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Existence and Multiplicity of Solutions for a p(x)-biharmonic Problem with Neumann
Boundary Conditions

Abdel Rachid El Amrouss, Fouzia Moradi, Mimoun Moussaoui

ABSTRACT: In this paper, we study the following problem with Neumann boundary conditions

A2 yutafulf 2y = Bf(z,u) in
du _ 9 (\Au|P(z)*2 Au) =0 on 9.

Where Q is a bounded domain in RY with smooth boundary 09, N > 1, Ai(z)u =A (\Au\p(z)72 Au), is

the p(x)-biharmonic operator, a and 8 are two positives reals numbers, p is a continuous function on Q with

inf p(z) > 1 and f : 2 X R — R is a Caratheodory function such that f(z,0) = 0. Using the three critical
€N
point Theorem, we establish the existence of at least three solutions of this problem.
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1. Introduction

In recent years, the theory of p-Laplacian equations has been generalized to p(x)-Laplacian equations.
Comparing with the p-Laplacian operator, the p(x)-Laplacian operator has more complicated nonlinear
properties: it is not homogeneous and the infimum of its principle eigenvalue is zero (see[2,3,4,5,11,14]).

This paper is motivated by recent advances in mathematical modeling of non-Newtonien fluids and
elastic mechanics, in particular, the electrorheological fluids (smart fluids). This important class of fluids
is characterized by the change of viscosity which is not easy and which depends on the electric field.
These fluids, which are known under the name ER fluids, have many applications in elastic mechanics,
fluid dynamics etc... For more information, the reader can refer to [8,13].

These physical problems was facilitated by the development of Lebesgue and Sobolev spaces with
variable exponent.

Neumann boundary value problems for p(x)-Laplacian operator and their existence of solutions was
established in [2,11,14].

More recently, in [1], A. Ayoujil and A. R. El Amrouss interested to the spectrum of a fourth order el-
liptic equation with variable exponent. They proved the existence of infinitely many eigenvalue sequences
and sup A = +o00, where A is the set of all eigenvalues. Moreover, they present some sufficient conditions
for inf A = 0.

Consider the following problem with Neumann boundary conditions

A2 yuta [P 2y = Bf(z,u) in Q,
% = a% (|Au|p(r)_2 Au) =0 on 09,
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where € is a bounded domain in RY with smooth boundary 09, N > 1, Ai(w)u =A (|Au|p(‘r)_2 Au),

is the p(x)-biharmonic operator, p € C (Q) such that 2p(z) > N for all z € Q and «, 3 are two positives
reals numbers. We proves the existence of at least three weak solutions of the above problem, under the
following assumptions

(f1) For all (z,5) € A x R
|f(z,s)| < a(z) +b]s]"@7"

v(2)

where b >0, a(z) € L1 (), a(z) > 0 and 7 (z) € Cy () with

Np(x :
o (@) < N_’;(p(?r) if N >2p(z)
+oo if N <2p(x),

(f2) There exists a constant n > 0 such that

lim inf—f (2,?)
t— 400 t

for all z € Q.

(f3) There exist a constant ¢ < 0 and a positive odd constant ¢ such that

: f (1)
lim su
t—0 P

<c

for € Q uniformly.

Theorem 1.1. Suppose that f satisfies the conditions (f1,f2,f3), p~ >~ and p(z) > % Then, there
exist an open interval A C ]0,4+o00[ and a positive real number q, such that for each B € A, the problem
(1.1) has at least three solutions in X whose norms are less than q.

Theorem 1.2. Suppose that [ satisfies the conditions (f1) and

(f4) There exists an odd constant w > pt — 1 such that

t
lim inf fla.t) (2,?) =400
[t| =400 t¥

Ifyv=>pt>p > %, then there exist an open interval A C |0, +o00[ and a positive real number q, such
that for each 8 € A, the problem (1.1) has at least three solutions in X whose norms are less than q.

This paper is divided into four sections, organized as follows: In section 2, we introduce some basic
properties of the Lebesgue and Sobolev spaces with variable exponent. Moreover, we cite one lemma
which is needed later. In the third section, we study boundary trace embedding theorems for variable
exponent Sobolev space W2P(x) (Q) and we present some important properties of the p(x)-biharmonic
operator. In section 4, we give the proofs of our results.

2. Preliminaries

In order to deal with p(x)-Laplacian problems, we need some results on spaces LP(*)(Q) and
WkP@) (Q), and properties of p(x)-Laplacian, which we will use later.
Define the generalized Lebesgue space by

LP@) (Q) = {u :Q — R measurable and / Ju () da < oo} ,
Q
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where p € C; (Q) and
Cy(Q)={peC(Q):px)>1 VzeQ}.

Denote

and forallz € Q and k> 1

and

Np(x .
Pt (x) = Nf;(p()w) if kp(z) <N
+oo if kp(z) > N.

One introduces in LP(*) (Q) the following norm

|ul,(p) = inf {)\ > 0//Q

and the space (L”@) (Q), |.|p(w)) is a Banach.

u(@)
A

p(z)
dr <1

Proposition 2.1. [6]. The space (Lp(””) (Q), |.|p(z)) is separable, uniformly convez, reflexive and its
conjugate space is L) (Q) where q(z) is the conjugate function of p(x), i.e
1

4+ —=1,Vx € Q.
p(z)

1
q(z)

For all u € LP®) (Q) and v € LI® (Q) we have

/Qu (z)v(z)dzx

1 1
The Sobolev space with variable exponent W#?(#) (Q) is defined by
Whr@) () = {u € L@ (Q) : D°u € L@ (Q), |a| < k} ,

lo] e . . .
where D% = —az‘”ara” 5w Us (the derivation in distributions sense) with a = (a1, ..., an) is a multi-
1 2 e N

index and |a] = Zf\il ;. The space W*P(®) (Q), equipped with the norm

llli iy = D D ulyiay
<k

also becomes a Banach, separable and reflexive space. For more details, we can refer to [3,6,11,15]. We
denote by Wok’p(m (Q) the closure of C§°() in WHk»@) (Q).
Our results are based on the following lemma

Lemma 2.1. Let X be a separable and reflexive real Banach space; ® : X — R is a continuous Gateaux
differentiable and sequentially weakly lower semicontinuous functional whose Gateaur derivative admits
a continuous inverse on X*; W;: X — R is a continuous Gateaux differentiable functional whose Gateaux
derivative is compact. Suppose the following assertions

1. lim (P (u)+ AV (u)) =too for all A > 0;

llull x —o0
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2. There exist v € R and wug,u; € X such that

D (ug) <r < ®(ur);

: (@ (u1) —r) W (ug) + (r — @ (uo)) ¥ (u1)
ueéjﬂf;oo,r]\l’ (U) - [ (ul) —d (U()) ’

Then there exist an open interval A C |0,4+o00[ and a positive real number q such that the equation
O (u) + AV’ (u) =0
admits at least three solutions in X whose norms are less than q, for all A € A.

3. Position of problem

We say that u is a weak solution for the problem (1.1) if

ue X := {UEWQ’I)(I) (Q)/%:o on 89}

and
/(|Au|p(w)72AuAv+a|u|p(w)72uv) dmzﬁ/f(x,u(x))vdx Vo e X.
Q Q
Put for a > 0 )
D, (u :/— Au () [P® + afu ()P de
(=] 5 (12u@I fu (2)")
and

\I!(u):—/QF(x,u(x))dx

where F(z,s) = [ f(x,t)dt.
The space W2P(®) (Q) is equipped with the norm

IIUIla=inf{A>o;/Q<’A“T($)

Remark 3.1. The norm ||ul|,, is equivalent to the norm

p(z)

p(x)
de <1,.

|Au|Lp(m>(Q) + |U|Lp(m>(Q)

Proposition 3.1. If we put
Jo (1) = /Q (180 @)@ + afu (@) d
then for all u € WP (Q) we have
(1) Nully, < (=>1) & Jo(u) < (=>1),
(2) lullo < 1= [ully < Jo () < lully .

- +
(3) llully = 1= Qully, < Ja(u) < Jullg,
for all u,, € WP(®) (Q) we have
(4) llunlly, = 0 < Jo (un) =0,

(5) llunll, = 00 & Jo (un) = 00.
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It is necessary to show that X is a closed subspace of W2P(#) (Q). In order to obtain our goal, we
need the following boundary trace embedding theorem for variable exponent Sobolev spaces

Theorem 3.2. Let Q be a bounded domain in RN with C? boundary. If 2p(x) > N > 2 for all z € Q,
then for all g € C4 (Q) there is a continuous boundary trace embedding

1.
W2 (Q) — L1 (5Q),

and

w2r) (Q) — W) (5Q) .

Proof: (1) Let p,q € C () such that for all z € €, 2p(z) > N. It’s clear that there exists the following
continuous embedding
W2PE) (Q) — WP (Q) (3.1)

and
LT (99) — L1 (9). (3.2)

Using the classical boundary trace embedding theorem, since 2p~ > N and ¢* > 1, there exists the
continuous embedding

W2P (Q) < LT (99). (3.3)
Hence, the space W?2?(®) (Q) is continuously embedded into L) (9Q) by combining (3.1), (3.2) and
(3.3).
(2) Since 2p~ > N and p™ > 1, we have the continuous embedding (see [10])

WP (Q) = W' (99). (3.4)

Moreover, it’s easy to see that
Whe' (99) — WP (9Q) . (3.5)
Then, the result is given from (3.1), (3.4) and (3.5). O

Proposition 3.2. If 2p(x) > N for all x € Q then, the set

X = {u e W2r@ (Q) /%m = 0}

is a closed subspace of W2P(®) (Q) .

Proof: To prove the above proposition, we must show that the operator

D: W@ (Q) —  LF®(09)
u — o

is continuous from (W?22@ (), |.||,) to (Lp(””) (09, |.|Lp(m)(aﬂ)) .

First, let us prove the continuity of the operator

Vi w2 (@) o (L@ (00)"
u — (V) |aq.

from (W22 (Q),.],) to ((Lp<r> o))", |\.||p(x)’N) with

N
i=1
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Let (uy), C W2P@) (Q) be a sequence such that u,, — u in WP (Q). From the second assertion
of the theorem 3.2, we have
U, —u in WP (9Q)

what implies that
N
Vu, = Vu in (Lp(””) (89))

and then V is continuous.
Moreover, D =T oV with T is the linear function defined as

7. (L@ 00)" o L@ (00)

ﬁz(nl,...,n]\;) — 77
where T (2) = (a1 () ,...,an () is the outer unit normal vector and
N
D lai(@))? =1 forall ze0Q. (3.6)
i=1

The operator T is continuous, indeed, for 77 € (LP@ (89))N we have

N N
E n; o S E |niai|p(r) .
i=1 i=1

On the other hand, thanks to (3.6), we obtain

_>
|7 .7|p($) =

p(x)

| ()] <1 for all x €0, ie{l,...N}.

Consequently, we deduct that

N

|ﬁ>-7|m(m>(ag) < Z M) = ||ﬁ||p($),N (3.7)

i=1

which assert that T is continuous and then D is also continuous. Finally, since
X =D {0},

it results that X is closed in W?2P(®) (€2). Hence, the proof of the proposition 3.2 is completed. O

In what follows, we have to need the following proposition which is an extension of Sobolev embedding
theorems to the Sobolev spaces with variable exponent.

Proposition 3.3. Let p € C; (ﬁ) such that 2p(x) > N for all x € Q) then
1. there ezists a continuous and compact embedding of WP (Q) into L) (Q) for all ¢ € C,. (Q).

2. there exists a continuous embedding of W*P(*) (Q) into C (Q).

Proof: (1) We can refer to [4]. _
(2) For each = € Q, we have 2p(x) > N. Then, there exists a neighborhood U, C € such that

2p~ (Uy) > N
where

— (V) = inf .
P (Us) ylenUzp(y)
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Hence, we get a family open covering {U,}, g for the compact set Q. For a sub-covering {U;},_; .,
one considers m; such that

N
0<m; <2— —<m;+1.
p;

Thanks to the theorem 7.26 [7], there exists a continuous embedding

WP (U;) = ™% (T;) (3.8)
where a; =2 — ]\f — m;. On the other hand, for all ¢ € {1,...,7}, it easy to see that

W2r@) (U, ¢ WP (U;) (3.9)
and o o

From (3.8), (3.9) and (3.10), it follows that

W2r@ () ¢ O (TF)
for all U; ;i =1, ...,r. This assert that the embedding

W2 (Q) — C (Q)

is continuous. The proof of proposition 3.3 is completed. O

Remark 3.3. Note that the space (WP (Q),|.||,) is a Banach, separable and reflezive.

It’s clear that @, € C! (X,R) with

@ (w0 = [

(|Au ()P 7% AuAv + o |u () [P 2 uv) d.
Q

For the operator V¥, we cite the following theorem

Theorem 3.4. If f : @ x R — R is a Caratheodory function and satisfies the condition (f1), then the
operator U satisfies the following assertions

(i) U is a C' operator and for all u,v in X
(O (u),v) = —/ [ (z,u)vdx.
Q
i e operator X = 18 completely continuous.
(i) Th U X =X letel ;

Proof: (i)From the condition (f1), we have

x, s a(x)|s LSW(@
|F'(z,s)] < ()||+7(x)||

< Ax) +bls"™

where A(z) > 0,A € L' () and v < p5. So, the Nemytskii’s operator properties assert that ¥ is a C*
function in L7 (). Since X embedded continuously into L7*) (Q), ¥ is a C* function in X and

W) == [ J@u@)o@)dn
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(ii) Let (un),, C X be a sequence such that u, — u. By the compact embedding of X into L7®) (Q),
there exists a subsequence, also noted (uy,), , such that u,, — u in LY® (Q). Thanks to the Krasnoselki
theorem, the Nemytskii’s operator

()
Ny: L@ Q) — L3071 (Q)
u — f(,u)

y(x)
is continuous. It follows that Ny (u,) — Ny (u) in L™~ (Q).
By Holder’s inequality and the continuous embedding of X into L7 (Q), we deduct

(W' () = W' (u), v)]

/ (f (@ un) — f (2,0)) v (2) de
Q

< — x x
< 2Ny (i) = Ny ()] g el o
< CINjp(un) =Ny (W) s ol -
L@ -1(Q)
Hence, ¥'(uy,) — ¥'(u) in X'. The proof of theorem 3.4 is completed. O

Consequently, the weak solutions of the problem (1.1) are the critical points of the operator ®,, (u) +

t
Remark 3.5. The condition ltierinf—f (5;’ ) = +oo implies (f2).
—4o00

Theorem 3.6. The operator @, : X — X' satisfies the following assertions

(1) @, is a continuous, bounded and strictly monotone operator.
(2) @, is of (S4) type.
(3) @, is homeomorphism.
Proof: (1) Since @/, is the Fréchet derivative of @, it follows that ®/ is continuous and bounded. Let’s

define the sets
Up={zeQ:px)>2}, and V,={recQ:1<p(x)<2}.

Using the elementary inequalities
|z —y[" <27 (lev_% - IyIV_Qy) (w—y) if =2

2— —2 —2 .
v =y < gy (el + 1) (Jol" 2 = [y y) (@ —y) i 1<y<2,

for all (z,y) € (RN)2 , where z.y denotes the usual inner product in RY, we obtain for all u,v € X
such that u # v
(@4 (u) = @4 (v),u —v) >0,

which means that @/ is strictly monotone.
(2) Let (uy),, be a sequence of X such that

Uy, —=u in X and limsup (P, (uy), u, —u) <O0. (3.11)

n—+4oo

From the proposition 3.1, it suffices to shows that

/ (|Aun—Au|p($) + aluy, —u|p(z)) dr — 0. (3.12)
Q
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In view of the monotonicity of ®/ , we have
(@ (uy) — @/ (u), up, —u) > 0.
On the other hand, (3.11) implies that

lim sup (@, (uy,) — @/, (u), up, — u) < 0.

n—-4o0o
So,
lim sup (@, (uy,) — @/, (), u,, — u) = 0.
n—-+4o00o
Put
o, (2) = (|Aun|1)<””>*2 Auy — [AufP® 2 Au) (Auy — Au),

I
3
—
&
~
|

<|un|p(m)_2 Uy, — |u|p(r)_2 u) (g — ).

By the compact embedding of X into LP(*) (Q), it follows that
U, —u in LP@(Q)
and
e T LTI P LN (0)

where ﬁ + ﬁ =1 for all z € Q. It results that

/an () dz — 0.

It follows by (3.14) and (3.15) that
lim sup/ @, (x)dz = 0.
Q

n—-+oo

Thanks to above inequalities, we deduct

J

P

|Aw, — Auk|p(r) dr < 27" / ©,, (z) dz,
UP

and

/ tn — up[P® dz < 277 / &, (z)dx.
U

P Up
Then
/ (|Aun — Auf"™ + o ju, — u|p<$)) dr — 0 as n — +oo.

P

On the other hand, in V,, , setting 0, = |Auy| + |Au| , we have

/ |Au, — AP de <

P

Pz p(z
=S 5 (2—p(2)) d
1 ), e v,

and the Young’s inequality gives that

IN

1 p(z p(2) (o
d [ 18w = b e < g [ a0, a,
Vp - —1Jy,

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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From (3.16) and since ¢,, > 0, one can consider that

OS/ ppdr < 1.
v,

p

If fvp @, dz = 0 then fvp |Au, — AulP™ dz = 0. If not, we take

d:(/v

1
2

o () dx) > 1,

P

and the fact that —= < 2, the inequality (3.18) becomes

!
< (/

P
Note that, [;,82")dz is bounded, this implies that

IN

(p~—1) / |Au, — Au[P® dz
Vo

J

gpndzdx—i—/dﬁ(z)dx ,
A Q

<pndx> (1+/ 5ﬁ($)dx>.
Q

Ul

|Aup, — AufP dz — 0 as n — +oo.
Vp

A similar method gives

[ty — u|p(z) dr — 0 as n— +oo.
Vp

Hence, it results that

/ (|Aun — Auff +afu, — u|p(w)) dr — 0 as n — +oo. (3.19)
VP
Finally, (3.12) is given by combining (3.17) and (3.19).

(3) Note that the strictly monotonicity of ®/ implies this injectivity. Moreover, ®/ is a coercive
operator. Indeed, since p~ — 1 > 0, for each u € X such that ||u|| > 1 we have

(@o(u),w) _ Jo(u)

a = > ul? =00 as full, = oo

[[ul

[e3 [0}

Consequently, thanks to a Minty-Browder theorem [16], the operator ®/ is an surjection and admits an
inverse mapping. It suffices then to show the continuity of (®,)~". Let (fn)n be a sequence of X’ such
that f, — f in X'. Let u, and v in X such that

((I)/a)il (fn) =u, and ((I);)il (f) = u.

By the coercivity of ®/, one deducts that the sequence (u,) is bounded in the reflexive space X. For a
subsequence, we have u,, — u in X, this implies that

lim (@, (un) — o (u),un — W) = lim (fn — f,un — ) =0.

n—-+o0o n—-+oo

It follows by the second assertion and the continuity of ®, that
u, »u in X and @/ (u,)— @ (1) =®, (u) in X

Moreover, since @/ is an injection, we conclude that « = . This ends the proof. O
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4. Existence Results

Proof: [Proof of theorem 1.1]
The function ®,, is continuous and convex, so it is weakly lower semicontinuous. From the two theorems
(theorem 3.4 and theorem 3.6), the functional ®, is continuous Gateaux differentiable and sequentially
weakly lower semicontinuous whose Gateaux derivative admits a continuous inverse on X*, and W is a
continuous Gateaux differentiable functional whose Gateaux derivative is compact. In what follows, we
will prove that the conditions of lemma 2.1 are satisfied.

(1) Let v € X such that ||ul[, > 1. We have

U(u) = —/QF(x,u(x))dxz—/Q[/Ou(z)f(x,t)dt] do

< /u(z)zo [/Ou(m)|f(x,t)|dt dx+/u($)<0 [/:I)|f(x,t)|dt] dx
< [ Jo@) )+~ o as
<

b (z)
2lal 4@ U 7 + /uw T .
| |L Q)| |L()(Q) = Q| ()]

RICOREN
By the proposition 3.3, we have u € L"®) (Q) and there exists C' > 0 such that
ul vy @) < Cllullg -

Moreover, it’s clear that

- - +
@ < ma{jull Jull, )
< Ol
SO
b +
(W) <200l e ully + =l (4.1)
L@ -1 (Q) 0

Thanks to the proposition 3.1, we have
1 x x
B, (1) = / — (18w @) +alu (@) ") do
o p(x)

[[ulle,

pt

Y

(4.2)
Then, for all > 0, from (4.1) and (4.2) we obtain

ullg

C'b +
B (1) + 5% () = Lolo — 2801l ool — 222l

pt F@)—1 ( o
Since p~ > ~4T > 1, the right term of the inequality goes to +o0 as ||ul|, — +0o0. So,

[@a (u) + Y (u)] = +00,

11m
||u|\a—>+oo

for all o, 8 > 0. Consequently, the assertion (1) of lemma 2.1 is satisfied. Let us prove the second
assertion.
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(2) Choose ug (x) = 0 for all x € Q. It is clear that ug € X and P, (ug) = ¥ (up) = 0. From the

1

condition (f2), we can find a constant M >max {17 (ﬁ) ”} such that F' (z, M) > 0, it follows that

\I!(M):—/QF(;E,M)dx<O,

this implies that
(P (M) = 1) W (ug) + (r — $q (uo)) ¥ (M) _ W (M)
b, (M) — P4 (uo) b, (M)

Take for all x € Q, uy () = M and 0 <r < pl—+, we have

Do (M) = | ——MP@) gz > NP Q) >
0 pt

p() pt’

it follows that .
0=<I>a(u0)<r<F <Dy (M).

(3) We must choose an r > 0 such that for all u € X satisfying ®,, (u) < r, we have ¥ (u) > 0. This
assert that

. ¥ (M)
inf U(u) >0> .
uE®; 1] —o00,r] ) P (M)

Let v € X such that ®, (u) < r. First, we give the following claim
1
Claim 1. Ifr < p%r then ||ul|,, < (pTr)»* .

Indeed, let us show that |[lul|, < 1. Suppose by contradiction that |ju||, > 1. From the proposition
3.1, we have J, (u) > 1 and

D, (u) = / 1 (|Au (x)|p(r)+o<|u(x)|p(r)) dx

1
2 - 9
pt pt
this contradict the fact that r < p%r. Consequently, [lul|, < 1, then

1
Jo (u) > — [[ul® .

1
(boz (U) Z — =
pt P

1
Since @, (u) < r, it follows that ||ul|, < (p*r)r* . By the second assertion of proposition 3.3 and the
fact p(z) > &, there exists C3 > 0 such that
[v] < Csv]|, forall velX

where |v| = max |v (z)|. Hence, we obtain
€N

1
lul < Cj3 (ptr)»F . (4.3)
On the other hand, the condition (f3) implies that there exists ¢ > 0 such that

f(w,t)<g,
T2

Integrating to respect t and since § + 1 is even, it follows that

Y0 < |t] < e.

c 541
F t) < t t .
(x,),2(5+1)|| , YoO<|t|<e
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Therefore
c §+1
U(w)=— [ F >__ ¢
(v) /Q (x,v)dx > 2(5_'_1)/0|v| dx

for all v € X satisfying 0 < |v| < e. From the proposition 3.3, it gives that v € Lt (Q). So

c
U (v) > GRS |v|iﬁ1(ﬂ) >0 forall 0<|v]<e. (4.4)

Pt €
Then considering r < min § =, -t (ﬁ) in (4.3), one conclude that |u| < 5 and from (4.4), it
follows that ¥ (u) > 0. Hence, the proof of theorem 3.4 is completed. O

Proof: [Proof of theorem 1.2]
The proof of this theorem is similar at the above ones. We start by the assertion (1) of lemma 2.1. Let

u € X, denote by s = ||lul|, and v = % It’s clear that |lv]|, =1and s = +o0 as ||ul|, = +oo.
s

Replacing in ®,, we obtain

IN

B., (1) p% /Q (180 @)P + o fu@)Pe) de

1
p(x) p(z) p(x)
e /Qs (|Av @) + v (x)] ) dx.

For s > 1 and using the relation (1) of proposition 3.1, we deduct that

sP s”+

By (u) < 2T, (v) = 2. (4.5)

On the other hand, the condition (f4) implies that there exists M > 1 such that
f

(z,1)
tw

>1, forall |t|> M,

and

1w
F(x,t)>w—+1|t| T forall |t > M. (4.6)

It follows that

U(u) = —/QF(x,u(x))dx:—/UI<MF(x,u(x))dx—/ F (z,u(z))dx

|u|>M
1 w
< —/ F(z,u(z))de — —— lu|“ T da
lul<M w+1 Jjusm
<

1 w1 1 w1
< - F (z,u(z))de + —— lu[“ T da — —/ |u|*"" d.
/u|<M ( w1 Jiu<m w+1Jg

w—+1

setting M’ = — flu\SM F(z,u(z))dx + %H flu\SM |u|”"" dx which is bounded, we have

1

w+1
V)< M — —— [ Juf*tde< M -2 /‘““d. AT
W <M = — [ e < ar = 2 [ o e (4.7)

From the inequalities (4.5) and (4.7), for each 8 > 0

+
sP strl

p——_ﬁw—kl

By (u) + B (u) < /Q [T da + SM. (4.8)
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w+1 w—+1

We must show that [, [v|“"" dz # 0. Assume par contradiction, suppose that [, [v|“" dz = 0, so we
have v(z) = 0 for a.e z € Q. From the proposition 3.3, v € C () and then v(z) =0 for all z € Q.
This implies that |lv||, = 0, this contradicts the fact that [[v]|, = 1.

Let us return to the inequality (4.8). Since w + 1 > p™, we deduct that the term on the right goes to
—o0 as s — +00. Consequently, we have

[@a (u) + Y (u)] = —oo,
||u|\a—>+oo

and the assertion (1) is proved.

Let us show the assertion (2) of lemma 2.1. For M > 1 found by the condition (f4), we get

o, (M) :/ ]%Mp@dx > ]%MP’ Q. (4.9)

1

Then for M > max {1, <L) ’

and 0 < r < -, we obtain
a ] } "

1
@a(M)zp—Jr>r>O:<I>a(0).

Finally, for the third assertion, replacing ¢ by M in (4.6) it follows

1 w1
— pr— > —— .
(M) /F(x,M) do > —— M|t 9| (4.10)
and
(0% « —+
D, (M :/ —  MP@ gy < —MPT Q). 4.11
(M) ) = 1€2] (4.11)

Combining (4.10) and (4.11), we have

\IJ(M) TP~ +1—pT
> MeTTP
D, (M) ~ a(w+1)

(4.12)
Let r = p% with 0 < ¢ < 1. From the preceding claim, for all u € X such that @, (u) <r < p%r we get

1
ull, <er.

The same method used in the preceding proof give

by
W (u)] < 2 |G|L%%7L1(Q) |ul pro () + P Ul 0
a2 C',
< 200d Lw (@) + == () . (4.13)
L@ -1(Q) Yy
Define the function g as
L O,
g(t):=2Clal 2w ()»T +——(t)" .
L@ ~1 (Q) vy

In what follows, we interest to find an 0 < £ < 1 such that

P ]\4w+1—pJr

g(&‘) < m&‘.

Hence, from (4.12) and (4.13), we obtain

— A jwtl—pT
—@(u)<g(s)<%s<—r;($),
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for all u € X satisfying @, (u) < r = >+~ Which gives the assertion 3.

Let us search this . Define the function h as
prerlfp'*'

1
This function is continuous on [0, 1] such that i (0) =0, A’ (0) = 400 and for M > {%g (1)} vt

we have h(1) < 0. Then, there exists € € ]0, 1] such that h(e) < 0. This ends the proof of theorem 1.2.

O
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