Bol. Soc. Paran. Mat. (3s.) v. 2022 (40) : 1-22.
©SPM -ISSN-2175-1188 ON LINE ISSN-0037-8712 IN PRESS
SPM: www.spm.uem.br/bspm d0i:10.5269/bspm.45234

Existence and Uniqueness of Renormalized Solution for Nonlinear Parabolic Equations in
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ABSTRACT: This paper is devoted to the study of a class of parabolic equation of type
1o}
8—1: - div(A(r,t,u,Vu) + B(z, t, u)) =f in Qr,

where div(A(z,t,u, Vu) is a Leray-Lions type operator, B(z,t,u) is a nonlinear lower order term and f €

LY(Q1). We show the existence and the uniqueness of renormalized solution in the framework of Musielak-

Orlicz spaces.
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1. Introduction

Let Q be a bounded open set of IRY (N > 2), T is a positive real number, and Qr = Q x (0, 7).
We consider the Dirichlet problem:

% — div(A(x,t,u,Vu) + B(x,t,u)) =f in Qr,
u(z,t) =0 on 09 x (0,7T), (1.1)
ula.t = 0) = uo(x) n O

where A: Qrx Rx RN — R isa Leray-Lions operator defined on the inhomogeneous Musielak-Orlicz-
Sobolev space Wy " Las(Qr), M is a Musielak-Orlicz-function related to the growth of A. B : Q7 x IR —
IRY is a Carathéodory function satisfy only a growth condition (see (3.4)), ug € L'(Q) and f € L' (Qr).

In the case where M (x,t) = t? (Classical Lebesgue’s spaces), many works that show the existence and
uniqueness result with B(z,t,u) = B(u) € € (IR"), the control of this term is by using Stokes formula,
(see [7]) and by using Gagliardo-Nirenberg inequality type when B depend on variables z,¢ and u (see
[11)).

In the anisotropic case M (z,t) = tP(*) (Lebesgue with variable exponent) we refer to ([5], [9],[10],[18]).

For more general anisotropic N-function, where the operator A + B has exponential or logarithmic
growth with respect to Vu, we refer to [15] and [16].

The study of the problem in the framework of renormalized solutions is motivated by the luck of
regularity of the distributional formulation. It’s not strong to provide the uniqueness (for more detail see
the counterexample in [19]).

For the applied motivation: we refer to Chen, Levine and Rao [9], the authors propose a framework
for image restoration based on a variable exponent Laplacian, a second application is modeling the
electrorheological fluids [10], [18], the constitutive equation is given by

ug + div(S(u)) + (uV)u+ Vr = f
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p:(‘)2

where u the velocity, 7 the pressure, f the external forces and S(u) = u(z)(1 + |Vu(x)|?) Vu(z).

Our novelty in the present paper is to give the existence and uniqueness result of renormalized solution
of (1.1) in the general framework inhomogeneous Musielak-Orlicz spaces with a lower order term B which
depends on z, t and u, namely with A(x,t, u, Vu) is replaced by A(z,t,u, Vu)+ B(z,t,u), in order to study
the behavior of the approximate solutions we call upon compactness tools. The difficulties encountered
during the proof of the existence and uniqueness of the solution is that the term B does not satisfy the
coercivity condition and nonlinearities are characterized by N-functions M (z,t), for which As-conditions
not imposed, will lose the reflexivity of the space Ly/(Qr) and WLy (Q7). In the literature, in our
knowledge, there is no result of the uniqueness of the operator A(x,t,u, Vu)+ B(z,t,u) in the framework
of Musielak- Orlicz spaces.

This paper is organized as follows. In section 2, we recall some well-known preliminaries, properties
of inhomogeneous Musielak-Orlicz spaces. In section 3, we give the definition of a renormalized solution
of problem (1.1) and the existence theorem of such a solution. Finally, in section 4, we establish the
uniqueness result.

2. Inhomogeous Musielak-Orlicz space- Notation and properties
Let M be a real-valued function defined in 2 x IR and satisfying conditions:

e M(x,.) is a N-function for all x € €, (i.e. convex, non-decreasing, continuous, M(z,0) = 0,
M (x,0) > 0 for t > 0, limy_,o sup,cq M(tz’t) (”ﬂ = o).

=0 and lim;_, o infcq
e M(.,t) is a measurable function for all ¢ > 0.

A function M which satisfies the above conditions is called a Musielak-Orlicz function.

Let M, (t) = M(z,t), we associate its non-negative reciprocal function M, !, with respect to ¢, that
is M, (M (s, £)) = M(z, M; (1)) = t.

Let M and P be two Musielak-Orlicz functions, we say that P grows essentially less rapidly than M at

P(x,ct
0 (resp. near infinity), and we write P < M, for every positive constant ¢, we have lim (bup ( ))
t—=0 " 1 M(.’,C t)
P(z,ct)

= =0).

Proposition 2.1. ([13]) Let P < M near infinity and ¥Vt > 0, sup,cq P(z,t) < oo, then Ve > 0,
C, > 0 such that

i
o> i (oo

P(z,t) < M(z,et) + C.,Vt > 0. (2.1)
The Musielak-Orlicz space Lps(2) is define as

Ly(Q2) ={u:Q — IR mesurable: QMQ( ) < oo, forsome A >0}.

A

where 0,/ o (u / M(x, |u(x)])dz, equipped with the Luxemburg norm

[l ar = inf {A > 0: 050 )\ ) <1}

Denote M (x,s) = sup;>q(st — M(z, s)) the conjugate Musielak-Orlicz function of M.

We define Ej(Q2) as the subset of L (€2) of all measurable functions u : Q — IR such that QM’Q(%
oo for all A > 0. It is a separable space and (Ep(2))* = Lyz(Q2).

We define the Musielak-Orlicz-Sobolev space as

WLy (Q) = {u € Ly (Q): D*u € Ly (Q), V|| <1},

) <

endowed with the norm Do
. U
”u”}VIQ = inf{A >0 Z QM,Q(T) <1}

lof<1
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Lemma 2.2. (/3])(Approzimation theorem) Let Q be a bounded Lipschitz domain in RY and let M and
M be two complementary Musielak-Orlicz functions which satisfy the following conditions:
1. There ezists a constant ¢ > 0 such that infyeq M(x,1) > ¢,

2. There exists a constant A > 0 such that for all x,y € Q with |z —y| < L, we have

2
(o)

M(x,t)
M(y,t)

<[t forall t>1,

3. / My, \)dx < co, YA >0 and for every compact K C §,
K

4. There exists a constant C >0 such that M(y,t) < C a.e. in Q.

Under this assumptions D(Q2) is dense in L(§2) with respect to the modular topology, D(€) is dense
in W} Ly (Q) for the modular convergence and D(Q) is dense in W Ly (£2) for the modular convergence.

Example 2.3. We give some example for a Musielak-Orlicz functions of approrimation theorem

o My(x,t) = |t|P®) with p: Q — [1,00) a measurable function with Log-Holder continuite

Ml(x,t)

A
A _ |t|p(m)*p(y) < t(“’g(\m—iy\)) forall t>1.
1\Y,

o My(z,t) = a(x)(exp(t]) — L+ t]), 0 < a(z) € L>=(£).

Remark that My € Ng if pt := esssup p(x) < oo while My & /5.
zeQ

Lemma 2.4. ([1])(Modular Poincaré inequality) Under the assumptions of lemma 2.2, and by assuming
that M(x,.) decreases with respect to one of coordinate of x, there exists a constant § > 0 which depends
only on € such that

/M(x, lu|)dx < / M (z,8|Vul)dz  for all u € Wy Ly (9). (2.2)
Q Q

Inhomogeneous Musielak-Orlicz-Sobolev spaces :

Let M be an Musielak-Orlicz function, for each o € INV, denote by V¢ the distributional derivative
on Qr of order o with respect to the variable 2 € IRYN.The inhomogeneous Musielak-Orlicz-Sobolev
spaces are defined as follows,

Wl’zLJVI(QT) = {’U, (S LJV[(QT) : V;"u S LM(QT),VO[ S WN, |O¢| < 1},
W By (Qr) = {u € Ex(Qr) : Vou € En(Qr),Va € NV, |af < 1}.
The last space is a subspace of the first one, and both are Banach spaces under the norm

lul = IVSullarqr

l<1

The space W, " B (Qr) is defined as the (norm) closure W% Epr(Qr) of D(Qr). We can easily show as
in [6], that when © has the segment property, then each element u of the closure of D(Qr) with respect
of the wealk* topology o(I1Lys, IEy;) is a limit, in Wy Ea(Qr), of some subsequence in D(Qr) for
the modular convergence. This space will be denoted by WO1 “Lar(Qr) . Furthermore, WO1 TEM(Qr) =
Wol’xLM(QT) NIIE),, and the dual space of Wol’a:EM(QT) will be denoted by

W_l’zLM(QT) = {f = Z Vofat fa€ LM(QT)}

laf<1

This space will be equipped with the usual quotient norm || f|| = inf Z\a\g I falla7.0.-
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Lemma 2.5. [13] Let a < b € IR and Q2 be a bounded open subset of RN with the segment property, then
{u e Wol"TLM(Q x (a,b))N LY (2 x (a,b)) : % €W L (Qx (a,b))+ LY (2 x (a, b))} C €([a,b], L' ()).

Lemma 2.6. ([12])

Under assumptions (3.1)-(3.6), and let (z,) be a sequence in Wy'" Lar(Qr) such that:
zn — 2z for o(IlLy, 11E3;),
(A(x, 2, Vzn))n i bounded in (Lt7(Qr))",

/ [A(x, zn, Vzy,) — Az, 20, Vax,)|[Vzn — Vex|dazdt — 0

T

as n and s tend to 400, and where X, is the characteristic function of Q° = {x € Qr;|Vz| < s}. Then,
Vz, = Vz a.e in Qr,

lim A(x, 2n, Vi )Vzpdedt = A(x, z,Vz)Vzdzrdt,
n=toe Jor Qr

M(z,|Vzu|) = M(x,|Vz]) in LY(Qr).
Finally, T}, k > 0, denotes the truncation function at level k defined on IR by

Ty (r) = max(—k, min(k,r)) forall r € IR,

~ s 2 <
andi(S):/ Tk(t)dt:{ > i |s| <k

0 Kls| =5 if Js| =k
3. Formulation of the problem and existence of solution

Let Q be a bounded open subset of IRY (N > 2) satisfying the segment property,and let M and P be
two Musielak-Orlicz functions such that M and its complementary M satisfies conditions of Lemma 2.2,
assuming that M decreases with respect to one of coordinate of x and P < M.

A:Qr x IR x RN — IRY is Carathéodory function such that there exist a two strict positive constants
a>0,v>0,forae (r,t)€Qrandforall s€ R, E € RN, E#E,

Az, t, 5,6)| < v(ag(w,t) + M, P(z,|s])) with ag € Ey(Qr), (3.1)
(A(x,t,s,f) —A(x,t,s,f*))(f—f*) > Oa (32)
Az, t,8,6).£ > aM(z,[£]). (3.3)
B:Qr x R — IRY is a Carathéodory function such that
|B(z,t,5)| < qla, )M, M(z, %SD, (3.4)
where 0 <ap<1 and |q(z,t)|r=q) < #,
f €L (Qr), (3.5)
and
up € LY(Q). (3.6)

Following [7] and [8] we recall the definition of a renormalized solution to Problem (1.1).

Definition 3.1. A measurable function u defined on Q1 is a renormalized solution of problem (1.1), if
it satisfies the following conditions:
Ti(u) € Wy " Lar(Qr), Yk >0, (3.7)

lim A(z, t,u, Vu)Vudzdt = 0, (3.8)

m=toe Jim < ul <m+1}
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and if, for every function S € W% (IR) which is piecewise C' and such that S' has a compact support,
we have in the sense of distributions

‘%;t“) - dz’v(S’(u)(A(a:, t,u, V) + B(z, t, u))) (3.9)
5" (u) (A(a:, t,u, V) + B(z, t,u)) — 1S'(w) in DQr), (3.10)
S(u)(t=0) = S(ug) in Q. (3.11)

Theorem 3.2. Assume that (3.1)-(3.6) hold true. Then there exists at least one renormalized solution
u of the problem (1.1) in the sense of the definition 3.1.

Proof of the existence theorem 3.2
The proof will be divided into several steps.
Truncated problem .
For each n > 0, we define the following approximations:

An(x,t,s,6) = Az, 1, T, (s),€) ae. (x,t) € Qr, Vse R, Ve RY, (3.12)
B, (x,t,s8) = B(x,t,T,(s)) ae. (x,t) € Qr, Vs € IR, (3.13)
fn € €°(Qr) such that f, — f strongly in L' (Qr), (3.14)
uon € C°(£2). (3.15)
And consider the approximate problem:

% —le(An(x,t,un,Vun)+Bn(x,t,un)) :fn Zn’ QT7

Up(z,t) =0 on 90 x (0,7T), (3.16)
Up(x,t = 0) = ugpp () in Q.

Let show that the problem (3.16) admits at least one solution. It is easy to see that the operator
Ap(x,t, Uy, Vuy) + By (x,t, uy,) satisfies the assumptions (A;), (Az) and (As) (see section conditions on
mapping T in J.P. Gossez and V. Mustonen [14]). It remains to shown (A4).

Indeed, for any fixed n > 0, let u, € Wy'* Ly (Qr) and using (3.4) we get

@o

—  1—-
B (@t wn) V| < Jla(e ) lioe o) (M@, oM, M, 52 Tu(un)])) + M (@, [ V).

Then
| B (2,1, un) Vun| < dpe(@,t) + €llq(s )l Lo (@ry M (2, [Vun|)
where d,, . € L'(Qr).
Finally
(An(xa ty Unp, Vun) + Bn(xv L, un))vun > [a - 6”(1(" ')HLOO(QT)]M(:'E’ |Vun|) - dn,e(x’ t)

we can choose e such that € < we obtain

M Mi=an)’
(An (2, U, Viin) + Bo(,t,n)) V> %M(m, Vitn|) — dne(2, ).

Then the operator (A, (x,t, un, Vu,) + Bn(x,t,uy,)) satisfies the coercivity condition and we have the
conditions to apply the Proposition 5 of [14] and there exists at least one solution u,, € WO1 T Lar(Qr) of
(3.16).

Remark 3.3. the explicit dependence in x and t of the functions A and B will be omitted so that
Az, t,u, Vu) = A(u, Vu) and B(x,t,u) = B(u).
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Step 1: A priori estimates.

Lemma 3.4.
Let {un}n be a solution of the approximate problem (3.16), then for all k > 0, there exists a constant C
such that

M (x, VT (up)|)dzdt < kC, (3.17)
Qr
Up = U a.em Qr, (3.18)
A (T (un), VTi(up))  is bounded in(Ly;(Qr))™. (3.19)

Proof. Fixed k> 0 and 7 € (0,7). Let Tj(un)X (o) as a test function in problem (3.16) and using the
Young Inequality we get

An(un,Vun)VTk(un)dxdt—i—/ B, (un) VT (uy,)dzdt
Q- .

= fnTk(un)dxdt—F/fk(uOn)dx. (3.20)
Q- Q

By definition of Ty, we deduce / Ty (tn (7))dz > 0 and / Ty (uon )dz < El|wo)ll 21 (-
Q Q
and by (3.4) and Young Inequality we have

/ Tio (tn (7)) d +
Q

[T (un)|
)

By (wn) VT (wn)dzdt < ||q(., )|z (o) [ozo/ M (x, )dxdt
Q-

Q-

+ | M@, |VTk(un)|)dxdt} ,
Qr

thanks to Lemma 2.4, we obtain

/ By () VT (un)dzdt < {|q(.,.)|| o (@) (0 + 1)/Q M (z, VT (un)|)dxdt.

r

Returning to (3.20) and using (3.3) we get

ap+1
An (U, Vun ) VT (un)dzdt < |\q(.,.)||Loo(QT)( Oa )
Qr Q-

+ K[l @r + 0] 22 0]

An (Un, Vun ) VT (un)dzdt

thus
[1 B (o + 1)

- ||q(.,.)|\Lw(QT>}/ Ap (tt, Vitn) Vi () dzdt < key.
Qr

1

(aof:)”q(., -)HLM(QT)} > 0, from (3.4), we obtain

A, V) VT (uy)dedt < kC,

Q-
where C' = c¢1ca. So by (3.3) we get (3.17).
Hence Ty (uy) is bounded in WO1 “La(Qr) independently of n and for any k > 0, so there exists a
subsequence still denoted by wu,, such that T (u,) — &, weakly in Wy'* L (Qr).
On the other hand, using Lemma 2.4 and (3.17), we have

Ty (un
iggM(x, E)meas{|un| >k} < / M(x, [T (un)|

)dxdt
4 | >k 4

< M (z, VT (up)|)dadt < EC.
Qr
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Then

kECH

meas{|u,| >k} < ——Mm———,

for all n and for all k.
Assuming that there exists a positive function @ such that lims @ = +oo and
P(t) < essinfreq M (z,t), ¥t > 0. Thus, we get

lim meas{|u,| > k} = 0. (3.21)
k—oo
For every A\ > 0, we have
meas{|u, — um| > A} < meas{|u,| > k} + meas{|un| > k}

+ meas{|Ti(un) — Ti(um)| > A}. (3.22)

We can assume that T} (u,,) is a Cauchy sequence in measure in Qr. Let € > 0, then by (3.21) and (3.22)
there exists k(e) > 0 such that

meas{|un, —um| > A} <e forall n,m > h(k(e),\).

This proves that (u,), is a Cauchy sequence in measure in Qp, thus it converges almost everywhere to
some measurable function u. Then Ty (u,) — Ty(u) weakly in Wy '* Ly (Qr) for o(I1Lyy, IIE;;), strongly
in EJV[(QT) and a.e. in QT-

Proof of (3.19) : The same way in [2], we deduce that A, (x,t, Tk (u,), VT, (uy,)) is a bounded sequence
in (L37(Qr))" and we obtain (3.19).

O
Step 2:Almost everywhere convergence of the gradients.
To have that the gradient converges almost everywhere, we need to prove this proposition
Proposition 3.5. Let {u,}, be a solution of the approzimate problem 3.16, then
lim limsup/ A(tn, Vg )Vupdedt = 0, (3.23)
MmO nooo Jm<|up|<m+1}
lim lim sup/ B(uy)Vuydzdt = 0, (3.24)
M0 n—oo J{m< un[<m+1}
and
Vu, = Vu ae in Q. (3.25)
Proof.

Taking the function
Zm(tn) = T1 (wy, — Trn(un))

then
VZp(un) = Vn X {m<|u,|<m+1}-

Multiplying the approximating equation (3.16) by the test function Z,,(u,,) and using the same argument
in step 2, we get

fnZm(un) dzdt + /

{luon|>m}

/ An (Un, Vun ) Vupdedt < C[ |u0n|dxdt],
{m<|up|<m+1}

Qr

OZ()-i-].)

1 (
where c = [1 — o lla(., ~)HL°°(QT)] > 0.

Passing to limit as n — o0, since the pointwise convergence of u,, and strongly convergence in L(Qr)
of f, we get

lim An (tn, Vg ) Vupdrdt < C’[

n e S im S un | <m+1}

[ Zm (u) dzdt + /

{luo|>m}

|uo |d1’dt] .
Qr
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By using Lebesgue’s Theorem and passing to limit as m — +o00, in the all term of the right-hand side,
we get (3.23).From (3.3), we also deduce

lim  lim M(x, |V Z, (uy)|)dxdt = 0 (3.26)

m—+—+00 n—+00 {m<|un | <m+1}

On the other hand, we have

lim  lim By (un)VZpy (un)dzdt < lim  lim M (z,|V Zm (un)|)dzdt,
m——+o0 n——+oo Qr m——+o0 n——+oo Qr
+ lim lim M (z,|Bn(un)|)dzdt.

M e N0 S m < juy |<m+1}

Using the pointwise convergence of u,, and by Lebegue’s theorem, in the second term of the right side,
we get

lim T (z, | By (un)|)dadt = / (. | B(u)|)dadt,
o Jm< un | <m41} {m<|u|<m+1}

and also, by Lebesgue’s theorem

lim M (z,|B(u)|)dzdt = 0, (3.27)

m=toe Jim < ul<m+1}

Thus with (3.26) and (3.27), we get the (3.24).

Now let v; € D(Qr) be a sequence such that v; — u in Wy Ly (Qr) for the modular convergence.
This specific time regularization of Tj(v;) (for fixed k > 0) is defined as follows.
Let (), be a sequence of functions defined on € such that

ol € L®(Q)NW Ly (Q) forall u>0, (3.28)

gl L) < k, forall p>0,

and o converges to Ty (ug) a.e. in Q and %”C(g”M,Q converges to 0 as p — +o0.

For k > 0 and g > 0, let us consider the unique solution (Tx(v;)), € L(Q) N Wy "L (Q) of the
monotone problem:
OB iy (T~ Tiw)) = 0 1 D02,
(Th(v;))pu(t =0) = aff in Q.
Remark that due to
5(Tkg;j))u c Wol’wLM(QT).

We just recall that,
(Ti(v)y = Te(u) ae. in Qp, weakly—x in L*(Qr)

(Te(v))u = (Ti(w)), in Wy Lar(Qr),
for the modular convergence as j — +o00. Also,
(Tw(u)) = T(u) in W5 Lar(Qr),
for the modular convergence as p — 400 and

Tk ()l 2 () < maz((Tk ()l 2 (r) llofllz=(y) < k. for all jr> 0, and & > 0,
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We introduce a sequence of increasing C!(IR)-functions S, such that
Sm(r)y=1for |r] <m, Sp(r)=m+1—|r|, for m<|r| <m+1, S,(r)=0for|r| >m+1
for any m > 1. And we denote by e(n, i, 7,7, m) all quantities (possibly different) such that

lim lim lim lim lim €(n,u,n,j,m)=0.
m—+00 j—400 N—+00 p—+00 n—+00

For fixed k > 0, let W7 = (T, (T (un) — Ti(vy),))" and Wi, = (T,(Ty(u) — Tr(v;),))". Multiplying
the approximating equation by exp(G(un))) W3 Sm(un), we obtain:

/ <%exp(G(un))WlZ’anm(un)dxdt—i—/ an(un,Vun)exp(G(un))V(Wﬁhj)Sm(un)dxdt

ot -
+ / (U, Vi) Vi, exp(G(un))Wﬁ’gS;n(un) dx dt — / By, (uy,) exp(G(un))V(Wlﬁ’f;)Sm(un) dx dt
QT T
—/ By, (un)Vuy, exp(G(un))Wﬁ’gS;n(un) da dt < fn exp(G(un))W[Lﬁ’anm(un) dx dt.
Qr Qr
(3.29)

Now we pass to the limit in (3.29) for k& real number fixed. In order to perform this task we prove
below the following results for any fixed k& > 0:

un n.j .
. T exp(G(un ) )W) Sy (un) dx dt > €(n, 1,1, 5) for any m > 1, (3.30)
/ By, () Sm (un) exp(G(un))V(Wﬁ”nj) dxdt = ¢e(n,j,p) for any m > 1, (3.31)
/ B, () Vg Sh, () exp(G(un))W[Lﬁ’nj dx dt = e(n, j, 1) for any m > 1, (3.32)
/ an (U, Vun )Vu, S (un) exp(G(un))Wl’]”g dz dt < e(n,m), (3.33)
/ A, (U, Vuy ) S (Un,) exp(G(un))V(Wlﬁﬁ) dz dt < Cn+e(n,j, p,m), (3.34)
FnSm(un) exp(G(un))W;}:g dz dt < e(n,n), (3.35)
Qr
/ [a(Tk(un), VT (un)) — a(Th(un), VTk(u))} [VTk(un) — VT (u)| dz dt — 0. (3.36)
Proof of (3.30):
Lemma 3.6. 5
; s exp(G(un ) )W) Sy (un )dzdt > €(n, p,m,m,5) m > 1. (3.37)
Proof. Ts a particular case of the proof in [7], with b(z, u) = u. O

Proof of (3.31): If we take n > m + 1, we get
By (un) exp(G(un))Sm(un) = B(Tmi1(un)) exp(G(Tmi1(un)))Sm(Tmg1(un)),

then By, (uy) exp(G(un))Sm (ur,) is bounded in Ly;(Qar), thus, by using the pointwise convergence of w,,
and Lebesgue’s theorem we obtain

By (un) exp(G(un))Sm(un) — B(u) exp(G(u))Sm(u),
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with the modular convergence as n — —+o00, then By, (uy,)exp(G(uy))Sm(un) — B(u) exp(G(u))Sm (u)
for o(TT Lyz, [T Las). In the other hand VW7 = VT (un) — V(Tk(v;))y for [Ti(un) — (Th(vi))ul < n
converge to VT (u) — V(Ty(v;)), weakly in (La(Q7))Y, then

B, (un) exp(G(un))Sm (un)VWSg dz dt — B(u)Sy (u) exp(G(u))VWi77 dz dt,
Qr Qr

as n — +0o0.

By using the modular convergence of W7, as j — 400 and letting x tends to infinity, we get (3.31).
Proof of (3.32):

For n > m+ 1 > k, we have Vu,S/, (u,) = VTi1(upn), a.e. in Qr. By the almost every where
convergence of u,, we have exp(G(u,))W"] — exp(G(u))W) , in L®(Qr) weak-* and since the sequence
(Bn(Trm+1(un)))n converge strongly in Fg7(Qr), then

By (Ti1(un)) exp(G(un)) Wiy = B(Trs1(w)) exp(G(u)) W),

wn?

converge strongly in E47(Qr) as n — +00. By virtue of V41 (uy) = Vg1 (u) weakly in (L (Qr))N
as n — +oo we have

/ B (T (1)) Vit Sty (1) exp(G 1)) W3 e
m<|up|<m+1 '

— B(u)Vu exp(G(u))V[/'ﬁlﬂ7 dx dt

m<|u|<m+1

as n — 400 with the modular convergence of Wl{',n as j — +oo and letting p — +o00 we get 3.32.
Proof of (3.33):
We have

/ an (Un, Vtn) Sy, (tn) Vit exp(G(un)) exp(G(un ) )W/ da dt
Q

= / an (Un, Vun)Sh, (un) Vg, eXp(G(un))W;L’nj dx dt
m<|up|<m+1 '

IN

nC’/ (U, Vg, )V, dz dt.
m<|up|<m+1

Using (3.23), we get

/ A (U, Vg )Sh (un) Vg, exp(G(un))Wl’Z’g dx ds < e(n, u,m).

T

Proof of (3.35):
Since Sy, (r) <1 and W;},J] <n we get

JrnSm (un) exp(G(un))Wﬁ,’g dx dt < e(n,n).
Qr

Proof of (3.34):

/ A, (Un,y Vg ) S () exp(G(un))VW;;’nj dz dt

T

/ an (T (un), VI (tn))Sm (un) exp(G(un)) (VIk(un) — VIg(vj),) de dt
{lun | <EIN{OLSTy (un) =Tk (v5) ) <n}

- / A (Un, V) Sm (un) exp(G(un))VTL(vj), d dt. (3.38)
{lun|>E}N{0< T (un) =Tk (v;) ) <n}
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Since an(Thy(tn)s VIkin(un)) is bounded in (Lzp(Qr))Y, there exist some wiiy € (Lyp(Qr))Y
such that an (Tin(un), VIigy(un)) = @ryy weakly in (Ly7(Qr))Y. Consequently,

/ ity Vi) Som (1) exp(G (1)) V T (1)1l lt
{Tun [ >k}N{0< T (un) =Tk (vj) ) <n}

- / S (1) exp(G (1)) V T (v3) 1 das dt + €(n), (3.39)
{lul>k}N{0<Ty (w) =Tk (v;) ) <n}

where we have used the fact that
Sm (tn) exp(G(n)) VT (V) )X (i 1>k} {0 T ()~ T (05),0) <11}

= S (1) exp(G (W) VT (V) ) X{jul >k} {0< Tk (w) =T (v5),) <n}
strongly in (En (Qr))Y.
Letting j — 400, we obtain

/ S (1) exp(G () )V T (0;) 1y it dt
{lu|>k}N{0<Ty (u) =Tk (vj)u)<n}

S (u) exp(G(w)) VT (u) y @ty de dt + €(n, j).

/{u|>k}m{o<n<u>n (w),)<n}

One easily has,

/ S (u) exp(G(w)) VT (0) y @ty de dt = €(n, j, 11).
{lul>k}N{0< Ty (u) =Tk (u) ) <n}

By (3.29)-(3.35), (3.38) and (3.39) we obtain
an (T (un ), VI (tn))Sm (un) exp(G(un)) (VIk(un) — VIk(vj),) de dt

/{un|<k}m{o<n () =T (1)) | <n}

< Cn+e(n, j, p,m),
we know that exp(G(u,)) > 1 and S, (u,) =1 for |u,| <k then

an (T (un), VI (un))(VTE(un) — VIE(v5),) dedt < Cn+ e(n, j, 1, m).
(3.40)

/{Un|<k}ﬁ{0<Tk(urn)Tk(vj)u)|<n}

Proof of (3.36):

Setting for s > 0, Q° = {(z,t) € Qr : [VIk(u)| < s} and QF = {(x,?) € Q7 : [VT)(v;)| < s} and

denoting by x* and x; the characteristic functions of @* and @3 respectively. Let 0 < ¢ < 1, and define
Ok = (a(Ti(un), VI (un)) — a(Tk(urn), VI (w) (VT (upn) — VI (w)).

For s > 0, we have

5 4 5
O S o Gn,k d{I? dt = /Q; @n,kX\Tk(un)*Tk(Uj)u\Sn) diC dt + ‘/QS 9n7kX|Tk(uryz)*Tk(Uj)“|>7]) d{I? dt

With the Holder inequality, the first and the second term of the right-side hand can written as

) 0 1-6
/QS On kX| Ty () T ()| <) A A < (/QS Ok X| Ty ()~ T (v) <) 42 d8)° (| e lt)
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- Cl(/q On kX[ (u)~Ti(v5), | <) BT A8)"-

and

O da dt)’( / dx dt)*=?

O X[ Ty (1) ~To (), >m) AT At <
~/QS ) [T (un) (V) >m) [T% () =T (V) | >1)

QS
Since a(Ty(un), VT (uy)) is bounded in (L77(Qr))", while VT (uy,) is bounded in (L (Qr))" we have

/QS efz,kX\Tk(un)ka(vj)ubn) dr dt < Cymeas{(z,t) € Qr : |Ti(un) — Ti(v;),u] > n}t0.

We obtain,

o O dar dt < Cl(/QS O kX T ()T ()l <) 4 AE)°

+Comeas{(z,t) € Qr : |Ti(un) — Tp(vj)u] > 17}1_5.
On the other hand,
/QS On kX T (un) = Ti0),0| <) 4 I

<

/ (a(Tk(un), VI (un)) — a(Tk(un), VIi(u)X,))
[T (un) =Tk (vj) | <m)

X (VT (un) — VI (u)x,) dx dt.
For each s > r,r > 0,one has
0< / (@(T(un), VTk(un)) — a(Ti(un), VTi(u)))
Qrﬁ{lTk(“n)_Tk(“j)u‘Sn)}
X (VT (upn) — VT (u)) de dt

< / (a(Th (1), VT(tn)) — a(Ti(tn), V(1))
QN{|Tk (un)—Tr(vj)u|<n)}

X (VT (upn) — VT (u)) de dt

/ (@(Ti(1n), VT (t0n)) — a(Ti (1), VT (1))
gﬁ{‘Tk(un) Tk UJ) \Sn)}
X (VT (un) — VTi(u)x,) de dt
< / (@(Ti(1n), VT (1)) — a(Ti (1), VTi()x"))
m{‘Tk(un) Tk UJ) \Sn)}

X (VT (upn) — VT (u)x®) dx dt

/ (@(Tk(un), VT3 (un)) = a(Ty(un), VTi(v5)X3))
[T (wn) =Tk (vj)u|<n
X (VT (un) — VTi(v;)x;) dz dt

+/ a(Tx(up), VTk(un))(VTk(Uj)X; — VTi(u)x?®) dz dt

[Tk (un) =Tk (vj)p|<n

+/ (a(T(un), VTk(Uj)x§) — a(Tk(up), VIR (u)x®*))VTi(u,) de dt
|Tk(un) ( ) |<77

—/ a(Tk(un),VTk(Uj))G)VTk(Uj)X?)dxdt
| T (wr ) =Tx (v5) u| <n
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+ / a(Ty(up), VI (uw)x*) VT (u)x®) dx dt
[T (wn) =Tk (vj)u|<n

:Il(nvja S)+IQ(TL,])+13(TL,])+I4(’I’L,],H)+I5(n,/lz)
We go to the limit as n, j, 4, and s — 400

I = / a(Ty(un), VI (un)) (VT (un) — VT (v)) ) da dt
[Tk (un) =Tk (vj)ul<n

-/ (T (), VT () (VIR (0 — VT(v;),) d dit

[T (wn) =Tk (vi)pu|<n

- / 0T (1), VT(0;)x2) (VT () — VTk(w;)x2)) de d.
[Ty (un)=Tr(vi)u|<n

Using (3.40), the first term of the right-hand side, we get

/ a(Ty(un), VI (un)) (VT (un) — VTi(v;),) do dt
‘Tk(“n)_Tk (Uj);tlgn

<Cn+e(n,m,j,s) — / a(Ty(u),0)VT,(vj), de dt
[u| >k Tk () =Tk (v;) u|<n

< Cn+e(n,m, j, ).
The second term of the right-hand side tends to

/ @i (VTk(vj)x; — VIi(vj),) dx dt,
| Tk (u) =T (v) | <7

since a(Tk(uy), VTk(uy)) is bounded in (Lz7(Qr))Y, there exist some wy, € (L37(Qr))" such that (for
a subsequence still denoted by u,,

a(T(un), VT(un)) = @y in (Ly(Qr))Y  for o(IlLg7, TE).
In view of the fact that
(VT (0)x5 = V(i) )X 1 )~ T w01 <0 = (VTE)XG = VT(03)0)X T30 () T (01 <

strongly in (Ep(Qr))Y asn — +oc.
The third term of the right-hand side tends to

/ (T (), VT ()X (VTk() — V(o)) de dr.
[Ty (u)=Tx(vj)ul<n

Since
a(Tk(wn), Ve (V) X)X 70 () =T (0;) < — WLk (W), VI(05)X5))X |13 (w) =T (0;) 0 | <
in (E57(Q7))Y while
(VITk(un) = VIi(vj)x;)) = (VIk(u) — VIk(v;)X3)),

in (LNI(QT))N for O’(HLW, HEM)
Passing to limit as j — +o0o0 and g — 400 and using Lebesgue’s theorem, we have

I <Cn+e(n, j, s, ).

For what concerns I», by letting n — +o0, we have

I, — @i (VTk(vj)x; — VTi(u)x*®) dz dt.
| T (w) =T (v;) | <n)
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Since a(Ty(un), VIg(un)) = @i in (LW(QT))N, for o (Il Ly, IIE),
and

(VT(0)x5 = VT(W)X*) X7 ()~ T(wi)ul<n = (VTR(0)XG = VTR(WX)X 7 (0) =T (05) <0

strongly in (Ep (Qr))YN.
Passing to limit j — 400, and using Lebesgue’s theorem, we have

I2 = E(n,j).

Similar ways as above give
I3 = G(TL,j).

I, = / a(Ty(u), VI (w)) VT (u) de dt 4+ e(n, 4, p, s, m).
| Tk (u) =T (w) | <)

I5 = / a(Ty(u), VI (u) VT (u) de dt + e(n, j, 1, s,m).
| T (w) =Ty () | <m)

Finally, we obtain,
o Ok dadt < CL(On + e(n, p,m,m))° + Ca(e(n, )~
Which yields, by passing to the limit sup over n, j, u, s and n
/{TT,(Tk(un)—Tk(Uj))ZO}ﬁQT (a(z, Ti(un), VT (un)) — alx, Tk(uy), VIi(u)))

(VT (un) — VT (u))dzdt = e(n), (3.41)

Taking on the hand the function W7 = T, (Ty(un) — Tk(v;))~ and W7 = T, (Ty(u) — Ti(v;)) ™
Multiplying the approximating equation by exp(G (un))W,;” Sm(uy), we obtain

/ (@(Th(un), VT (un)) = a(Ti(un), VTi(w)))
(T (T (un) =T (v3)) O}NQ"

X (VT (un) — VTi(u))dzdt = e(n), (3.42)
by (3.41) and (3.42) we get

/T(a(Tk(un), VTi(up)) — a(Tk(upn), VIe(w)) (VT (un) — VI (u))dzdt = e(n)

Thus, passing to a subsequence if necessary, Vu,, — Vu a.e. in Q", and since r is arbitrary,
Vu, = Vu a.e. in Q.

Step 3: We show that u satisfies the Definition 3.1
For this, let show that (3.8) holds. We have for any m > 0,

/ A(tp, V) Vupdedt = A, Vun) [V Tt (un) — VT, (uy)|dzdt
{m§|un\§m+1} Qr

= A(Trt1(un), Vi1 (un)) V11 (uy)dadt
Qr

- A(T (up), VT (up)) VT, (uy,)ddt.
Qr
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According to Lemma 2.6, we pass to the limit as n tends to +oo for fixed m > 0 and we obtain

lim A(tp, Vuy)Vupdedt = A(Tg1 (1), Vg1 (w) VT4 (w)dadt
"m0 Jm< un | <m+1} Qr

- AT (uw), VT (w)) VT, (u)dzdt
Qr

= / A(u, Vu)Vudzdt,
{m<|ul<m+1}

with (3.23), we obtain easily (3.8).
Note that, similarly we deduce

lim B(u)Vudzdt = 0. (3.43)

Mt Jim<|ul<m—+1}

Let S € W2°°(IR) which is piecewise C'! and such that S’ has a compact support, Let K > 0 such that
supp(S") C [- K, K]. Pointwise multiplication of the approximate problem (3.16) by S’(u,,), we get
95 (b(uy, .
{ # v (' () (A(un, Vi) — Blun)))

(3.44)
+S”(un)(A(un, V) — B(un))Vun = 15 (un).

Now we will pass to the limit as n — +o0 of each term of (3.44),

Limit of %: since S is bounded, and S(u,,) converges to S(u) a.e. in Qr and weakly in L (Qr),
then % converges to B%—(t") in D'(Qr).

Limit of S'(un)A(un, Vuy): since supp(S’) C [-K, K| we have
S’ (wn) A(tn, V) = S (un) A(Tx (ur), VTk(uy)) ae. in Qr.

The pointwise convergence of u,, to u, the bounded character of S’, and by Lemma 2.6 and Proposition
3.5, we conclude A(Ty(un), VTk(uy)) converges to A(Ty(uy), VT (uyn)) weakly in (Li7(Q7))" allows us
to obtain S’ (un)A(Tk(un), VI (uy)) converges to S’ (u) A(Tx(u), VT (u)) weakly for o(ILLyz, IIE), ), and
S'(uw)A(Ty(u), VT (u) = S (u)A(u, Vu) a.e. in Q.

Limit of 5" (un)A(un, Vuy,)Vuy,: since supp(S’) C [ K, K], we get
S" () A, Vi) Vi, = S (un) ATk (tn), Vi (un)) Vg, ae. in Qr.

The pointwise convergence of S”(u,) to S”(u) as n tends to 400, the bounded character of S” and by
Lemma 2.6 and Proposition 3.5, we conclude

S () A(Tk (un), VT (un)) Vay, — S () A(Tk (u), VT (u)) Vu weakly in L' (Qr)

as n — +oo, and
S"(u)A(Ty(u), VTg(u))Vu = S"(u)A(u, Vu)Vu a.e. in Qr.

Limit of S'(un)B(uy): Since supp(S’) C [-K, K| we have
S'(un)B(un) = 5" (un)B(Tk(un)) a-e. in Qr.
In a similar way, we obtain

S (un)B(un) — S'(u)B(u) weakly for o(IILz, ILEy;).
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Limit of S” (un)B(un)Vu,: Also we have
S" (1) B(tn)Vn = S" (un)B(Tk (un))V Tk ().
Using the weakly convergence of truncation, it is possible to prove that,
S" (1) B(tn) Vi, — S” (u)B(u)Vu strongly in L' (Qr).
Limit of f,5 (uy,): we have u, — u a.e. in Qr, S’ is piecewise C1. Tt is enough to use (3.14) to

get that f,S"(u,) — fS'(u) strongly in LY(Q7).

Finally, to show (3.11), remark that S being bounded, S(uy,) is bounded in L*(Qr). the equation
(3.44) allows to show that 25n) is bounded in W% L3(Qr) + L'(Qr). By Lemma 2.5 implies that
S(uy) lies in a compact set of CY([0, T]; L°°(£2)). It follows that, on one hand, S(u,(t = 0)) converges to
S(u(t = 0)) strongly in L'(Q7). On the other hand, the smoothness of S imply that S(u(t = 0) = S(ug)
in 2. This complete the existence result. O

4. Uniqueness result

Before showing the uniqueness of the solution of the problem (1.1), we will give the following technical
lemma.
Let w and v be two renormalized solutions of the problem (1.1) and let us define for any 0 < k < s,

D(u,v,s,k) = / (A(u, Vu)Vu + |B(u)||Vu|)dxdt
{s—k<|u|<s+k}

+/ (A(U,VU)VU-F |B(v)||Vv|)dxdt. (4.1)
{s—k<|v[<s+k}
Lemma 4.1. Assume that (3.1)-(3.6) hold, then

1
lim inf lim sup kF(u v,8,k) =0. (4.2)

s—=+o00  L_s0
Proof.
Define the two functions,

/ A(u, Vi)V + |B(u)||Vu|)dxdt
{0<u<s}

_|_

/ A(v, Vo)V + |B(v)||Vv|)dxdt, (4.3)
{0<v<s}

and
/ A(u, Vi)V + |B(u)||Vu|)dxdt
9<u<0}

4+ /{ o (Ao, Vo)V + [B(w) || Vo] ) dad. (4.4)

Due to (3.2) the function L; and Lo are monotone increasing. L7 and Lo are derivable almost everywhere
see [17], with L} and L} measurable and that we have for any s >n >0

L) - Lao) > [ Li(©)de and  Lo(s) — Lo(n) > / Ly (€)de, (4.5)

and for almost any s > 0

1 1
L')(s) = = limsup % [/{ . N (A(u, Vu)Vu + |B(u)||Vu|)dxdt
s—k<u<s+

2 k—0
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+/ (A(v,vu)w + |B(v)||vu|)dxdt}, (4.6)
{s—k<v<s+k}

and

1 1
L5(s) = = limsup — [/ (A(u, Vu)Vu + |B(u)||Vu|)dxdt
2 oo k {—s—k<u<—s+k}

+ /{ e (A0, Vo)Vo + [B(0)|| Vo] )ddt] . (47)

If the thesis of the lemma is not true, let ¢y > 0 and let ng > 0 be a real number such that for every real
number s > ng we have

1
limsup —T'(u, v, s, k) > €. (4.8)
k—0 k

On the other hand, we have for almost s > ng,

lim sup %F(u, v,s, k) =2(L}(s) + Lj(s)),
k—0

then, from (4.6), (4.7) and (4.8) it follows that L’ (§) + L5(§) > 5.
In view of (4.5), we deduce that for any s > n > ng we have

Li(s) = Li(n) + La(s) = La(n) > (s = n). (4.9)

Taking s =n + 1 and n = n with n > ng we have

/ (A(u, Vu)Vu + |B(u)||Vu|) dxdt
{n<lul<n+1}

+/ (A(v, Vo)V + |B(v)||Vv|)dxdt > %
{n<Jv|<n+1} 2
The last inequality contradicts (3.8) and (3.43). O

Theorem 4.2. Assume that assumptions (3.1)-(3.6) hold true and moreover that for any compact set
D C IR, there exists Lp € Ey;(Qr) and pp > 0 such that Vs,5 € D,

|A(Z‘, 2 575) - A(Z‘, t7§a€)| < (LD(xa t) + pDﬁilp(KD) |8 - §|7 (410)

|B(x,t,s) — B(x,t,5)| < Lp(x,t)|s — 3|, (4.11)

for almost every (z,t) € Qr and for every & € IR™N. Then the problem (1.1) has a unique renormalized
solution.

Proof. Let define a smooth approximation of T, by Eg such that for all n > 0 and o > 0, we have
S2(0) = 0 and

0 for |r| >n+o,
(85Y(r) =4 el o n<lr|<nito, (4.12)
1 for |r| <n.

For a fixed n > 0, we have _

lim (S7)'(2) = X|2j<, A€ in Q7. (4.13)
oc—0 =

and _

lim Sy (z) =Tp(z) ae. in Qr. (4.14)
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_ Consider now two renormalized solutions u and v of (3.7)- (3.11) for the data f and wg. Since
5S¢ € W2 (IR) and supp(S3) C [-n—o,n+ o] , then we take S = SJ and we use 175 (S (u) — ST (u))
as a test function in the difference of equation (3.9) for u and v , we get

S”( Do
k/ / s T (S (u) — Sn(v)) > dsdt
+ 17, + 15, + 15, + 17, =1 ,, (4.15)
where
o l T Qo ray ~ o
n=7 /0 /0 /Q [(S9) (u) A(u, Vu) — (S7) (v)A(v, VO)]VTR(ST (u) — S (v))dzdsdt,
. 1 T t e . _ ,
I3, = E~/O /0 /Q[(Sn) (u)A(u, Vu)Vu — (S2)" (v) A(v, Vo) Vo T (52 (u) — S92 (v))dadsdt,
o _ 1 T i Qo Son/ o —
Iin=17 /0 /0 /Q [(S9) (u)B(u) — (59 (v) B(w)]VTi(ST (u) — ST (v))dadsdt,
, 1 T ot _ o -
Ii E~/O /0 /Q[(Sn) (u)B(uw)Vu — (S2)"(v)B(v)Vo] Tk (S (u) — So (v))dzdsdt,

T t _ _ _ .
g, =1 / / F189) (u) — (82) (o)) T (3 (u) — 85 (v)) dadslt

for any k>0, n >0, o > 0.
Firstly we give this lemma.

Lemma 4.3.

lim lim lim / / §g(v>);Tk(§g(u)—§g(v))>dsdt: / lu— vldedt.  (4.16)

n—-4o0o k—>00—>0
Proof.
Remark that S (u)(t = 0) = S7(v)(t = 0) = 57(ug) a.e. in €, then

n

/0 L a(s;;(u)a; Sg(v)) S Th(SC (u) — §g(v)) > dsdt = /Q Ti(87 (u) — 8% (v))(t)dz,

and

Jim lim / / SU( ) T(87 () — §7(v)) > dse

k—00—0 k

: : 1 T Qo Qo
= llli% ;li% e o Ti(Sy (u) — 87 (v))dxdt

:/ | T (u) — T (v)|dadt,

where T (r) = /T Ti(2)dz.

0
We pass to the limit as n — +oo in the last equality and we deduce (4.16). 0

Secondly we will proof the limit of 17,15, 15 ., I{,, Ig , respectively.

The limit of 17 ,:
Let define
I 1
Iy, = —/ / / Qydxdsdt = —/ (T —t)Q2dzdt
T kJo Jo Ja k Jor
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where Q7 = [(57)' () A(u, Vu) = (57 (v)A(v, Vo) VT (S (u) — 55 (v))-

Since supp(S7)') C [-n — o,n + o], we get

(57)' (w)A(u, Vu) = (57)" () A(T41(w), Vg1 (u)

and
(57)' () A(v, Vo) = (57) (@) A(T1 (0), VTt (v)).
Then by (4.12), (4.13) and (4.14), we have

Q7 converges to  [X|,<n AU, VU) = Xy <, A0, VO) VT (T (u) — T (v)),

Qnl < [|A(Tn+1(u)a VT g1 ()] + [A(Tot1(v), Vg1 ()]

X(IVT i1 (w)| + VTt 1 (V)X (0) =T ()| <k = L

Since R,, € L'(Qr) we use the Lebesgue’s Dominated convergence Theorem to have

lim 17, = lim 1 (T — t)Q dxdt

o—0 o—0 Qr

1

T

=J1+Jo+ I3+ Jy,

where

1

Jy= - / (T —t) (A(u, Vau) — Au, W)) (Vu — Vv)dzdt,
k J{ju—vl<k,Jul<n,lv|<n}
1

Jy =~ (T —t) (A(u, Vo) — A(v, W)) (Vu — Vv)dzdt,
k J{lu—vl<k,Jul<n,lv|<n}
1

Js = —/ (T —t)A(v, Vv)Vodadt,
K ST () =T (0) <k ul>n, 0] <n}
1

Jy = —/ (T — t)A(u, Vu)Vudzdt.
K ST () =T (o) <ho Jul <y o] >0}

Since A(u, Vu) check the condition (3.3), one can have immediately
Ji > 0.

On the other hand by (4.10) we have

T ——1
< /Q X<yt = ol (L@, ) + pp P~ P(u]) ) ([Vul + [Vol)dzdt

< T/ (Lo(@.1) + oo P P()) ) (V] + [Vol)dad.
{lu—v|<k}

Since Lp(z,t) € Eg7(Qr), w and v in WH* L, (Qr) and using (2.1), one can have

(Lo(w,t)+ ppP P(])(IVul + Vo) € L}(Qr)

and the Lebesgue Dominated Convergence Theorem allows us to conclude that for all n > 1

limsup J2 = 0.
k—0

£ | T = D2 A, T0) = X< A, VOV T T (0) ~ To(0)
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(4.17)

(4.18)

(4.19)
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In view of the definition of T},, we have

1
Js = E /{n —k<v<n} (T — t)A(v, Vo)Vodadt,
U{-n<v<—n+k}

and using (3.3) we deduce

liminf limsup J3 > 0.
n—+00 0

Similarly we have
1
Jy = z /{n —k<u<n} (T — t)A(u, Vu)Vudzdt,
U{-n<u<-n+k}
and
lim inf lim sup J4 > 0.

n—+00  L_y0

Now from (4.17)-(4.21) we obtain

lim inf limsup lim 7, > 0.
n—+oo  p_,g o—0 7

The limit of I3, and If, :
Now we claim that T
|120n| + |IZn| S ;F(ua v, n, J)a

A simple derivation of the function (S%)’ one have for any ¢ > 0 and k > 0
- T
Enl <~ [ tn—o<u<n) A(u, Vu))Vudzdt

U{-n<u<-n+o}

T
+ s /{n —o<v<n) A(v, Vv))Vodadt,
U{-n<v<—-n+o}

Similarly we have

o T
gl < o /{n —o<u<n} B(u)Vudzdt
U{-n<u<—-n+o}
T
+ o | {n—0<v<n} B(v)Vudzdt.

U{-n<v<-n+o}
Combine (4.24) and (4.25) we deduce (4.23).
The limit of I3 ,:
Let prove that

T
limsup |15,,| < =T'(u,v,n,k) + e(k),
o—0 ’ k

where ¢(k) is a positive function such that limg_, (k) = 0.
For n > 0 we have

o—0

< Ky + K + K3,

where
T

K= | Xtz IBOIVTLTL ) —nsgno) dsa

. . 1
timsup |12, = | /Q (T = )0y BW) = Xjojny BONVT(To () — T, (v))drdt].

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)
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T
Ky = E/Q X{lu|>n, o] <n}  BOIVTR(Tn(v) — nsgn(u)|dzdt,
T

T
Ky =~ /Q X{Jul<n,lo|<n} [ Bw) = B)||VT(To(u) — Ty (v))|dzdt.

We estimate K; and Ky by (3.4) we have

T
T

T
=% /{n —k<u<n} | B(u)||Vuldzdt, (4.27)
U{-n<u<-n+k}

and similarly

T
U{-n<v<-n+k}

On the other hand, by (4.11) one have since Lp € Ly7(Qr),

T
K3 < —/
kST )~ (o) <k} {u)<n, o <n}
T
=2 Lp(z,t)|Tn(u) — T ()| VT (Tn(w) — T (v))|dzdt
(T () =T (v) | <3O { Jul <1, 0| <n}

Lp(z,t)|u — v||VT(Th(u) — T, (v))|dxdt

< T/ Lp(2,8)([V T (u)| + VT (v)])dwdt = e(k).
{170 (W) =Tn (v)[<EIN{|u|<n,|v|<n}

Since Lp in Ly7(Qr) and due to (3.7), the function Lp(z,t)(|VT,(u)| + |[VT,(v)|) € LY(Qr). Using the
Lebesgue’s Dominated Convergence Theorem we obtain limy_, ¢(k) = 0 and

lim | K| = 0. (4.29)

Estimates (4.27)-(4.29) imply (4.26).
The limit of Ig ,:
Using the Lebesgue’s Theorem and (4.13) and (4.14), it is possible to have

. - T
i 112, < 5 [ BT ) = Tao)] % I quin) — Xz o
T

Since limy_s T’“k(Z) = sign(z) in IR and weakly-* in L*° then

lim lim lim |IZ,| < lim (/
k—=0n—+ooco—0 =’ n—r+00 {Ju|>n}

| f|dadt —|—/ | f|dzdt) = 0.
{lv|zn}
Then
lim lim inf lim 77, = 0. (4.30)

k—0n—+oc0 c—0

Finally, let’s go back to (4.15) and using Lemma (4.1), one have collected all the data to show that u = v
a.e. in Q7. 1
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