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On Certain Subclasses of Multivalent Functions with Varying Arguments of Coefficients
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ABSTRACT: In this paper we introduce and study the classes VM, (X, o, 8) and VNp (A, o, 8) of multivalent
functions with varying arguments of coefficients. We obtain coefficients inequalities, distortion theorems and
extreme points for functions in these classes. Also, we investigate several distortion inequalities involving
fractional calculus. Finally, results on partial sums are considerd.
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1. Introduction

Let A(p) denote the class of functions of the form:

f2) =224 apnz” M peN={1,2,..}), (1.1)

n=1
which are analytic and multivalent in the open unit disc U = {z : z € C and |z| < 1}. We note that
A(l) = A.
We recall some definitions which will be used in our paper.

Definition 1.1. [1]. (i) A function f(z) of the form (1.1) is said to be in the class of S—uniformly
multivalent starlike functions, denoted by UST, (v, B), if it satisfies the following condition:

St ERU NI )

(i) A function f(z) of the form (1.1) is said to be in the class of B—uniformly multivalent convex
functions, denoted by UCV,(c, 5), if it satisfies the following condition:
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Many essentially equivalent definitions of fractional calculus (that is, fractional derivatives and fractional
integrals) have been given in the literature (cf., e.g. [2], [3], [5], [6], [7], [15], [16] and [18]). We find
it to be convenient to recall here the following definitions which were used recently by Owa [8] and by
Srivastava and Owa [17].

Definition 1.2. The fractional integral of order X is defined, for a function f(z), by

UV S A A(9)
Dz f(Z)_F()\)/O (Z—C)lf)‘dc (/\>0)7

where f(z) is an analytic function in a simply-connected region of the complex z—plane containing the
origin and the multiplicity of (z — () ' is removed by requiring log(z — ¢) to be real when z — ¢ > 0.

Definition 1.3. The fractional derivative of order X is defined, for a function f(z), by

L d [T
D) = frm e |, gk (0 A<,

where f(z) is an analytic function in a simply-connected region of the complex z—plane containing the
origin and the multiplicity of (z —t)™ is removed by requiring log(z — ¢) to be real when z — ¢ > 0.

Definition 1.4. Under the hypotheses of Definition 1.3, the fractional derivative of order n+ X\ is defined
by
dk
DY f(2) = 2 D2f(2) (0<A <1 k €No=NU{0}).

In this paper, we define the following subclass of A(p)
Definition 1.5. A function f(z) € A(p) is said to be in the class M, (A, «, B) if

\119”’) q;?w)
%{ f(z) _a} >B\ oy T Osa<p 820 0sA<1; 2€), (1.2)
where
v = W”Dif@). (1.3)

Also, a function f(z) € A(p) is said to be in the class Np(A, o, B) if and only if

T(p—A+1)

T+ 1) z)‘Di‘f(z) e M,(\, , B).

We note that:
(1)M1 (A, @, 0) = 85 () and N1 (A, o, 0) = Ky () (see Owa [9]);
()M, (1, o, B) = USTp(ev, B) and VN, (1, e, 5) = UCV,(av, ) (see Al-Kharsani [1]).

Also, we note that:

Mi( 0, 8) = M(A a, ) = {f(z) cAR (”2‘ NADA() a) . 5‘”2‘ NADAf(E) 1‘};

f(2) f(2)
and N1(\, o, B) = N\, o, B) = {f(2) € A: T (2= N)2*D2 f(z) € M(\, o, ) } .

In [12], Silverman introduced and studied the univalent functions with varying arguments, as follows:
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Definition 1.6. [12]. We say that a function f(z) of the form f(z) = z 4+ > a,z™ is in the class
n=2

V(0,) if f(z) €8 (the class of analytic and univalent functions in U) and arg(an); 0, for alln(n > 2).
Further, if there exists a real number n such that

0, + (n—1)n = 7w (mod 27),

then f(z) is said to be in the class V(0,,n). The union of V(0,,n) taken over all possible sequences {0, }
and all possible real numbers 1 is denoted by V.

Silverman [12] used the concept of varying arguments of the coefficients to introduce and study the class
V*(a), which is a subclass of V consisting of starlike functions of order a.. For n = 0, we obtain the class
T, consisting of functions f(z) with negative coefficients.

In [4], Aouf et al. introduced a subclass of multivalent functions with varying arguments of coefficients
as follows.

Definition 1.7. [4]. We say that a function f(z) of the form (1.1) is in the class Vy,(0p1r) if f(2) € A(p)
and arg(ap4rn) = Opin for all n(n > 1). Further, if there exists a real number n such that

Optn +nn = (mod 2m) ,

then f(z) is said to be in the class V(0pin,n). The union of Vy(0pin,n) taken over all possible sequences
{0p1n} and all possible real numbers n is denoted by V,,.

Let VUST, (v, B) denote the subclass of V,, consisting of functions f(z) € UST,(«, ) and VUCV,(«, )
denote the subclass of V,, consisting of functions f(z) € UCV, (e, §) which are the subclasses of multivalent
uniformly starlike functions with varying arguments of coefficients and multivalent uniformly convex
functions with varying arguments, respectively.

Using the concept of varying arguments in multivalent functions, we introduce the following subclasses.

Definition 1.8. Let VM, (X, a, B8) denote the subclass of V,, consisting of functions f(z) € M,(A, e, §)
and VN, (A, o, B) denote the subclass of V), consisting of functions f(z) € Np(A, @, ).

We note that:

(1)VM,, (1, @, 0) = Vp(a) and VN (1, «r,0) = Vp(c) (see Aouf et al. [4]);

(i) VM,.0(1,,0) = T*(p, ) and VN, (1, v, 0) = C(p, @) (see Owa [10]);

(i) VM, 0(1, @, B) = UST,(ex, B) and VN, o(1, r, B) = UCV, (e, B) (see Al-Kharsani [1]);
(iv)VMy (A, @, 0) = Vi () and VN1 (A, o, 0) = Wi () (see Owa [9]);

(V)VMy (1, 0,0) = V*(a) and VN1, (1, @, 0) = V() (see Silverman [12]);

(vi)VM1 0(1, @, 0) = T*(a) and VM1 0(1, , 0) = K(c) (see Silverman [13]).

Also, we note that:
VMI ()‘v «, B) = VM(Aa @, B) =

froevan (s )i )

and VN1(\, o, 8) = VN(\, @, B8) = { f(2) € V: (2 = \)z D2 f(2) € VM, (A, o, B) } .
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2. Coefficient estimates
Unless otherwise mentioned, we assume throughout this paper that

0<a<p B>0,0SA<1, peN, 2€U and ¢}, = EHUEEZED (e N).

Theorem 2.1. Let f(z) be given by (1.1). Then f(z) € VM, (X, o, ) if and only if
S0+ B)0) — 08+ )] lapenl <p—a. (2.1)
n=1

Proof. Assume that the condition (2.1) holds, then it is sufficient to show the inequality (1.2) holds.

Hence, it suffices to show that
\Ijg)HP)
—%{ e —pp<p—a

(A\.p) (A\sp)
Uy v
—%{——p} < (1+ﬁ)|——p

qngvp)

2156

—-p

where U s defined by (1.3). Thus
\I,g)HP)

5W—p

f(2)

(1+5) f [¢1A),n —p} |aptnl

=1
< 2 =
L= > laptnl
n=1

This last expression is bounded above by (p — «) if (2.1) holds. Conversely, assume that

\ij\vp) \I,Q\:P)
%{W_} >5‘W‘p

3

or, equivalently

(=) + 3 [0, ] aprnzn 5 [0 —p] apenz”
§R n:loo > B n=1 —
I+ > Apin2" 1+ > ap4n2"
n=1 n=1

Since f(z) € V,, then f(z) € Vy(0p1n,n) for some sequence {f,+,} and a real numbers 1 such that
Optn +nn = m (mod 2m).

Let z = re’, we have

(%) ) 0o ‘
(p — O[) + Z [¢2n — Oé:| |ap+n| el[9p+n+n77]7nn ﬁ Z |:¢2n _ p:| |ap+n| ez[9p+n+n77] rn
n=1 / n=1 )
x o
14+ Y |apsnl eil@ptntnn]pn 1+ 3 |apinl eil0ptntnn]pn
n=1 n=1

Letting » — 17, we obtain the required result and hence the proof of the inequality (2.1) is completed.
Further, we consider a function f(z) given by

f@)=2"+
2 (14 8)8), — (pB+a)]

(p — a)e’rin

2Pt
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Then, writing

Apgn = (p — a)ettrr (neN).
n(n+1) [+ 8)8), — (b8 +a)]
We have
> (14 8)60 — 08 + )] lapnl = 3 POV R R
Therefore, f(z) € VM, (A, i, B) satisfies the equality in (2.1). O

Corollary 2.2. Let f(z) defined by (1.1) be in the class VM, (A, o, B). Then

(p—o) .
(14 B)9p, — (B + )]

lap+n| < [

The result is sharp for the function

(p — a)e’rtn

(14 )6}, — 08+ a)]

f(z)=2"+ 2Pt

Theorem 2.3. Let f(z) be given by (1.1). Then f(z) € VNp (A, o, B) if and only if
> [0+ D80 — 08+ )] lapanl <plp—a). (2:2)
n=1

Proof. Since f(z) € VNp(A, o, ) if and only if

Flp—=A+1) y
—=2"D VM, (A .
F(p*"l) z zf(Z)E P( ’aaﬁ)
It follows that f(z) € VN, (A, o, §) if and only if (2.2) holds. Moreover, the equality in (2.2) holds true

for
oo

(p— a)e’rin
J(z) =2+ s S

This completes the proof of Theorem 2.3. O

Corollary 2.4. Let f(z) defined by (1.1) be in the class VN, n(A, o, B). Then

p(p— ) .
Opn [(1+ D) — (08 + )]

laptn| <

The result is sharp for the function

f(Z) e + p(p B a) ei9p+nzp+n.
Orn |1+ ) — (08 + )]
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3. Distortion theorems

Theorem 3.1. Let f(z) defined by (1.1) be in the class VM, ., (A, 0, B), then for z € U, we have

2f? - =) o+
[(1+8)6), — 0B+ )]
<[l <
127 + ) 2P (3.1)
(1+8)8), — (B + )]
The result is sharp for the function f(z) given by
[ P k) G (3.2)

(14 8)6), — 0B+ )]

Proof. 1t is easy to see from Theorem 2.1 that

1+ B)6), — 0B+ )| D lapnl <3 [(1+B)6p, — (0B + )| lapinl <p— o,
n=1 n=1

because (b;m < ¢;‘7n+1 for n > 1. This gives us that

S (p—a)
|aptn| < : (3.3)
2 o (1+8)8), ~ w8 +a)]

Making use of (3.3), we have

1
F) = 2" =D lapial [z
n=1
> |Z|p_ (p—a) |Z|;D+1
(1+8)6), — (0B +a)
and
1
F) < 2+ lapial |27
n=1
< B »-a) o

(14 8)o, — 08 + )

which proves the assertion (3.1). Since the equality in (3.1) is satisfied by f(z) given by (3.2), the proof
is thus completed. U

Using similar arguments to those in the proof of the Theorem 3.1, we obtain the following theorem.

Theorem 3.2. Let f(z) defined by (1.1) be in the class VNp (A, , B), then for z € U, we have

|z|p N p(p - a)
o, [(1+8)0), — (08 + )]

<[f(»)| <

|P+1

|z
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|2|P+ p(p—a) |Z|p+1.
on, [+ B)8), — w8+ a)]
The result is sharp for the function f(z) given by
_ i0pt1
f(z) =P 4 p(p Oz)e sy

bn, [(1+B)0), — 0B + )]
4. Extreme points

Theorem 4.1. Let f(z) defined by (1.1) belongs to the class VM, (X, o, f) with arg(apin) = Opin and
Optn +nn = m (mod 2m) for all n. Also, let f,(z) = 2P and

(p—a)efrn

(14 B)ép., — (pB+ )

fpin(2) =2 + [ Pans

Then f(z) is in the class VM, (X, o, B) if and only if can be expressed in the form

Z) = Z Hp+nfp+n(z)v

n=0
(o]
where p, ., >0 and Y p,,,, = 1.
n=0

Proof. Assume that

f(Z) = ZMernprrn(z)

= ZP+Z[

19p+n

Ppin __ ptn, (4.1)
1+B)¢ ~ (5 +0)]

Then it follows that
i[uﬁm o= BB+ )] v a)
= —9) (1+8)8)., — (B +a)

which implies that f(z) € VM, (X, i, B). Conversely, assume that the function f(z) defined by (1.1) be
in the class VM, (X, a, §). Then Corollary 2.2 gives that

|apin| < (o) (n e N).
(14 B)6), — 08+ a)]

Defining 41, by
(14 8)6). = B8+ )] lapsal

= eN),
M;DJr’rL (p . a) (n )
and -
=1- Z Hptn>
n=1
we write »
— el p+n
(p )Hern (’I’L c N)

Ap+n = |:

(1+B)6), — (8 +a)]
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This shows that

o0
P apynt"

flz) =
n=1
[e%e) [e%s) a)€i9p+n .
= Z :up+n> Z :up+nzp
<n-o =lae B)¢ — (5 + )|
= Z Hptn Spn(2)-
n=0
This completes the proof of Theorem 4.1. O

By using similar arguments and analysis to those in the proof of Theorem 4.1, we can derive the following
theorem.

Theorem 4.2. Let f(z) defined by (1.1) belongs to the class VNp (A, o, B) with arg(apyn) = Optn and
Optn +nn = m (mod 2m) for all n. Also, let f,(z) = 2P and

— ) elrtn
fpn(2) = 2P + p(p ) PZany

Gp [(1+B)8) — (05 + )]

Then f(z) is in the class VNp (X, o, B) if and only if can be expressed in the form

Z) = Z ,Up+nfp+n(z)v

n=0

o0
where p, ., >0 and Y p,,, = 1.
n=0

5. Applications of Fractional Calculus
Theorem 5.1. Let f(z) defined by (1.1) be in the class VM, (A, 0, ). Then we have

D A 7(1 D) P + ( ) z| ¢, 5.1

| f |f| p—|—/\—|—1)| | [(1 )271 ( )}' | ( )
and

D;Af 2)| > 7@ D) AP — (p ) Zl 7, 5.2

for A >0 and z € U. Further

ﬂzp A (+1Dp—a) .
’Df —Fp A+1)|| {1+p[(p+1)(1+5)—(pﬂ-i—ol)(p-l-l—)\)]| |}7 (53)
" Ip+1) (p+ 1P —a)
P+ P=A )1 _ p+1)(p—a B
‘D f(z 7F177>\—s—)|2| { p[(p+1)(1+5)—(p5+a)(p+1_)\)]| |}, (5.4)

for 0 < A <1 and z € U. The result is sharp.
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Proof. Let
Flp+A+1) .
F = — D
@ = Ty P
_ p Fp+n+1)I'(p+A+1) Pt
: +Z I‘p—l—l p+n+)\+1)ap+nz
Then
F(z)=2"+ Z szamnzp*”,
n=1
where I I \ )
+n+DI'p+A+1
o =P A>0).
pn I‘(p+1)I‘(p+n+/\+1)( )
We see that +1
A p
0<Q;, < P
Then
PRI < |24+ Y 0t
n=1
< P D0 lapsn |27
n=1
< LAY, b—c) N
(1+8)6), — w8+ a)]
< |Z|P+ (2;_0‘) |Z|p+1’
(1+B)6), — (0B + )]
and
F()| > |2 - b-a) HEs

[(1+8)6), — 0B+ )]

which proves the inequalities (5.1) and (5.2). Now, Since

<p+1—)\> Fp+n+1)I(p—A+1) [(1+ﬁ) (%) _(pﬁ+a)]

p+1 Fp+n+1-2A) p+1

F'p+n+1)I'(p—A+1)
T(p+n+1-2X)

<[a+s - 5+ ar)].

it follows that

i (p;: ) L(p Jrr(zii)i(f:i)+ 1) {(1 +5) (1%) - (p5+a)] |apinl

n=1

<> | p RO sk )| el

n=1

that is,

" (p+Dp—a)
;%’" el S DI F A - BT F I
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Let
Flp—A+1) \ 5
WP AT ) oAp
¢ = gy P
o Fp+n+1l(p—-A+1) »
- +ZI‘p—|—1 p+n—)\+1)ap+nz
Then
oo ¢)\
|G(z)] < zp—l—zp—ap 2Pt
n=1
p = ¢P,TL p+1
< 7 +27|ap+n||z|
(p+1)(p—a) +1
< Zp+ Zp )
A e D+ A - i ri=N]
and )
G 2 |2 - b+ 1)p— o) N

plp+1)(A+8) = (pB+a)p+1-2)]

Further equalities in (5.1) and (5.2) are attained for the function

f(z)=2"+ o) etvr1ptl

(1+B)6), — (pB+a)]

and equalities in (5.3) and (5.4) are attained for the function

F(z) = 27 (p+1p—0a) 01 o1
pllp+ 1)1 +8)— @B +a)(p+1-2A)

This completes the proof of Theorem 5.1.

Theorem 5.2. Let f(z) defined by (1.1) be in the class VN, (X, «, B). Then we have

‘D )\f ‘7 F(p+1 |p+)\ —O[) |Z| ’
a1 (1+8)0p, — (0B +0)]
and
D2 f \frr(p;r% A — IZI :
A+ 1+6 0, (pﬁ+a
for A >0 and z € U. Further
|D2f(2 |7F1“(pj:11 ST _a) |2 ¢,
(p—A+ 1+ﬂ (p6+a)}

and
L(p+1) (p—a)

D) 2 g A - N
IP21@) = m gy ! { [(1+ﬁ)¢2,1—(p5+a)}||}

for 0 < A <1 and z € U. The result is sharp for the functions f(z) given by (5.5).
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Proof. Since

+1
0<), <0 <L
p,n p,n p_/\+1

and

> b [(1 +B)dy., — (0B + o&)} lapin| < p(p — ).
n=1

It follows that

— 1 (p— o)
—¢ ,n|ap n| < )
n;p T [0 503, — 08+ )]

and

1, (p—a)
-9 ,n|ap nl < :
2yl (1+8)8), = 08 +0)]

Thus, we obtain the required result.

6. Partial sums

11

Following the earlier works by Silverman [11] and Silvia [14] on partial sums for univalent functions,
we consider partial sums of functions in the class VM, ,, (A, @, 8) and obtain sharp lower bound for real

part of the ratio of f(z2) to f(2).

Theorem 6.1. Let f(z) € VM, (A «, B) of the form (1.1) and define the partial sums of f,(z) and

fm(2) by
fo(z) = 2P and fn(z) = 2P + Z Apin 2P (m € N).
n=1
Also, let
Zcp+n laptn] <1,
n=1
where
(14 8)6)., — B+ a)
i (p—a) '
Then
f(2) } 1
R _
{fm(z) = Cp+m+1,
and

fm(z) Cp+m+1
m{ﬂ@}21+%mﬂ'

Proof. For the coefficients c,4,41 defined by (6.2), it is easy to verify that
Cptnt1 > Cpn > 1,

and so
oo oo

m
Z |apn| + Cprms1 Z laptn| < Zcern lap4n| < 1.

n=1 n=m-+1 n=1

(6.1)
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91(2) = Cprm {fm(—(zz)) a (1 - CerinJrl)}

o0

Cptm+1l D Gpin2"
n=m-+1

Let

3

m
14+ > aprnz®
n=1

which is analytic in U and g4 (0) = 1. To prove (6.3), it suffices to prove that R {g1(2)} > 0, or equivalently
lg1(2) — 1] < |g1(2) + 1| since

R{w} > pifand only if |w—1—p| <|w+1—pl.

Thus
Cptm+1 D |Gptnl
gl(z) — 1‘ < n=m-+1 <1
z)+ 1|~ U x -
BT 29 S apinl = pmis S Japanl
n=1 n=m-+1
which readily the assertion (6.3) of Theorem 6.1. To show that
zp+m+1
f2) =+ , (6.5)
Cp+m-+1
gives sharp result, we note that for z = re',
m+1
f(z):1+ : —1- asz— 1.
Jm(2) Cpt+m+1 Cpt+m+1
Similary, let
fm(2) Cp4+m+1 }
z) = (I+cprm —
R = () { 2 - e
(1+ cprmt1) _Z Uptn2"
- 1- _n=ml . (6.6)
14+ > aprnz
n=1
Making use of (6.6), we have
(I+cprm+1) 2o |ap+nl
g2(z) — 1 ’ - n=m-+1 <1
z)+ 1|~ &, S =
92(2) 2—2 Zl lapin| — (Cprme1 —1) > . |apn|
n= n=m-+

which implies to the assertion (6.4) of Theorem 6.1. The bound in (6.4) is sharp for each m € N with
the extremal function f(z) given by (6.5). O

We can obtain the following theorem by using similar arguments to those in the proof of the Theorem
6.1.
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Theorem 6.2. Let f(z) € VN, (A, «, 3) of the form (1.1) and the partial sums of fp(z) and fn(2)
defined by (6.1). Also, let

oo
Z dptn |apin| <1,

n=1
where
Gy [(1+ BV — (0B + )]
dpyn = :
p(p—a)
Then £2) )
z
%{fm(z)} SR
and £2) p
z p+m—+1
" { fm(z)} = 1+ dptm+1 .

Remark 6.3. (i) For different choices of A\, p, 8 in the above results, we obtain some analogous results
for Aouf et al. [{], Owa [9], Silverman [11] and Silverman [12];

(ii) For p =1 in the above results, we will obtain new results fot the classes VM(\, a, ) and VN(X, «, 8)
mentioned in the introduction.

Conclusion

In our present investigation, we have introduced and studied the classes VM, ,(\, o, 8) and
VNpn (A, o, f) of multivalent functions with varying arguments of coefficients. We have successfully
obtained coefficients inequalities, distortion theorems and extreme points for functions in these classes.
Also, we have investigated several distortion inequalities involving fractional calculus. Finally, results on
partial sums have been considerd.
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