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Three Nontrivial Solutions of Boundary Value Problems for Semilinear A,—Laplace
Equation *

Duong Trong Luyen and Le Thi Hong Hanh

ABSTRACT: In this paper, we study the multiplicity of weak solutions to the boundary value problem
Ayu+ f(z,u) =0 inQ, u=0 on 99,

where € is a bounded domain with smooth boundary in RN (N > 2) and A, is the subelliptic operator of the
type

N
0
A’\/ = § a:tj (’7?81‘1)7 al‘j = 8117] Y= (’717’727"'7’YN)7
=1

the nonlinearity f(z, §) is subcritical growth and may be not satisfy the Ambrosetti-Rabinowitz (AR) condition.
We establish the existence of three nontrivial solutions by using Morse theory.

Key Words: Semilinear degenerate elliptic equations, Morse theory, Three solutions, Multiple solu-

tions.
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1. Introduction

In the last decades, the boundary value problem for semilinear elliptic equations
—Au= f(z,u), x€Q, u € HH ),

has been studied by many authors, see, for example [1,20] and the references therein. The following (AR)
condition introduced in [1]

(AR) For some 6 > 2 and R > 0, we have

O0F(z,§) < f(z, )¢, VI{|=2R, VzeQ,

where F(z,§) = fOE f(z,7)dr, plays an important role in their studies. Boundary value problems for
nonlinear degenerate elliptic differential equations were treated in [10] and then subsequently in [8,5].
In [25,26], the critical exponent phenomenon was observed for a model of the Grushin type operators.
The results were then generalized in [23] to a large class of semilinear degenerate elliptic differential
equations. Recently, in [23,24] the second author of this paper and his colaborator have extended the
research to a more complicated class of nonlinear degenerate elliptic differential operators. Very recently,
the authors of [11] investigated the A,—Laplace operator under the additional assumption that the
operator is homogeneous of degree two with respect to a semigroup of dilations in RY. Many aspects of
the theory of degenerate elliptic differential operators are presented in monographs [27,28] (see also some
recent results in [2,3,11,12,13,14,15,16,17,18,19,22,24,26)).
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In this paper, we study multiplicity of weak solutions to the following problem

Au+ flz,u) =

u

in  Q, (1.1)
on 09, (1.2)

0
0

where € is a bounded domain with smooth boundary in RY A, (see the definition of this function space
below) and f(z,€) : © x R — R such that f(x,0) = 0.

Let F(z,&) = f(f f(x,7)dr and suppose that the non-linearity f satisfies the following conditions:
(A1) f € C(QxR,R) with f(x,0) = 0 and satisfies the improved subcritical polynomial growth condition,

i.e.
o 1:8)

>4 =0 uniformly for z € Q,
e-oo J¢[5 T '

where 27 := IN/(N —2);

(A2) |gm0 @ = p(x), uniformly for z € Q, where p € L*>(Q) satisfies p(z) < Ay for all x € Q and
—

p(z) < A1 on some Qp C 2y with |[Qg| > 0, where Q; := {z € Q : ¢,(z) # 0} and \; > 0 that has
an associated eigenfunction ¢, is the first eigenvalue of —A, with homogeneous Dirichlet boundary
data;

(A3) f(x,&) is superlinear at infinity, i.e. |€|lim f(z,8)/€ = +o0 uniformly for all x € Q;
—+o00

(A4) There exist § > 1 and C(z) € LY () such that 6F(z,£) > F(z,s£) — C(x) for (z,€) € 2 x R and
s € [0,1], where F(z,£) = f(z,§) — 2F(, ).

The condition (A4) was first introduced by L. Jeanjean [7], there are many functions which satisfy
(A4), but do not satisfy the (AR) condition. An example of such function is

[z, &) = &In(1 + [£]).
Our main result is given by the following theorem.

Theorem 1.1. Assume conditions (A1)-(A4) hold. Then the problem (1.1)—(1.2) has al least three
nontrivial solutions.

The structure of our note is as follows: In Section 2, we give some preliminary results. In Section 3,
we proved Theorem 1.1.

2. Preliminary results

First of all, let us collect some concepts and results of Morse theory that will be used below. For the
details, we refer to [4]. Let X be a real Banach space and ® € C*(X,R). K = {u € X|®'(u) = 0} is the
critical set of ®. Let u € K be an isolated critical point of ® with ®(u) = ¢ € R, and U be an isolated
neighborhood of u, i.e. K NU = {u}. The group

Coa(D, 1) = Hp (2° N U, NU\{u}), m=0,1,2,...,

is called the m-th critical group of ® at u, where ®¢ = {u € X|®(u) < c}.
H,,(-,) is the singular relative homology group of ® at infinity is defined by

Cp(®,00) = Hp, (X, @), m=0,1,2,....

We denote ‘ ‘
P(u,t) = ZrankCi(q),u)tl, P(oo,t) = Zrank Ci (P, 00)t".
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Let a < B be the regular values of ® and set

P(a, p,t) = Z rank C; (®, co)t".

If K ={uy,us,...,ux}, then there is a polynomial Q(¢) with nonnegative integer as its coefficients such
that
> P(uj,t) = P(oo,t) + (1 +1)Q(t), (2.1)
J
> P(ujt) = Pla,B,t) + (L +1)Q(1). (2.2)
a<®(uj;)<pB

Throughout the paper € denotes a bounded domain with smooth boundary in RV, N > 2. Asin [11],
we consider the operators of the form

N
A’Y ::Zawj (Py?awj)7 aa:j = 8—.73]’] =12,...,N.
j=1

Here, the functions -, : RY — R are assumed to be continuous, different from zero and of class C' in
RM\II, where

N
IT:= x:(xl,xg,...,xN)ERN:ijzo
j=1

Moreover, we assume the following properties:
i) There exists a semigroup of dilations {d¢}s~¢ such that

S RN — RN 6 (z1,...,2n) = (t521,...,tN2n), 1 =61 < ey < --- < e,
such that v, is 6;—homogeneous of degree £; — 1, i.e.,
v; (8¢ () = terlﬁyj (z),Vzx e RNVt >0, j=1,...,N.

The number

is called the homogeneous dimension of RY with respect to {d;}¢>0-

ii)

71 =Ly, (@) =v; (x1,22,. .., 25-1), j=2,...,N.

iii) There exists a constant p > 0 such that
0 < 240p,v; (2) < pyj (@), Ve €{1,2,...,5 —1},Vj=2,..., N,
and for everyxeﬁf = {(xl,...,xN) ERN : z; 20,ijl,2,...,N}.
iv) Equalities v; (z) =~; (z*) (j =1,2,..., N) are satisfied for every z € RYN where
' = (|za],..., Jzn]) fz=(21,29,...,2N).

Definition 2.1. By SP(Q) (1 < p < +o0) we will denote the set of all functions u € LP(Q2) such that
v;0z;u € LP(Q) for all j =1,...,N. We define the norm in this space as follows

P

N
sy =3 [ {17+ 3 bsou,ul” | do

Q J=1
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If p =2 we can also define the scalar product in S?Y(Q) as follows

N

(u,v)s2(0) = (u,v)r2(0) + Z(Wjaw,-uﬁjawjv)m(m
j=1

The space S ((Q) is defined as the closure of C§(Q) in the space SE(S).
Set

N 1

2\ 2

Vot = (7100, U, Y9O0uy Uy . .., YN Oz ), [Vayul := ( g |7,0n,ul ) .
=1

From Proposition 3.2 and Theorem 3.3 in [11], we have the following embedding result.

Proposition 2.1. Assume that N > 2. Then S20(Q) — LP(Q), where 1 < p < Moreover,

2N
the number 2%, = — is the critical Sobolev exponent of the embedding S2 ((Q) < LP(Q) and when

1 <p <27, the embedding is compact.
We now give some examples of the A,—Laplace operator. We use the following notations: we split
RY into

RY = RV x RNz x RN3,

and write

T = (x(l),x(z),x@)) 9 x(l) = (xgl)axél), N 7x§\2) S RNia

N;
@12 =312, i = 1,2,3.
j=1
We denote the classical Laplace operator in RV by

N
N E 2
j=1

J

Example 2.2. Let a be a real positive number. The operator
A’Y = Aw(1> + |x(1)|2a(Aa:(2) + Aa:(s))v

where
v=(11,..., 1,z M),
——

Ni—times (N2o+N3)—times

is called the Grushin operator (see [6]).

Example 2.3. Let «, 8 be nonnegative real numbers. The operator

Afy =AL 0 + AL + |x(1)|2°‘|x(2)|25Ar<3),

where
y=( L1, 1 J2We® e [22)9),
———
(N1+Ns)—times N3 —times

is called the strongly degenerate elliptic operators (see [24,28]).
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Definition 2.4. A function u € S2 4(2) is called a weak solution of the problem (1.1)~(1.2) if the identity
/Vvu -Vypdr — /f(x,u)gpdx =0,
Q Q

holds for every ¢ € C§° ().

Definition 2.5. Let X be a real Banach space with its dual space X* and ® € C1(X,R). The functional
O is said to satisfy Cerami condition at level ¢ € R ((C). condition for short) if for any sequence
{zm}oo_1 C X with

(zm) = ¢ and (14 [lzmlx) 19/ (zm)llx- — O,

then there exists a subsequence {x,,, }7°, that converges strongly in X. ® satisfies the (C') condition if ®
satisfies (C)¢ condition at every ¢ € R.

3. Proof of the main result

First, we observe that the problem (1.1)—(1.2) has a variational structure. Indeed it is the Euler-
Lagrange equation of the functional & : 5370(9) — R defined as follows:

d(u) = %/|V7u|2dx—/F(x,u) d,
Q Q

By the hypotheses on f , we can see that the functional ® is Frechét differentiable in 53’0(9) and for any
wE S’%,O (Q)7

@ )p) = [ Vou Voo~ [ S u)ode
Q Q

Thus, critical points of @ are solutions of problem (1.1)—(1.2).
Let

f(@,8), £€>0,

er(xvg):{O €<O

O (u) = %/muﬁdx—/ﬂ (z, ) da,
Q Q

where Fly(x,&) = fOE f+(x,7)dr. Now, we prove the following compactness condition for ® and ®.

Lemma 3.1. Let (Al)-(A4) be satisfied. Then the functionals ® and 4 satisfies the (C) condition on
S2 ().
7,0

Proof. We only give the proof for ®, the cases of ® and ®_ are similar. Let {u,};2; C S2,(€2) be a
sequence such that

D () > ¢, (14 Junllsz oo ) 197 (wn)lgsz oy = 0, as n = oc. (3.1)

The proof of this lemma, we divide two steps:
Step 1. We first prove that {u,};>; is bounded in S2 ((Q). Let u} = max{u,,0}, u,; = min{uy,0}.
From (3.1), we obtain

(@ (un), ©)| < enll@llsz () for any ¢ € S5 4(Q), (3.2)

where ¢, — 0 as n — oo, then the boundedness of w,, can be directly obtained. For the case of
u, by contradiction, we assume that Huf{||53 J(@ —ooasn — oo Let v, = | 2 (Q)u;[, then
s ~,0
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||Un||53 ,(@) = 1. By Proposition 2.1, up to a subsequence, we have

v, — v weaklyin SﬁﬁO(Q) as n — oo,
v, — v strongly in LY(Q) as n — oo,

v, — v ae.inQasn— .

Case 1. If v # 0 then the Lebesgue measure of Qg = {x € Q : v(x) # 0} is positive. Using (3.1), we
obtain
(@, (un), ) = o(1),
which implies that
S, ug)uy,

s |

/f+ " +|2 ”| vp)?dz =1+ o(1). (3.3)

52 (Q)
y (A3), there is a constant M > 0 such that
fr(zuhut >0,  as |u,| > M,

then we have
/ f* Fo o u o [2dz > —C. (3.4)
Q\Qo

On the other hand, for z € Qg, u,” — oo as n — co. Then by the Fatou’s lemma and (A3) we have
Fyt
%h}nﬁlaz — 00, asmn — oo.

Un

Combining this with (3.4) gives

/ Sl i |op|?dx — 00, as n — 0. (3.5)

This contradicts (3.3). Then this case is impossible.
Case 2. If v = 0 then for any n € N there exists ¢,, € [0, 1] such that

D (tpu,y) = ax D (tuy).

For any R > 0, we assume that w, = 2v/Rv,. Then w, — 0 in LY(RY). So from conditions (A1) and
(A2), for every € > 0, we can find a constant C'(¢) > 0 such that

F(z,wp) < O(e)(wn)? + e(wn), (3.6)
which implies
lim [ Fy(z,w,)dx =0. (3.7)
n—oo
Q

Since 2\/E||u;'{||§21 @ € (0,1) for n large enough, by (3.7) we obtain
~,0

By (tout) > @, (wp) = 2R — /F+(x,wn)dx > R,

which implies
O, (tyut) = 00, asn — oo. (3.8)
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From ®,(0) = 0 and ® (u;") — ¢ we have t,, € (0,1), then

(@, (tpu), toul) = @ (tuy) = 0.

E |t:t
Then, from (A4) it follows that

%(I)Jr(tnui) %( +(tnuy) = —<‘I’I (tnu ),tnu,f))

INA
N =
:o\ o
=
g
_|_
gl
SE
Q

=d, (uh) - @)Q_(uf{),uf{}—!—c% C.

This contradicts that ® (t,u;) — co. Hence {u,}2°, is bounded; that is, there exists a positive constant
M such that
lunlls2 @) <M, forallneN.

Step 2. We prove {u,,}°°; has a convergent subsequence. In fact, we can suppose that
u, — wu weakly in SﬁﬁO(Q) as n — 0o,
u, — u strongly in LY(Q) as n — oo,
U, — u a.e. inf)asn— oo.
Now, since 2 is a bounded set, for every ¢ > 0, we can find a constant C(¢) > 0 such that
fi(z,s) < Cle) +¢ls|>71, V(z,s) € AxR,
then

[ o)~ wde
Q

e)/|un—u|dx+e/|un—u||un|2§_1dx
Q Q

e)/|un—u|dx+e(/(|un|2§* )2 _1dx
Q Q

<C e)/|un—u|dx+eC(Q).
Q

1/25
/|un - de !

Similarly, since u, — u in S2 ((Q), it follows that [ |u, — u|dz — 0. Since € > 0 is arbitrary, we can
Q

conclude that

/(f+(x,un)  Fy ()t — u)dz — 0 as n — oo (3.9)
Q

By (3.9), we have
(@ (un) — @' (u), (up —u)) = 0 asn — oo. (3.10)

From (3.9) and (3.10), we obtain ||un||53 J(@) ||u||53 4()» as m — oo. Thus we have
[leer, — u||53 J@ — 0, asn — oo,

which means that & satisfies condition (C). O
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Lemma 3.2. Assume that conditions (A1), (A3), (A4) hold. Then we have
Con(P,00) = Cppp (Py,00) = {0}, m=0,1,2,....

Proof. We only give the proof of ®,; the others are similar. Let S = {u € 52 ((Q) : ||u||5310(9) =1, ut #
0} and B> = {u € S2 () : ||u||sgyo(9) < 1}. By (A3), for any M > 0 there exists ¢ > 0, such that
F(x,t) > Mt?> — ¢, for (z,t) € Q x R, which implies ® (tu) — —o0, as t — +oo, for any u € S. Using
(A4), we have

Fo(z,t)t — 2F (z,1) > —Oéx), for (z,t) € Q x R. (3.11)
Choose o
a < min { uér}afw D, (u), —2—9},

where C,, = [ C(x)dz. Then for any u € S, there exists ¢ > 1 such that ® (tu) < a, that is
Q

t2
D, (tu) = — — / Fy(z, tu)dx < a,
2 Jo
which (3.11) implies
1
t

i(I)Jr(tu):t_/er(x,tu)ug (2a+ %) <0.
dt Q 0

Therefore, by the implicit function theorem, there exists a unique 7' € C(S,R) such that
O, (T(u)u) =a, foruelsS.

Let S1 = {u € S2,() : [Julls J@ = Lut # 0}. We construct a strong deformation retract 7 :
’ s
[0,1] x S; — S; which satisfies 7(s,u) = (1 — s)u+ ST(HuII - ) | if @4 (u) > aand 7(s,u) =u
52 5 (@)
if @, (u) < a. Hence, It follows from the construction of 7 that ®¢ is a strong deformation retract of 51,
which is homotopy equivalent to the set S. By the homotopy invariance of homology group, we have

u
u
| HS%{,O(Q)

Con(@4,00) =H,p (S2(2), 3%
~H,,(520(02). 5)
= H,,,(52,0(9), S2,0() \ {0})
=0.

O

Proof of Theorem 1.1. By Lemma 3.1, we know that ® and ®4 satisfy the (C) condition. By
conditions (A1) and (A2), we can easily prove that 0 is a local minimum of ® and ®,. So, we have

Con(®,0) = Cpo (D, 0) = 810G (3.12)

Using the mountain pass theorem in [21], we obtain &, (®_) has a critical point uy > 0 (u— < 0),
and ug are also the nontrivial critical points of the functional ®. Without loss of generality, we assume
that u4 are isolated and the only nontrivial critical points of the functional ®. Now we claim that

Cm((I)i, ui) = 5m’1G. (3.13)
Indeed, using the methods of [9], we let @4 (ut) = ¢ > 0. It follows from the homology exact sequence
of the triple @4 C ®% C 52 (), we have
o H(S2,0(9), @4) = Hyn(520(Q), 85) = Hy 1 (25, 04)

= Hp1(S2,5(9),04) — .., (3.14)
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where A < 0 is a constant. Since 0 is the only critical point of ®, in the set @_%, by (3.12), we obtain

Hyp (92, 8%) = Cpp (B, 0) = 5, 0. (3.15)

Similarly, since u, is the only critical point of @, in the set {u € S2 ;(Q)|®4 (u) > §}, we have

Hp(S20(2),82) = Cpo (@4, u1), m=0,1,2,.... (3.16)
From Lemma 3.2, we have
Hpn(S2(2), @) = Cr(®4,00) =0, m=0,1,2,.... (3.17)
From (3.14) to (3.17), we deduce that
Con(Py,uy) = Cp1(94,0) = 00 1G.
The case for u_ is similar, that is
Con(P_,u_) = Cp1(9_,0) = 61 G.

Hence
Con(®,us) =0 1G.

The Morse equality (2.1) with ¢t = —1 implies that
(-1 + (-1 + (=)' =0,
which is a contradiction. Then the problem (1.1)—(1.2) has at least three nontrivial solutions.
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