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Differential Equations
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ABSTRACT: In this paper we consider the existence and uniqueness of positive solutions to the following
operator equation in an ordered Banach space E

Ti(z,x) + To(z,z) =z, x € P,
where P is a cone in . We study an application for fractional differential equations.

Key Words: Fractional differential equation, Mixed monotone operator, Boundary value problem,
Positive solution.

Contents
1 Introduction and preliminaries 1
2 Main results 2
3 Applications 7

1. Introduction and preliminaries

In [4] Liu and coauthors supposed the existence and uniqueness of positive solutions to the following
operator equation in ordered Banach spaces E,

Ty(z,z) + Ta(z,z) =2, x € P, (1.1)

where P is a cone in F, and 71,75 : P x P — P are two mixed monotone operators, which satisfy the
following conditions:
(i) for all ¢ € (0, 1), there exists ¥ (t) € (¢, 1], such that for all z,y € P,

Ty(t2, 19) 2 G012, 1).

(1) for all t € (0,1),z,y € P,

Ty(tx, %y) > tTs(z, y).

In 2013, Y. Sang [6,7] proved some results on a class of mixed monotone operators with perturbations.
In this paper, by applying results of Liu and Sang, we obtain some new results on the existence and
uniqueness of positive solutions for operator equation T (x, ) + To(x,x) = x, x € P. In the last section,
we study an application for fractional differential equations.

Suppose that (E,|| . ||) is a Banach space which is partially ordered by a cone P C E, that is, z < y if
and only if y — 2z € P. If x # y, then we denote = < y or = > y. We denote the zero element of F by 6.
Recall that a non-empty closed convex set P C E is a cone if it satisfies (i) z € P, A > 0= Az € P,
(ii) x € P, —x € P = x = 60. A cone P is called normal if there exists a constant N > 0 such that
0 < x <y implies || z [|[< N | y ||. Also we define the ordered interval [z1,22] = {x € Elz; <z < x5}
for all z1,29 € E. We say that an operator T': F — F is increasing whenever x < y implies Tx < Ty. T
is called a positive operator if T'(x) > 6 for any = > 6.
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2 H. ArsHARI AND L. KHOSHVAGHTI

Definition 1.1. [1,2] T: P x P — P is said to be a mixed monotone operator if T'(z,y) is increasing
in « and decreasing in y, i.e., u;,v; € P (i = 1,2),u1 < ug,v1 > v imply T'(u1,v1) < T'(ug,v2). The
element x € P is called a fixed point of T if T'(z,z) = «.

An element z* € D is called a fixed point of T if it satisfies T'(z*,2*) = x*. Let h > 0, write

P, ={x € E|3\, p> 0 such that \h < x < ph}.

Throughout this section, we work in the Banach space

C[0,1] = {« : [0,1] — R is continuous}
with the standard norm || x ||= sup{|z(¢)| : t € [0,1]}. Let
P={ze€C[0,1]: z(t) > 0,t € 0,1]},

then it is a normal cone in C[0,1] and the normality constant is 1. We know that this space can be
equipped with a partial order given by

x <y, =zy€C0,1]< () <y), te]|0,1].

Definition 1.2. [3,5] The Riemann-Liouville fractional derivative of order « for a continuous function
f is defined by

apn 1L d., [ f(s) _
D f(t)—m(a) /Omd& (n=la]+1)

where the right-hand side is pointwise defined on (0, o).

Definition 1.3. [3,5] Let [a,b] be an interval in R and v > 0. The Riemann-Liouville fractional order
integral of a function f € L'([a, b], R) is defined by

o _ 1 ! S
110~ 17 || o

whenever the integral exists.

2. Main results

Lemma 2.1. Let P be a normal cone in E. Assume that T : P x P — P is a mized monotone operator
and satisfies:

(A1): there exists h € P with h # 6 such that T'(h,h) € Pp;

(Ag): for any u,v € P and t € (a,b), there exists (t) € (0,1], 7(t) : (a,b) — (0,1) (7(t) is surjection),
with ¥(t) > 7(t) such that

T(r(t)u, %v) > W) T (u,v), Yu,v € P

Then
(z')T:Pthh—>Ph;
(i) there exist ug,vo € P, and r € (0,1) such that

rvg < ug < vy,  up < T(ug,vo) < T'(vo,uo) < vo;

(iii) T has a unique fized point x* in Pp;
(iv) for any initial values xg,yo € Pr, by constructing successively the sequences as follows

Tn :T(xnflvynfl)v Yn :T(ynflaxnfl)v n = 172a~~~

we have T, — =¥, y, — y*.
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Proof: Firstly, from condition (As) we get

1
T(—z,7(t)y) < T(x,y), Vte(0,1),z,y € P. (2.1)
7(t) (t)
For any u,v € P, there exist 7(¢1),7(t2) € (0,1) such that
1 1
T(t)h <u < h, 7(t2)h <v <

=) =

Let 7(t) = min{7(t1),7(¢t2)}. Then 7(¢) € (0,1). From (2.1) and the mixed monotone properties of
operator T, we have
1 1 1
— 7 (H)h) < —T(h, h),
() < S T

T (u,v) < T(T

T(u,v) 2 T(7(t1)h, h) z (t)T(h, h).

(1)

It follows from T'(h,h) € Pj, that T'(u,v) € Py. Hence we have T : P, x Py, — Pj,. Since T'(h,h) € P,
we can choose a sufficiently small number ¢y € (a,b) and function 7(¢g) € (0,1) such that

1

to)h <T(h,h) < h. 2.2
rltolh < T(h 1) < (2.2
Noting that 7(t9) < 9 (t9) < 1, we can take a positive integer k such that
to) \ 1 1
(w( )y > (2.3)

) 7 )
Put ug = (7(to))*h,vo = Wh. Evidently, ug,vo € P, and ug = (7(to))?*v9 < vg. Take, r €

(0, (7(t0))?*], then r € (0,1) and ug > rvo. By the mixed monotone properties of T, we have T'(ug, vg) <
T (vo, up). Further, combining condition (As) with (2.2) and (2.3) we have

o) = T ) (1)~ b s e

> (to)T((7(t0))" ' h,

T (uo, vo) = T((7(to))* P,

b
(7(to))* "

= 1(to)T((7(to))-(7(t0))*2h,

h)

1 1

(T(to)) ((to))*2
9 1
> P(to)(to)T(((to))*2h, Wh)

> ... 2 (W) T (h,h) = (¥(te)) 7 (to)h = (T(to))*h = uo.

h)

From (2.1) we get

T(un. o) = T (7(00) h) = T(s moseh, (r(t0) (1))
¢&ﬁT%ﬂt$klh<ﬂmﬂklm
= ST T () (ra0)) 21
¢(to)'w(tO)T((T(t01))k 7hs (7(t0))* 1)
<. < (w(tlo))kT(h’h) T S (T(tlo))kh:”()
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Thus we have ug < T'(ug, vg) < T'(vo, up) < vp.
Construct successively the sequences

Unp, :T(un—lavn—l)a Un :T('Un—laun—l)v n= 1725----

Evidently, u; < v;. By the mixed monotone properties of T', we obtain u, < v,,n = 1,2,.... It also
follows from the mixed monotone properties of T' that

w<u <...<u,<...<v,<...<v; <. (2.4)

Noting that ug > rvg, we can get u, = ug = rvg = rv,,n =1,2,.... Let
rn = sup{r > Olu, > rv,}, n=12 ...

Thus we have u,, > rv,,n = 1,2,.... and then u,41 > u, > 7,0, > TpUn+1,n = 1,2, .... Therefore,
Tnil > Tn,t.e., {rp} is increasing in (0,1]. Suppose r, — r* as n — oo, then r* = 1. Otherwise,
0 <7r* <1, by (A2) there exists z1 € (a,b) such that 7(z1) = r*. Consider the following two cases:
Cases i: There exists an integer N such that ry = r*. In this case, we have r, = r* and u,, > r*v,, for
all n > N hold. Hence

iun) =T (7(21)vn,

r*

> (21)T (v, un) = ¥(21)vpe1 1 > N.

Up)

Up+1 = T(Un7'Un) > T(T*Un;

1
7(21)

By the definition of r,,, we have 7,41 =7 > ¥(21) > 7(21) =r*, n > N, which is a contradiction.
Case ii: For all integers n, 7, < r*. Then we obtain 0 < 7 < 1. By (A3), there exist z, € (a,b) such
that 7(z,) = 7. Hence

-
Unt1 = T (U, vn) > T(rpvn, —uy) = T(T_ZT*U"’ r_n—r*u")

> T(1(zn)r vn, (z,ll)r* Un)
> ()Tt ) = V() ()0, —sttn) 2 D)) 0, 0)

> P(zn)Y(21)vn 41

By the definition of r,, we have 7,41 > ¥(2,)¥(21) > 7(2n)0(21) = 727(21). Let n — oo, we have

r* > (z1) > 7(21) = r* which is also a contradiction. Thus, lim,_ 7, = 1. For any natural number p
we have

0 S Un+p — Un S Un — Up S Un — TnUn = (1 - Tn)vn S (1 - T'n)U(),

0 S Un — Un+4p S Up — Un S Up — T'nUn S (1 - Tn)UO-
Since the cone P is normal, we have

| wntp — un [SN(L—7,)[[vo |0, (as n— o0),

| vn = vy < N(L= 1) [0 [0, (as n— o),

where N is the normality constant of P. So we can claim that {u,} and {v,} are cauchy sequences.
Because F is complete, there exist u*,v* such that u, — u*,v,, = v*as n — oco. By (2.4), we know
that u, <u* <v* <w, with u*,v* € P, and we have § < v* —u* <wv,, — u, < (1 —7,)vg. Further

lv* —u* |<K N1 =r) ||vo [|— 0, (as n— o0).
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Thus u* = v*. Let 2* := u* = v* and then we obtain
Un+1 = T(unvvn) < T(x*, x*) < T(Umun) = Un+1,

Let n — oo, we get o* = T'(z*,2*). That is, 2* is a fixed point of T"in P, . In the following, we prove that
x* is the unique fixed point of T"in Pj. In fact, suppose 7 is a fixed point of T in Pj. Since z*,% € Py,
there exist positive numbers /i, 5, A1, A2 > 0 such that

gh < 2* < A\h, ih <T < Ah.
Then we obtain

.
o, T3> mh="2 N0 B2
N N

Let e1 = sup{0 < e < l]ex* < 7 < e l2*}. Evidently, 0 < e; <1, eya* <7 < el_lx*. Ifo<e <1,

according to (Hj) there exists zg € (a,b) such that 7(z2) = e;. then

T =T(z,&) > T(erz*, ey 'a") = T(7(22)2", 7" (22)2%) > ¢(22) T (a*, %)
= P(z2)z".
and
T =T(z,z) <T(e]'a*, e1x*) = T(r7H(22)a™, 7(22)2™) < L T(z*, ")
¥(z2)
J— 1 *
C(z)
we have
P(ze)z* <z < ¢(12)x*.

Hence e; > 1¥(22) > 7(22) = e; which is a contradiction. Thus we have e; = 1 i.e. T = z*. Therefore,
T has a unique fixed point z* in P,. Note that [ug,v9] C Pp, then we know that z* is the unique
fixed point of T in [ug,vp]. Now we construct successively the sequences 2, = T(Zp—1,Yn—1),Yn =
T(Yn—1,Tn—1),n = 1,2, ..., for any initial points zg,yo € P. Since zg,yo € P, we can choose numbers
ea,e3 € (0,1) such that

exh < xp < ih, esh < yo < Lh,
€9 €3
From (Hy) there is z3 € (a,b) such that Let 7(z3) = e* = min{es,e3}. Then e* € (0,1) and e*h < xo
, Yo < 2h. We can choose a sufficiently large positive integer m such that (f((:‘)))m > T(i3)' Put
g = 7(23)h, 00 = ﬁh. It is easy to see that ug,v9 € P, and ug < xp , yo < 9. Constructing
successively the sequences

Tp = T(xnfla ynfl)a Yn = T(ynflyxnfl)vn = ]-7 2a ceey
=T

Up = T(“’?{—lv ’Un—l)a Un (Un7—17 u?’[—l)v n=12 ..,

By using the mixed monotone properties of operator T', we have u,, < =, , yn < Un,n = 1,2, ..., similarly,
it follows that there exists y* € P, such that T'(y*,y*) = y* lim, 00 4, = lim,, 00 ¥, = y*. By the
uniqueness of fixed points of operator T in Pp, we get z* = y*. Since cone P is normal, we have
lim,, o0 Uy, = lim,, o0 U, = x*. This completes the proof. [l
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Theorem 2.1. Let P be a normal cone in E, and Ty, Ty : P x P — P be two mixed monotone operators.
Assume that for all a < t < b, there exist two positive-valued functions 7(t), p(t, z,y) (with ¢(t,z,y) <1)
on an interval (a,b) such that;

(H11) 7: (a,b) = (0,1) is a surjection;

(H12) there exists a constant 6 > 0 such that Ty (x,y) > 0Ta(x,y) for all x € P;

(His) Ti(7(t)z, 75y) = ot 2, y)T1(2,y), To(7(t)z, 77y) > 7(H)Te(2,y) and

T(t) < (1 —p(t,z,y)0 + 1 for all t € (a,b), z,y € P;

(Hy4) there is h € P with h > 6 such that Ty (h, h) € Py, To(h,h) € Py

Then the operator equation Th(x,x) + To(z,x) = x has a unique solution x* in Py. Moreover, for any
initial values xg,yo € Pr, by constructing successively the sequence as follows

Ty = T1(Tn—1,Yn—1) + To(Tn-1,Yn—1)
yn:Tl(yn—laxn—l)+T2(yn—1axn—l); n:1527---a
we have xr, — x* and y, — x* in E as n — oo.
Proof: Firstly, from (Hi3) for any ¢ € (a,b) and z,y € P, we have
1 1

T (— < —T 2.
(g 09) € S Ta@) (2.5)
and
Tyl =, 7)) < —=To(,1) (2.6
— T — . .
2 T(t) ’ Yy 77'(t) 2\T, Y
Since Ty (h, h) € Py, Ta(h,h) € P, there exist constants a; > 0, b; > 0 (i = 1,2) such that
CLlh S Tl(h, h) S blh, (27)
agh S Tg(h, h) S bgh (28)

Next we show T : P, X P, — Pj,. For any x,y € Py, we can choose two sufficiently functions 7(¢1), 7(t2) :
(a,b) — (0,1) such that

h, T(t2)h <y < h. (2.9)

1
7(t2)
Let 7(t) = min{7(¢1), 7(t2)}, then 7(¢) : (a,b) — (0,1), by (2.5), (2.7) and (2.9), we have

Ti(@y) < Tl(%hﬁ(t)h) < mﬂ(h,h) < %

1
Ti(z,y) = Ti(r(t)h, %h) = p(t,z,y)T1(h, h) = ¢(t, z,y)arh.
Evidently m, o(t,z,y)a; > 0. thus Ti(x,y) € Pp; that is, Ty : Py, x P, — P,. Finally, we show
Ty : Py, x P, — Pp. for any =,y € Py, we can choose two sufficiently function 7(¢3),7(t4) : (a,b) — (0,1)
such that

h. (2.10)

Let 7(¢') = min{7(t3), 7(t4)}, then 7(¢') € (0,1), by (2.6), (2.8) and (2.10), we have

To(z,y) < To( h,T(t")h) <

1
7(t)
TQ(xa y) > TQ(T(t/)hv

1 , ,
T(tl) h) > T(t )TQ(h; h) > T(t )agh.
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Evidently, ﬁbgﬂ'(t’)ag > 0. Thus Ty(x,y) € Py, that is, Ty : P, x P, — Pj. Now we define the
operator T' =Ty +T5 : P, X P, — P, by

T(xvy) :Tl(xvy)+T2(xvy)a xayepl"w (211)

Then T : P, X P, — P, is a mixed monotone operator since Ti(h,h) € Py, Ta(h,h) € P, we get
T(h,h) = Ty(h,h) + Ta(h,h) € P,. In the following, we show that for any ¢ € (a,b), there exists
¥(t) € (0,1] such that for all z,y € P,

For any =,y € P, by (Hy2), we have
Ty (z,y) + 6Th (z,y) > 0Te(z,y) + 6T (x,y). (2.12)
It follows from (2.12) that

Ti(z,y) + To(z,y) _ T(z,y)
1+07" 1+67 "

Tl(xvy) >
By (Hi3), for all z,y € P, we have
T(r(t)a, 7 (t)y) — tT(z,y) =Ti(r(t)z, 7~ (t)y) + To(r(t)z, 7~ (t)y)
— t(Ty (, y) + Tx(z,y))
>p(t,z,y)T1(z,y) + 7(0) T2 (2, y)
=T (z,y) + T2(z,y))

(2.13)

2(p(t,z,y) — )Ti(z,y) + (7(t) — 1) Ta(2,y)
>(p(t, 2, y) = )T1(2,y) + (7(t) = )0~ T (x,y)
T(z,y) s-1Ly)
(et zy) — 1) = (r(t) =)o =
(p(t,2,y) =) + (r(t) = )6 )T, y)
- 1461t
It follows from up that for all z,y € P,
T (0,7 (1)) 2 ¢T(w,g) + EEENZDEEO 200 Dy
Let o(t) = (¢ + ELrn=tilrn=00 1)) _ @(t’x’l yl;_ﬁ(”‘sl, then ¥(t) € (0,1], 7(t) € (0,1),¢ € (a,b)
and
T(r(t)a, 7~ (t)y) = )T (2, y),
By Lemma 2.1 the conclusions of Theorem 2.1 holds. O

3. Applications

In this section, we apply the results in Section 2 to study nonlinear fractional differential equations
with two-point boundary conditions. We here consider the existence and uniqueness of positive solutions
for the following fractional boundary value problem (FBVP for short):

— Diru(w) = Fi(w,u(w)) + Fa(w,u(w)), w=7t),0<w<ln—1<a<n
w'(0)=0, 0<i<n-—2, (3.1)
(D, u(w)]w=r =0, 1<B<n-—2,

where Dy u(w) is the Riemann-Liouville fractional derivative of order or,n > 2,n € N.
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Theorem 3.1. Assume that Fi(w,z) = f1(w,z,z), F2(w,x) = f2(w,x,z) and satisfying the following conditions
Hi — Hy:

(H1) f1, f2:[0,1] x [0, +00) X [0, +00) — [0,+00) are continuous, and for all w € [0, 1], f2(w,0,1) # 0;

(H2) for fized w € [0,1], y € [0,+00), fi(w,z,y), fo(w,z,y) are increasing in x € [0,+00); for fired w € [0, 1]
and x € [0, +00), fi(w,z,y), fo(w,z,y) are decreasing in y € [0, +00);

(H3) for all X € (a,b), there exist T(\) € [0,1] (7(¢) : (a,b) — [0,1] is a surjection) such that for all w € [0, 1],
T,y € [07 +OO)! fl (w7 T()\)l‘, T_l(A)y) > Qp(tv T, y)fl (’LU, €T, y), f2 (’LU, T()\)l’, ! (A)y) > T()‘)fQ (w7 T, y);
(Ha) there exists a constant 6 > 0, such that for all w € [0,1], z,y € [0, +00), fi(w,z,y) > df2(w,z,y).

Then the problem (3.1) has a unique positive solution u* in Py, where h(t) = 7" (t),w = 7(t) € [0,1], and for
any uo,vo € Pn, by constructing successively the sequences as follows

Unt1(w / G(w, 8)[f1(8,vn(8),un(s)) + f2(s,vn(s),un(s))]ds, n=0,1,...

Unt1(w / G(w, 8)[fi(s,vn(s),un(s)) + f2(s,vn(s),un(s))]ds, n=0,1,..,

we have u,(w) = u*(w),w € [0,1] and vy (w) = w*(w),w € [0, 1] that is, {un(w)} and {v,(w)} both converges to
uw*(w) uniformly for all w € [0, 1].

Proof: The proof is similar with the proof of the Theorem 4.4 in [4]. O

Example 3.1. Consider the following two-point boundary value problem

o 1 Vu+1
— D% u(w) = 2w® + + + O<w<ln—1<a<n
o+ u(w) Ju Vari  Varl

w'(0)=0, 0<i<n-—2, (3.2)

(DY, u(w)]w=1 =0, 1<B<n-—2.

The above equations can be written in the form of problem with the functions fi, f2 : [0, 1] X [0, 400) X [0, +00) —
[0, +00) defined by

. 1
fl(wvxvy):wd+%+\3/ﬁv ’LU:T(t)E[O,l], 907?420
fz(w,x,y):w3+\/—vxi7 w=r(t)€0,1], y>0.

Yy

Now we show in the following that all the conditions of Theorem 3.1 are satisfied
1) Clearly, the functions fi, f2 : [0,1] X [0, 400) X [0, +00) — [0, +00) are continuous with fa(w,0,1) Z0
2) We observe that for fized w = 7(t) € [0,1] and y € [0,400), fi(w,z,y), f2(w,z,y) are increasing in
x € [0,400); for fized 7(t) € [0,1] and x € [0, 4+00), fi(w,z,y), f2(w,z,y) are decreasing in y € [0, 4+00);
3) For all X\ € (a,b),t € (a,b),7(A) €[0,1] and x > 0,y > 0, taking o(t,z,y) = 3/7(\), we have

fi(w, 7Nz, 77 (N)y w + TNz + m)
(w* + /7 VT
TV y+r<A>)
> TN (W + Yz + W)
= 3\/ T()‘)fl(wvmvy)

=tz y)fr(w, z,y).
For all X € (a,b),t € (a,b), 7(\) € 10,1] and x > 0,y > 0, we have

-1 — (® TNz +1 w? Nz +7(N)
fo(w, 7Nz, 7 (N)y) = ( +7_1(A)y+1)2( + T_l(/\)y+7_1()\))
(r2(\)Vz + 1 5 Vi
= (w® + ) > (T(Mw” +7(A
( (TT())\/_) (T(N) ()\/m)
=7\ f2(w, 2, y).
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4) Taking 6 =1, for all w =7(t) € [0,1] and = > 0,y > 0, we have
3, s 1
w,z,y) =w + /TN + —F——m—
3 TNz +1
TNy +1
= f2(w,z,y).

Thus we have proved that all the conditions of Theorem 3.1 are satisfied. Hence we deduce that (3.2) has one
and only one positive solution z* € Py, where h(t) = 7%~ *(t),7(t) € [0, 1].
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