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Some Modular Relation on Analogous of Ramanujan’s Remarkable Product of
Theta-Function

B. N. Dharmendra*, M. C. Mahesh Kumar and P. Nagendra*

ABSTRACT: In this article, we derive new modular relations on Ramanujan’s product of theta-functions
#(q) and f(—q?), which is analogous to Ramanujan’s remarkable product of theta-functions and their explicit
evaluations.
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1. Introduction

Ramanujan’s general theta-function [18] f(a,b) is defined by

flasb)y:= > an2pnn D2, ab| <1, m

= (=0;ab)oo(=b; ab)oo (ab; ab) oo

Three special cases of f(a,b) are as follows:

oo

olq) = fla0)= > ¢ = %, (1.2)
0 2. .2
00 = 10a) = L = Tigke, (13)
F(=q) = f(=¢,—a*) = > ¢"®" V% = (g;0)c0, (1.4)
where -
(a;9)00 == H(l —aq"), lg| < 1.
n=0

On page 338 in his first notebook [18],[3] Ramanujan defines

newﬁwae_” )R (—e 2TV
VeV R (e PV

(1.5)

Am,n =

He then, on pages 338 and 339, offers a list of eighteen particular values. All these eighteen values have
been established by Berndt, Chan and Zhang [4]. M. S. Mahadeva Naika and B. N. Dharmendra [10],
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also established some general theorems for explicit evaluations of the product of a;,, and found some
new explicit values from it. Further results on a,,, can be found by Mahadeva Naika, Dharmendra and
K. Shivashankar [12], and Mahadeva Naika and M. C. Mahesh Kumar [13]. Recently Nipen Saikia [16]
established new properties of a, n.

In [15], Mahadeva Naika et al. defined the product

[ e T VR P (—e TV 52 =2mn) (L6)
5 w?(_e_ﬂ' o -2 %)

") (—e
They established general theorems for explicit evaluation of b,, , and obtained some particular values.
Mahadeva Naika et al. [14] established general formulas for explicit values of Ramanujan’s cubic continued
fraction V(¢) in terms of the products an, , and by, , defined above, where

1/ 2 2 4 3 6
q q+q q +q q° +q
Vig) = — e el <1 (1.7)

3
1 + 1 + 1 + 1 +

and found some particular values of V(q)
In [5], B. N. Dharmendra defined product of theta-fuctions d,, ,, as

Il y
m,n e—%\/%f (—e—2mvimm) (e_”\/%) ’ .

where m and n are positive real numbers. He established several properties of the product d,,, and
proved general formulas for explicit evaluations of d,,,, and their explicit values.
Let K, K’', L and L’ denote the complete elliptic integrals of the first kind associated with the moduli
k, k' := V1 —k2, [l and I’ := /1 — [? respectively, where 0 < k,I < 1. For a fixed positive integer n,
suppose that
K L

n— =

== (1.9)

Then a modular equation of degree n is a relation between k and [ induced by (1.5). Following Ramanujan,
set a = k% and B = [2. Then we say (3 is of degree n over .

Define

X(@) = (~4:¢%) s,
and

G = 279¢" 71 x(q),
where

Moreover, if g = ™% and [ has degree n over «, then

Gz = (4a(l — )™ (1.10)
and

G = (4B(1 = §)) 7. (1.11)

The main purpose of this paper is to obtain several general theorems for the explicit evaluations of
analogous of Ramanujan’s product of theta-function of d,, , and also some new explicit evaluations from
it.
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2. Preliminary Results
In this section, we collect several identities which are useful in proving our main results.

Lemma 2.1. [5, Theorem 3.1] We have,
dpy = 1.

Lemma 2.2. [5, Theorem 4.4] If n is any rational,

_ Sl e el T
n = G el T T w17

then
P*—9

ds, = —=——=
dn T pi(1 — Pty

P*£1.

Lemma 2.3. [5, Theorem 4.5] If n is any rational,

g = JCDe@) . el NG

"B f(=q)p(q) e(g°)’ ’
then p2
5—
S = — — _ P?2+41.
d5,n P2(P2 — 1)7 7é

Lemma 2.4. [5, Theorem 4.6] If n is any rational,

f(=a®)e(d?) and P e .
2RI "= o

P-3 )"
do={Fp=r} - A1

If P:M and Q:—M

d9,n =

then

Lemma 2.5. /8, Theorem 3.1 = , then
[ / e(q*)¢e(q°) ¢(*)¢(q?)
3 1
P+ F +Q - é = 4.
5
#(a) and Q := ?(¢) then

Lemma 2.6. [6, Theorem 2.1] If P :=

©(q®) ©(q'®)’

o e (8) -5 - @}+(8)- )}

_ pl@)e(d") and O - P@ela)
I P= o(g®)p(q?) o 0(q*)p(q")
1

Q4—@+14<Q2—é>+P3+%=7(P+%>{<Q2+é)—1}.

¢(q) o(q?)
Lemma 2.8. [11, Theorem 3.2] If P := and @ = ,
! / ©(q°) ©(q*°)

() () oo () 0(5-5)

:2<P2+%)+2<Q2+%)+4.

Lemma 2.7. [6, Theorem 2.3]

(2.3)
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3
Lemma 2.9. [2, Ch. 25, Entry 66, p.233] If P = <p(q5) and Q = @(qls) , then
o(a®) ©(q"?)

ras (8 - (3 o5+
¢(9)¢(q") . )
?(a°)9(q*) o

1 1 1 1 53
g |(@eg) (@) ro(arg)| P

(5 o) (o) bl ) )

3. Modular Relation Between d3, and ds 2,

Lemma 2.10. [11, Theorem 3.6] If P :=

(2.10)

In this section, we obtain some modular relation between ds , and ds j2y,.

d3n
Theorem 3.1. If z =ds3,d3 4, andy = 3 then

)
ds.an

1 1 1 1
(mG—F—G) +25 (x4+—4) + 200 <m2—|——2> + 550 = <y6+—6>
x x x Yy
1 1 1 1
+ <y3+—3> {<x5+—5) +16 <m3—|——3> + 171 <m+—)}.
Yy x x x
Proof. Using Lemma (2.2), P = % can be written in terms of r := ds ,, as

—14+Vr2+34r+1
p_T + ;+3 T+ (3.2)
r

Employing the above equation (3.2) and Lemma (2.5), we obtain

(714710 1 510416 4 71510,4 _ 900510010 | 5142 | 165148 _ 5l4p14 | 6 4 6

+ 5214 — 2000955 — 25517 4+ 165512 — 55055° + 165814 4+ 7171258 — 25712512
+ 7175512 £ 165%r8 — 52?4 510710) (532920 1 408955720 — 7158120 — 751410

— 1425519716 1 29932 _ 5630510122 4 32519928 — 751901 — 3530510710 — 1651412
+270sM7® — 9224751 4 512 4 912 — 969514720 4 1413054 — 1657714

— 960526,14 | 71426,20 _ 93426,26 _ 71.26,8 | 30,24 1. 30,18 (30,12 (2,8
— 231050 — s2°r% + 40895*°r® + s'r? + 1413057 + 240625°r°0 4 71520720

+ 32522 4 5128 11835410 — 52920 — 1425516122 4 252819516716 — 7428722
+3935%r% — 3530522122 — 752228 4 325220 — 14255%2016 — 563052210 4 5892

+ 183528716 4 32528710 4 62828 | 183516728 4 30524 _ 16130518 4 2705514

— 30612 _ 7192465 4+ 4089124512 — 96971855 + 1413008512 + $28r% + 7191240

+ 2406211252 + 7115512 — 9224771851 4+ 14130r25'® — 96915518 — 7152446

3.3
+ 27075 1+ 18351674 + 40895112 + 2701852 + 39312457 — 142551%110) = 0. (3:3)

Here s = d3 45, and by examining the behavior of the above factors near ¢ = 0, we can find a neighborhood
about the origin, where the first factor is zero; whereas other factor is not zero in this neighborhood. By
the Identity Theorem second factor vanishes identically. This completes the proof. O
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Corollary 3.2.

_ V36 —2+ /36 —6

(i) d3a 5
(3.4)
§ V3vV6-2-V3/6-6
(i) d31/4 = 5 .
Proof. Employing the above Theorem (3.1) with n = 1 and Lemma (2.1), we obtain
(1% + 85 — 36t* 4 8% 4 1)(t* + 4% + 1)* = 0, (3.5)
when ¢ = 0 by identical theorem first factor vanishes, whereas the second factor does not vanish.
8 4+ 815 — 36t* +- 8t + 1 =0, (3.6)
where t:=dsz4. The above equation can be written as,
T* +4T* — 50 = 0. (3.7)
1
where T :=1+ T Solving in the above equation, we get (3.4). O
d3 n
Theorem 3.3. If z =ds3,ds 25, andy = ——, then
3,25n

, 1 1 s 1
¥+ | +10lz+—-)+25=(y"+—= ). (3.8)
2 T 3

b

Proof. Employing the equation (3.2) and Lemma (2.6), we get (3.12).

O
Corollary 3.4.
) 1+ 4k + k? 4+ 3v/5 + 2k + 2k2
(i) d3o2s = 5 :
(3.9)
. 1+ 4k + k? — 3v/5 + 2k + 2k2
(i) d3,1/25 = 6 ;
where k =107 .
Proof. Employing the above Theorem (3.3) with n = 1 and Lemma (2.1), we obtain
— 10t —t + 1 —10t* —° — 25t + 5 = 0, (3.10)
where t:= d325. The above equation can be written as,
T3 —T? - 13T — 23 =0, (3.11)
1
where T :=t+ 7 Solving in the above equation, we get (3.9). O
d3 n
Theorem 3.5. If z =d3yds a9, andy = —  then
’ ds.a9n
1 1 1
(- 2)-(+3) (e 3)
€T Y Y
(3.12)

1 1
+77 (y2+ ?> —210 (y+ 5) + 294.
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Proof. Using the equation (3.2) and Lemma (2.7), we obtain (3.12). O

Corollary 3.6.

91 + 14k + k% + 3v/1029 + 294k + 42k2

3.13
o : (3.13)

ds.a9 =
where k := 983 .
Proof. Employing the above Theorem (3.5) with n = 1 and Lemma (2.1), we obtain
14 77t% — 21085 + % — 15¢ + 294¢* — 15¢7 4+ 77t° — 210t3 = 0, (3.14)
where ¢ := d349. The above equation can be written as,

T* — 1573 4+ 7372 — 165T + 142 = 0, (3.15)
1
where T :=1t+ n Solving in the above equation, we get (3.13). O
4. Modular Relation Between ds, and ds j2,
In this section, we obtain some modular relation between ds , and ds j2y,.

dsn
Theorem 4.1. If z =ds5,ds 4y andy = di’ then
5,4n

1 1 1 3 !
P+ = )+ 13 (2% + = | +52(z+~ ) +82= {xy}§+ 3
3 x? x {zy}?
3 1 3 1 .. s 1
P+ ) v ) (e ) +8(2f+ 5 ) +19 (2
y Y2 T2 T2
)

Proof. Using Lemma (2.3), P = 54,

(4.1)

N

+

)}

8
|

can be written in terms of r := d5 ,, as
3 —14+Vr6+18r3 +1
273

Employing the above equation (4.2) and Lemma (2.8), we obtain

P? =

(8rts + 8rts” — 82rtst — rs +19r%s° + 157 + 8rst — 131257 4 1°5% — 757

+ 877 st 4 19r%s% 4175 — 521555 + 1855 — 13r0s% 4 191053 4+ 19553 4 43

+ 53 = 52r383) (110510 — 1556 1 15612 1 12615 4 pdg 4 999067 4 1017454

+43r8s1 — 10177512 4 5817510 — 510 4 9251 — 30255 4 437268 4 160251

—8rs” +rst +1r2s? — 25r8st 4+ 33871855 — 1971513 4+ 25374510 4 14514

+167r1s° 43718 — 3p1s1 — 10171357 — 1971351 4 1152 4 19713510

— 11713613 4 161751 — 39810511 4 10616 105 4 1910413 | 58,1047

— 251758 + 253105 + 1358110510 — 25231757 + 22175t — 31552 — 8175

+43r8s% 4+ 16111 5% 4 13581055 + 197653 + 195%3 — 101795 — 1017357

+ 587758 — 197253 + 25351276 — 195293 + 58570 + 1017'25'2 + 229512

— 398115 — 3pllgtd g6 4 0 429, gt 119363 4 2531250 4 2271269

— 25237959 — 25p11 68 — 1906 851579 81559 4297555 — 257855) = 0.
Here s = d5 45, and by examining the behavior of the above factors near ¢ = 0, we can find a neighborhood

about the origin, where the first factor is zero; whereas other factors are not zero in this neighborhood.
By the Identity Theorem second factor vanishes identically. This completes the proof. O
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Corollary 4.2.

(i) d5’4_a—|—\/ 4a—2
4.4
(i) d571/4_a+\/ - 4a—2 (44
where a = /11 + 5/5.
Proof. Employing the above Theorem (4.1) with n = 1 and Lemma (2.1), we obtain
8t + 87 — 66t* — 32t° + 61% + 15 + 615 — 3263 +1 =0, (4.5)
where t:= ds 4. The above equation can be written as,
T* + 873 + 2T% — 56T — 76 = 0. (4.6)
where T :=t+ % Solving in the above equation, we get (4.4). O

dsn
Theorem 4.3. If = =ds5,ds 9, andy = d5! , then
5,9n

3 1 3 1 : 1 6 1 3 1
x +—3 + 18 2+ — Y2 + —% =ly +_6 —45 |y +—3 + 162. (4.7)
T x2 Y2 Y )

Proof. Using the equation (4.2) and Lemma (2.9), we obtain

M)

(512 — 457357 — 181057 — 1959 — 187355 +162r05° — 181955 — 1353 4 p12
— 187953 — 45r95%) (369570 — 881s'? — 4065° + 20350 + n — 1476s° (4.8)
—36s° +27s°n —1) =0
Here s = ds 95, n = Vs 4+ 1853 + 1 and by examining the behavior of the above factors near ¢ = 0, we
can find a neighborhood about the origin, where the first factor is zero; whereas other factors are not

zero in this neighborhood. By the Identity Theorem second factor vanishes identically. This completes
the proof. 0

Corollary 4.4.

(i) dso = (31+ 8\/5)%

. (4.9)
(ll) d571/9 = ( ]._ 8\/_)
Proof. If n =1 in the above Theorem (4.3),we obtain (4.9). O
d5 n
Theorem 4.5. If = =ds,ds a9, andy = ——, then
ds,49n
3 1 3 1 1 1
(x n >+14(x2 +_§) {(y —é) —|—6(y2+ )}
v y* (4.10)

4 1 3 1 2 1
=\Yy +E -7 y +E —35 Yy —2 + 42 y+ + 392.

Proof. Using the equation (4.2) and Lemma (2.10), we obtain (4.10). O
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Corollary 4.6.

a® + 20a + 889 + /a' + 214242 + 35560a + 1860201 + 369601/15 (4.11)

d p—
5,49 »

where a = (26747 + 924,/15)3
Proof. Employing the above Theorem (4.5) with n = 1 and Lemma (2.1), we obtain
(t5 — 20t° — 160t* — 342> — 160> — 20t + 1)(t — 1)> = 0, (4.12)
when ¢ = 0 by identical theorem first factor vanishes, whereas the second factor does not vanish.
6 —20t5 — 160t* — 34213 — 160t> — 20t +1 =0, (4.13)
where t:= ds49. The above equation can be written as,
T3 —20T? — 163T — 302 = 0. (4.14)

1
where T :=t+ n Solving in the above equation, we get (4.11). O
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