z)Y } +

(

−4f − 3

12

)

{g(X, φZ)φY

− g(Y, φZ)φX + 2g(X, φY )φZ} +

(

f −
1

4

)

{η(X)η(Z)Y

− η(Y )η(Z)X + g(X, Z)η(Y )ξ − g(Y, Z)η(X)ξ},
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where f is any C∞-function on M .
Hence M is a generalized Sasakian space form with the functions

f1 = f, f2 =
−4f − 12

12
, f3 = f −

1

4
.

It is seen that (£ξg)(X, Y ) = (c−r)g(X, Y ) = 0 for all X, Y ∈ χ(M) and c = − 1
2 , the constructed metric

is Yamabe soliton.

Example 5.2. Consider M3 = {(x, y, z) ∈ R
3 : (x, y, z) 6= (0, 0, 0)} with standard Cartesian coordi-

nates (x, y, z). Define the almost contact structure (φ, ξ, η) on M3 by

φ(e1) = −e2, φ(e2) = e1, φ(e3) = 0, ξ = e3, η = dz,

where e1 =
∂

∂x
, e2 =

∂

∂y
, e3 =

∂

∂z
.

Let the metric g be defined by

g(e1, e2) = g(e2, e3) = g(e3, e1) = 0, g(e1, e1) = g(e2, e2) = exp(2z), g(e3, e3) = 1.

We see that (φ, ξ, η, g) defines an almost contact metric structure on M3.
Let ∇ be the Levi-Civita connection with respect to the Riemannian metric g. By Koszul formula, we
have

∇e1
e1 = − exp(2z)e3, ∇e1

e2 = 0, ∇e1
e3 = e1.

∇e2
e1 = 0, ∇e2

e2 = − exp(2z)e3, ∇e2
e3 = e2.

∇e3
e1 = e1, ∇e3

e2 = e2, ∇e3
e3 = 0.

We see that (∇Xφ)Y = g(φX, Y )ξ − η(Y )φX , for all X, Y ∈ χ(M3). Hence the structure is Kenmotsu.

The non-vanishing components of the curvature tensor are

R(e1, e2)e1 = exp(2z)e2, R(e1, e2)e2 = exp(2z)e1

R(e1, e3)e1 = exp(2z)e3, R(e1, e3)e3 = −e1

R(e2, e3)e2 = exp(2z)e3, R(e2, e3)e3 = −e2.

The non-vanishing components of the Ricci tensor are

S(e1, e1) = S(e2, e2) = −2 exp(2z), S(e3, e3) = −2.

The scalar curvature is given by, r = −6.
We see that

R(X, Y )Z = f{g(Y, Z)X − g(X, Z)Y } +
−f − 1

3
{g(X, φZ)φY − g(Y, φZ)φX

+ 2g(X, φY )φZ} + (f + 1){η(X)η(Z)Y − η(Y )η(Z)X

+ g(X, Z)η(Y )ξ − g(Y, Z)η(X)ξ},

where f is any C∞-function on M3. So, M3 is a generalized Sasakian space form with functions

f1 = f, f2 =
−f − 1

3
, f3 = f + 1.

Also f3 = −3f2. We choose U = y
∂

∂x
− x

∂

∂y
.

We have (£Ug)(X, Y ) = (c − r)g(X, y) = 0 for all X, Y ∈ χ(M3) and c = −6. So, the constructed
metric is Yamabe soliton.
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