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Existence of Solutions for a p-Laplacian System with a Nonresonance Condition Between

the First and the Second Eigenvalues
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abstract: In this article, we study the existence of positive solutions for the quasilinear elliptic system






−∆pu(x) = f1(x, v(x)) + h1(x) in Ω,

−∆pv(x) = f2(x, u(x)) + h2(x) in Ω,

u = v = 0 on ∂Ω,

where fi(x, s), (i = 1, 2) locates between the first and the second eigenvalues of the p-Laplacian. To prove the
existence of solutions, we use the Leray-Schauder degree.
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1. Introduction

Systems of quasilinear elliptic equations present some new and interesting phenomena, which are not
present in the study of a single equation. Many publications have appeared concerning quasilinear elliptic
systems we refer the readers to ( [4], [10]).

In recent years, the eigenvalue problems for p-Laplacian operators have been extensively studied (see
[3], [6], [7], [8]). The main purpose of this article is to prove the existence of solutions for a quasilinear
elliptic system when the second terms on the two equations fi(x, s), (i = 1, 2) locates between the first
and the second eigenvalue of the p-Laplacian. This result can be seen as a generalization of the result
obtained by A. Anane and N. Tsouli in [3].

In this paper, we study the existence of positive solution for the nonlinear elliptic system











−∆pu(x) = f1(x, v(x)) + h1(x) in Ω,

−∆pv(x) = f2(x, u(x)) + h2(x) in Ω,

u = v = 0 on ∂Ω,

(1.1)

where ∆pu = div(|∇u|p−2∇u) is the p-Laplacian operator with the exponent p, 1 < p < ∞ and Ω is a
smooth bounded region in R

n for n ≥ 1.
Through this paper, hi ∈ W −1,p′

(Ω) with i = 1, 2 and p′ the Hölder conjugate of p. As to the nonlinearities
fi (i = 1, 2), we assume that they are Carathéodory functions from Ω × R to R such that

max
|s|≤Ri

|fi(x, s)| ∈ Lp′

(Ω), ∀Ri > 0, (1.2)

λ1 ≤ li(x) ≤ ki(x) < λ2 a.e. in Ω,
6≡

(1.3)
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where

li(x) = lim
s→±∞

inf
fi(x, s)

|s|p−2s
, ki(x) = lim

s→±∞
sup

fi(x, s)

|s|p−2s
,

and λ1 (resp., λ2) is the first (resp., the second) eigenvalue of the problem

{

−∆pu = λ|u|p−2u in Ω,

u = 0 on ∂Ω.

First inequality in (1.3) means: ”less or equal almost everywhere with strict inequality on a set of positive
measure”. we also assume that the inequalities in (1.3) holds for i = 1, 2:

∀εi > 0, ∃η(εi) > 0 : λ1 − εi ≤ fi(x,s)
|s|p−2s

, ∀|s| ≥ η(εi), a.e. in Ω,

∀εi > 0, ∃η(εi) > 0 : fi(x,s)
|s|p−2s

≤ λ2 + εi, ∀|s| ≥ η(εi), a.e. in Ω.

(1.4)

Recently, A. Anane and N. Tsouli [3] study the existence of solutions for the Dirichlet problem −∆pu =
f(x, u) + h(x) in Ω, u = 0 in ∂Ω, when f(x, u) locates between the first and the second eigenvalues of
the p-Laplacian (∆p), using Leray-Schauder topological degree.
Their work is based on the absurd reasoning, they arrived at a contradiction by using different lemmas
and the variation characterization of λ2, more precisely the monotonicity of λ2. Our work is based on
the same method of proof.

The main result of this paper is the following theorem.

Theorem 1.1. For i = 1, 2, assume that fi satisfies (1.2), (1.3) and (1.4). Then for any hi ∈ W −1,p′

(Ω),
(1.1) admits a weak solution (u, v) in W 1,p

0 (Ω) × W 1,p
0 (Ω).

As usual, a weak solution of system (1.1) is any (u, v) ∈ W 1,p
0 (Ω) × W 1,p

0 (Ω) such that

∫

Ω

|∇u|p−2∇u∇ϕ1dx +

∫

Ω

|∇v|p−2∇v∇ϕ2dx =

∫

Ω

f1(x, v)ϕ1dx +

∫

Ω

f2(x, u)ϕ2dx

+〈h1, ϕ1〉 + 〈h2, ϕ2〉,

for every ϕi ∈ W −1,p′

(Ω), (i = 1, 2), where 〈., .〉 denotes the duality product between W −1,p′

(Ω) and
W 1,p

0 (Ω).
Next, let us define by (Tt)t∈[0,1] the family of operators from W 1,p

0 (Ω)×W 1,p
0 (Ω) to W 1,p

0 (Ω)×W 1,p
0 (Ω)

defined by

Tt(u, v) =

(

T1t(u, v)
T2t(u, v)

)

=

(

−∆−1
p 0

0 −∆−1
p

)

×

(

(1 − t)α1|u|p−2u + tf1(x, v) + th1

(1 − t)α2|v|p−2v + tf2(x, u) + th2

)

, (1.5)

where αi, i = 1, 2 are some fixed numbers with λ1 < αi < λ2.
We consider the space U = W 1,p

0 (Ω) × W 1,p
0 (Ω) endowed with the norm

‖(u, v)‖U = ‖u‖p

W
1,p

0 (Ω)
+ ‖v‖p

W
1,p

0 (Ω)
, (1.6)

V = Lp(Ω) × Lp(Ω), Y = Lp′

(Ω) × Lp′

(Ω) and Z = W −1,p′

(Ω) × W −1,p′

(Ω). In the sequel, ‖.‖Lp(Ω) and

‖.‖Lp′(Ω) will denote the usual norms on Lp(Ω) and Lp′

(Ω), respectively.

Remark 1.2. Hypotheses (1.2) and (1.4) give us the growth conditions

|fi(x, s)| ≤ ai|s|p−1 + bi(x) ∀|s| ∈ R, a.e. in Ω, (1.7)

where ai > 0 and bi(.) ∈ Lp′

(Ω).
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Remark 1.3. Equations (1.2) and (1.4) imply

∀εi > 0, ∃bεi
∈ Lp′

(Ω) such that

|s|p(λ1 − εi) − bεi
(x) ≤ sfi(x, s) ≤ |s|p(λ2 + εi) − bεi

(x), (1.8)

∀s ∈ R, a.e. in Ω.

Lemma 1.4. Tt is continuous and compact.

Proof. We have, Tt : U → U ; to prove the Lemma, we have

U →֒ V −→
A

Y →֒ Z −→
S

U, (1.9)

such that the Nemytskii operator

A : V → Y

(u, v) 7→ (f1(x, v), f2(x, u)),

and

S : Z → U
(

f1

f2

)

7→

(

−∆−1
p 0

0 −∆−1
p

) (

f1(x, v)
f2(x, u)

)

=

(

u
v

)

,

are continuous and compact. �

2. A priori estimate

To prove theorem (1.1), we first establish the following estimate:

∃R > 0 such that ∀t ∈ [0, 1], ∀(u, v) ∈ ∂B(0, R) such that [I − Tt](u, v) 6= 0,

where B(0, R) denotes the ball of center 0 and radius R in U .
For, we assume by contradiction that

∀n > 0, ∃tn ∈ [0, 1], ∃(un, vn) ∈ U with

‖(un, vn)‖1,p = n such that Ttn
(un, vn) = (un, vn). (2.1)

Let wn = (w1n, w2n) = (un

n
, vn

n
). We still denoted by (wn) the subsequence of (wn) which converges

weakly in U , strongly in V and a.e. in Ω to w.
We can also suppose that tn converges to t ∈ [0, 1]. That to reach a contradiction, we need the following
lemmas.

Lemma 2.1. If the sequence gn = (g1n, g2n) are defined by

gin =
fi(x, nwi+(−1)i+1n)

np−1
, i = 1, 2, (2.2)

then gin are bounded in Lp′

(Ω), and they admit subsequences gin converging weakly to some gi in Lp′

(Ω).

Proof. From (1.7), we have
|fi(x, s)| ≤ ai|s|p−1 + bi(x),

then

|gin(x)| ≤ ai|wi+(−1)i+1n|p−1 +
bi(x)

np−1
;

as bi(x) in Lp′

(Ω) and |wi+(−1)i+1n|p−1 ∈ Lp′

(Ω), so gin become bounded in Lp′

(Ω).

Consequently, there exists a subsequence, still denoted by gin converging weakly to gi in Lp′

(Ω). �
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Lemma 2.2. wi 6= 0, i = 1, 2.

Proof. We have that wn verifies
∫

Ω

|∇w1n|pdx +

∫

Ω

|∇w2n|pdx =(1 − tn)
[

α1

∫

Ω

|w1n|pdx + α2

∫

Ω

|w2n|pdx
]

+ tn

[

∫

Ω

g1n(x)w1ndx +

∫

Ω

g2n(x)w2ndx

+
1

np−1
< h1, w1n > +

1

np−1
< h2, w2n >

]

. (2.3)

We get from lemma (2.1)

1 = (1 − t)
[

α1

∫

Ω

|w1|pdx + α2

∫

Ω

|w2|pdx
]

+ t
[

∫

Ω

g1(x)w1dx +

∫

Ω

g2(x)w2dx
]

; (2.4)

from the diffrent properties of the weak and strong convergences we get that wi 6= 0, i = 1, 2. �

Lemma 2.3. Let A = {x ∈ Ω : wi(x) 6= 0, (i = 1, 2)}, then

gi = 0 a.e. in Ω \ A where i = 1, 2.

Proof. The inequality (1.7) gives us for every i (i = 1, 2)

|gin(x)| ≤ ai|wi+(−1)i+1n|p−1 +
bi(x)

np−1
a.e. in Ω \ A, (2.5)

so

‖gin‖Lp′ (Ω\A) ≤ ai‖wi+(−1)i+1n‖
p

p′

Lp(Ω\A) +
1

np−1
‖bi‖Lp′ (Ω\A). (2.6)

From lemma (2.2), we have
lim

n→+∞
‖gin‖Lp′ (Ω\A) = 0. (i = 1, 2) (2.7)

Let D = {x ∈ Ω \ A : gi 6= 0, (i = 1, 2)}. By lemma (2.1) we get, for φi(x) = sign[gi(x)]χD(x) ∈ Lp(D)
such that

χD(x) =

{

0 ; x /∈ D,

1 ; x ∈ D,

that

lim
n→+∞

∫

D

gin(x)φi(x)dx =

∫

D

gi(x)φi(x)dx =

∫

D

|gi(x)|dx, (2.8)

but, we have by (2.7)
∫

D

|gi(x)|dx = 0, (i = 1, 2) (2.9)

consequently, meas(D) = 0 which implies

gi = 0 a.e. in Ω \ A where i = 1, 2.

�

Lemma 2.4. Let i = 1, 2 and

g̃i(x) =

{

gi(x)
|w(x)

i+(−1)i+1 |p−2w(x)
i+(−1)i+1

on A,

βi on Ω \ A,
(2.10)

where βi are fixed numbers such that λ1 < βi < λ2, then

λ1 ≤ g̃i(x) < λ2 a.e. in Ω.
6≡

(2.11)
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Proof. For i = 1, 2, firstly we define new subsets us follow

Bli
= {x ∈ A : wi+(−1)i+1 (x)gi(x) < li(x)|wi+(−1)i+1 (x)|p},

Bki
= {x ∈ A : wi+(−1)i+1 (x)gi(x) > ki(x)|wi+(−1)i+1 (x)|p},

then we prove that meas(Bli
) = meas(Bki

) = 0.
By remark (1.3), we have that ∀εi > 0, ∃bεi

∈ Lp′

(Ω) such that

|wi+(−1)i+1n|p(li − εi) −
bεi

np
≤ wi+(−1)i+1ngin ≤ |wi+(−1)i+1n|p(ki + εi) +

bεi

np
. (2.12)

By integrating in the first inequality and letting n → ∞, then ε → 0, we deduce

∫

Bli

[wi+(−1)i+1 (x)gi(x) − |wi+(−1)i+1 (x)|pli(x)]dx ≥ 0, (2.13)

and from the definition of the subset Bli
, we get

∫

Bli

[wi+(−1)i+1 (x)gi(x) − |wi+(−1)i+1 (x)|pli(x)]dx < 0. (2.14)

Whereupon
∫

Bli

[wi+(−1)i+1 (x)gi(x) − |wi+(−1)i+1 (x)|pli(x)]dx = 0, (2.15)

which implies meas(Bli
) = 0. The second inequality give us meas(Bki

) = 0.
In the second step, from the definition of g̃i, we obtain

li(x) ≤ g̃i(x) ≤ ki(x) a.e. in A, (2.16)

and hypothesis (1.3) allow us to write

λ1 ≤ g̃i(x) < λ2 a.e. in A. (2.17)

Since g̃i = βi in Ω \ A, then

λ1 < g̃i < λ2 in Ω \ A. (2.18)

The inequalities (2.17) and (2.18) leads to

λ1 ≤ g̃i(x) < λ2 a.e. in Ω. (2.19)

From (2.18), (2.19) and the fact that mes(Ω \ A) 6= 0, we obtain

λ1 ≤ g̃i(x) < λ2 a.e. in Ω.
6≡

�

Lemma 2.5. If i = 1, 2, then wi is a solution of

{

−∆pwi = mi|wi|
p−2wi in Ω,

wi = 0 on ∂Ω,
(2.20)

where mi(x) = (1 − t)αi + tg̃i+(−1)i+1 (x).
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Proof. We first prove that wi (i = 1, 2) is a solution of

{

−∆pwi = (1 − t)αi|wi|
p−2wi + tgi+(−1)i+1 in Ω,

wi = 0 on ∂Ω.
(2.21)

From [3], we have that win (i = 1, 2) satisfies

{

−∆pwin = (1 − tn)|win|p−2win + tn

[

gi+(−1)i+1n + 1
np−1 hi

]

in Ω,

win = 0 on ∂Ω.
(2.22)

We know that for i = 1, 2, (−∆p)(win) are bounded in W −1,p′

(Ω), so we can extract from it a subsequence

(win) (for simplicity of the notation), and a distribution Li ∈ W −1,p′

such that

(−∆p)(win) −−−⇀
weak

Li,

in particular
lim

n→+∞
< −∆pwin, wi >=< Li, wi > .

Since

< −∆pwin, win − wi > = (1 − tn)αi

∫

Ω

|win|p−2win(win − wi)dx

+ tn

[

∫

Ω

gi+(−1)i+1n(win − wi)dx +
1

np−1
< hi, win − wi >

]

,

it holds
lim

n→+∞
< −∆pwin, win − wi >= 0.

But, we have

lim
n→+∞

< −∆pwin, win − wi > = lim
n→+∞

< −∆pwin, win > − lim
n→+∞

< −∆pwin, wi >

= lim
n→+∞

< −∆pwin, win > − < Li, wi >

= 0,

consequently
lim

n→+∞
< −∆pwin, win >=< Li, wi > .

We also know that (−∆p) is an operator of type (M), so we get

Li = −∆pwi.

Passing to the limit in (2.22) gives (2.21), but by lemma (2.3), we have

(1 − t)αi|wi|
p−2 + tgi+(−1)i+1 = mi|wi|

p−2wi a.e. in Ω,

which implies that wi is a solution of (2.20) for every i sush that i = 1, 2. �

Now, we can prove our estimate.

To reach the contradiction, we set λ1(Ω, mi(x)) (resp., λ2(Ω, mi(x)) to be the first (resp., the second)
eigenvalue of the problem with weight

{

−∆pu = λmi(x)|u|p−2u in Ω,

u = 0 on ∂Ω.
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For i = 1, 2, we use lemma (2.4) and the fact that λ1 < αi < λ2, to get

λ1 ≤ mi(x) < λ2 a.e. in Ω;
6≡

now, by the strict monotonicity property of the first eigenvalue [9] and the second eigenvalue [2], we have

λ1(Ω, mi) < λ1(Ω, λ1) = 1,

and

1 = λ2(Ω, λ2) < λ2(Ω, mi),

so clearly

λ1(Ω, mi) < 1 < λ2(Ω, mi).

But by lemmas (2.2) and (2.5), for every i (sush that i = 1, 2), 1 is an eigenvalue of (−∆p) for the weights
mi, which contradicts the definition of the second eigenvalues λ2(Ω, mi).
From above we deduce that the estimation holds true.

3. Proof of the main result

Using the homotopy invariance of the degree map, which through the homotopy Tt yields

deg(I − T0, B(0, R), 0) = deg(I − T1, B(0, R), 0).

As T0 is odd, so following the theory of Borsuk, we get that deg(I − T0, B(0, R), 0) is an odd integer and
so nonzero. This implies that there exists (u, v) ∈ B(0, R) such that T1(u, v) = (u, v). Hence, system
(1.1) has a positive solution.

This completes the proof.
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