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Elliptic Curve Over a Finite Ring Generated by 1 and an Idempotent Element e with
Coefficients in the Finite Field F3d

∗

A. Boulbot, A. Chillali and A. Mouhib

abstract: An elliptic curve over a ring R is a curve in the projective plane P
2(R) given by a specific equation

named the Weierstrass equation of the form f(X, Y,Z) = 0, where:

f(X, Y, Z) = Y 2Z + a1XY Z + a3Y Z2
−X3

− a2X
2Z − a4XZ2

− a6Z
3,

such that the coefficients a1, a2, a3, a4 and a6 are in the ring R and with an invertible discriminant in R. In
this paper, we consider an elliptic curve over a finite ring of characteristic 3 given by the Weierstrass equation:
Y 2Z = X3 + aX2Z + bZ3, such that the coefficients a and b are in the quotient ring R := F

3d
[X]/(X2

−X),
where d is a positive integer and F

3d
[X] is the polynomial ring with coefficients in the finite field F

3d
and such

that −a3b is invertible in R.
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1. Introduction

Let F3d be a finite field of characteristic 3 and order 3d where d is a positive integer and let
F3d [X ]

〈X2 −X〉
the quotient ring of the polynomial ring F3d [X ] by the ideal generated by

(
X2 −X

)
. This ring can be

identified to the finite ring F3d [e] where e2 = e. Over this ring, we consider the elliptic curve denoted
by Ea,b(F3d [e]) and given by all points [X : Y : Z] ∈ P

2 (F3d [e]) which verify the Weierstrass equation

Y 2Z = X3 + aX2Z + bZ3, where (a, b) ∈ (F3d [e])
2
such that −a3b is invertible in the ring F3d [e].

We started this work by studying the arithmetic of the ring F3d [e], e2 = e where we show a useful
formulae to compute the product law. By this efficient formulae we characterize the set of invertible
elements in the ring F3d [e], e2 = e and we show that the set of non invertible elements is the union of
the two distinct ideals 〈e〉 and 〈1− e〉 , which proves that F3d [e] is not a local ring.

In the third section, the study of the discriminant and the Weierstrass equation of the elliptic curve
Ea,b(F3d [e]), allows us to define two elliptic curves over the finite field F3d denoted by Eπ0(a),π0(b)(F3d)
and Eπ1(a),π1(b)(F3d), where π0 and π1 are two morphisms of rings defined by:

π0 : F3d [e] −→ F3d

x0 + x1e 7−→ x0
and

π1 : F3d [e] −→ F3d

x0 + x1e 7−→ x0 + x1
.
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The morphisms π0 and π1 gives a bijection between the elliptic curves Ea,b(F3d [e]) and Eπ0(a),π0(b)(F3d)×
Eπ1(a),π1(b)(F3d), which help us to define the group law of the elliptic curve Ea,b(F3d [e]).

In the forth section, we classify the points of the elliptic curve Ea,b(F3d [e]) on the fact that the third
projective coordinate of an element in Ea,b(F3d [e]) is invertible or not. This classification, help us in the
last section to give the explicit formulae of the group law of Ea,b(F3d [e]).

In the last section, we use the isomorphism between the elliptic curves Ea,b(F3d [e]) and
Eπ0(a),π0(b)(F3d) × Eπ1(a),π1(b)(F3d), the classification points in the elliptic curve Ea,b(F3d [e]) and the
explicit formulae of addition law for an elliptic curve given by W. Bosma and H. W. Lenstra in [1] to
give the explicit formulae of addition law for the elliptic curve Ea,b(F3d [e]).

2. Arithmetic over the ring F3d [e], e
2 = e

The ring F3d [e], e
2 = e where d is a positive integer can be constructed as an extension of the finite field

F3d by using the quotient ring of the polynomial ring F3d [X ] by the polynomial X2 −X . The arithmetic
operations in F3d [e] can be decomposed into operations in F3d and they are computed as follows:

X + Y = (x0 + y0) + (x1 + y1)e and X.Y = (x0y0) + (x0y1 + x1y0 + x1y1)e,

where X and Y are two elements in F3d [e] represented by X = x0+x1e and Y = y0+y1e with coefficients
x0, x1, y0 and y1 are in the field F3d . One can readily verify the following Lemmas:

Lemma 2.1. (F3d [e],+, .) is a finite unitary commutative ring.

Lemma 2.2. F3d [e] is a vector space over F3d of dimension 2 and {1, e} is its basis.

The next Lemma give an efficient formulae of the product law, which is very used in the next of this
work.

Lemma 2.3. Lets X = x0 +x1e and Y = y0+ y1e two elements in the ring F3d [e]. The product law X.Y

can be written as:

X.Y = (x0y0) + ((x0 + x1)(y0 + y1)− x0y0) e.

By the Lemma 2.3, we deduce immediately that:

Corollary 2.4. The X2 and X3 power of X = x0 + x1e are given by:

X2 = x2
0 +

(
(x0 + x1)

2 − x2
0

)
e and X3 = x3

0 + x3
1e.

Corollary 2.5. An element X = x0 + x1e is invertible in the ring F3d [e] if and only if x0 6≡ 0 mod 3
and x0 + x1 6≡ 0 mod 3. In this case we have:

X−1 = x−1
0 +

(
(x0 + x1)

−1 − x−1
0

)
e.

Proof. Let x0 + x1e ∈ F3d [e]. If x0 + x1e is invertible in F3d [e], then there exist y0 + y1e ∈ F3d [e] such
that:

(x0 + x1e) . (y0 + y1e) = x0y0 + ((x0 + x1) (y0 + y1)− x0y0) e = 1,

hence we have:

(x0 + x1e) . (y0 + y1e) = 1 ⇐⇒ x0y0 = 1 and (x0 + x1) (y0 + y1) = 1

=⇒

{

x0 6≡ 0 [3] and y0 = x−1
0

x0 + x1 6≡ 0 [3] and (y0 + y1) = (x0 + x1)
−1

=⇒

{

x0 6≡ 0 [3] and y0 = x−1
0

x0 + x1 6≡ 0 [3] and y1 = (x0 + x1)
−1 − x−1

0

.

Reciprocally, if x0 6≡ 0 mod 3 and x0 + x1 6≡ 0 mod 3, then from the Lemma 2.3, we have immediately
that:

(x0 + x1e) .
(
x−1
0 +

(
(x0 + x1)

−1 − x−1
0

)
e
)
= 1.

�
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Corollary 2.6. An element X = x0+x1e is not invertible in the ring F3d [e] if and only if x0 ≡ 0 mod 3
or x0 + x1 ≡ 0 mod 3.

Lemma 2.7. F3d [e] is a non local ring.

Proof. Using the Corollary 2.6, we show that the set of non invertible elements in the ring F3d [e] is the
union of the two distinct ideals 〈e〉 and 〈1− e〉, hence 〈e〉∪〈1− e〉 is not an ideal, which prove the lemma.
�

Remark 2.8. To give a relationship between the elliptic curve defined over the finite ring F3d [e] and the

same one defined over the finite field F3d , we use the two mappings π0 and π1 given in the introduction.

This mappings verify the following Lemmas:

Lemma 2.9. For all X ∈ F3d [e], we have:

X = π0(X) + (π1(X)− π0(X)) e, Xe = π1(X)e and X(1− e) = π0(X)(1 − e).

Proof. If X = x0 + x1e, then:

• π0(X) + (π1(X)− π0(X)) e = x0 + (x0 + x1 − x0) e = x0 + x1e = X.

• Xe = (x0 + x1e) e = x0e+ x1e = (x0 + x1) e = π1(X)e.

• X(1− e) = (x0 + x1e) (1− e) = x0 − x0e = x0 (1− e) = π0(X)(1− e).

�

Lemma 2.10. π0 and π1 are two surjective morphisms of rings.

Proof. From the Lemmas 2.3 and 2.9, we have:

X + Y = π0 (X) + π0 (Y ) + (π1 (X)− π0 (X) + π1 (Y )− π0 (Y )) e

and
X.Y = π0 (X)π0 (Y ) e+ (π1 (X)π1 (Y )− π0 (X)π0 (Y )) e,

hence:

• π0(X + Y ) = π0 (X) + π0 (Y ) and π0(X.Y ) = π0(X).π0(Y )

• π1(X + Y ) = π1(X) + π1(Y ) and π1(X.Y ) = π1(X).π1(Y )

• For all x ∈ F3d , we have x ∈ F3d [e] and π0(x) = π1(x) = x,

so π0 and π1 are two surjective morphisms of rings. �

3. Elliptic curve over the ring F3d [e], e
2 = e

In this section a and b are two elements of the ring F3d [e] fixed by a = a0 + a1e and b = b0 + b1e.
We denoted by ∆0 and ∆1 the images of the discriminant ∆ = −a3b by the π0 and π1 morphisms
respectively. The important result that we will show in this section is the bijection between the elliptic
curves Ea,b(F3d [e]) and Eπ0(a),π0(b)(F3d)× Eπ1(a),π1(b)(F3d). Firstly, we have the followings corollaries:

Corollary 3.1. The discriminant ∆ is invertible in the ring F3d [e] if and only if ∆0 and ∆1 are not zero

in the field F3d.

Proof. From the Lemma 2.9, we have ∆ = ∆0 + (∆1 −∆0)e and from the Corollary 2.5 we deduce the
result. �
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Corollary 3.2. If ∆ is invertible in the ring F3d [e], then the set of all points [x : y : z] in P
2(F3d) solution

of y2z = x3 + πi(a)x
2z + πi(b)z

3 where i ∈ {0, 1} is an elliptic curve over the finite field F3d, which is

denoted by Eπi(a),πi(b)(F3d) and we write:

Eπi(a),πi(b) (F3d) =
{
[x : y : z] ∈ P

2(F3d) | y
2z = x3 + πi(a)x

2z + πi(b)z
3
}
.

Proposition 3.3. Lets (X,Y, Z) ∈ (F3d [e])
3
, then:

[X : Y : Z] ∈ P
2 (F3d [e]) if and only if [πi(X) : πi(Y ) : πi(Z)] ∈ P

2 (F3d) for all i ∈ {0, 1} .

Proof. Suppose that [X : Y : Z] ∈ P
2 (F3d [e]), then there exist (U, V,W ) ∈ (F3d [e])

3
such that UX +

V Y +WZ = 1. Hence for all i ∈ {0, 1}, we have:

πi(U)πi(X) + πi(V )πi(Y ) + πi(W )πi(Z) = 1,

so (πi(X), πi(Y ), πi(Z)) 6= (0, 0, 0) , which implies that:

[πi(X) : πi(Y ) : πi(Z)] ∈ P
2 (F3d) for all i ∈ {0, 1} .

Reciprocally, suppose that [πi(X) : πi(Y ) : πi(Z)] ∈ P
2 (F3d) for all i ∈ {0, 1}. If π0(X) is not zero in the

field F3d , then we have two cases of π1(X):

(i) If π1(X) is not zero in the field F3d , then X is invertible in the ring F3d [e], hence [X : Y : Z] ∈
P
2 (F3d [e]).

(ii) If π1(X) ≡ 0 mod 3, then [π1(X) : π1(Y ) : π1(Z)] ∈ P
2 (F3d) implies that π1(Y ) 6≡ 0 mod 3 or

π1(Z) 6≡ 0 mod 3.

(a) If π1(Y ) 6≡ 0 mod 3, then π0(X)+(π1(Y )− π0(X)) e = X+eY is invertible in F3d [e], so there
exist U ∈ F3d [e] such that UX + eUY = 1, hence [X : Y : Z] ∈ P

2 (F3d [e]).

(b) If π1(Z) 6≡ 0 mod 3, then similarly X + eZ is invertible in F3d [e], hence [X : Y : Z] ∈
P
2 (F3d [e]).

In the other cases, if π0(Y ) 6≡ 0 mod 3 or π0(Z) 6≡ 0 mod 3, we follow the same proof. �

Proposition 3.4. Lets (X,Y, Z) ∈ (F3d [e])
3
, then Y 2Z = X3+aX2Z+bZ3 if and only if π2

i (Y )πi(Z) =
π3
i (X) + πi(a)π

2
i (X)πi(Z) + πi(b)π

3
i (Z) for all i ∈ {0, 1} .

Proof. By the Lemma 2.9, we have that:

Y 2Z = π0(Y
2Z) +

(
π1(Y

2Z)− π0(Y
2Z)

)
e, and

X3 + aX2Z + bZ3 = π0

(
X3 + aX2Z + bZ3

)

+
(
π1

(
X3 + aX2Z + bZ3

)
− π0

(
X3 + aX2Z + bZ3

))
e.

As {1, e} is a basis of the F3d vector space F3d [e], then:

Y 2Z = X3 + aX2Z + bZ3

if and only if
π0(Y

2Z) = π0

(
X3 + aX2Z + bZ3

)

and
π1(Y

2Z) = π1

(
X3 + aX2Z + bZ3

)
.

The result is deduced by using that π0 and π1 are two morphisms of rings. �

From the Corollary 3.1, the Proposition 3.3 and the Proposition 3.4, we deduce the theorem:
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Theorem 3.5. Lets (X,Y, Z) ∈ (F3d [e])
3
, then:

[X : Y : Z] ∈ Ea,b (F3d [e]) if and only if [πi(X) : πi(Y ) : πi(Z)] ∈ Eπi(a),πi(b) (F3d) for all i ∈ {0, 1} .

Corollary 3.6. Let i ∈ {0, 1}. The correspondence
∼
πi given by:

Ea,b(F3d [e])
∼

πi−→ Eπi(a),πi(b)(F3d)
[X : Y : Z] 7−→ [πi(X) : πi(Y ) : πi(Z)]

is a mapping.

Proof. From the previous theorem, it is clear that
∼
πi is a correspondence.

Lets [X : Y : Z] and [X ′ : Y ′ : Z ′] two points in the elliptic curve Ea,b(F3d [e]) such that [X : Y :
Z] = [X ′ : Y ′ : Z ′], then there exist an invertible element U ∈ F3d [e] such that X ′ = UX , Y ′ = UY and
Z ′ = UZ, hence:

∼
πi ([X

′ : Y ′ : Z ′]) = [πi(X
′) : πi(Y

′) : πi(Z
′)]

= [πi(U)πi(X) : πi(U)πi(Y ) : πi(U)πi(Z)]
︸ ︷︷ ︸

πi(U)∈F
∗

3d

= [πi(X) : πi(Y ) : πi(Z)] =
∼
πi ([X : Y : Z]) ,

so
∼
πi is well defined. �

Corollary 3.7.
∼
π0 is a surjective mapping.

Proof. For all [x : y : z] ∈ Eπ0(a),π0(b)(F3d), we have:

[x : y : z] =
∼
π0 ([x− xe : y + (1− y) e : z − ze]) .

�

Corollary 3.8.
∼
π1 is a surjective mapping.

Proof. For all [x : y : z] ∈ Eπ1(a),π1(b)(F3d), we have:

[x : y : z] =
∼
π1 ([xe : 1 + (y − 1) e : ze]) .

�

Theorem 3.9. The
∼
π mapping defined by:

Ea,b(F3d [e])
∼

π
−→ Eπ0(a),π0(b)(F3d)× Eπ1(a),π1(b)(F3d)

[X : Y : Z] 7−→ ([π0(X) : π0(Y ) : π0(Z)], [π1(X) : π1(Y ) : π1(Z)])

is a bijection and its inverse is given by:

∼
π
−1

([x0 : y0 : z0], [x1 : y1 : z1]) = [x0 + (x1 − x0)e : y0 + (y1 − y0)e : z0 + (z1 − z0)e].

Proof. We show to prove that
∼
π is well defined, surjective and injective.

(a) As
∼
π ([X : Y : Z]) =

(
∼
π0 ([X : Y : Z]) ,

∼
π1 ([X : Y : Z])

)

and
∼
π0 and

∼
π1 are well defined, then

∼
π is

well defined.

(b) Let ([x0 : y0 : z0], [x1 : y1 : z1]) ∈ Eπ0(a),π0(b)(F3d) × Eπ1(a),π1(b)(F3d), then [x0 + (x1 − x0) e : y0 +

(y1 − y0) e : z0 + (z1 − z0) e] ∈ Ea,b (F3d [e]) is an antecedent of ([x0 : y0 : z0], [x1 : y1 : z1]) , hence
∼
π

is a surjective mapping.
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(c) Lets [x0+x1e : y0+y1e : z0+z1e] and [x′
0+x′

1e : y
′
0+y′1e : z

′
0+z′1e] be two elements of Ea,b(F3d [e])

such that:

∼
π ([x0 + x1e : y0 + y1e : z0 + z1e]) =

∼
π ([x′

0 + x′
1e : y

′
0 + y′1e : z

′
0 + z′1e]) ,

then:
[x0 : y0 : z0] = [x′

0 : y′0 : z′0]

and
[x0 + x1 : y0 + y1 : z0 + z1] = [x′

0 + x′
1 : y′0 + y′1 : z′0 + z′1],

so there exists a non zero elements (α, β) ∈ (F3d)
2
such that:

(i) x′
0 = αx0, y

′
0 = αy0 and z′0 = αz0

(ii) x′
0 + x′

1 = β (x0 + x1) , y
′
0 + y′1 = β (y0 + y1) and z′0 + z′1 = β (z0 + z1)

hence: x′
1 = (β − α)x0 + βx1, y

′
1 = (β − α) y0 + βy1 and z′1 = (β − α) z0 + βz1, so we deduce that:







x′
0 + x′

1e = αx0 + ((β − α)x0 + βx1) e = (α+ (β − α) e) (x0 + x1e)
y′0 + y′1e = αy0 + ((β − α) y0 + βy1) e = (α+ (β − α) e) (y0 + y1e)
z′0 + z′1e = αz0 + ((β − α) z0 + βz1) e = (α+ (β − α) e) (z0 + z1e)

.

As α+ (β − α) e is invertible in the ring F3d [e], then:

[x0 + x1e : y0 + y1e : z0 + z1e] = [x′
0 + x′

1e : y
′
0 + y′1e : z

′
0 + z′1e],

which show that
∼
π is an injective mapping.

For the proof of the
∼
π
−1

formulae, we can show easily that:

∼
π ◦

∼
π
−1

= idEπ0(a),π0(b)(F3d
)×Eπ1(a),π1(b)(F3d

) and
∼
π
−1

◦
∼
π= idEa,b(F3d

[e]).

�

Corollary 3.10. The cardinal of the elliptic curve Ea,b(F3d [e]) is equal to the cardinal of

Eπ0(a),π0(b)(F3d)× Eπ1(a),π1(b)(F3d).

Corollary 3.11. Lets P and Q two points in the elliptic curve Ea,b(F3d [e]), then:

P = Q ⇐⇒
∼
π (P ) =

∼
π (Q) ⇐⇒

∼
π0 (P ) =

∼
π0 (Q) and

∼
π1 (P ) =

∼
π1 (Q) .

4. Classification of elements of the elliptic curve Ea,b(F3d [e])

We classify the elements of the elliptic curve Ea,b(F3d [e]) into two types, depending on whether the
third projective coordinate Z is invertible or not. The result is in the following theorem.

Theorem 4.1. Every point of the elliptic curve Ea,b(F3d [e]) has one of the forms:

1. [X : Y : 1], where X,Y ∈ F3d [e].

2. [xe : 1 : ze], where x, z ∈ F3d .

3. [xe : 1− e : ze], where (x, z) ∈ F3d × F
∗
3d .

4. [x− xe : 1 : z − ze], where x, z ∈ F3d .

5. [x− xe : e : z − ze], where (x, z) ∈ F3d × F
∗
3d .

Proof. Lets X = x0 + x1e, Y = y0 + y1e and Z = z0 + z1e such that [X : Y : Z] is in the elliptic curve
Ea,b(F3d [e]). We have three cases of the third projective coordinate Z:



Elliptic Curve Over a Finite Ring Generated by 1 and e where e2 = e 7

(i) if Z is invertible, then [X : Y : Z] ∼ [X : Y : 1].

(ii) if Z = ze, then
∼
π0 ([X : Y : Z]) = [x0 : y0 : 0] implies that x0 ≡ 0 mod 3 and y0 6≡ 0 mod 3, hence

[X : Y : Z] = [xe : 1 + ye : ze] and there are two sub-cases of y ∈ F3d :

(a) if y + 1 6≡ 0 mod 3, then 1 + ye is invertible in F3d [e], hence:

[X : Y : Z] ∼ [xe : 1 : ze] where x, z ∈ F3d .

(b) if y + 1 ≡ 0 mod 3, then 1− e is not invertible in F3d [e], hence:

[X : Y : Z] = [xe : 1− e : ze] where (x, z) ∈ F3d × F3d .

Or
∼
π1 ([xe : 1− e : ze]) = [x : 0 : z] ∈ Eπ1(a),π1(b)(F3d), then necessary z 6≡ 0 mod 3.

(iii) if Z = z − ze, then
∼
π1 ([X : Y : Z]) = [x0 + x1 : y0 + y1 : 0] implies that x0 + x1 ≡ 0 mod 3 and

y0 + y1 6≡ 0 mod 3, hence:

[X : Y : Z] = [x− xe : y0 + y1e : z − ze],

and there are two sub-cases of y0 ∈ F3d :

(a) if y0 6≡ 0 mod 3, then y0 + y1e is invertible in the ring F3d [e], hence:

[X : Y : Z] ∼ [x− xe : 1 : z − ze] where x, z ∈ F3d .

(b) if y0 ≡ 0 mod 3, then Y = ye where y 6≡ 0 mod 3, hence:

[X : Y : Z] = [x− xe : e : z − ze] where (x, z) ∈ F3d × F3d .

Or
∼
π0 ([x− xe : e : z − ze]) = [x : 0 : z] ∈ Eπ0(a),π0(b)(F3d), then necessary z 6≡ 0 mod 3.

�

5. The group law of the elliptic curve Ea,b(F3d [e])

The explicit formulae of the group law for an elliptic curve over is given by W. Bosma and H. W.
Lenstra in [1]. The following theorem can be proved by using these explicit formulae.

Theorem 5.1. The set Eπi(a),πi(b)(F3d) is an abelian group, which is written additively, and which has

[0 : 1 : 0] as its zero element, and for all P = [x1 : y1 : z1] and Q = [x2 : y2 : z2] in Eπi(a),πi(b)(F3d) we

have P +Q = [x3 : y3 : z3] , where:

(i) if P = Q, then:

x3 =(2πi(a)x1x2 + y1y2) (x1y2 + x2y1) + 2πi(ab)z1z2 (y1z2 + y2z1) ,

y3 =y21y
2
2 + 2π2

i (a)x
2
1x

2
2 + π2

i (a)πi(b)z1z2 (x1z2 + x2z1) ,

z3 =(πi(a)x1x2 + y1y2) (y1z2 + y2z1) + πi(a) (x1y2 + x2y1) (x1z2 + x2z1) .

(ii) if P 6= Q, then:

x3 =(2πi(a)x1x2 + y1y2) (x1z2 + 2x2z1) + (x1y2 + 2x2y1) (y1z2 + y2z1) ,

y3 =y1y2 (2y1z2 + y2z1) + πi(a) (x1y2 + x2y1) (2x1z2 + x2z1) ,

z3 =2y21z
2
2 + y22z

2
1 + πi(a)x

2
1z

2
2 + 2πi(a)x

2
2z

2
1 .
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Remark 5.2. As
∼
π is a bijection mapping between the two sets Ea,b(F3d [e]) and Eπ0(a),π0(b)(F3d) ×

Eπ1(a),π1(b)(F3d), then for all points P and Q in Ea,b(F3d [e]), we define the additive law P + Q in

Ea,b(F3d [e]) by P +Q =
∼
π
−1

(
∼
π (P )+

∼
π (Q)

)

. The following corollaries can be proved immediately:

Corollary 5.3. The set (Ea,b(F3d [e]),+) is a commutative group, which has [0 : 1 : 0] as its zero element.

Corollary 5.4. The
∼
π mapping is an isomorphism of groups.

Remark 5.5. By using the Theorem 5.1, the Theorem 4.1 and the Theorem 3.9, we give the explicit

formulae of the additive law of the elliptic curve Ea,b(F3d [e]). All the results are in the following lemmas:

Lemma 5.6. We have:

[xe : 1 : ze] + [x′e : 1 : z′e] = [x3e : 1 + (y3 − 1) e : z3e],

where:

(i) If x′ ≡ x mod 3 and z′ ≡ z mod 3, then:

x3 =2x+ π1(a)
(
x3 + π1(b)z

3
)
,

y3 =1 + 2π2
1(a)x

(
x3 + π1(b)z

3
)
,

z3 =2z.

(ii) If x′ 6≡ x mod 3 or z′ 6≡ z mod 3, then:

x3 =(2π1(a)xx
′ + 1) (xz′ + 2x′z) + (x+ 2x′) (z′ + z) ,

y3 =2 (z′ + 2z) + 2π1(a) (x+ x′) (xz′ + 2x′z) ,

z3 =2z′2 + z2 + π1(a)
(
x2z′2 + 2x′2z2

)
.

Proof. In this case we have:
∼
π ([xe : 1 : ze]) = ([0 : 1 : 0], [x : 1 : z])

and
∼
π ([x′e : 1 : z′e]) = ([0 : 1 : 0], [x′ : 1 : z′]) ,

hence:

[xe : 1 : ze] + [x′e : 1 : z′e] =
∼
π
−1

([0 : 1 : 0], [x3 : y3 : z3]) = [x3e : 1 + (y3 − 1) e : z3e],

where: [x3 : y3 : z3] = [x : 1 : z] + [x′ : 1 : z′].

(i) If x′ ≡ x mod 3 and z′ ≡ z mod 3, then [x′ : 1 : z′] = [x : 1 : z], so:

x3 =2x+ π1(a)
(
x3 + π1(b)z

3
)
,

y3 =1 + 2π2
1(a)x

(
x3 + π1(b)z

3
)
,

z3 =2z.

(ii) If x′ 6≡ x mod 3 or z′ 6≡ z mod 3, then [x′ : 1 : z′] 6= [x : 1 : z], so:

x3 =(2π1(a)xx
′ + 1) (xz′ + 2x′z) + (x+ 2x′) (z′ + z) ,

y3 =2 (z′ + 2z) + 2π1(a) (x+ x′) (xz′ + 2x′z) ,

z3 =2z′2 + z2 + π1(a)
(
x2z′2 + 2x′2z2

)
.

�
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Lemma 5.7. We have:

[xe : 1 : ze] + [x′e : 1− e : z′e] = [x3e : 1 + (y3 − 1) e : z3e],

where:

x3 =2π1(a)xx
′ (x+ 2x′z) + 2x′,

y3 =2π1(a)x
′ (x+ 2x′z) ,

z3 =2 + π1(a)
(
x2 + 2x′2z2

)
.

Proof. In this case we have:

[xe : 1 : ze] + [x′e : 1− e : z′e] =
∼
π
−1

([0 : 1 : 0], [x3 : y3 : z3])

= [x3e : 1 + (y3 − 1) e : z3e],

where:
[x3 : y3 : z3] = [x : 1 : z] + [x′ : 0 : z′] = [x : 1 : z] + [x′ : 0 : 1]

is given by:

x3 =2π1(a)xx
′ (x+ 2x′z) + 2x′,

y3 =2π1(a)x
′ (x+ 2x′z) ,

z3 =2 + π1(a)
(
x2 + 2x′2z2

)
.

�

Lemma 5.8. We have:

[xe : 1 : ze] + [x′ − x′e : 1 : z′ − z′e] = [x′ + (x− x′) e : 1 : z′ + (z − z′) e].

Proof. In this case we have:

∼
π ([xe : 1 : ze])+

∼
π ([x′ − x′e : 1 : z′ − z′e]) = ([x′ : 1 : z′], [x : 1 : z]) ,

hence:

[xe : 1 : ze] + [x′ − x′e : 1 : z′ − z′e] =
∼
π
−1

([x′ : 1 : z′], [x : 1 : z])

= [x′ + (x− x′) e : 1 : z′ + (z − z′) e].

�

Lemma 5.9. We have:

[xe : 1 : ze] + [x′ − x′e : e : z′ − z′e] = [x′ + (x− x′) e : e : z′ + (z − z′) e].

Proof. In this case we have:

∼
π ([xe : 1 : ze])+

∼
π ([x′ − x′e : e : z′ − z′e]) = ([x′ : 0 : z′], [x : 1 : z]) ,

hence:

[xe : 1 : ze] + [x′ − x′e : e : z′ − z′e] =
∼
π
−1

([x′ : 0 : z′], [x : 1 : z])

= [x′ + (x− x′) e : e : z′ + (z − z′) e].

�
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Lemma 5.10. We have:

[xe : 1 : ze] + [X : Y : 1] = [π0(X) + (x3 − π0(X)) e :

π0(Y ) + (y3 − π0(Y )) e : 1 + (z3 − 1) e],

where:

(i) If z is not zero in F3d, π1(Y ) = z−1 and π1(X) = z−1x, then:

x3 =2x+ π1(a)
(
x3 + π1(b)z

3
)
,

y3 =1 + 2π2
1(a)x

(
x3 + π1(b)z

3
)
,

z3 =2z.

(ii) If z ≡ 0 mod 3 or π1(Y ) 6= z−1 or π1(X) 6= z−1x, then:

x3 =(2π1(a)xπ1(X) + π1(Y )) (x+ 2π1(X)z)

+ (xπ1(Y ) + 2π1(X)) (1 + π1(Y )z) ,

y3 =2π1(Y ) (1 + 2π1(Y )z) + 2π1(a) (xπ1(Y ) + π1(X)) (x+ 2π1(X)z) ,

z3 =2 + π2
1(Y )z2 + π1(a)

(
x2 + 2π2

1(X)z2
)
.

Proof. As
∼
π0 ([xe : 1 : ze]) = [0 : 1 : 0], then:

∼

π ([xe : 1 : ze])+
∼

π ([X : Y : 1]) =
(

∼

π0 ([X : Y : 1]) ,
∼

π1 ([xe : 1 : ze]) +
∼

π1 ([X : Y : 1])
)

,

hence:

[xe : 1 : ze] + [X : Y : 1] =
∼
π
−1

([π0(X) : π0(Y ) : 1], [x3 : y3 : z3])

= [π0(X) + (x3 − π0(X)) e :

π0(Y ) + (y3 − π0(Y )) e : 1 + (z3 − 1) e],

where:
[x3 : y3 : z3] =

∼
π1 ([xe : 1 : ze])+

∼
π1 ([X : Y : 1]) = [x : 1 : z] + [π1(X) : π1(Y ) : 1].

(i) If z 6≡ 0 mod 3, π1(Y ) = z−1 and π1(X) = z−1x, then:

[π1(X) : π1(Y ) : 1] = [z−1x : z−1 : 1] = [x : 1 : z],

hence:

x3 =2x+ π1(a)
(
x3 + π1(b)z

3
)
,

y3 =1 + 2π2
1(a)x

(
x3 + π1(b)z

3
)
,

z3 =2z.

(ii) If z ≡ 0 mod 3 or π1(Y ) 6= z−1 or π1(X) 6= z−1x, then:

[π1(X) : π1(Y ) : 1] 6= [x : 1 : z],

hence:

x3 =(2π1(a)xπ1(X) + π1(Y )) (x+ 2π1(X)z)

+ (xπ1(Y ) + 2π1(X)) (1 + π1(Y )z) ,

y3 =2π1(Y ) (1 + 2π1(Y )z) + 2π1(a) (xπ1(Y ) + π1(X)) (x+ 2π1(X)z) ,

z3 =2 + π2
1(Y )z2 + π1(a)

(
x2 + 2π2

1(X)z2
)
.
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�

Lemma 5.11. We have:

[x− xe : 1 : z − ze] + [x′ − x′e : 1 : z′ − z′e] = [x3 − x3e : y3 + (1− y3) e : z3 − z3e],

where:

(i) If x′ ≡ x mod 3 and z′ ≡ z mod 3, then:

x3 =2x+ π0(a)
(
x3 + π0(b)z

3
)
,

y3 =1 + 2π2
0(a)x

(
x3 + π0(b)z

3
)
,

z3 =2z.

(ii) If x′ 6≡ x mod 3 or z′ 6≡ z mod 3, then:

x3 =(2π0(a)xx
′ + 1) (xz′ + 2x′z) + (x+ 2x′) (z′ + z) ,

y3 =2 (z′ + 2z) + 2π0(a) (x+ x′) (xz′ + 2x′z) ,

z3 =2z′2 + z2 + π0(a)
(
x2z′2 + 2x′2z2

)
.

Proof. As
∼
π1 ([x− xe : 1 : z − ze]) =

∼
π1 ([x′ − x′e : 1 : z′ − z′e]) = [0 : 1 : 0], then:

[x− xe : 1 : z − ze] + [x′ − x′e : 1 : z′ − z′e]

=
∼
π
−1

([x3 : y3 : z3], [0 : 1 : 0])

= [x3 − x3e : y3 + (1− y3) e : z3 − z3e],

where:

[x3 : y3 : z3] =
∼
π0 ([x− xe : 1 : z − ze])+

∼
π0 ([x′ − x′e : 1 : z′ − z′e])

= [x : 1 : z] + [x′ : 1 : z′].

(i) If x′ ≡ x mod 3 and z′ ≡ z mod 3, then [x′ : 1 : z′] = [x : 1 : z], hence:

x3 =2x+ π0(a)
(
x3 + π0(b)z

3
)
,

y3 =1 + 2π2
0(a)x

(
x3 + π0(b)z

3
)
,

z3 =2z.

(ii) If x′ 6≡ x mod 3 or z′ 6≡ z mod 3, then [x′ : 1 : z′] 6= [x : 1 : z], hence:

x3 =(2π0(a)xx
′ + 1) (xz′ + 2x′z) + (x+ 2x′) (z′ + z) ,

y3 =2 (z′ + 2z) + 2π0(a) (x+ x′) (xz′ + 2x′z) ,

z3 =2z′2 + z2 + π0(a)
(
x2z′2 + 2x′2z2

)
.

�

Lemma 5.12. We have:

[x− xe : 1 : z − ze] + [x′e : 1− e : z′e] = [x+ (x′ − x) e : 1− e : z + (z′ − z) e].
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Proof. In this case we have:

∼
π ([x− xe : 1 : z − ze])+

∼
π ([x′e : 1− e : z′e]) = ([x : 1 : z], [x′ : 0 : z′]) ,

hence:

[x− xe : 1 : z − ze] + [x′e : 1− e : z′e] =
∼
π
−1

([x : 1 : z], [x′ : 0 : z′])

= [x+ (x′ − x) e : 1− e : z + (z′ − z) e].

�

Lemma 5.13. We have:

[x− xe : 1 : z − ze] + [x′ − x′e : e : z′ − z′e] = [x3 − x3e : y3 + (1− y3) e : z3 − z3e],

where:

x3 =2π0(a)xx
′ (x+ 2x′z) + 2x′,

y3 =2π0(a)x
′ (x+ 2x′z) ,

z3 =2 + π0(a)
(
x2 + 2x′2z2

)
.

Proof. In this case we have:

[x− xe : 1 : z − ze] + [x′ − x′e : e : z′ − z′e] =
∼
π
−1

([x3 : y3 : z3], [0 : 1 : 0])

=[x3 − x3e : y3 + (1− y3) e : z3 − z3e],

where:

[x3 : y3 : z3] =
∼
π0 ([x− xe : 1 : z − ze])+

∼
π0 ([x′ − x′e : e : z′ − z′e])

= [x : 1 : z] + [x′ : 0 : z′] = [x : 1 : z] + [x′ : 0 : 1],

hence:

x3 =2π0(a)xx
′ (x+ 2x′z) + 2x′,

y3 =2π0(a)x
′ (x+ 2x′z) ,

z3 =2 + π0(a)
(
x2 + 2x′2z2

)
.

�

Lemma 5.14. We have:

[x− xe : 1 : z − ze] + [X : Y : 1] = [x3 + (π1(X)− x3) e :

y3 + (π1(Y )− y3) e : z3 + (1− z3) e],

where:

(i) If z 6≡ 0 mod 3, π0(Y ) = z−1 and π0(X) = z−1x, then:

x3 =2x+ a0
(
x3 + b0z

3
)
,

y3 =1 + 2a20x
(
x3 + 2b0z

3
)
,

z3 =2z.
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(ii) If z ≡ 0 mod 3 or π0(Y ) 6= z−1 or π0(X) 6= z−1x, then:

x3 =(2a0xπ1(X) + π1(Y )) (x+ 2π1(X)z)

+ (xπ1(Y ) + 2π1(X)) (1 + π1(Y )z) ,

y3 =2π1(Y ) (1 + 2π1(Y )z) + 2a0 (xπ1(Y ) + π1(X)) (x+ 2π1(X)z) ,

z3 =2 + π2
1(Y )z2 + a0x

2 + 2a0π
2
1(X)z2.

Proof. As
∼
π1 ([x− xe : 1 : z − ze]) = [0 : 1 : 0], then:

[x− xe : 1 : z − ze] + [X : Y : 1] =
∼
π
−1

([x3 : y3 : z3], [π1(X) : π1(Y ) : 1])

= [x3 + (π1(X)− x3) e : y3 + (π1(Y )− y3) e : z3 + (1− z3) e],

where:

[x3 : y3 : z3] =
∼
π0 ([x− xe : 1 : z − ze])+

∼
π0 ([X : Y : 1])

= [x : 1 : z] + [π0(X) : π0(Y ) : 1].

(i) If z 6≡ 0 mod 3, π0(Y ) = z−1 and π0(X) = z−1x, then:

[z−1x : z−1 : 1] = [x : 1 : z],

hence:

x3 =2x+ π0(a)
(
x3 + π0(b)z

3
)
,

y3 =1 + 2π2
0(a)x

(
x3 + 2π0(b)z

3
)
,

z3 =2z.

(ii) If z ≡ 0 mod 3 or π0(Y ) 6= z−1 or π0(X) 6= z−1x, then:

[π0(X) : π0(Y ) : 1] 6= [x : 1 : z],

hence:

x3 =(2π0(a)xπ1(X) + π1(Y )) (x+ 2π1(X)z)

+ (xπ1(Y ) + 2π1(X)) (1 + π1(Y )z) ,

y3 =2π1(Y ) (1 + 2π1(Y )z) + 2π0(a) (xπ1(Y ) + π1(X)) (x+ 2π1(X)z) ,

z3 =2 + π2
1(Y )z2 + π0(a)

(
x2 + 2π2

1(X)z2
)
.

�

Lemma 5.15. We have:

[xe : 1− e : ze] + [x′e : 1− e : z′e] = [x3e : 1 + (y3 − 1) e : z3e],

where:

(i) If x′ ≡ x mod 3, then:

x3 =z3 = 0,

y3 =2π2
1(a)x

(
x3 + π1(b)

)
.
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(ii) If x′ 6≡ x mod 3, then:

x3 =2π1(a) (x+ 2x′)xx′,

y3 =0,

z3 =π1(a)
(
x2 + 2x′2

)
.

Proof. In this case we have:

[xe : 1− e : ze] + [x′e : 1− e : z′e] =
∼
π
−1

([0 : 1 : 0], [x3 : y3 : z3])

=[x3e : 1 + (y3 − 1) e : z3e],

where:

[x3 : y3 : z3] =
∼
π1 ([xe : 1− e : ze])+

∼
π1 ([x′e : 1− e : z′e])

=[x : 0 : z] + [x′ : 0 : z′].

Or z and z′ are not zero in the field F3d , then:

[x : 0 : z] = [x : 0 : 1] and [x′ : 0 : z′] = [x′ : 0 : 1],

so we have two cases:

(i) If x′ ≡ x mod 3, then [x′ : 0 : 1] = [x : 0 : 1], hence:

x3 =z3 = 0,

y3 =2π2
1(a)x

(
x3 + π1(b)

)
.

(ii) If x′ 6≡ x mod 3, then [x′ : 0 : 1] 6= [x : 0 : 1], hence:

x3 =2π1(a) (x+ 2x′)xx′,

y3 =0,

z3 =π1(a)
(
x2 + 2x′2

)
.

�

Lemma 5.16. We have:

[xe : 1− e : ze] + [x′ − x′e : e : z′ − z′e] = [x′ + (x− x′) e : 0 : z′ + (z − z′) e].

Proof. In this case we have:

∼
π ([xe : 1− e : ze])+

∼
π ([x′ − x′e : e : z′ − z′e]) = ([x′ : 0 : z′], [x : 0 : z]) ,

hence:

[xe : 1− e : ze] + [x′ − x′e : e : z′ − z′e] =
∼
π
−1

([x′ : 0 : z′], [x : 0 : z])

= [x′ + (x− x′) e : 0 : z′ + (z − z′) e].

�

Lemma 5.17. We have:

[xe : 1− e : ze] + [X : Y : 1] = [π0(X) + (x3 − π0(X)) e :

π0(Y ) + (y3 − π0(Y )) e : 1 + (z3 − 1) e],

where:
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(i) If π1(Y ) ≡ 0 mod 3 and π1(X) ≡ x mod 3, then:

x3 =z3 = 0,

y3 =2π2
1(a)x

(
x3 + π1(b)

)
.

(ii) If π1(Y ) 6≡ 0 mod 3 or π1(X) 6≡ x mod 3, then:

x3 =2π1(a)xπ1(X) (x+ 2π1(X)) + xπ2
1(Y ),

y3 =2π1(a)π1(Y ) (x+ 2π1(X))x,

z3 =π2
1(Y )z2 + π1(a)

(
x2 + 2π2

1(X)
)
.

Proof. As
∼
π0 ([xe : 1− e : ze]) = [0 : 1 : 0], then:

[xe : 1− e : ze]+[X : Y : 1] =
∼
π
−1

([π0(X) : π0(Y ) : 1], [x3 : y3 : z3])

=[π0(X) + (x3 − π0(X)) e :

π0(Y ) + (y3 − π0(Y )) e : 1 + (z3 − 1) e],

where:

[x3 : y3 : z3] =
∼
π1 ([xe : 1− e : ze])+

∼
π1 ([X : Y : 1])

= [x : 0 : 1] + [π1(X) : π1(Y ) : 1],

hence we have two cases:

(i) If π1(Y ) ≡ 0 mod 3 and π1(X) ≡ x mod 3, then:

[π1(X) : π1(Y ) : 1] = [x : 0 : 1],

hence:

x3 =z3 = 0,

y3 =2π2
1(a)x

(
x3 + π1(b)

)
.

(ii) If π1(Y ) 6≡ 0 mod 3 or π1(X) 6≡ x mod 3, then:

[π1(X) : π1(Y ) : 1] 6= [x : 0 : 1],

hence:

x3 =2π1(a)xπ1(X) (x+ 2π1(X)) + xπ2
1(Y ),

y3 =2π1(a)π1(Y ) (x+ 2π1(X))x,

z3 =π2
1(Y )z2 + π1(a)

(
x2 + 2π2

1(X)
)
.

�

Lemma 5.18. We have:

[x− xe : e : z − ze] + [x′ − x′e : e : z′ − z′e] = [x3 − x3e : y3 + (1− y3) e : z3 − z3e],

where:

(i) If x′ ≡ x mod 3, then:

x3 =z3 = 0,

y3 =2π2
0(a)x

(
x3 + π0(b)

)
.
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(ii) If x′ 6≡ x mod 3, then:

x3 =2π0(a) (x+ 2x′)xx′,

y3 =0,

z3 =π0(a)
(
x2 + 2x′2

)
.

Proof. In this case we have:

[x− xe : e : z − ze] + [x′ − x′e : e : z′ − z′e] =
∼
π
−1

([x3 : y3 : z3], [0 : 1 : 0])

= [x3 − x3e : y3 + (1− y3) e : z3 − z3e],

where:

[x3 : y3 : z3] =
∼
π0 ([x− xe : e : z − ze])+

∼
π0 ([x′ − x′e : e : z′ − z′e])

= [x : 0 : z] + [x′ : 0 : z′] = [x : 0 : 1] + [x′ : 0 : 1],

so we have two cases:

(i) If x′ ≡ x mod 3, then [x′ : 0 : 1] = [x : 0 : 1], hence:

x3 =z3 = 0,

y3 =2π2
0(a)x

(
x3 + π0(b)

)
.

(ii) If x′ 6≡ x mod 3, then [x′ : 0 : 1] 6= [x : 0 : 1], hence:

x3 =2π0(a) (x+ 2x′)xx′,

y3 =0,

z3 =π0(a)
(
x2 + 2x′2

)
.

�

Lemma 5.19. We have:

[x− xe : e : z − ze] + [X : Y : 1]

= [x3 + (π1(X)− x3) e : y3 + (π1(Y )− y3) e : z3 + (1− z3) e],

where:

(i) If π0(Y ) ≡ 0 mod 3 and π0(X) ≡ x mod 3, then:

x3 =z3 = 0,

y3 =2π2
0(a)x

(
x3 + π0(b)

)
.

(ii) If π0(Y ) 6≡ 0 mod 3 or π0(X) 6≡ x mod 3, then:

x3 =2π0(a)xπ0(X) (x+ 2π0(X)) + xπ0(Y )π1(Y ),

y3 =2π0(a)π0(Y ) (x+ 2π0(X))x,

z3 =π2
0(Y ) + π0(a)

(
x2 + 2π2

0(X)
)
.
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Proof. As
∼
π1 ([x− xe : e : z − ze]) = [0 : 1 : 0], then:

[x− xe : e : z − ze] + [X : Y : 1] =
∼
π
−1

([x3 : y3 : z3], [π1(X) : π1(Y ) : 1])

= [x3 + (π1(X)− x3) e :

y3 + (π1(Y )− y3) e : z3 + (1− z3) e],

where:
[x3 : y3 : z3] = [x : 0 : z] + [π0(X) : π0(Y ) : 1] = [x : 0 : 1] + [π0(X) : π0(Y ) : 1],

hence we have two cases:

(i) If π0(Y ) ≡ 0 mod 3 and π0(X) ≡ x mod 3, then:

[π0(X) : π0(Y ) : 1] = [x : 0 : 1],

hence:

x3 =z3 = 0,

y3 =2π2
0(a)x

(
x3 + π0(b)

)
.

(ii) If π0(Y ) 6≡ 0 mod 3 or π0(X) 6≡ x mod 3, then:

[π0(X) : π0(Y ) : 1] 6= [x : 0 : 1],

hence:

x3 =2π0(a)xπ0(X) (x+ 2π0(X)) + xπ0(Y )π1(Y ),

y3 =2π0(a)π0(Y ) (x+ 2π0(X))x,

z3 =π2
0(Y ) + π0(a)

(
x2 + 2π2

0(X)
)
.

�

Lemma 5.20. We have:

[X : Y : 1] + [X ′ : Y ′ : 1] = [x0 + (x1 − x0) e : y0 + (y1 − y0) e : z0 + (z1 − z0) e],

where:

∀i ∈ {0, 1} : [xi : yi : zi] = [πi(X) : πi(Y ) : 1] + [πi(X
′) : πi(Y

′) : 1]

is such that:

(i) If πi(X
′) ≡ πi(X) mod 3 and πi(Y

′) ≡ πi(Y ) mod 3, then:

xi =
(
πi(a)π

2
i (X) + 2π2

i (Y )
)
πi(XY ) + πi(ab)πi(Y ),

yi =π4
i (Y ) + 2π2

i (a)π
4
i (X) + 2π2

i (a)πi(b)πi(X),

zi =2
(
π2
i (Y ) + πi(a)π

2
i (X)

)
πi(Y ) + πi(a)πi(X

2Y ).

(ii) If πi(X
′) 6≡ πi(X) mod 3 or πi(Y

′) 6≡ πi(Y ) mod 3, then:

xi =(2πi(a)πi(XX ′) + πi(Y Y ′)) (πi(X) + 2πi(X
′))

+ (πi(XY ′) + 2πi(X
′Y )) (πi(Y ) + πi(Y

′)) ,

yi =πi(Y Y ′) (2πi(Y ) + πi(Y
′))

+ 2πi(a) (πi(XY ′) + πi(X
′Y )) (πi(X) + 2πi(X

′)) ,

zi =2π2
i (Y ) + π2

i (Y
′) + πi(a)π

2
i (X) + 2πi(a)π

2
i (X

′).
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Proof. In this case we have:

[X : Y : 1] + [X ′ : Y ′ : 1] =
∼
π
−1

([x0 : y0 : z0], [x1 : y1 : z1])

= [x0 + (x1 − x0) e : y0 + (y1 − y0) e : z0 + (z1 − z0) e],

where:
∀i ∈ {0, 1} : [xi : yi : zi] = [πi(X) : πi(Y ) : 1] + [πi(X

′) : πi(Y
′) : 1].

(i) If πi(X
′) ≡ πi(X) mod 3 and πi(Y

′) ≡ πi(Y ) mod 3, then:

[πi(X) : πi(Y ) : 1] = [πi(X
′) : πi(Y

′) : 1],

hence:

xi =
(
πi(a)π

2
i (X) + 2π2

i (Y )
)
πi(XY ) + πi(ab)πi(Y ),

yi =π4
i (Y ) + 2π2

i (a)π
4
i (X) + 2π2

i (a)πi(b)πi(X),

zi =2
(
π2
i (Y ) + πi(a)π

2
i (X)

)
πi(Y ) + πi(a)πi(X

2Y ).

(ii) If πi(X
′) 6≡ πi(X) mod 3 or πi(Y

′) 6≡ πi(Y ) mod 3, then:

[πi(X) : πi(Y ) : 1] 6= [πi(X
′) : πi(Y

′) : 1],

hence:

xi =(2πi(a)πi(XX ′) + πi(Y Y ′)) (πi(X) + 2πi(X
′))

+ (πi(XY ′) + 2πi(X
′Y )) (πi(Y ) + πi(Y

′)) ,

yi =πi(Y Y ′) (2πi(Y ) + πi(Y
′))

+ 2πi(a) (πi(XY ′) + πi(X
′Y )) (πi(X) + 2πi(X

′)) ,

zi =2π2
i (Y ) + π2

i (Y
′) + πi(a)π

2
i (X) + 2πi(a)π

2
i (X

′).

�

Remark 5.21. The Lemmas from 5.6 to 5.20 can be regrouped in the next theorem which given the

additive law of the elliptic curve Ea,b(F3d [e]).

Theorem 5.22. Lets P = [X0 : Y0 : Z0] and Q = [X1 : Y1 : Z1] in Ea,b(F3d [e]) and let [xi : yi : zi] =
∼
πi

(P )+
∼
πi (Q) the additive law in the group Eπi(a),πi(b)(F3d), where i ∈ {0, 1}. The set (Ea,b(F3d [e]),+)

where P +Q =
∼
π
−1

(
∼
π (P )+

∼
π (Q)

)

is a commutative group which has [0 : 1 : 0] as its zero element, and

which its law group P +Q = [X2 : Y2 : Z2] is given by:

(i) If
∼
π0 (P ) = [0 : 1 : 0], then:

X2 =π0 (X1) + (x1 − π0 (X1)) e,

Y2 =π0 (Y1) + (y1 − π0 (Y1)) e,

Z2 =π0 (Z1) + (z1 − π0 (Z1)) e.

(ii) If
∼
π1 (P ) = [0 : 1 : 0], then:

X2 =x0 + (π1 (X1)− x0) e,

Y2 =y0 + (π1 (Y1)− y0) e,

Z2 =z0 + (π1 (Z1)− z0) e.
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(iii) If
∼
π0 (P ) 6= [0 : 1 : 0] and

∼
π1 (P ) 6= [0 : 1 : 0], then:

X2 =x0 + (x1 − x0) e,

Y2 =y0 + (y1 − y0) e,

Z2 =z0 + (z1 − z0) e.

Proof. For the proof, we can show easily that the Lemmas 5.6, 5.7, 5.8, 5.9, 5.10, 5.15, 5.16 and 5.17
verify the first case of the theorem, the Lemmas 5.11, 5.12, 5.13, 5.14, 5.18 and 5.19 verify the second
case and the Lemma 5.20 verify the last case of the theorem. �

6. Conclusion

In this work we have studying in characteristic 3 the elliptic curve Ea,b(F3d [e]) defined over the non
local ring F3d [e] by the Wieirstrass equation:

Y 2Z = X3 + aX2Z + bZ3,

where we have given explicitly its addition law.
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