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1. Introduction

In [8], K. Kenmotsu defined and studied a new class of almost contact manifolds called Kenmotsu
manifolds.
Let (M, J,g) be an almost Hermitian manifold of dimension 2n, where J denotes the almost complex
structure and g the Hermitian metric. Then (M, J,g) is called a locally conformal Kaehler manifold if
for each point p of M, there exists an open neighborhood U of p and a positive function fiy on U so
that the local metric gy = exp(—f)gjv is Kaehlerian. If U = M, then the manifold (M, J,g) is said to
be a globally conformal Kaehler manifold. The 1-form w = df is called the Lee form and its metrically
equivalent vector field w! = grad f, where § means the rising of the indices with respect to g, namely
g(X,w?) = w(X) for all X tangent to M, is called Lee vector field [7].
We have introduced conformal Kenmotsu manifolds by using an idea of globally conformal Kaehler
manifolds. Also, we have given an example of a conformal Kenmotsu manifold that is not Kenmotsu.
Hence the category of conformal Kenmotsu manifolds and Kenmotsu manifolds is not the same (see [1]-
[5])-
In [9], Kobayashi has proved: let M be a submanifold of a Kenmotsu manifold M such that the structural
vector field £ |y is tangent to M, then

Vx§=X-—n(X)§, hX,§) =0 RX,Y)=nX)Y —n()X

for all vector fields X and Y tangent to M, where V, h and R are the Riemannian connection, the second
fundamental form and the curvature tensor of M, respectively.

In this paper, as a generalization of these results, we state Lemmas 3.1, 3.2, 3.3 and 3.4 for a submanifold
of a conformal Kenmotsu manifold.

A Riemannian manifold (M, g) is called a locally symmetric if its Riemannian curvature tensor R saties-
fies VR = 0 where V denotes its Riemannian connection. This notion of locally symmetric manifold has
been weakened by many authors in several ways for example the notion of semi symmetric manifolds.
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2 R. ABDI

In this paper, we present the following problem:

Can we characterize locally symmetric submanifolds in conformal Kenmotsu manifolds such that the
structural vector field & is tangent to the submanifold and the Lee vector field w!' is either tangent or
normal to the submanifold?

Before considering the answer of the above question, an example for the existence of submanifolds in con-
formal Kenmotsu manifolds tangent to ¢ and either tangent or normal to w! is constructed (see Section
3).

Corresponding to the above problem, first we consider semi symmetric submanifolds in conformal Ken-
motsu manifolds and then using obtained results for this type of submanifolds, we give the following
theorems for locally symmetric submanifolds in conformal Kenmotsu manifolds.

o Let M ™ be a locally symmetric submanifold of a conformal Kenmotsu manifold M normal to wh.
Then M is locally isometric to the hyperbolic space H™(— exp(f)).

e There is not any locally symmetric submanifold M of a conformal Kenmotsu manifold M tangent
to wh.

The present paper is organized as follows. In Section 2, we recall some definitions and notions about
conformal Kenmotsu manifolds. Section 3 gives some preliminary lemmas on submanifolds of a confor-
mal Kenmotsu manifold. Also, we present an example for the existence of submanifolds in conformal
Kenmotsu manifolds tangent to ¢ and either tangent or normal to wf. In sections 4 and 5, we consider
semi-symmetric and locally symmetric submanifolds of a conformal Kenmotsu manifold tangent (normal)
to the Lee vector field.

2. Conformal Kenmotsu Manifolds

A (2n + 1)-dimensional differentiable manifold M is an almost contact metric manifold, if it admits
an almost contact metric structure (¢, &, 7, g) consisting of a tensor field ¢ of type (1, 1), a vector field &,
a l-form n and a Riemannian metric g and satisfying following conditions:

o =-Id+n®¢, n(€) =1, 9(pX,0Y) = g(X,Y) —n(X)n(Y),
0E =0, noy = 0, n(X) = g(X,¢)

for all vector fields X,Y on the module of the vector fields x (M) [6].
An almost contact metric manifold (M?"+1 ¢ € n,g) is said to be a Kenmotsu manifold and an a-
Kenmotsu manifold if the following relations

(Vxp)Y = —g(X, Y )§ —n(Y)pX (2.1)
and
(Vx)Y = a{-g(X,pY)¢ —n(Y)pX} (2.2)

hold on M, respectively, where V denotes the Riemannian connection of g and « is a constant function
on M. From (2.1) for a Kenmotsu manifold, we have

Vit = X — p(X)E. (2.3)
For a Kenmotsu manifold, we also have
R(X,Y)§ =n(X)Y —n(Y)X (2.4)

for all vector fields X, Y tangent to M, where R is the curvature tensor of M (see [8]).
A (2n + 1)-dimensional smooth manifold M with almost contact metric structure (¢,n,&,g) is called a
conformal Kenmotsu manifold if there exists a positive smooth function f : M — R such that

~ 1

g =exp(f)g, § = (exp(—f))?¢, 7 = (exp(f))

W=

7, o=
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is a Kenmotsu structure on M (see [1]-[5]).

Let M be a conformal Kenmotsu manifold, with V and V denote the Riemannian connections of M
with respect to the metrics g and g, respectively. Using the Koszul formula, one can simply obtain the
following relation between V and V:

VxV =VyY + %{w(X)Y +w(V)X — g(X,Y)wb} (2.5)

for all vector fields X,Y on M, where w(X) = g(grad f,X) = X(f). Note that the vector field w* =
grad f is called the Lee vector field of the conformal Kenmotsu manifold M. Then from n(X) = g(X,¢),
we have the equality n(wf) = w(€). Although w(w®) = ||w?||?, it is not necessarily ||w!||? = 1, that is, w?
is not necessarily a unit vector field. ~

Assuming that R and R are the curvature tensors of (M, p,7,&,§) and (M, ¢, n, €, g), respectively. We
have the following relation between R and R:

exp(=f)g(R(X,Y)Z, W) =g(R(X,Y)Z, W)
+ %{B(X, 2)g(Y,W) — B(Y, Z)g(X, W)
+ B(Y,W)g(X, Z) - B(X,W)g(Y, Z)}
+ il\wﬁllz{g(X, Z2)g(Y, W) = g(Y, Z)g(X, W)} (2.6)

for all vector fields X,Y, Z, W on M, where B satisfies
1
B :=Vw— S ®w. (2.7)

Obviously, B is a symmetric tensor field of type (0,2). On the other hand, from equations (2.1), (2.3) and
(2.5), we get

(Vx@)V = (exp(£)H{-g(X,9Y)E —n(Y)pX}
— S{elPY)X — (V)X + g(X, Y )t — g(X, oV '), 28)
Vx€ = (ep(N)HX (X)) - el —n(X)wt) (2.9

for all vector fields X,Y on M.

Note that, if the function of conformal change f be constant on the conformal Kenmotsu manifold M,
i.e. wf =0, then M is an a-Kenmotsu manifold in view of (2.2) and (2.8). In this paper, we suppose that
the conformal Kenmotsu manifold M is non-a-Kenmotsu, that is, f is non-constant, so w! is a non-zero
vector field on M. Also, in the definition of the conformal Kenmotsu manifold M, we have assumed that
f is non-zero, hence M is non-Kenmotsu by (2.8).

3. Submanifolds of Conformal Kenmotsu Manifolds

Let (M, §) be an m-dimensional submanifold of a (2n + 1)-dimensional conformal Kenmotsu manifold
(M, g). The Gauss and Weingarten formulas are given as

VxY =VxY +h(X,Y), VxN = —AnyX + VN

for all vector fields X, Y tangent to M and each vector field N normal to M , where V is the Riemannian
connection of M determined by the induced metric ¢ and V= is the normal connection of THM. Tt is
known that g(h(X,Y),N) = §g(AyX,Y), where Ay is the shape operator of M with respect to unit
normal vector field N.
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The Gauss equation is given as

~ ,

1
1 , , , ,
+ Il I{g(X, 2)g(v, W) = (¥, 2)4(X, W)} (3.1)
for all X,Y,Z W tangent to M , where R is the curvature tensor of M.
In this paper, we assume that £ |, is tangent to M.
3.1. Example

In this subsection, we construct an example of a five-dimensional conformal Kenmotsu manifold which
is not Kenmotsu. Also, we present two submanifolds M; and Ms in M such that the structural vector
field ¢ is tangent to both M; and M5 and the Lee vector field wh is tangent to M7 and normal to M.
We consider the five-dimensional manifold

M = {(x17x27y17y2az) € R5 | z1 > 0,2 7& O},
where (21, x2,y1,Y2, 2) are the standard coordinates in R5. We choose the vector fields

0 0 0

er = exp(—2) eg = exp(—z) e3 = exp(—2)

6x1 ’ &rg ’ 8y1 ’
0 1 0
€4 = exp(—z)a—yz, es = (exp(x1))? 5

which are linearly independent at each point of M. Let g be the Riemannian metric defined by

gler,e1) = g(ez,e2) = gles,e3) = glea, eq) = exp(—x1), gles,e5) =1

and the remaining g(e;,e;) =0, 4,5 : 1,---,5. Let  be the 1-form defined by (X)) = g(X, e5) for each
vector field X on M. Thus, we have

n(er) =0,  nle2) =0, nles) =0, nlea) =0, m(es) =1.
We define the (1, 1)-tensor field ¢ as

pep =e3, pea=ey, pe3=—e1, pes=—e2, pes=0.
Then using the linearity of ¢ and g, we have

P?X = —X +n(X)es, 99X, 9Y) = g(X,Y) = n(X)n(Y)

for all vector fields X, Y on M. Thus, for e5 = &, (¢,&,7,g) defines an almost contact metric structure
on M. Moreover, by the definition of bracket on manifolds we get

1 1 1
le1,e5] = (exp(an)) Fer + G exp(=2)es,  [ea,e5] = (exp(an)ea,
[ea,es] = (exp(an))2ea,  lea,e5] = (exp(a1)) 2es
and the remaining [e;,e;] =0, 4,5 : 1,---,5. The Riemannian connection V of the metric g is given by

20(VxY,Z) = Xg(Y,Z2)+Yg(Z,X)— Zg(X,Y)
- g(X,[Y,Z])—l—g(Y,[Z,X])—I—g(Z,[X,Y]),
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which is known as Koszul formula. By using this formula, we obtain

=

1 1
Ve, €1 = ) exp(—z)er — (exp(—z1))?es, V2 = ) exp(—z)ez,

Ve, €3 = —% exp(—=z)es, Ve, €4 = —% exp(—=z)eq,
Ve, €5 = (exp(xl))%el, Ve, €1 = —% exp(—=z)ea,
Ve, €2 = %exp(—z)el — (exp(—xl))%%, Ve, €5 = (exp(xl))%eg,
Vese1 = —% exp(—z)es, Ve,e3 = %exp(—z)el — (eXp(—xl))%e&
Ve,e5 = (exp(xl))%eg, Ve,e1 = —% exp(—=z)eq,
Vee4 = %exp(—z)el - (exp(—xl))%%, Ve,e1 = —% exp(—z)es,
Ve €5 = %exp(ml — z)eq, Ve, €5 = (exp(xl))%e4
and the remaining V.,e; =0, 4,7 :1,---,5. By the following conformal change
g = exp(x1)g, € = (exp(—71))7¢, i = (exp(z1)) 27, ¢ =

(M, p, g, 7, ) is a Kenmotsu manifold that we verify it as follows. The above conformal change can be
written as

ii(e1) = f(e2) = 7j(e3) = 7(es) = 0, () =1,
per =e3, pex =e4, Qez=—e1, Peq=—ez, @&=0.

Y o
§= 5 gler,e1) = glez,ea) = gles, e3) = gles,eq) = §(§,€) = 1,
=1

Also, we have

e, =e1, [ea,&]=¢e2, [es,&l=¢e3, [es,§]=e4
and the remaining [e;,e;] =0, 4,5 : 1,---,4. Suppose that V is the Riemannian connection of the metric
g. Using the Koszul formula, we get
@6161 = ¢, @elgzela 662622—&
@625 = €2, 66363 = _g-v vegg = €3,
Ve,ea = =, Veid = eu, Vil =0

and the remaining @eiej =0,4,7:1,---,4. Tt can be easily considered that (2.1) holds on (M, ¢, é, 7,9)-
Thus, (M, ¢,£,n,g) is a conformal Kenmotsu manifold but is not Kenmotsu, Since we have
(Vxp)Y # —g(X, Y ) —n(Y)pX

for some vector fields X, Y on M (for instance, (V,@)ea # —g(eq, pea)é — n(es)pey).
Suppose M; = {(z1,y1,Y2,2) € R* | (z1,y1,¥2,2) # 0} is a four-dimensional submanifold of M with the
isometric immersion defined by

11 My — M
[’(xlv Y1, Y2, Z) = (xla 07 Y1, Y2, Z)a
where (1,%1,92, 2) are the standard coordinates in R*. We choose the vector fields

9 e = exp(—z) -2
axla 3 — p aylv

0 10
8_2/2, €5 = (eXp(Z'l)) &7

e1 = exp(—2)

eq = exp(—2)
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which are linearly independent at each point of M;. Then, e, e3, e4 and e5 form a basis for the tangent
space of M7 and e spans the normal space of M7 in M. Let g1 be the induced metric on M;. Thus, we
have

gi(er, e1) = gi(es, e3) = gi(ea, e4) = exp(—z1), g1(es,es) = 1.
Using w(Y') = Y'(x1), for each vector field Y on M, it can be easily calculated that
w(er) = ei(z1) = exp(—2), w(ez) =0, w(es) =0, wlea) =0, wles) =0

then w! = exp(z1 — z)e1. We see that M; is a submanifold of the conformal Kenmotsu manifold M such
that w |7, and € |5, are tangent to M;.
Now, let My = {(w2,y1,¥2,2) € R* | (x2,y1,y2, 2) # 0} be a four-dimensional submanifold of M with the
isometric immersion defined by

Ly (Mz, g2) — (M, g)

[/2(3327 Y1, Y2, Z) = (27 r2,Y1,Y2, Z)a

where (12,91, %2, 2) are the standard coordinates in R*. We choose the vector fields

1o}

€y = eXP(—z)a—xQ, €3 = eXP(—Z)a—yl,
1o}

€4 = eXP(—z)a—yQa es = eXP(l)a,

which are linearly independent at each point of Ms. Then, e, e3,e4 and e5 form a basis for the tangent
space of My and e; spans the normal space of My in M. Suppose gs is the induced metric on My. Then,
we have

ga(e2, e2) = ga(es, e3) = ga(eq, 1) = exp(—2), g2(es,e5) = 1.

Thus, M- is a submanifold of the conformal Kenmotsu manifold M such that & |z, and w? |y, = exp(2 —
z)ey are tangent and normal to My, respectively, in view of the values w(e;) for all4:1,--- 5.

Now, we give some preliminary lemmas on the submanifold M of the conformal Kenmotsu manifold M
tangent to ¢ and either tangent or normal to wf.

Lemma 3.1. Let M be a submanifold of a conformal Kenmotsu manifold M such that w* |y is normal
to M. Then

B(Xv Y) = _w(h(Xa Y))v (32)
MX.€) = Tn(X)e, (33)
V€ = (exp(f)){X — n(X)¢} (3.4)

for all vector fields X,Y tangent to M.
Proof. From (2.7) we have

B(X,¥) = (Vx)Y — zw(X)u(Y) = Vx(w(YV) ~(Vx¥) — zo(X)u(Y)

for all X,Y tangent to M. Since wt |7 is normal to M , the above equation can be written as
B(X,)Y) = —w(VxY)

for all X,Y on M. Then by using the Gauss formula, we obtain (3.2).
Taking Y = £ in the Gauss formula and using (2.9), we have

V€4 h(X,8) = Vx& = (exp(F)HX — n(X)E} — ()X — n(X)wt)
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for each X tangent to M. Since w? |7 is normal to M, comparing the tangential part and the normal
part in the above equation, we obtain (3.3) and (3.4). O

Lemma 3.2. Let M be a submanifold of a conformal Kenmotsu manifold M such that w! |7 s tangent
to M. Then

B(X,Y) = §(Vxwh Y) — %w(X)w(Y), (3.5)
h(X,€) =0, (3.6)
Vi€ = ()X — (X} - F{e€)X —n(X)’) (37)

for all vector fields X,Y tangent to M.

Proof. Similarly to the Lemma 3.1, equations (3.5), (3.6) and (3.7) are immediate results of (2.7), (2.9)
and the Gauss formula. O

Lemma 3.3. Let M be a submanifold of a conformal Kenmotsu manifold M such that w® |y s normal
to M. Then

R(X,Y)¢ = exp(/){n(X)Y —n(Y)X}, (3.8)
R(X,€)Y = exp(/){g(X,Y)¢ —n(Y)X} (3.9)
for all vector fields X,Y tangent to M.

Proof. Equation (3.8) follows from (2.4), (3.1), (3.2) and (3.3). Using the relation (3.8) and the symmetric
property of R, we get (3.9). O

Lemma 3.4. Let M be a submanifold of a conformal Kenmotsu manifold M such that w! |\ is tangent
to M. Then

(X V) =(exp(f) — + || * [} {n(X)Y — n(Y)X)

VXY — Zu(X)(©Y —n(Vyeh)X + LoV (€)X

() vt — In(X (¥ )t — (V) + Zn(Y (X)) (3.10)
for all vector fields X,Y tangent to M.
Proof. Equations (2.4), (3.1), (3.5) and (3.6) yield (3.10). O

Corollary 3.5. Let M be a submanifold of a conformal Kenmotsu manifold M such that w® |7 is tangent
to M and parallel on M. Then

,

RO Y)E=(exp(f) — | D) {n(X)Y —n(¥)X)

+ %{w(X)w(i)Y —w(Y)w(©)X + (X )w(Y)w = n(Y )w(X)w}, (3.11)

RX,EY =(exp(f) ~ § | [P){4(X, V)~ n(V)X}
+ OO Y ) — (@)X +w(Xe(V)E~ (X)) (312)

for all vector fields X,Y tangent to M.
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Proof. Equation (3.11) is an immediate resulte of (3.10). We obtain (3.12) by (3.11) and the symmetric
property of R. (]

Lemma 3.6. Let M be a submanifold of a conformal Kenmotsu manifold M such that w! |7 s tangent
to M and parallel on M. Then

w(&) # 0, (3.13)
(exp(f)) = 5w(€) £0, (3.14)
acap(f) + B([|w|* = w(€)?) # 0. (3.15)

In (3.15), o and B are some non-zero constants.

Proof. The proof of the relations (3.13), (3.14) and (3.15) are given by contradiction. )
Suppose w(&) = 0. Taking the covariant differentation of w(£) = 0 with respect to & and using Vw! = 0,
we obtain

4(Ve€, o) = 0.
Using (3.7) in the above equation, we get
lw? = w(€)®.

Since we have assumed that w(¢) = 0, from the above equation it follows that ||w?||? = 0 which contradicts
the hypothesis w? # 0. Hence (3.13) holds on M.
Now, we assume

(exp(f))? — sw(€) = 0. (3.16)

Taking the covariant differentation of (3.16) along vector field £, we have

L) eap(N)E — LE((E) = 0. (317)

Using (3.16) and Vw? = 0 in (3.17), we get 2§(Ve€,wh) = w(€)?. Then by making use of (3.7) in
2g’(75§,wﬁ) = w(€)?, we find 2w(£)? = ||w||?. As w! is parallel on M, it follows that ||w#||? is constant
on M. Thus, w(€)? is constant on M. Then from (3.17) we have w(€) = 0 which is a contradiction in
view of (3.13).

Finally, we suppose

aexp(f) + B(l|* = w()*) = 0. (3.18)
Taking the covariant differentation of (3.18) along vector field ¢ and using Vw! = 0, we find
aw(§)exp(f) — 28w(€)g(Ves, wh) = 0.
Making use of (3.7) and (3.13) in the above equation, we get
aexp(f) + B(w()? — |||*) = 0. (3.19)

Summing (3.18) to (3.19), we have cexp(f) = 0 which is a contradiction.
Hence (3.13), (3.14) and (3.15) hold on M. O
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4. Semi-Symmetric Submanifolds

A submanifold M of a conformal Kenmotsu manifold M is said to be semi-symmetric if R(X,Y).R=0,
for all vector fields X, Y tangent to M where R denotes the curvature tensor of M.

Theorem 4.1. Let M be a semi-symmetric submanifold of a conformal Kenmotsu manifold M such that
wh |y s normal to M. Then K(X,Y) = —exp(f) for all vector fields X,Y orthogonal to &.

Proof. Since M is semi-symmetric, we have

0 = R(X,ORX,Y)Y —R(R(X,6)X,Y)Y (4.1)
— R(X,R(X,6Y)Y — R(X,Y)R(X, €)Y

for all vector fields X, Y on M. From (3.9), we obtain

0 = g(R(X,Y)Y,X)E—n(R(X,Y)Y)E - g(X,X)R(E,Y)Y
+ n(X)R(X, Y)Y + n(Y)R(X, Y)X

for each X orthogonal to Y. From inner product the above equation with vector field ¢ and by using
(3.9), we get

Q(R(X’ Y)Y, X) = —exp(f)g(X, X)g(Y,Y)

for each plane {X,Y} orthogonal to £&. The above equation compelets the proof of the theorem. O

Theorem 4.2. Let M be a semi-symmetric submanifold of a conformal Kenmotsu manifold M such that
wh |7 is tangent to M and parallel on M. Then

| Lexp(f) || & |12 cos?8
K(X,Y) = — L - 4.2
( ’ ) exp(f) + 4 H w H exp(f) o % || an H2 sin20 ( )
for all X,Y orthogonal to both & and w! | 7> where 6 denotes angle between & and wh IVE
Proof. Since M is semi-symmetric, we have
0 = R(X,HR(X,Y)Y — R(R(X, )X, Y)Y (4.3)

R(X,R(X, Y)Y — R(X,Y)R(X,£)Y

for all vector fields X,Y on M. Since wf |7 is parallel on M, so by using (3.12), we get

0 = (exp(f) — 1 Il IP)(R(X, Y)Y, X)€ ~ n(A(X, Y)¥)X)
(B (€)X — w(@a(R(X, Y)Y, X)w?
— SRV COE + pRCEY V(X))
— (exp(f) — 1 1t )X, X)R(E Y)Y
T 3{w<X>w<§> ROXY)Y = g(X, X)w(€) R, Y)Y

— (WX))PREY)Y WMWM&W’
+ WV w(©R(X, Y)X — w(X)w(Y)R(X,Y)E}
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for each plane {X, Y} orthogonal to &. Taking X and Y orthogonal to w! | j7 in the above equation, we
obtain

0 = (expl(f) — ¢ | & PG(ROX, Y)Y, X)E — n(R(X,Y)Y)X)
— LR Y@ X — wl@g(ROX, Y)Y, X)u!
£ (X X)w© AW Y)Y — (exp(f) — 1 [t [P)o(X, X)R(E VY.

From inner product, the above equation with vector field £, we conclude

(exp(f) — 1 | [P+ ((€)2)g(R(X, Y)Y, X)

= () — 1 [)9(X, X)g(R(E YY) + 19X, X)wl@g(R:, V)V, 6).

Putting (3.12) in the above equation, we get

(exp(f) — 1 | [P +3((€))g(R(X, Y)Y, X)

4
= () — 3 [t I + @@ expl(h) — 7 Il [P)g(X, X)g(¥: ¥)
— 10X X)) (w(©)
Then making use of (3.15), we find
RV, X) = —(explf) — § | @* [P)g(X, X)g(¥,Y)

19X, X)g(Y, V) (w(§))?
exp(f) = 7 | w* [I2 +3(w(€))?

for each plane {X, Y} orthogonal to both ¢ and w? | ;. Using w(¢) =| w? || cosf (where 6 denotes angle
between ¢ and w* | ;) in the above equation, we get (4.2). Thus theorem is proved. O

5. Locally Symmetric Submanifolds

A submanifold M of a conformal Kenmotsu manifold M is said to be locally symmetric such that
VR =0 where V and R denote the Riemannian connention and curvature tensor of M, respectively.

Theorem 5.1. Let M™ be a locally symmetric submanifold of a conformal Kenmotsu manifold M such
that w* |, is normal to M. Then M s locally isometric to the hyperbolic space H™(— exp(f)).

Proof. Since M is locally symmetric, we can write
0=Vz(R(X,Y)§) - R(VzX.Y)E = R(X,VzY)¢ = R(X,Y)Vz¢.
From (3.8) and (3.4), we get

/.

R(X,Y)Z (exp(f)) 2w (X){n(Y)X — n(X)Y'}

exp(f){g(Y, 2)X —g(X, Z)Y}.

Since w* |, is normal to M, we obtain
R(X,Y)Z = —exp(f){g(V, 2)X — g(X, Z)Y'} (5.1)

for all vector fields X,Y, Z on M. Note that f is constant on M because w? |7 is normal to M. Thus
the proof of the theorem is completed. ]
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Lemma 5.2. Let M be a locally symmetric submanifold of a conformal Kenmotsu manifold M such that
wh |,y is tangent to M and parallel on M. Then

R(X,Y)Z = (exp(f) - i I IP){g(X, 2)Y - g(Y, Z)X}

2exp(f) (2 — (D W (X
* Q(GXp(f))%_w(@( (2) = n(Z)w (@) {n(X)Y —n(Y)X}
_ —{w( Jw(Z2)X — w(X)w(2)Y — g(X, Z)w(Y)w! + g(Y, Z)w(X)w!} 52)

for all vector fields X,Y, Z on M.

Proof. Since w* | A is parallel on M, taking the covariant differentiation of (3.11) along vector field Z
tangent to M, we have

ROGY) V26 = epl Nl N (XY =2(0))
() = 1 I V2V — gV, V26 X}~ eV (V20X
— WXNVZOY — g(X, V(¥ + (Y, Y 7w(X)et),

then making use of (3.7) in the above equation, it follows that

((exp(f))* — sw(€)R(X,Y)Z

+ ((exp(f))% — %w(f)){(eXp(f) - i | w! 2){g(X, 2)Y — g(Y, Z)X}
- %{w(Y)w(Z)X —w(X)w(2)Y 4+ w(X)g(Y, Z)w* —w(Y)g(X, Z)w*}}

for each vector field Z orthogonal to £&. Then by using (3.14) in the above equation, we obtain

R(X,Y)Z = (exp(f) - % I I){g(X, 2)Y - g(Y, Z)X}

2€Xp(f) w(Z X)Y — YX_EWYWZX—OJX(JJZY
o)} — (@) DY =nX} = @ (Z2)X —u(X)u(2)

+ w(X)g(Y, Z)w* —w(Y)g(X, Z)w*}

for each vector field Z orthogonal to €. For all vector fields X, Y, Z, using (3.11), we get (5.2). O

Corollary 5.3. Let M be a locally symmetric submanifold of a conformal Kenmotsu manifold M such
that w* |7 s tangent to M and parallel on M. Then

1
E(X,Y) = —exp(f) + 7 | Wt |2 (5.3)
for all vector fields X,Y orthogonal to both & and w* Ve

Proof. Equation (5.3) yields (5.2). O

Theorem 5.4. There is no locally symmetric submanifold M of a conformal Kenmotsu manifold M such
that w* |7 s tangent to M and parallel on M.
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Proof. Let M be locally symmetric. Since any Locally symmetric manifold is semi-symmetric, from
Theorem 4.2, we have

1 je wh |2 cos26
K(X,)Y)=—exp(f)+ = | Wt ||2_ 1 xp(f) || I

(5.4)

4 exp(f) — % || w? || sin20
for all vector fields X, Y orthogonal to both ¢ and w? | ;. Comparing (5.3) and (5.4), we get cos?6 = 0.
Hence, w(§) = 0, that is a contradiction in view of (3.13). O
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