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Characterizing Inequalities for Contact CR-warped Product Submanifolds of Generalized
Sasakian Space Forms Admitting a Nearly Cosymplectic Structure

Meraj Ali Khan

ABSTRACT: This paper studies the contact CR-warped product submanifolds of a generalized Sasakian space
form admitting a nearly cosymplectic structure. Some inequalities for existence of these types of warped
product submanifolds are established, the obtained inequalities generalize the results that have acquired in
[14]. Moreover, we also estimate another inequality for the second fundamental form in the expressions of the
warping function, this inequality also generalize the inequalities that have obtained in [19]. In addition, we
also explore the equality cases.
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1. Introduction

It is illustrious that warped products of manifolds perform an significant role in differential geometry,
the theory of relativity and mathematical physics. One of the most important examples of a warped
product manifold is the excellent setting to the model spacetime close to black holes or bodies with high
gravitational fields [20].

The concept of the warped products for the theory of submanifolds was first investigated by B. Y.
Chen [2]. Basically, Chen worked out CR-warped product submanifolds in the background of Kaehler
manifolds and established a sharp estimate for the length of the second fundamental form in the expres-
sions of warping function. Motivated by Chen, I. Mihai ([10], [11]) studied the contact version of these
warped products and acquired the similar estimate for the contact CR-warped product submanifolds of a
Sasakian space form. In this line of research many articles have appeared in the setting of almost contact
metric manifolds ([8], [12], [15], [18]). K. A. Khan et al.[13] deliberate the existence and nonexistence
for the warped product submanifolds of the cosymplectic manifolds and a step forward was made by M.
Atceken [14] who proved a characterizing inequality for the existence of the contact CR-warped product
submanifolds of a cosymplectic space form.

In this paper, we achieve a characterization for the existence of the contact CR-warped product
submanifolds isometrically immersed in a generalized Sasakian space form admitting a nearly cosymplectic
structure and as a special case, we also discuss the existence of these warped products for the cosymplectic
space forms. Moreover, we prove an estimate for the length of the second fundamental form in the
expressions of warping function and some special conditions are also investigated.
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2. Preliminaries

Following [7] a (2n + 1)—dimensional C'*°—manifold M is said to have an almost contact structure
if there exist on M a tensor field ¢ of type (1,1), a vector field ; and a 1-form 7, satisfying

¢2:—I+771 ®E&, 0§ =0, n00=0, n (&) =1 (2.1)

There always exists a Riemannian metric ¢ on an almost contact metric manifold M satisfying the
subsequent conditions

771(U1) = g(Ulafl)a g(¢U17¢‘/1) = g(Ulv‘/l) - 771(U1)771(V1)7 (22)
for all Uy, Vi € TM.

An almost contact structure (¢,&;,7,) is said to be normal, if the almost complex structure .J on
the product manifold M x R is given by

d d
A—) = - —
J(Ul’ dx) (¢U1 gl’nl(Ul)dx%
where ) is a C°° —function on M x R has no torsion that is J is integrable and the condition for normality
in terms of ¢,&; and 7 is [¢, ¢] + 2dn; ® & = 0 on M, where [¢, ¢] is the Nijenhuis tensor of ¢. The
fundamental 2-form ®1 is defined by @1 (U, V1) = g(Uy, ¢V1).

An almost contact metric structure (¢, &;,n;,g) on M is said to be cosymplectic if it is normal and
both ¢ and 7, are closed and the manifold M with the cosymplectic structure (¢, &;,7,,9) is said to be a
cosymplectic manifold [5]. Moreover, the structure (¢, &;,7;,g) on M is said to be nearly cosymplectic if
¢ is of killing type. The manifold M equipped with a nearly cosymplectic structure is said to be a nearly
cosymplectic manifold. The characteristic equation for the nearly cosymplectic manifolds is described by

(Vu,0)Ur =0, (2.3)
for any U; € TM, where V is the Riemannian connection of the metric g on M.

In [16] Alegre et al. determined the concept of generalized Sasakian space form as that an almost
contact metric manifold (M, ¢,&;, 1, g) whose curvature tensor R satisfies

R(U,Vi)W1 = fi{g(Vi, W1)Ur — g(Ur, W1)Vi }
+fo{g(Ur, oWh)oVi — g(Vi, oW1 )oUs
+29(Ut, oV1)oWh } + fa{n,(U1)n, (W)W
=0 (Vi) (W)U + g(Ur, Wa)ny (Vi)§y
—g(Vi, Wi)n; (Ur)&1}, (2.4)

V vector fields Uy, Vi, Wi € T M, and three differentiable functions fi, f2, f3 on M. A generalized Sasakian
space form with functions fi, f2, f3 is denoted by M(f1, f2, f3). If fi = CIS, fo = f3 = 611, then
M(f1, f2, f3) is a Sasakian space form M(c) [7]. If fi = <22, fo = f3 = <&, then M(fy, fo, f3) is a
Kenmotsu space form M (c) [12], and if fi = fo = f3 = §, then M(f1, f2, f3) is a cosymplectic space

form M(c) [16].

For a submanifold M of a Riemannian manifold M with induced metric g, the Gauss and Weingarten
formulae are governed by the following equations

levl = VU1 Vl + J(Ula Vl)v (25)

Vu,N = —AnUi + V§, N, (2.6)
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where V and V* are the induced connections on the tangent bundle TM and normal bundle T-M of M,
for any Uy, Vi € TM, N € T+ M. The second fundamental form and the shape operator for the immersion
of M in M are denoted by o and Ax respectively, and they are associated by

9(o(U1, V1), N) = g(ANU1, V1), (2.7)

where g represents the Riemannian metric on M as well as on M.

We have the following formula for squared norm of o

k
ol = > glo(ui,uy), o (ui,uy)),
i,j=1
where {u1,us,...,ur} is a local orthonormal set of vector fields on M.

A submanifold M of M is said to be a totally geodesic submanifold if o(Uy, V1) =0,V Uy, V4 € TM,
and totally umbilical submanifold if o(Uy, Vi) = g(U1, Vi) H, where H is the mean curvature vector.

For any V) € TM, we write
oVi = PVi+ FV, (2.8)

where PV; and F'V; are the tangential and normal parts of Vi correspondingly.

The covariant differentiation of the tensors ¢, P, and F' are illustrated respectively, as follows

(Vu, 0)Vi = Vy,¢Vi — ¢V, Vi, (2.9)
(Vu, PYVi = Vi, PVi — PV, VA, (2.10)
(Vu, F)Vi = Vi, FVi — FVy, W (2.11)

Additionally, for any Uy, V4 € TM, the tangential and normal components of (V, ¢)V; are symbolized
by Py, Vi and Qu, V1 i.e.,

(Vo,&)Vi = Py, Vi + Qu, Vi (2.12)
By (2.3) and (2.12), it is easy to see that
(Cl) PUI‘/l = _PV1U1) (b) QUl‘/l = _Qlela (213)

for any Uy, V; € TM.

Definition 2.1. An m-dimensional Riemannian submanifold M of an almost contact metric manifold
M , such that &, is tangent to M is said to be a contact CR-submanifold if there exist two orthogonal
complementary distributions DT and D+ such that DT is invariant i.e., DT C DT and D+ is anti
invariant i.e., (bDJ- cTLM.

Then for a contact CR-submanifold M, the tangent bundle T'M of M can be written as follows

T™ = DT @ D+ o (¢,),

where (£;) represents the 1-dimensional distribution spanned by &;.

The normal bundle T-M can be decomposed as follows
T+M = p@® ¢D, (2.14)
where p is the invariant subspace of T+ M.
A contact CR-submanifold M of an almost contact metric manifold M is called contact CR-product

if the distributions D and D' are parallel on M. The warped product of Riemannian manifolds is the
generalization of the product manifolds, which is defined as follows
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Definition 2.2. Let (R, gr) and (S, gs) be two Riemannian manifolds with Riemannian metrics gg and
gs respectively and ¢ be a positive differentiable function on R. The warped product of R and S is the
Riemannian manifold (R x S,g), where

9= g + Vs 215)

The warped product manifold (R x S, g) is denoted by R x4 S. If U; is the tangent vector field to
M = R xy S at (p,q) then

UL = [ldmyUs | + 4% (p) | dm2Un |12, (2.16)

We have the following theorem,

Theorem 2.3. [17]. Let M = R xS be the warped product manifolds. If X1,Y1 € TR and V1, Wy € TS
then

(Z) VX1Y1 eTR,

(i) Vx,Vi = Vi, X1 = (241,

(iii) Vv, Wy = =) gy,
From the above theorem, for the warped product M = R X, S, it is easy to observe that
Vx, Vi =V, X1 = (Xqln)Vy, (2.17)
for any X7 € TR and V; € T'S.
V1 is the gradient of ¥ and is expressed by
9(V,Uy) = Ui, (2.18)
forall Uy € TM.
If the warping function v is constant, then the warped product is said to be trivial warped product.

Let M be a m—dimensional Riemannian manifold with Riemannian metric g and let {us, ..., um}
be an orthonormal basis of T'M. As a significance of (2.18), we have

V)12 = (wi(¥))? (2.19)
i=1
The Laplacian of 1 is given by
A = {(Vu,ui) — wjutd}. (2.20)
i=1

Now, we state the Hopf’s Lemma.

Lemma 2.1. [3]. If 4 is a differentiable function on a n-dimensional compact Riemannian manifold. If
A >0 or Ay <0 everywhere on M, then 1 is a constant function.
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3. Results and Discussion

This section deal with the study of the contact CR~-warped product submanifolds of a nearly cosym-
plectic manifold and is divided into the two subsections.

3.1 Inequalities of the first kind

In this subsection, some characterizing inequalities are proved for existence of these types of warped
product submanifolds.

Theorem 3.1. [18]. A warped product submanifold M = Ny xy No of a nearly cosymplectic manifold
M is simply a Riemannian product if the structure vector field &, is tangent to Na, where N1 and N2 are
the Riemannian manifolds.

Throughout this paper, we consider the warped products of the type M = NT x, N+, such that
NT is an invariant submanifold of M tangent to £; and N+ is an anti-invariant submanifold of M. These
types of warped product submanifolds are called the contact CR-warped product submanifolds. Now we
have the following basic results for further application.

Lemma 3.1. [18]. Let M = NT x, Nt be a contact CR-warped product submanifold of a nearly
cosymplectic manifold M, then we have

(i) &iny =0,
(i) g(o(Ur, V1), ¢W1) =0,
(iii) g(o(¢Ur, Wh), oW1) = Urlng [ W1 |2,
for any Uy € TNT and W, € TN+,

The following Lemma will be utilized for subsequent results.

Lemma 3.2. Let M = NT %y Nt be a contact CR-warped product submanifold of a nearly cosymplectic
manifold M, then we have

9(a(oUr, Wh), ¢o (U1, Wh)) = ||o, (U1, Wh)||* — g(éo (U1, W1), Qu, Wh),
for any Uy € TNT and Wy, € TN-.

Proof. By (2.5) and (2.9)
o (U, W) = (Vw, ®)Ur + ¢Vw, Ur + ¢o (U, W) — Vi, ¢U,.
Thus by using (2.12) and (2.17)
o(oUr, W) = Pw, U1 + Qw, U1 + UrlnpgWh + ¢o (U1, W1) — ¢Urlnp Wi
Comparing the normal parts
o(oUr, W) = Qw,Ur + UrlnpdW + ¢o,, (Ur, Wh),

or
9(o(oU1, Wh), 6o (U1, W1)) = g(Qw, Ut, ¢o (U1, Wh)) + ||, (Ur, W1)||%.
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By using (2.13)(b), we get

g(o (U1, W), da (U1, W1)) = |lo,(Ur, W1)||*> = g(¢a (U1, Wh), Qu, Wh).
O

Further, we have the following characterizing inequalities for the contact CR-warped product sub-
manifolds of a generalized Sasakian space form admitting a nearly cosymplectic structure.

Theorem 3.2. Let M = NT xy N+t be a contact CR-warped product submanifold of a generalized Sasa-
kian space form M(f1, f2, f3) admitting a nearly cosymplectic structure such that M7 is a compact sub-
manifold. Then, M is a contact CR-product submanifold if either one of the following inequality holds

. 2k71 k‘z ) 9 2k‘l k'2 2
(i) 22 > Nou(us u?)[|* = 2.k ke fo+ 30 30 [|Qu,w? ||
i=1j=1 i=1j=1
2k71 k‘z 3
(ZZ) Z E H(J'M(’Ll,i,’Ll,])H2 S 2.]€1.k2.f2,
i=17j=1

where o, is the component of o in u, 2k1 + 1 and ko are the dimensions of MT and M* respectively.

Proof. For any unit vector fields Uy € TNT — (¢;) and Wy € TNL. Then from (2.4) we have
R(Uy, ¢Uy, Wy, ¢W1) = —2.f2.9(U1, Uy) g(Wy, Wr). (3.1)
By Codazzi equation, we calculate the curvature as follows
R(Uy, Ur, W1, ¢W1) = 9(V5, 0(6U1, W1), 6W1) = g(o(V, U1, W), 6 W) —

—g(o (U1, Vi, W), oW1) — g(V 5, 0(Ur, Wh), W1 )+
+9(0(Vu, U1, W1), oW1) + g(o (U1, Veu, W1), oW1). (3.2)
By using part (iii) of the Lemma 3.1, (2.9), (2.5) and (2.12), we get
9(Vi5,0(eUr, Wh), oW1) = U1g(o(¢Ur, Wh), oW1) — g(o(¢Ur, W), Vi, oW1)
= Uy (Urlnpg(Wr, Wh)) — g(a(¢Ur, Wh), (Vu, §) Wi + ¢V, Wh).

On further simplification the above equation yields

9(VE,0(oUL, Wh), 6Wh) = Uflngsg(Wr, Wh) + 2(Uslnap)*g(Wi, Wh)
—g(o(¢U1, W1), Qu, Wh)
—g(o(oUr, Wh), o (Ur, Wh))
—Uilnpg(o(oUy, Wh), oW1).

By using the Lemma 3.2, we have
9(Vi,0(dUL, Wh), oW1 ) = Uflnapg(Wr, Wi) + (Urlnap)>g (W, Wh) — [|o, (U, Wh) ||
—9(¢o (U, W1) — (U, W1), Qu, Wh).
Further, using (2.5), (2.12), (2.13)(b) and (2.17) in the last term of the above equation, we get
9(Vi, 0 (9Us, Wh), 6Wh) = Utlnapg(Wr, W) + (Urlnep)?g(Wr, W)
— o (U, W) |? + |Qu, WA . (3.3)
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Similarly, we can calculate

—9(Vu,0(Ur, Wh), oW1) = (¢Ur)*Ingpg(Wr, Wr) + (¢Uslnap)g(Wy, W)
= llou(@Ur, Wi)|I? + Qs Wi . (3.4)
From part (iii) of the Lemma 3.1, we have
9(Apw, W1, ¢Us) = Urlnap,

replacing U; by Vy, Uy
9(Agw, W1, ¢V, Ur) = Vi, Urlnap.

By utilsing (2.5) in the last equation, we acquire
9(Agw, W1, 6(Vy, Uy — o(Uy, Ur)) = Vi, Urlnyp. (3.5)

By use of (2.5), (2.9), (2.3) and (2.17), it is easy to see that o(U;,U;) € p, applying this fact in (3.5),
then we get

9(Asw, W1, Vu, oUr = (Vo §)U1) = Vi, Urlnap.
By (2.3) and (2.5), the previous equation transformed to

g(A¢W1 Wl, le ¢U1) = le Ulln¢.

or

g(a(VU1¢U1,W1),¢W1) = VU1 Ullmb (3.6)

Similarly,
9(0(Veu, Ui, Wh), oW1 ) = =V, UrIna. (3.7)

By use of (2.17) and the part (iii) of the Lemma 3.1, it is simple to see the following
9(o (U, Vi, Wh), oW1) = (Urlnp)>g(Wr, Wh) (3.8)

and

9(0(Ur, Vo, W1),W1) = —(9Urlnp)* g (Wi, Wh). (3.9)
Substituting (3.3), (3.4), (3.6), (3.7), (3.8) and (3.9) in (3.2), we find

R(Uy, pUy, Wi, 9W1) = Ullmapg(Wi, Wh) + (¢U1)*Inapg(Wy, Wr)
—Vu, Urlnpg(Wy, W1) — Vv, oU1g(Wi, Wr)
—|lo (U, W1 = llop(6Ur, Wh)|I* + [|[Qu, Wa |2

+[|Qutr, Wi || (3.10)
Let
{uo = & ur,ug, . Uy, U, 11 = Qua,
Uk, +2 = (buQa sy U2k = (buklvulqua s ’ukz}

be an orthonormal frame of T'M such that the set of the vector fields

{U'l;UQa e ,Uk1,¢ul,¢U2, e a¢uk1}

is tangent to M and {u',u?, ... u*?} is tangent to M.
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Using (3.1) and (2.20) in (3.10) and summing over ¢ = 1,2,...,k; and j = 1,2,..., ko, we get

2k’1 kQ le k2
ko Alngp = 2.ky ky fo = D > lo (g, ! )2+ 0D [ Qu, || (3.11)
i=1 j=1 i=1 j=1
From Hopf’s Lemma and (3.11), if
2k’1 kQ le
SN o (us )P 2 2kikafo + > [Quauf?|2,
i=1 j=1 i=1
or
le kQ
Z Z ||O'H(’U,1',’U,J)||2 S 2.k1.]€2.f2,
i=1 j=1

then the warping function v is constant on M i.e., M is simply a contact CR-product submanifold, which
proves the theorem completely.
O

From the above observations, we have the following propositions, which can be confirmed easily.

Proposition 3.1. Let M = NT x, Nt be a contact CR-warped product submanifold of a generalized
Sasakian space form M (f1, f2, f3) admitting a nearly cosymplectic structure such that M is a compact
submanifold. Then M is contact CR-product if and only if

2]€1 k}g 2k71 k72
oS llow (s, wh)P = 2k ko fo + >3 11Qu |2
i=1j=1 i=1 j=1

Moreover, as a special case, from Theorem 3.2, we derive the following result.

Theorem 3.3. Let M = NT x, N+ be a contact CR-warped product submanifold of a cosymplectic space
form M (c) such that M is compact. Then M is a contact CR-product submanifold if either the inequality

2k1 ko

ZZ oy (wi, u?)||* > %7

i=1 j=1
or

2ky ko

- c.ki.k
>3l w2 < =52

i=1 j=1

holds, where o, denotes the component of o in p, 2ky + 1 and ko are the dimensions of MT and M=.

Corollary 3.4. Let M = NT x, Nt be a compact contact CR-warped product submanifold of a cosym-
plectic space form M(c). Then M is a contact CR-product submanifold if and only if

2k1 ko

4 c.ki.k
S o, w2 = S22,

i=1 j=1

3.2 Inequalities of the second kind

In the present subsection, we prove an approximation for the norm of the second fundamental form
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Theorem 3.5. Let M(f1, fo, f3) be a (2n + 1)—dimensional generalized Sasakian space form admitting
a nearly cosymplectic structure and M = NT x,, N+ be an m-dimensional contact CR-warped product
submanifold, such that M7 is a (2ky + 1)—dimensional invariant submanifold tangent to &, and M= be
a ko—dimensional anti-invariant submanifold of M(f1, f2, f3). Then

(i) The squared norm of the second fundamental form o satisfies
lo]1? > ko {[IVIng||* = Alnp} + 2.k1 ks f2 + |Qp D%, (3.12)

where A\ denotes the Laplace operator on M.

(i) The equality sign of (3.12) holds identically if and only if we have

(a) MT is a totally geodesic invariant submanifold of M(f1, f2, f3). Hence N7 is a generalized
Sasakian space form admitting a nearly cosymplectic structure.

(b) M~ is a totally umbilical anti-invariant submanifold of M(f1, f2, f3)-
Proof. For any U; € TNT and Wy € TN, from (2.8), (2.6) and (2.3) we have

9(0'(51, Wl)v(le) =0

and from part (iii) of the Lemma 3.1

g(o(¢U1, Wh), oW1 ) = Uylna||[ W ||

From above two equations one can get

2]{:1 k’g
S5 oy (ws,w) | = ke Ving| . (3.13)
i=0 j=1
Again from equation (3.11)
2]{:1 k‘z ) 2k‘l k'2 )
SO o (ui u) [P = 2.k ko fo — kaAlngp + > > [ Qu, ||, (3.14)
i=1 j=1 i=1 j=1

The following notation is assummed

2k1 ko

YD lIQua|? = QD2

i=1 j=1

Utilizing the above notation in (3.14) and combining it with (3.13), we obtain the inequality (3.12).

Let 0 be the second fundamental form of M~ in M. Then, for any Uy € TNT and Z,,Z, € TN+,
we have

9(0"(Z1,21),U1) = g(V 2,21, Uh) = =Urlnypg(Z1, Z1),
By using (2.18), we get
O'”(Zl, Zl) = —g(Zl, Zl)VZTL’w (315)

If the equality sign of (3.12) holds identically, then we get

o(D,D) =0, o(D*, D) =0. (3.16)
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The first case of (3.16) implies that M7 is totally geodesic in M. On the other hand, one has
g(o (U1, V1), dW1) = g(Vu, Vi, oW1) = —g(¢Vi, (Vu, ¢)Wh). (3.17)
By use of (2.9) and (2.5) we get the following equation
9(oV1, (Vw,9)U1) = g(6V1, Vw, ¢U1) — g(Vi, Vir, Un),
in view of (2.17) the previous equation reduced to
9(oV1, (Vw, 9)U1) = 0. (3.18)
From (3.17), (3.18) and (2.3) we have
9(a(Ur,¢V1),oW1) = —g(oVi, (Vu, &)Wi + (Vw, ¢)U1) = 0. (3.19)

From (3.19), it is evident that the submanifold N7 is totally geodesic in M(f1, f2, f3) and hence is a
generalized Sasakian space form admitting a nearly cosymplectic structure.

~ The second case of (3.16) and (3.15) imply that the submanifold M= is totally umbilical in
M(flaf27f3)'
In the last we have the following Corollary, which can be deduced from inequality (3.12)

Corollary 3.6. Let M = NT x, Ny be a contact CR-warped product submanifold of a cosymplectic space
form M(c), then the squared norm of the second fundamental form satisfies

C.kl.k'g

loll* > ke[| Vine||* — Alng} + —

where A is the Laplace operator on MT, and 2k141 and ky are the dimensions of MT and M~ respectively.

Note 3.1. The inequality obtained in Corollary 2 is the improved version of the inequality obtained in
[15].

4. Conclusion

ki k
The inequality 21: 22: oy (uisu?)||? > c'k}T”” for the existence of a contact CR-warped product

i=1j=1
submanifold in a cosymplectic space form M (c) was proved by M. Atceken [14]. In the Theorem 3.3,
the first inequality is equivalent to the inequality obtained by M. Atceken and we also prove the second
inequality for the contact CR-warped product submanifolds of a cosymplectic space form. Moreover, the
inequalities obtained in Theorem 3.2 are the generalization of the inequalities that have obtained by M.
Atceken [14]. On the other hand various estimate for the squared norm of the second fundamental form
for the contact CR-warped product submanifolds in the background of Sasakian and Kenmotsu space
forms are studied (see [11], [12]), still these types of estimate are not studied in the setting of the cosym-
plctic space forms as well as in the generalized Sasakian space forms admitting a nearly cosymplectic
structure. So the present author tries to fill this gap and in this connection proved an optimal inequality
for the squared norm of the second fundamental form in the setting of generalized Sasakian space forms
admitting a nearly cosymplectic structure and in particular for the cosymplectic space forms.
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