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An Eigenvalue Problem for a Fractional Differential Equation with an Iterated Fractional
Derivative

Salima Bensebaa

ABSTRACT: This paper concerns the investigation of an eigenvalue problem for a nonlinear fractional dif-
ferential equation. Using the properties of the Green function, Banach contraction principle, Leray-Schauder
nonlinear alternative and Guo-Krasnosel’skii fixed point theorem on cones, the eigenvalue intervals of the non-
linear fractional differential equation are considered. Some sufficient conditions for the existence of at least
one positive solution is established. Some examples are presented to illustrate the main results.
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1. Introduction

Nonlinear fractional order differential equations have received grat interest in the recent years. Many
results ranging from the existence and uniqueness of solutions to the analytic and numerical methods
have appeared in the literature, we refer the reader to a series of papers [1, 8, 10] and the references cited
therein.

The search for the existence of positive solutions and multiple positive solutions to nonlinear fractional
boundary value problems has expanded greatly over the past decade; for some recent examples see [2,
4,5, 7,14, 15]. In all of these works and the references cited therein, different techniques and methods
have been employed to deal with the solvability of such boundary value problems; for example, the use of
fixed point index theory, the classic cone-compressions and expansions fixed point theorems, the method
of upper and lower solutions, and Leggett-Williams theorem and its extensions.

On the other hand, eigenvalue problems of nonlinear fractional differential equations have been con-
cerned by some authors; see [3, 13, 17].

In this work, we consider the nonlinear boundary value problem (P)

°DE. (“Di i u(t)) = M (tu(t)),0<t <1, (1.1)

(0) 0,u'(0 )—CW( )
all) = Du(e). (1.2
D§+ (0) = Dg ! u(0) =
where f:[0,1] x R — R is given function, denotes CDg+ the Caputo fractional derivative, 1 < ¢ < 2,2 <
p<3,0<a,&<l1.
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Using the Banach fixed point theorem, the nonlinear alternative of Leray Schauder type and Guo-
krasnosel’skii fixed point theorem on cone, we investigate the eigenvalue interval for the existence and
uniqueness of positive solutions. No contributions exist, as far as we know, concerning the existence of
solutions of higher fractional differential equation (1.1) jointly with boundary condition in (1.2).

The rest of this paper is organized as follows. First, we recall some notations, definitions and lemmas
to be used later. In section 3, we present and prove our main results wich consist of uniqueness and
existence theorems. Finally, we give some examples to illustrate our work.

2. Basic result
First of all, we recall some necessary definitions.

Definition 2.1. [12] If g € Ly ([a,b]) and « > 0, then the Riemann -Liouville fractional integral is
defined by

t

o glg) = L 9(5)
Ia+g(t) - F(a) / (t— S)lfads'

a

Definition 2.2. [12] Let « > 0, n = [a]+ 1. If g € AC™ ([a,b]) then the Caputo fractional derivative of

order « of g is defined by
t
1 9" (s)
‘D% g(t) = .
a+g( ) F(TL _ a) / (t _ 5)a—n+1

a

Lemma 2.3. [12] For o > 0, g(t) € C ([a,b]), the homogenous fractional differential equation D, g(t) =
0 has a solution

g(t) =c1 + ot + est® + .+ ent™h
where ¢; € R, 1=0,1,2,...,n, and n = [a] + 1.

The following lemmas gives some properties of Riemann -Liouville fractional integrals and Caputo
fractional derivative.

Lemma 2.4. [12] Letp, ¢ >0, f € Ly ([a,b]). Then
I§+I§+f(t) = Igqu(t) = I§+I§+f(t)
and
‘DI IS f(t) = f(t), for allt € [a,b].
Let 8> a >0, f € L1 ([a,b]). Then for all t € [a,b] we have
DI () = 1) (1)
The following lemma is fundamental in the proof of the existence Theorems.

Lemma 2.5. [12](Leray-Schauder nonlinear alternative). Let F be a Banach space and Q be a bounded

open subset of F', 0 € Q and let T : Q — F be a completely continuous operator. Then, either there
exists © € OQ, X > 1 such that T'(z) = \x, or there exists a fized point x* € ).

Theorem 2.6. [6/(Guo-Krasnosel’skii fized point Theorem on cone). Let E be a Banach space, and let
K C E be a cone. Assume 1 and Qs are open subsets of E with 0 € Qq, Q1 C Qo and let

A:KN(Qa/Q) = K
be a completely continuous operator such that
[[Au]] < |ull,u € K NoQ,and||Aul| > |ul|,u € K NIQe, or

Au|| > ||ul|,u € K NoQy,and ||Au|| < ||ul],u € K NOQs.
Then A has a fived point in K N (Qa/).
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We start by solving an auxiliary problem and we give its Green function.

Lemma 2.7. For1<q<2 andy € C([0,1]), the boundary value problem (Py)

{ ‘D, u(t) =y(t), 0 <t <1,
u(0) = 0,4/(0) = au/(1);

1
/= /0 G(t, 5)y(s)ds

L(t—s) +7( )q—l O<S<t
G(t,s) =4 T@ T-a)(¢-1) <t, )1
() { m(l—s)qlt<s<l (2.1)

has the solution of the form

where

Proof. We have
u(t) = Ig, y(t) + C + B,

from the conditions u(0) = 0, we obtain C' = 0, and the condition u/(0) = au/(1) leads to

a

= 1 —8)171y(s)ds
B et | (=9 e

so u(t) can be written as

at

0 —a) (1) / (=) yls)ds

1
/ G(t,s)y(s)ds
0

where G is defined by (2.1). O

u(t) = ILy()+

Lemma 2.8. For2 <p <3 andy € C([0,1]), the solution of problem (P;)

“Diy “Diiu(t) = Ay (t),0 <t <1,
(O) =0,u/(0) = au'(1),

DY u(1) = ngw(g : (2.2)
D, u(0) = D3 *u(0) =0,
s given by
/ G(t,s) / H(s,r)y(r)drds,
where H1—s)""" | t(E—s)P~ .
1« Lyl—i +(t —i)P ,  0<s<min(t,),
L s S SR S
- 1;71+ =g t<s<g,
—%, max(t,&) < s < 1.
Proof. Applying the operator I? on both sides of the differential equation in (2.2), we obtain
‘DI u(t) = AP, y(t) + a1 + ast + ast®. (2.3)

The boundary conditions “Dg, u(0) = CDgf{QU(O) = 0lead to a; = az = 0 and the boundary condition
“Diiu(l) = °Di,u(€) yields
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az = ﬁf(ﬁy(f) - ﬁf(ﬁiy(l)-

Consequently, (2.3) takes the form

DI u(t) = A <Ig+y(t) + 1§ y(§) —

t t
- — TP vy(1
(1-¢) (1-¢) o+ ¥ ))’
which can be written as
. A

1
o) /0 H(t,s)y(s)ds.

The boundary value problem (P;) reduces to the following problem

‘Dl u fo t, s)ds, 0 <t <1,
(0) =0,u (0) = au'(1),

which in view of lemma 7 yields the required result

/Gts/Hsr ) drds.

Finally, the integral solution of probem (P) is:

/Gts/Hsr (r,u (1)) drds.

Lemma 2.9. For all s,t € [0,1], the Green fonction H(t,s) and G(t,s) are continuous and satisfy
i) H(t,s) <0,
.. s)P s)P—1
i) ¢ < s < U
Z’LZ) 0 < m(l — S)q < G(t,S) =~ F(q) + W = A.

3. Existence and uniqueness results

Let the Banach space E = C([0, 1], R) be endowed with the Chebyshev norm

= t)|.
Jul = ma [u(t)

Define the integral operator T': E' — E by

A 1 1
- m/0 G(t’S)/o H(s,r)f (ryu(r))drds.

Theorem 3.1. Let f € C([a,b] x R), then u € E is a solution of the fractional boundary value problem
(P) if and only if Tu(t) = u(t), for any t € [0,1].

To show that the integral solution u(t) is effectively a solution of problem (P), we can follow the same
steps as in the paper of Kilbas and Marzan [11].
In this section, we prove the existence and uniqueness of solutions in the Banach space E.

Theorem 3.2. Assume that there exist a nonnegative function g € L' ([0,1],R4) such that for all z

[Ft,2)] = f(ty) < g(t) |z =yl

Then, there exists a constant \* > 0 such that for any 0 < A\ < \* the FBV P (P) has a unique solution
uin E.
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Proof. We transform the fractional boundary value Problem (P) to a fixed point problem. By Lemma

10 the problem (P) has a solution if and only if the operator T has a fixed point in E. Now we prove
that T' is a contraction. Let u,v € E, we have

Tu(t) — To(t) = %/0 G, 8)/0 H(s,r) (f (ru (1) — f(r, v(r)) drds;

with the help of (3.1) we obtain

Tu(t) — To(t /Gts/ H (s, 7] g(r) [u(r) — v(r)| drds

< A||u UH// o(r)drds

< —u—w 1 — )P Lg(r)dr

< rongl H/O( g0

Mgl 2 -1
< —2 _Jlu—v|, as (1 —r)P~" < 1.
< bl o), s )
Choose /\*—M then, when 0 < A < \*, we have

2479
1
ITw = Toll < 5 Jlu—vll.

So, T is a contraction, hence it has a unique fixed point which is the unique solution of the FBV P
(P). O
Now, we give an other existence result for the fractional boundary value problem (P).

Theorem 3.3. Assume that f(t,0) # 0 and there exist nonnegative functions h € L*([0,1],R}), ¥ €
C(R4,R%) nondecreasing on Ry and 6 > 0, such that

|f (&, )| < h(E)W (|]) . (3.1)

Then, there exists a constant \* > 0 such that for any 0 < X < X\*, the problem (P) has at least one
nontriwial solution u* € E.

Here, we are going to use the Theorem of Leray-Schauder.

Proof. First, let us prove that T is completely continuous. It is easy to see that T is continuous since f,
G and H are continuous.
(i)Let {u € E, |lu|]| < d} ,for u € Bs, we get

Tu(t) / |Gt8|/ |H(s,r)f (r,u(r))|drds. (3.2)
Since VU is nondecreasing then
Tu(t)] < %/0(14)?—%(7«)617«
g J, M0
thus
ITul < 2520y < oo
TTp)(-g ’
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hence T'(Bs) is uniformly bounded.

(ii) T'(Bs) is equicontinuous.

Since G(t, s) is continuous on [0, 1] x [0, 1], it is uniformly continuous on [0, 1] x [0, 1]. Thus, for fixed
s € ]0,1] and for any € > 0, there exists a constant p > 0, such that for any t1, t3 € [0,1], [t1 — t2| < p,we
have

Gt 8) — Gtz s)] < D=8

U (8) [l
since
A 1 1
Tu() = Tults)] < 5o / G(t1,5) — Glta, 5)| / (s, )| | (ru ()] drds
76(1 _5) ' S, T 'S ul\r T
< ST R ) dr
we obtain

|Tu(t) — Tu(ta)| <e.

Consequently, T'(B,) is equicontinuous; by means of the Arzela-Ascoli Theorem, we conclude that T is
completely continuous.

Now we apply the Leray-Schauder nonlinear alternative to prove that 7" has at least a nontrivial
solution in E.

Setting Q@ = {u € E : ||u]| < §}, then for u € 92, such that u = uTu,

0 < p < 1, we have with the help of (4.1)

AT (5)
u(t)| = p|Tu(t)| <|Tu ————||h||;1 .
[u(t)] = p|Tu(t)| < | U'*F()(l—f)” Iz
Choose A*:%.Then, for 0 < A < A", we have
AT (5)
,7 h|l;. <.

We conclude that T has a fixed point u* € Q and then the FBVP (P) has a nontrivial solution u* in E.
U

4. Existence of a positive solution of problem 2

In this section, we apply theorem 6 to establish an eigenvalue interval for the existence of a positive
solutions for the problem (Ps)

°Dg. “Dgiu(t) + Af (t,u
u(0) = 0,/(0) = au/(1),
D u(l) =° ng u(§),
CDg+u(O) = DITu(0) = 0.

) =0, 0<t<1,

For convenience, we set:

Ap = lim M Ay = lim M

u—0t U u—00 U

Let us define the cone P C E by

_¢p—1
P = {ue E,u(t)>0,0<t<1 TgltH<11u(t) Aq(q—ifml-gf(l ¢ )I)‘(q— 0 |u|}
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Lemma 4.1. If f € C(]0,1],R}), then, the solution of problem (Py) satisfies

: ar(§ — € 1)
min u(t) > ul| .
A2 D a-are-n
Proof. By Lemma 7, u can be expressed by
u(t) = /Gts/ —H(s,r)f (r,u(r))drds
< = A/ 1= f(ru drds
o / Fru ()

then
7)\14 ' — )P (ru (7)) drr
Il < s [ (= ) dn

Also, we have

Aa (€€ ' p1
0 > TG ha—aaat, 0 e
S S b W
T Ag(g+ D) (1 —a)l(g-1) "
therefore ( )
ar(€ —¢Pt
A= et
(]
Tlheorem 4.2, Let f(t,u(t) = @) f(u(®) with f € CR4,Ry), ¢ € C(0,1],Ry),
Jo s(1 =) o(s)ds # 0 and 7 € [0,1]. Then for each
M) (Ag(g+ V-V -a)(1-©° _ Tp)1-¢ )

@2 Aoe(C = (72 [ =) (r) dr T Ady [ (1= )P p(r)dr
the problem (Ps) has at least one positive solution.

Proof. We apply Guo-Krasnosel’skii fixed point Theorem on cone.

Let u be in P, in view of nonnegativeness and continuity of functions G(¢,s), —H (t,s) and f, we
conclude that Tw > 0,¢ € [0, 1], continuous and T'(P) C P.

DIt is clear that T'(B,) is uniformly bounded and equicontinuous, by means of the Arzela-Ascoli
Theorem we conclude that T is completely continuous.

From (4.1) there exists ¢ > 0 such that

L(p) (Ag(¢+1)T(g—1) (1 —a) (1 -¢))° ) < L(p)A—-9)
a27% (Ao =€) (C = "2 [[(L =Pt (r)dr = 7 A(Ao+e) [y (1= rp-ie(r)dr
By the definition of Ay, there exists d; > 0, such that for any u, 0 < u < §1, we have
f(u) < (Ao +e)u
Set @ ={u e E: |Ju]| <di}.let u e PNOQy, then we have

A

Tu(t) = (p)/ G(t,s) / —H(s,r)p(r) f(u(r))drds
L0 i
AA (A0+E) ! p—1
< Foamld [ a=nrewar

IN
B
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On the other hand, by the definition of A, there exists do > 0, such that

f(u) > (Ao — &) u, for any u € [02,+00].

Setting R = max{% Aq(qﬂzl;((‘é 14),,(,1 )“)(1 9 52} and Qo = {u € E: |jul| < R}, then Q; C Qy and
for u € PN Oy we have

[Tu@®] = Tu(r)

A 1 aTs(l—s)qfl 1 o % ) .
= F(p)/o F(q—1)(1_a)/0(6 ¢ =) @ (r) f(u(r))drd
Xat(¢—¢"1) 1 AV ! Yo () £ (u () drds
- F(p)F(q—l)(l—a)u_g)/o s(1—s) /0(1 e (r) f(u(r))drd
AT = ) (A — ) u 1 Lo () dr
T(p) (Ag(g+ V(g —1)(1—a)(1—¢))> | H/T (L=r)""p(r)
=l

According to Theorem 6 7" has a fixed point in P N (Q2/€), that means that the problem (P») has
at least one positive solution in P N (22/€). O

5. Examples

We illustrate our work with three examples.

Example 5.1. For the fractional boundary value problem

DS, “Diut) = A (La+sint), 0<t<1,
u0) =0, w(0) = Ju'(1),
D3.u(1) = D @
DEM(O) 0+u( ) =

(0

we have ,
f(t,x)z%x—!—sint, 2<p=%<3,1<q=%<2,a=%<1 andfz%
Then
|f(t,x)—f(t,y)|§g(t) |:E—y|, V:EER,tE[O,l],
where
t3
t) = —.
9(t) =7
Simple calculus give:
* T
lgllpr = 0,0625, A = =5 + Gyiio—y = 2.0146, A" = SH0=8 — 7.4142.

Hence from Theorem 11 we conclude that for any 0 < \ < 7.4142, the problem (P) has a unique
solution in E.

Example 5.2. The following fractional boundary value problem

5 4 ex
“DE, *Diu(t) = A () roeld)
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has at least one nontrivial solution u* in E. Indeed, we have

ol = (135) o ()

1+t 1—|—exp(§)
< Lexp<m>
-1+t 6
< h@)y(lz]),

where h(t) = 1+-t and Y(r) = exp .

For § = 0.9, some computions lead to
[hll;2 =1n2, 1 (0.9) =1.1618,

hence
o (-6
24 (6) [[h]] 1

Theorem 12 implies that for each 0 < A\ < 2.715 3, the problem (P) has at least one nontrivial solution
u* in F.

=2.7153.

Example 5.3. Consider the fractional boundary value problem

t
u(0) = 0, u'(

In this example take

Obviously, we have

A() = hm ﬂ = l,
u—0t U

A = lim ﬂ =1.
u—oo U

,p= % and q = %, through a computation, we can get

(SIS

. _1 _
Since a = 3, § =

A =2.0146,

1 1
/0 (1 =P Lo(r)dr = /0 (1 —r)Pdr = %
Then
F(p)(A-9)

- = 9.5844.
AAy [y (1 —r)p=Lo(r)dr

Choose 7 = 0.9 ; we have

I'(p) (Ag(g+1)T(g—1) (1 —a)(1—£))°
272 Ase (C— P12 [1(1 = r)p=1p (r) dr

Theorem 13 implies that, for A € ]9.5844,1643.8|, problem (Ps) has at least one positive solution.

= 1643.8
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