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Solving Fractional Differential Equations by the Ultraspherical Integration Method

Ali Khani and Saeid Panahi

ABSTRACT: In this paper, we present a numerical method to solve a linear fractional differential equa-
tions. This new investigation is based on ultraspherical integration matrix to approximate the highest order
derivatives to the lower order derivatives. By this approximation the problem is reduced to a constrained
optimization problem which can be solved by using the penalty quadratic interpolation method. Numerical
examples are included to confirm the efficiency and accuracy of the proposed method.
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1. Introduction

In recent decades, fractional equations have gained much attention due to exact description of physical
phenomena such as damping laws, electromagnetic acoustics, viscoelasticity, electro analytical chemistry
neuron modeling, diffusion processing and material science( see for example [8,10]). Also many attempts
have been made to find analytical and numerical solutions for the fractional problems.

These attempts include introducing finite difference [5,20], collocation-shooting [6], spline and B-spline
collocation [18], Adomian decomposition [11], variational iteration [17], operational matrix [22] and
many other methods.

Some authors present spectral or pseudospectral integration methods proven successful in the numerical
solutions of many problems (see for example [2,3,4,12]).

In this work, we introduce a new formula of spectral integration matrix depends on using ultraspherical
polynomials at some equally spaced points. The results indicate that the spectral accuracy is achieved
and the effect of round off errors is limited.
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By the ultraspherical integration matrix we approximate the highest order fractional derivatives to the
lower order fractional derivatives. By this work, the problem is reduced to a constrained optimization
problem which can be solved by using the penalty quadratic interpolation method [13].

Consider a linear fractional differential equation in the from:

D%(x) + f(z)y(z) =g(x),n—1<a<n, neN,0<z<1 (1.1)
with initial conditions:
y®(0) = by, k=0,1,...,n—1, (1.2)

where f, g :[0,1] — R are given continuous function, and by, are given constants.

The rest of the paper is organized as follows:

Basic concepts of fractional calculus problems are discussed in section 2. In section 3, we introduce ultra-
spherical polynomials and some of their properties. In section 4, ultraspherical spectral approximation
for a given function and ultraspherical spectral integration matrix are presented. In section 5, description
of the method and convergence are discussed. And finally in section 6, numerical results for confirmation
of proposed method are presented.

2. Preliminaries

In this section, we recall some basic concepts and properties of the fractional calculus which are used
throughout the paper.

Definition 2.1. [21] A real function f(z),x > 0, is said to be in the space Cy,p € R, if there exist a
real number p > p, such that f(x) = ¥ f1(z), where fi(z) € C[0,1). If B < p, then C,, C Cj.

Definition 2.2. [21] A function f(x),z > 0 is said to be in the space C}',m € N U{0}, if fmeao,.

Definition 2.3. [9] The Riemann-Liowville fractional integral operator of order o > 0 of a function
felCup>—1,is defined as:

« - ’ « T
1 f(x)_r(a)/o = )1_adt >0,z >0, (2.1)

I°f(x) = f(x). (2.2)

Definition 2.4. [21] Let f € C",,n € N U{0}. Then the Caputo fractional derivative of order « is
defined as:

DY f(z) = 1" fM () = ! /I A0 dt,n—1<a<n,née N. (2.3)
0 F(n—a) Jy (z—t)-(n—a)"7 ’ ' '
It can be shown that [6,8,9]:
11018 f =1 f  a,8>0,f€Cy, M >0.
I'(3+1)
L I9aP = atp ~1
2. Ix I‘(a—l—ﬁ—i—l)m , a>0, g>-1, >0
n—1 & xk
3. I3 (°Dg f (@) = f(x) = kZ PO, >0
-—0 :
4. °DgI“f(x) = f(z), >0, n—-1<a<n.
5. °DgC =0, C is constant.
6. If B <[a], then <DgaP =0, x>0.
cDo F(ﬁ + 1) —a
7. Ifﬁ > [a],then ‘DO l‘ﬁ = m.’lﬁg , T > 0.

In this paper, we used the Caputo fractional derivative, because it allows traditional initial and
boundary conditions to be included in the formulation of the problem.
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3. Ultraspherical polynomials and some of the properties
The ultraspherical (Gegenbauer) polynomials with the real parameter
A > —%, A # 0], are a sequence of polynomials CJ(-)‘)(x),j =0,1,2,..., in the finite domain z € [-1,1],
each respectively of degree j satisfying the orthogonality relation:

[ a-er e e e {}» 7 1)

where the normalization constant wg»)‘), is defined as [23]:

T'(j+2))
G+A{TNYTG+ 1)

YN = A#0. (3.2)

Here, the ultraspherical polynomials are standardized such that C()‘)( 1)=1, for j =0,1,..., has the de-
sirable properties that CJ( )( ) is identical with the Chebyshev polynomial of the first kind T} (z), C](l/ 2) (x)

1
is the Legender polynomial P;(x) and Cj(-l)(x) is equal to <]+—1> Uj(x), where U;(z) is the Chebyshve

polynomial of the second kind.
The polynomials CJ(»)\)(x) may be generated by Rodrigue’s formula given as [6]

[33] .
qW@=§;4V¥&5&ﬂgwmww. (33)

In applications, recurrence formulaes which link pairs of coefficients are often more useful than explicit
formulae for the coefficients. Therefore, a general expression for an ultraspherical polynomial can be
considered as:

oW Z GO (NI 2" (3.4)
where
; 272 (j —r + N)
@D\ = (=1)" ) .
G =TG- 2 )
A relationship between the coefficients ngl()\) and GV )()\) is given by:
() _U=2r =D =2r=2)
= A .
GrJrl( ) 4(7’+1)(A+]—7’—1) Gr ( )7 (36)
where
0) (y) — U) () = 97 LU +A)
Gy'(N) =1, Gy'(\)=2 T

and so C(())‘) (x) =1, Cf)‘) (x) =2\z.

Theorem 3.1. [16] The integral of ultraspherical polynomials is expressed in terms of ultraspherical
polynomials as follows:

[24]

1 : o o
/ O (2)dx = Z Ty g G (] (1), (3.7)

Proof. see [6]. O
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4. Ultraspherlcal spectral approximations

In the remaining parts of this paper, we assume that f(z) is a smooth continuous function and

S:{xi:%, izO,...,N}.

Theorem 4.1. [15] Let f(z) be approzimated by ultraspherical finite expansion, namely,

N
)= ;) (@)
j=0

Then
1
o= @) [ 1= fa), (1)
where FG +2)
() J+
= ’ A 0.
& GG 7
Proof. See [7]. O
Theorem 4.2. Let i (b(x))l — (t # x) be approximated by ultraspherical polynomials as in (4.1):
—x
N
20 _ 1 bz
a; ~ Z Wk(d}g)\)) T — a2 QC]()\) (m)#a (4.2)

whereGozﬁN:%, 0r=1 for k=1,2,...,N—1.

Proof. By using the Trapezoidal rule

b N — a2 _
[ rws =0y st - L2 g, = 20
a JZO

we obtain from (5.1):

N
ST et e e o ‘z’(“))l e ) P

k=0

with o)
1 X

Hyw) = (1= 2?30 @) 2 s
Hence v

2 _ " _1 o(xk)

= )Y - A e

With 6 =0y =3, 6e=1 for k=1,2,...,N—1,
and
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4.1. Ultraspherical integration matrix

In this section, we approximate integral of a function f € C[—1, 1] by interpolating the function with

ultraspherical polynomial at the points given in S.

Theorem 4.3. Let ﬂ
(t —a)—

exists a matriz Q = [gi;], 1,7 =0...N, satisfying

. ¢ N k)
/1 (xi dl‘ qu —xk)l R

z;ék

where

29, A @M)

1
N (37
—1 A0 i or .
gir (A ZZ NG —2r 1) (1—a) 20; )(xk-)(a:{ L (—1)f ),
§j=0 r=0

forxz;,x, €8, with@ozﬁNzé, =1 for k=1,2,...,N—1.

Proof. From theorem 3, we have

therefor

=
N | N My-1
20, (¢ L
=3 ’“%) (- a2P oWy [ oW (@) | 2
k=0 | j=0 -1 (2 — )
L£i

substituting from (3.7) yields

z; )
/71 (LC _xk ZQ1k —ZCk)lia’

1;&k
with
7] 29,6 (A) (V)1

Qir (A ZZ N(j — 274_1_ 1) (1 —xk)A—EC(A (xk)( j—2r+1 — (- 1)]‘—2r+1)7

j=0r=0

1

for zj,zp € S, withfy=0n=35, Op=1 for k=1,2,...,N—1, which completes the proof.

T (t € S,t # x) be approzimated by ultraspherical polynomial. Then there

(4.5)
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5. Shifted ultraspherical polynomials
The shifted ultraspherical polynomials are defined on [0, 1] by

CM(z) = W (22 —1).

All results of ultraspherical polynomials can be easily obtained for their shifted. The orthogonality

relation for @9)(;5) with respect to the weight function (z — 22)*~1/2 is given by
! " . 0 | # k
[ @-apted e war =11, o 17
0 ! 4 z/}j J= ka

where 1/J§-)\) is given in (3.2)(see [4])
. As a direct consequence of Theorem 4, we have the following corollary.

1. Let f(z) € L?[0,1], then

where

a; = P WM [ (@ - 2?20 (@) f ().

2. Let f(z) be approximated by shifted ultraspherical polynomials, then there exists a matrix Q =
[¢ij], 1,7 =0...N, satisfying

/f MNZ% (5.2)
t;ék

where

N [%J] 4)\29166;1()\)(,(!}?))71

Gk () = N(G—2r+1)

(zr — 22N 2OW () (25 — 17727+ — (—1)772r41) | (5.3)
j=0 r=0

for z;, xp € 5, Witho():@]v:%, 0,=1 for k=1,2,...,N—1.

6. Description of the method

In this section, we shall present the ultraspherical spectral integration method for solving the problems
(1.1) — (1.2). For this, purpose we give ultraspherical integration matrix for the highest order fractional
derivative in the problem (1.1), i.e

p(x) =Diy(x), n—1<a<n. (6.1)

An application of the integral operator I* to both sides of (5.1) and using the initial conditions (1.2) and
part3 of (2.4), yield (for a = 0)

n—1 k x
z 1 o(t)
= by, — dt.
PLE I‘(a)/o @—ple
k=0
Hence, for x € S and use the theorem 4, we get

n—1 k
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Substituting (6.1) and (6.2) into (1.1), it can be written as:

(i) ~ F(x:) nilbx—?jt f:(p(x’“)q”“()‘) 0<i<N
e\rq) = Zq k k! F( ) (371 — Z‘k)l_o‘ 5 1 5
=

or

n—1 k N

z 1 p(zr)qik (M)
— F(x; = ~
i = Fwi) [ > b oo T(a) > (@5 — zg)i—o 0
=

This can be written as NLP problem:
Fr. = (¢, 015, 0n:A) =0, k=0,...N.

By using partial quadratic interpolation method [13], we can solve the above unconstrained optimization
problem.

7. Partial Quadratic Interpolation Method(PQI)

The essential steps to apply the partial quadratic interpolation method [13] can be summarized as
follows:
1)Choose some starting point 2° € R,,and v = 1.
2)Approximate the function F'(x)about in the quadratic form

1
F(X) = a+ [Bu(a)]" [z = 2] + 5lo = 2] [An (@")][z - 27]
where A,,and B, represent the gradient vector and the Hessian matrix of the function F'(z) respectively.
To compute particular values for a, 4,,, B,, we choose a set of interpolation points as follows:

i) m points [z}, ],i=1,...,m

[m:+] = (mqa mgv ---73;2—1) Z‘: + livx;+17 7x:n)

il)m points [z]_],i=1,...,m

o

ror r r r r
1—] = (mlamQa"'ami—lvxi _liami+1a---amm)

m(m—1)

iii) ™5— point [xgj],i:1,...,m—1,j—i+1,...,m where

T (T T r r LT r ) r
(23] = (21,25, oy o g, 2] + 1y Tl gy, @5+ s 2y)

Using these interpolation points it can be shown that a = F(z")and the elements b;,a;,0f A, By,
respectively are given by
F(liy) = F(zio1) F(z;) —2F(2") + F(xi_) F(x;) — F(ap,) — Faj,) + F(a")

b; = y Qi = NOTES
Ll

20; 2

The [; are a set of constants which determine the accuracy of the inerpolation.

3)Extract the symmetric positive definite matrix [4,] from the symmetric matrix [A,,] using Choliski
method, ¢ < m by cancelling certain rows and columns. Essentially we write A,, = [S][Sy]T". From
this we have

2
S11 = @11

If a1; < 0 then we eliminate the first row and column in each of [A,,], [Sy]and[S,,]T" and perform the
calculation on the [A,,_1], [Sm—_1]and[Sm_1]T". If a1 > 0 then we have

aig
2 J o

811 = Va1, 815 = S J=2,...,m.
11
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Let us now suppose that we have operated on the first j —1 columns of [S], i.e. We have either calculated
the elementes or eliminated them. The operation on the j** column gives

2 2
85 = ajj g Sij-
ickl,i<j

where k1 is the set of indices of rows and columns not eliminated. If s;; < 0 we eliminate the jth columns
and rows [A4] and [S,] where [4,] and [S,] are the current reduced matrices derived to date from [A,]
and [S,], ¢ < m. Otherwise we take

o 2
9 . [aij Ziekl,igj Sij]
Sijr Sig =
P
ickl,i<j 77

This process is repeated for each column until we finally obtain the reduced matrix [A4,] given by
[Aq] = [Sq] [Sq]TT

4)Solve the system of the linear equations
[Ag][Azi] = [By]

where B, is the reduced form of gradiant vector corresponding to A,.
5)Compute a new point 21 from

vl xf“ + B Az, forz; € R,
xi - v
x forz; e R,

7

where (8 is a parameter which takes values 1, %, %, ... and we use the first value of 5 which satisfies

F(z¥™) < F(z"). If B becomes too small without satisfying this condition, the calculation can be
restarted with a finer approximation of the matrices [4,,] and [B,,], i.e. smaler values [;.

8. Modified PQI Method

In PQI method we set t =1, %, %, ... and we take the first value of ¢ which satisfies the condition

fl@™) < f@@"),2" € Ry

However, the value of ¢ taken by this way may not be the optimal value of ¢. Since there is a great
possibility that the optimal value t* lies between these values, i.e. bwtweent = 1, %, i, ... to get the
optimal step size t* we suggest the following modification:
Let us approximate f(t) = f(x" 4+ tdz") by a polynomial of second degree ps(t) over the interval [0, 1] as
following:

fo

fO)=p2t)=[1 £ (£ ]I[L2] }01
2

where h is the interval of the interpolation, fo; = f(u” + idu”),i = 0, %,1 and Lo is a Lagrange matrix

where

112 0 0
Ly=3| -3 4 -1
1 -2 1
from this and ps(t) we have
2 0 0 fo

21| -3 4 1| A
1 -2 1 f

pQ(t) = [ 1

=
—
=
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then,
(‘%fo +2f1 — %f2) + %(%fo —4f1+f2)=0

==

py(t) =

and taking h = 1 we obtain
3fo—4f1+ f2
4(fo—2f1+ f2)

9. Error estimation and convergence

Theorem 9.1. [15] Let f(x) € C*°[—1,1] be approzimated by

N
(@) 2 Y awCP (), (9.1)
k=0

tt =

then for each = in [—1,1], there exists a number {(x) € [—1,1], such that

SO

R (2,€) = f(x) — Px(z) = m%m (9.2)

and

1
RY(z,¢€) — 1|,
IR < g, gt 6
where
K =2V (N +MT(2X +1)
L(N + 200 (\)
Proof. See [7]. O
Theorem 9.2. Let %(f € S,t # x) be approzimated by (9.1), then there exists a number £ in
[—1,1] such that
)  plaan) | o
k)4ik A)
———dr = - T Ex (i, ), .
L (xi_x)lfadx ];)(x s (24,€) (9.3)
i£k
where x;,x, €S, 0<i< N,
f(N+1) f T4
B (w6 = LT [l @as 9.4)
(N + 1)-KN+1

9 N
_TZW | H P (¢ /C z)dz. (9.5)
7=0

By f(z) = %, the (5.6) is convergence.

Proof. Let 0 T be approximated on S by ultraspherical polynomials, then by (5.1), (5.1), (5.3)

and the trapezoidal rule, we have

@) N~ 2,17 —1 A o(zr) o))
G = ] A e et
2 2 + FAE o

Cyiq(2).
N UN+1
(N + 1)'K](VJ)F1
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then integration of both sides gives

-1

(N+1) i
LG [l @a
(N+ DK,

-1

+

=S ) =2 E O ),

k=0 (i — wp) 1o
tin

where E](\?)(xi, €) is defined by (5.7) and

REENEY)
P = (P ) = N D) - D)

+o(=DNa(a—1) ... (a = N)(t — z)>~ N+

N
= Z () *afa—1) .. (a—k) - (t — )~ *FD
=0

Since, the first term in (5.7) is bounded, it is enough for showing the convergence of (5.6), to show that

the second term is bounded. For this purpose, we first show that || CJ(»’\) I= ¢§>‘) < 1. From

() _ g1-2x L +2)) N0,
vi GHOTPTG D 7
and
" I(@)T(y)
2/ cos*= 1 () in@¥=D (#)dt = ——=  T(j+1)=4I'(),
; (t) (t) T 1) (j+1)=34I3)
we have:
1-2)
(,)\) < L <1 9.6
Y= migen <t 6:6)

Since x € [—1,1]

() = (1= x?)kécﬁ’@)%

is a twice continuously differentiable function, then there exists a real number M such that || H j(-Q) () ||I<
M. Finally,

AM

2 @) 2 (7 e 2 oyt 2 ™
I 572 (%5™) H;(z)® G ()de ||< 555 (05) | Hy(2)® || 20, <o

and so E](\;\) (2;,&) is bounded. O
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10. Numerical examples

In this section, we give computational results of some examples, to support our theoretical results.
let us consider an initial value problem for one of the simplest fractional order differential equations
appearing in applied problems:

‘Dyy(z) + Ay(z) = f(z), O0<=z (10.1)
with initial conditions:
y®0)=0, k=0,1,....,n—1, (10.2)

where A is a positive constant and n—1 < a <n . For 0 < o < 2 this equation is called the
relaxation-oscillation equation.

Example 10.1. As the first ezample, we consider the following initial value problem:

a 24, 4—a
Dyy(x) +y(z) = 2" + ﬁ 0<z<1 (10.3)

with the initial condition y(0) = 0 and the exact solution y(x) = z*. Let v = §

1
and o(x) = °D§y(x) . By using the shifted ultraspherical polynomials and system (4.7), (4.8) and corollary
1,2 we have the form,
N _ 3
1 ik (A 24x?
o + ordkN 4 2al

L'(%)

where Gi(N\) is defined by (4.9), for z; € S,i=0,1,...,N.
This can be written as NLP problem:
Fi = (0,015 s, A) =0, k=0,....N.

By using quadratic interpolation method, we can solve the above unconstrained optimization problem.

The results are computed at different numbers of « on the [0,1]. They show the efficiency and spectral

accuracy of ultraspherical integration method. In table [1], we compare the approximate solutions of

Eq (6.1) obtained by the ultraspherical integration method with the exact solution for the N = 5,
1

La=10a="Lland A =055

o = 3

Table 1: Absolute error of example 10.1

ro=f [o-F [a-} |

zo || 0.0000 0.0000 0.0000
z1 || 0.0001 0.0002 0.0007
z2 || 0.00019 || 0.00020 || 0.00074
x3 || 0.00023 || 0.00033 || 0.000305
x4 || 0.0029 0.0034 0.00835
x5 || 0.00717 || 0.0084 0.087

Example 10.2. Our second example covers the linear equations:

CD((]a)y(x)+y(x):$8+ 0<xz<1, O0<z<,
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with the initial conditions y(0) = 0 and the exact solution y(z) = z8.

For a = 0.8, Let cD(()O'g)y = ¢(x) by fractional integration we have,

1 [T ot
y(z) = 1“(0.8)/0 (x‘i(t;mdt (10.4)
N f: @ (k) Gik 105
y(xl) — F(2/3) ra (331 — xk.)l/Q' ( . )

By using the shifted ultraspherical polynomials and the relations (4.7), (4.8) and corollary 1,2 we have the
system :

(9)272
o) Z Prdik (A _1_338 (9)z; -0
(5) i) T

z;ék

where ¢ () is defined by (4.9).
This can be written as NLP problem:

Fk = (‘pOatplv 7<Pm)\) = 0, k= O, .N

By using quadratic interpolation method, we can solve the above unconstrained optimization problem.
The results are computed at different numbers of « on the [0,1]. They show the efficiency and spectral
accuracy of ultraspherical integration method. In table [2], we compare the approximate solutions of
Eq (6.2) obtained by the ultraspherical integration method with the exact solution for the a = 0.8, =
0.5, =0.1and A =0.75, N = 5.

Table 2: Absolute error of example 10.2

x; || a=0.8 || a=0.5 || a:O.1|

zo || 0.0000 0.0000 0.0000
z1 || 0.0000 0.0000 0.0000
2 || 0.0000 0.0000 0.0001
x3 || 0.0009 0.0003 0.0009
x4 || 0.0073 0.0030 0.0052
x5 || 0.036 0.015 0.021

Example 10.3. Consider the following linear initial value problem
“Dyy(@) +y(a) = 1, (10.6)
with initial condition:

y(0) =0. (10.7)

The exact solution is Eq(x) = Y277 F(%];k), where Eq(x) is a one-parameter function of the Mittag-
Leffler type.
Let
() = “Dyy(), (10.8)
1 = o(t
[(a) 0 (z—t)l-

y(ws) = F(la) /OI @ f(gladt, (10.9)

by the fractional integration we have y(z) = dt, for the z; € S
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by substituting and shifted ultraspherical polynomials and relations of (4.6), (4.7) and using corollary 1,2
we have

N
‘Pk‘hk

—J)kl «

where g; () is defined by (4.9). This can be written as NLP problem:
Fk = (50079017 o P )\) =0 k= O, ....N.

By using quadratic interpolation method, we can solve the above unconstrained optimization problem.
The results are computed at different numbers of a on the [0,1] . They show the efficiency and spectral
accuracy of ultraspherical integration method. Table [3] display absolute error function with various
values of « and N =5, N =10, N = 15, and A = 0.55.

Table 3: Absolute error of example 10.3

[a [N=5 [N=10 [ N=15 |

a=0.25 || 0.00041 (| 0.00011 0.000029
a=0.5 0.00153 || 0.00012 0.0000105
a=0.75 || 0.0073 0.000724 || 0.000124

11. Conclusion

In this paper we presented a numerical approach for solving the fractional differential equations. The
ultraspherical functions were employed. The obtained results showed that this approach can solve the
problem effectively.
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