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ABSTRACT: Motivated by the work of Boulaaras and Haiour in [7], we provide a maximum norm analysis
of Schwarz alternating method for parabolic p(z)-Laplacian equation, where an optimal error analysis each
subdomain between the discrete Schwarz sequence and the continuous solution of the presented problem is
established
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1. Introduction
The problem: find u € L? (0, T, Whr) (Q)) N C2 (0,7, W-1#@ (Q)) solution of
Ju .
v —Apyu+au = f(u), in 3,
u=0inT, (1.1)

u(.,0) =wup, in Q,

where X is a set in R? x R defined as ¥ = Q x [0, T] with T"< +o00 , where 2 is a smooth bounded domain
of R? with boundary T, and 2 < p(z),q(z) € C*(Q) are function with

2<p = inf <pt:=sup < .
€N 2€Q
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Operator A, is called p(x)-Laplacian defined as:
Apyu = div(|Vul[P®~2Vy)
The constant « is assumed to be nonnegative satisfies

a >~ >0, (1.2)

> =

f is a regular function such that

fer? (O,T, 720 (Q)) nct (o, T, L@ (Q)) with —— 4+ —— — 1

p(z)  q(x)
In [7] Boulaaras and Haiour provided a maximum norm analysis of a finite element Schwarz alternating
method for a nonlinear parabolic partial differential equations on two overlapping subdomains with
nonmatching grids. They considered a domain which is the union of two overlapping subdomains where
each subdomain has its own independently generated grid. The two meshes being mutually independent
on the overlap region,where a triangle belonging to one triangulation does not necessarily belong to the
other one. Then according to Lipschitz assumption, they proved that for each subdomain an optimal
error has been estimated by applying uniform norm between the discrete Schwarz sequence and the exact
solution of a nonlinear parabolic partial differential equations. In this paper, the same approach can be
extended to other types as a linear parabolic partial differential equations see [2] and singularly perturbed
advection-diffusion equations (see [11]) using the overlapping domain decomposition method, where we
applied it in a full discrete (see [7], [5] and [9]).

In [7], the authors studied the overlapping domain decomposition method combined with a finite
element approximation for Laplace equation, where an overlapping Schwarz method on nonmatching
grids has been used on uniform norm of and they also proved the geometric convergence on every
subdomain.

Aforementioned, in this paper, we can extend the study to p(z)-Laplacian equation, where we apply
a maximum norm analysis of the finite element Schwarz alternating method of the presented problem
on two overlapping subdomains with nonmatching grids. and we are following up the same procedures
that have been mentioned above in [7] with respect to the stability analysis which has been given by
our previous work in [7], we establish on each subdomain, an optimal error analysis between the discrete
Schwarz sequence and the continuous solution of p(z)-Laplacian equation. In addition the geometric
convergence is proved.

2. Nonlinear parabolic equation with function independent with solution

In this section we consider the parabolic problem and transform it into elliptic system and give some
definitions and classical results related to nonlinear elliptic equations with the function f is a regular and
independent of the solution u .

We define the space
C™(Q) = {continuous function p(-) : @ — Ry such that 2 < p~ < pt < oo}
where

p~ = minp(z) and p* = max.
e zEQ

Let p(-) € CT(Q), we define the Lebesgue space with variable exponent

Pt = {u : 0 — R measurable : / ()P dx} .
Q
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endowed with Luxembourg norm :
fully =l =it {& > 0. [ 12 <1}
Q

The space (LPO)(Q), |[.|[,(.)) is a reflexive Banach space, uniformly convex and its dual space is isomorphic
o (LP(Q), [Ilg(x)) where
1

p@ a@

1
q(z)
and

W@ (Q) = {u € LPW)(Q), |Vu| € LPO(Q)},

with the norm
ull = [l p) + 1 Vullpa), ue WHPE(9Q).

We denote by W, 7™ () the closure of C3° in W) (Q).
2.1. The semi-discrete of parabolic equation

The problem (1.1) can be reformulated into the following continuous parabolic variational equation:
find u € L? (O, T, WP (Q)) solution of

(G0) +4 0 +atun = (7.0).
u=0in T, (2.1)
u(x,0) =up in Q,
where A (.,.) is the Nonlinear form defined as:
u,v € Wol’p(‘r) Q) : A(u,v) = / |VulP® =2V 4. Vo dr + a/ w.vde. (2.2)
Q Q

The goal of this discretization is transform the parabolic equation into system of the elliptic equations,
for this we apply the f-schema in the equation(2.1). Thus we have, for any 6 € [0,1] and k =1,..., N

(ub —uht, 'U)Q + (At) A (u?F,v) + o (u?,v) = (At) (f O, vh)Q , (2.3)
where
uF = ub + (1 - 0)uF L,
uF—1
By multiplying and dividing by 6 and by adding (m, v) to both parties of the equalities (2.3), we get
ﬁ v) +A (ue,k v) +a (ue,k v) = (foF 4+ wfk-1 . 2.4
ZAN A S ’ ’ CZANZ S

Then, the problem (2.4) can be reformulated into the following coercive discrete system of elliptic
quasi-variational inequalities

B (u",0) +a (uv) = (F*F un) g, v, u €V, (2.5)
where
B (u*,0) = o (upvn) +A (W,0), v eV,
(2.6)
_ N
H=%ar ~ 0T
and

POk — 0k 0k



4 S. OTMANI, S. BOULAARAS AND A. ALLAHEM

2.2. Nonlinear elliptic equation

We consider the elliptic problem :find u?* € WP (Q)

B (ue’k, v) + « (ue’k, v) = (Fe’k, v) ,
u* =0in T, (2.7)
u®* (2,0) = ug in Q,

Where B(u?*, v) is Nonlinear form defined as below, and (F%*, v) is linear form defined as (F%*, v) =

J FOFvdz,
Q;

Remark 2.1. As well F%F is a regular function, because f it is .

2.2.1. The space discretization. Let (2 be decomposed into triangles and 7, denotes the set of those
elements, where h > 0 is the mesh size. We assume that the family 7, is regular and quasi-uniform. We
consider the usual basis of affine functions ¢; i = {1,...,m (h)} defined by ¢, (M;) = §;; where M; is a
vertex of the considered triangulation. We introduce the following discrete spaces V}, of finite element

ve (22 (0. wy™™ @) ne (0,1,wy " ()
such that vy, |xk= P1, k € T,

Vi = 2.8
vp (.,0) = vpe in Q, (28)

vp=0inT,

We discretize in space, i.e., we approach the space WO1 p(@) by a space discretization of finite dimensional
Vi, C (L2 (O, T, Wol’p(w) (Q)) nc (O,T, Wol’p(x) (Q))) , we get the following discrete system of elliptic
equations

B (ui’k,vh) +« (ui’k,vh)g = (Fe’k,vh)ﬂ. (2.9)

Theorem 2.2. see ([2/] page 54) . Under suitable regularity of the solution of problem (1.1 ), there
ezists a constant C' independent of h such that

|un — u|| < Ch?|loghl. (2.10)

Lemma 2.3. Let w € H' (Q)NC () satisfies a (w,d) + A (w, $) > 0 or all nonnegative ¢ € H' () and

w >0 onT, thenw >0 on Q.

Proof. The proof is easy, and the similar to that use in [18] O

~ ~0,k ~
Notation 2.4. (F%F %), (Fevk,&e’k) be a pair of data and Ce’k = Q(F%*, o0k), ¢ = 8(F9’k,<p9’k)

the corresponding solutions to (2.5) .

Proposition 2.5. Under the previous notation and lemma 1, we have

Hgak _ Ce,kH <A HFG,k _ Ok (2.11)

Loo(Q)

Loo(Q)

Proof. First, putting

ik HFOk _ ﬁe,kH (2.12)

L)’

then
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FOk < ok o HFM- _ po.k

Loo($2)
< PO 4 a |[Fok - o
Loo()
< FOF 4 aubk,
So
0.k ~0,k 0.k 0.k 0.k
B((0)+a(l0) < B("F0) +a("F0) +a(uh,0)
<

= (F"F 4t g),
for all ¢ >0, ¢ € Wy "")(Q). On the other hand, we have

0,k =0,k
¢P+e¢—¢ =0onT.

So o
b+ —C ) >0.

By using the result of lemma 1, we get

~0,k ok _
¢ +¢0—-¢">00n0

Similarly, interchanging the roles of the couples (F*, %) and (F?* 3%*), we get

~0,k ok _
C +¢—C"">0o0n,

which completes the proof.

B (¢ +u9,k7¢) Ta (Ce,k +u9,k7¢)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

2.2.2. The discrete maximum principle assumption (DMP). We assume the matrices resulting
from the finite element discretization are M-matrix ([12] and [13]). For convenience in all the sequels, C

will be a generic constant independent on h. Then we have the following

Lemma 2.6. Let w € V}, satisfy b(w?* ¢,) > 0 for s = 1,2..m(h)and w?* >0 on T. Then w?* >0

on (£2).

Proof. The proof is similar to that use in lemma 1.

O

~ ~0,k ~
Notation 2.7. (F%* o%F). (FGJ",@G’IC) be a pair of data and Ci’k = O(FO%k 0k, ¢, = 8(F9’k,<p9’k)

the corresponding solutions to (2.5) .

Proposition 2.8. Let DMP hold, we have

0,k 0,k 0.k 0.k
k_ et <A HF k _ Fo.
Hch Sh HLoo(Q) -

Loo(£2)

Proof. The proof is similar to that of the continuous case.

(2.18)
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3. Nonlinear parabolic equation with nonlinear function

Consider the nonlinear elliptic problem :find u?* € VVO1 ’ (‘T)(Q)

% —Apyu+au = f(u), in 3,
u=0inT, (3.1)

u(.,0) =wug, in Q,

with ¥ defined as blow and the function f is is a nondecreasing nonlinearity, assuming that f(-) is a
Lipschitz continuous on R; that is

[f(x) = fy)| < Klz—y|  Vo,yeR (3-2)
such that )
3 < KA<1 (3.3)
Using the semi-discrete parabolic equation and variational formulation of (3.1) we find the following :find
ubk WOLP(JU)(Q)

{ B (u*,0) + o (u®*,v) = (FOF(us*),v) (3.4)

u* =0on T
in this case F?* is Nonlinear Lipschitz continuous on R, because f that is.
3.1. Schwarz alternating methods for parabolic equation

We decompose (2) in two overlapping smooth subdomain €7 and 5 such that =0 UQy, we
denote by 012; the boundary of §; and I'; = 0€2; N€2; and assume that the intersection of I'; and I';;i # j
is empty. Let

ve (22 (0. we™™ @) ne (0,1,wy " ()
‘/7; =
such that v =w; onI'y and v =0 on I'NT;.
We associate with problem (3.1) the following system: find (uf", u5*) € V'F x Vf** solution to

0,k
fB1(u§’k,v) +a(u?* v)q, = (F " v)a,,

(3.5)
N 0,k
32(ug7kvv) —|—O¢(u9’k,11)92 = (F av)ﬂw
where
u,v € Wol’p(z) (Q):B; (ue’k,v) = / |V k [P@ =270 7y da (3.6)
Q;
and
uf’k =uF/Qi=1,2
3.2. The Continuous Schwartz Sequences
Let ug be an initialization in Cy (ﬁ),i.e., continuous functions vanishing on 952 such that
B(ug,v) + a(ug,v) = (F*(ug),v). (3.7)

Starting from ug = wuo/€2 , we respectively define the alternating Schwarz sequences(u’f“)on 0

0,k,n
such that uf"" ™ e Vl(u2 ) solves of

By (ulP" 0) + a@ T R) = (FPF @SR ), (3.8)
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(0, uf® )

and (u2"" Hon Q, such that uf " e v, solves

Bo(uy ™" v) + a(uy ™ v) = (FPF gt v), (3.9)

Theorem 3.1. [7] The sequences (u}™'); (uf™"), n > 0 produced by the Schwarz alternating method
converge geometrically to a solution u of the elliptic obstacle problem. More precisely, there exist 61,02
€ (0,1) which depend on (Q1,T2) and (Q2,T'1) such that for all n > 0,

sup |up, — u** | < 6765 sup |up — up (3.10)
Q1 1Y

and
sup‘uh—uzn‘ <0765 1sup‘uh—uh‘ (3.11)
Qo

3.3. The discrete Schwartz sequences

As we have defined before, for i = 1,2, let 7/ be a standard regular and quasiuniform finite element
triangulation in €;; h; , being the mesh size. The two meshes being mutually independent Q1 N Qs , a
triangle belonging to one triangulation does not necessarily belong to the other and for every w € C (€;)
, we set

i ve (L2 (O,T, e (Q)) nc (0, T, W@ (Q)))
Vhl =
such that v =0onI'NTy; v =7y, (w) on Ty,

where 7, denote an interpolation operator on I'y;.
Now, we define the discrete counterparts of the continuous Schwarz sequences defined in (3.8) and

(3.9) .
0, k n+1

Indeed, let ugp be the discrete analog of wg, defined in (3.7), we respectively, define by u; €
0,k,n
Vh(l%” ) such that
By (u f}f’"“,v) + alu f}tk’"ﬂ, v) = (F**(ul; Oknt1) W), Yo € Vh(‘p); n>0 (3.12)
0.k,n+1
and ug" e Vh(;lh ) such that
Bo(uF" T 0) + a(ulF " v) = (FOR WP v), Yo € Vh(‘p); n > 0. (3.13)
4. Maximum norm analysis of asymptotic behavior
We begin by introducing two discrete auxiliary sequences and prove a fundamental lemma.
4.1. Two auxiliary Schwarz sequences
0.n
For w9, = u3, , we define the sequences wf;fo’”“ and wg;lnﬂ such that uf’hnﬂ € Vh(lu 2") solves
By (i v) + alwlio" v) = (PO ), v), ¥ € Vi in > 0, (4.1)
0.n+1
and wy;" ™ € VQ(: ) olves
Bo(wh" T v) + a(wh T v) = (FOF(uf ), v), Yo € Vh(f);n >0, (4.2)
respectively. It is then clear that w9 ot and we "1 are the finite element approximation of 4"+

and ug 20"+ Jefined in (4.1), (4.2), respectively. Then, as F%* (.) is continuous,

0,k 6,k,n+1
Gl

o0
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<A
o0
nonlinear parabolic problems with f independent of solution, we have

, (independent ¢ of n). Therefore, making use of standard maximum norm estimates for

0.k n+1
‘Ui7 7n+ H

[t = o oty S O logh (4.3)
where C' is a constant independent of both h and n.
Notation 4.1. From now on, we shall adopt the following notations: |.[y = [.|poory), |2 = [l poors),
Il = [l ooy » e = Il Loory), and we set wh, = mh, = .

4.2. Tterative discrete algorithm

We give our following discrete algorithm

0,k,n
— u.
0.knt1 _ Thufh Lol g 9 kantl o V( |

Uin (4.4)

7p’

where u)"" is the solution of the problem (3.4) and the first iteration v is solution of (3.7).

Lemma 4.2. under assumption (3), there exists a constant C' independent of both h and n such that

< Ch? |log h|

0,k,n+1 uO,k,n—i—l
i 1—p

‘ Uy ih

Proof. We know from standard error estimate on uniform norm for linear problem [24] that there exists
a constant C' independent of h such that

L i=1,2. (4.5)

0

[|u® - u(})LHL:(Q) < Ch*|logh|. (4.6)

Let us now prove (4.5) by induction. Indeed for n = 1, using the result of Proposition 1, we have in
0
0.kl 0kl
[y ™ i <

0,k,1 0.,k 1 0,k,1 0,k,1
— Uyp,’ [|u

—wy e+ wg =g

< Ch?|logh| + [[wfit —ufi

< Ch*|logh| + A|[FOF(uf™h) — POkl

< Ch|logh| + KX|uf™! —ufiF
Which give

[uf®t — w1t < Ch?|logh) (4.7)
Similar for Q5

[uf®t — ufF 1y < Ch?|log b (4.8)

Now, let assume that
™" = ufy " |1 < Oh*|log h|

and prove that,
a7 — ugi " < Ch?log bl

So, ”uﬁ,k,n-i-l f,hk,n+1||1 < Hu;},k,nﬂ 9,k,n+1”1 i || 9,k,n+1 uﬁhk,n+1”1
< CR?|logh| + [[wi;™ —ufi |y
< Ch2|logh| 4 A||[FO*udFnthy - pok(y, 0,k,n+1)”1
< Ch?|logh| 4+ KX|u*" T — f,hk,n+1”1
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Which give that,
uf ™™ — ufEm Y < Ch2[log bl (4.9)

Similar assume that
[ug®™ —uf k1, < Ch?|log bl

and prove that, A .
[uf ot — SR, < Oh?|log hl.

Putting an fundamental theorem in present paper,

Theorem 4.3. Let h = max (h1,ha). Then, for n large enough, there exists a constant C independent
of both h and n such that
|u

Proof. Let us give the proof for i = 1. The one for ¢ = 2 is similar and so will be omitted. Indeed, Let
0 = 6102, then making use of Theorem 2 and Lemma 3, we get

?,k,nJrl B u?},Lk,nJrlH < Ch?llogh|, Vi=1,2. (4.10)
1

R Py P
Ch? |log h|
< o7 g‘uo—u‘l—kil_p
2
< |u0— | + Ch |10gh|.
1 1—p
So, for n large enough, we have
62" < h? (4.11)
and thus
[t —afem ]| = on? 4 on? ogh
< Ch?|logh|,
which is the desired result. (]

4.3. Asymptotic behavior

This section is devoted to the proof of main result of the present paper, where we prove the theorem
of the asymptotic behavior in L*°-norm for parabolic variational inequalities, where we evaluate the
variation in L between uy, (T'), the discrete solution calculated at the moment 7' = pAt and u®°, the
asymptotic continuous solution of (3.4). We begin by introducing new two discrete auxiliary sequences
and prove a new fundamental lemma,

4.8.1. New two auziliary Schwarz sequences. For w3, = u$, , we define the sequences wl}f’"Jrl and
w§F ™ such that uf)" T e Vh(1 2") golves

By (whi T v) + a(wio™ T v) = (FOF @), v) e € Vi in > 0, (4.12)
and wy;" ™ € V2(h i) solves

By (w1 v) + a(wl" Y v) = (FOF @), 0), Yo € Vi in > 0, (4.13)
respectively. It is then clear that we ot and we ot are the finite discritisation of u™""" and

U 741 Jefined in (4.12), (4.13), respectlvely.
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Proposition 4.4. [3]/Under the previous hypotheses and notations, we have the following estimate of

convergence if 6 > 3

k
97]6,11 1 o0 1 o0
e o] () 7 ol o
. 1
if 0< t9<§, we have
0.k 2 g
2n+1 s}
o — 4.1
et =i < (srgmgarygy) 1 - ol (4.15)

where p (A) is the spectral radius of the elliptic operator.

Remark 4.5. the last proposition stay true in the case of the function f* independent with the solution
0,k
u?

So, for this case (the function F%* dependent of the solution u?*) we need the following lemma
1
Lemma 4.6. Under the assumption (3), we have the following estimate of convergence if 6 > 3
k
0,kn+1 [e's)
Jurmet =i < (gm) i = wnele (4.16)
. 1
if 0< 9<§, we have
9 k
0,k,2n+1 0o e
o — < — 4.17
|« o (2+9(1 29)p(A)) s = wolloe (4.17)
where p (A) is the spectral radius of the elliptic operator.
Proof. Using the proposition (1) and (3) , the assumption (3) which give that:
1
Case (1) if 6 > 5
R N e P
1 k
< [— %o _
< (1gm) o - ol
0,k,n e
FAFOE (wp ) = FOF(upe) | (4.18)

1+ 0At

[ee]

k
1 n
(rams) o =l KAt = i

! S I
T KA \1+0Az) Mn ~ Uholle

Case (2)if0<60<

N =



PARABOLIC p(z)-LAPLACIAN EQUATION

0,k2n+1

11

I e I it
2 e — unel
2+ 6(1—20)p(A) he = Thollo
N[ FOE (B2 — FOE(uge))|
) k (4.19)
< > _
= <2+9(1—29)p(A)> i = ol
A
< 1 2 -
u —Uu .
= 1-KX\2+60(1—-20)p(A) h = Tholloo
O

Theorem 4.7. According to the results of lemma 4 and theorem 3,there exist C independent of both h

and nsuch that )
case (1) if 0 > 5

Huf;fv”“ —uDOHDQ <C {hQ llog h| + ( ! )p] ,

and

1 P
g —uDOHDQ <C {hQ llog h| + ( ) ] ,

1
case (2) for 0 <0 < 3

Opntl oo < 2 2 :
ozt =] < [ ouni+ (55 |

and

Hug}f,nﬂ _ UOOHOO <C [hQ [log h| + <2+9(1 _229)p(A)>p} ;

where C' is a constant independent of h and k.

Proof. We have

Hu}@;pﬂwrl _ uooH < Hu%pﬁwrl _ “ZOH g — | -
o0 o0

Using the lemma 4 and theorem 3, we have for 6 >

1 p
[t - “OOHOO =0 [h2 loghf” + <1 +0At) } ’

1
and for 0 < 0 < 3 we have

0,p2n+1 oo 2 3 2 :
[ u Hmﬁc{" flog 1 *(2+6<1—29>p<m”

In the same proofing that (4.22) and (4.23) .

N =

(4.20)

(4.21)

(4.22)

(4.23)
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1 P
Remark 4.8. It can be seen in the previous estimates (4.20) up to (4.23), (—1+ﬁ0At> )

2460(1—260
the coercive and noncoercive problems is

2 p
< )p(A)) goes to 0 when p tend to infinity. Therefore, the estimation order for both

Huoo - uizv"“HLm(Ql) < Ch? [log h[®
and
Hum - ug;’"“HLw(QQ) < Ch? |log h|?.
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