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The Binary Operations Calculus in H2
a,d

∗

Abdelâli Grini1, Abdelhakim Chillali2, Hakima Mouanis3

abstract: Let Fq be a finite field of q elements, where q is a power of a prime number p greater than or
equal to 5, such that −3 is not a square in Fp. In this paper, we will study the twisted Hessian curve over the
ring R2 = Fq[ǫ], with the relation ǫ2 = 0. More precisely, we will give many various explicit formulas, which
describe the binary operations calculus in H2

a,d
, where H2

a,d
is the twisted Hessian curve over R2, and we will

reduce the cost of the complexity of the calculus in H2

a,d
.
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1. Introduction

In [1], the authors studied the twisted Hessian curves over a field. In this paper, we study the twisted
Hessian curve defined over the ring Fq[X ]/(X2), [4,5]. More precisely, we will reduce the cost of the
complexity of the calculus in H2

a,d by giving many various explicit formulas, which describe the binary

operations calculus in H2
a,d.

Let q be a power of a prime number p greater than or equal to 5. Consider the quotient ring R2 =
Fq[X ]/(X2), where Fq is the finite field of characteristic p and q elements. Then, the ring R2 can be
identified to the ring Fq[ǫ], where ǫ2 = 0. In other words,

R2 = {a + bǫ/a, b ∈ Fq}.

We define a twisted Hessian curve over the ring R2, as a curve in the projective space P2(R2), which
is given by the equation:

aX3 + Y 3 + Z3 = dXY Z,

where a, d ∈ R2 and a(27a − d3) is invertible in R2.
We denote the twisted Hessian curve over the ring R2 by H2

a,d. So we have:

H2
a,d = {[X : Y : Z] ∈ P2(R2)\aX3 + Y 3 + Z3 = dXY Z}.

We denote by π the canonical projection defined by

R2 7→ Fq

a + bǫ 7→ a

Theorem 1.1. Let P = [X1 : Y1 : Z1] and Q = [X2 : Y2 : Z2] two points in H2
a,d.
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1. Define:
X3 = X2

1 Y2Z2 − X2
2 Y1Z1,

Y3 = Z2
1X2Y2 − Z2

2 X1Y1,

Z3 = Y 2
1 X2Z2 − Y 2

2 X1Z1.

If (π(X3), π(Y3), π(Z3)) 6= (0, 0, 0) then P + Q = [X3 : Y3 : Z3].

2. Define:
X ′

3 = Z2
2X1Z1 − Y 2

1 X2Y2,

Y ′
3 = Y 2

2 Y1Z1 − aX2
1 X2Z2,

Z ′
3 = aX2

2 X1Y1 − Z2
1 Y2Z2.

If (π(X ′
3), π(Y ′

3), π(Z ′
3)) 6= (0, 0, 0) then P + Q = [X ′

3 : Y ′
3 : Z ′

3].

Proof. By using [ 1, Theorem 3.2 and Theorem 4.2 ], we prove the theorem.

Recall that R2 is a local ring and its maximal ideal is M = ǫFq, see [6,7]. We have the following
proposition.

Proposition 1.2. Every element in H2
a,d is of the form [1 : Y : Z] (where Y or Z ∈ R2 \ M), or

[X : Y : 1] (where X ∈ M) and we write:
H2

a,d = {[1 : Y : Z] ∈ P2(R2)\a+Y 3 +Z3 = dY Z, and Y or Z ∈ R2 \M}∪{[xǫ : −1− 1
3 d0xǫ : 1]\x ∈ Fq}.

Proof. Let [X : Y : Z] ∈ H2
a,d, where X , Y and Z ∈ R2.

• If X is invertible, then [X : Y : Z] = [1 : X−1Y : X−1Z] ∼ [1 : Y : Z]. Suppose that Y and Z ∈ M ;
since a + Y 3 + Z3 = dY Z then a ∈ M , which is absurd.

• If X is non invertible, then X ∈ M , so X = xǫ, where x ∈ Fq. Let Y = y0 + y1ǫ, Z = z0 + z1ǫ,
d = d0 + d1ǫ and a = a0 + a1ǫ.
So, [X : Y : Z] = [xǫ, y0 + y1ǫ, z0 + z1ǫ] ∈ H2

a,d. Then y3
0 + 3y2

0y1ǫ + z3
0 + 3z2

0z1ǫ = d0y0z0xǫ implies

that y0 = −1 and z0 = 1 (see 1, Theorem 2.2) and y1 + z1 = −1
3 d0x, therefore

[X : Y : Z] = [xǫ, −1 + y1ǫ, 1 + z1ǫ]

= [xǫ, (−1 + y1ǫ)(1 − z1ǫ), 1]
= [xǫ, −1 + (y1 + z1)ǫ, 1].
= [xǫ, −1 − 1

3 d0xǫ, 1].

2. Main results

2.1. Maple Procedures

The following Maple procedure will help us to calculate, expressively the sum of two points in the
twisted Hessian curve over the ring R2:
> sum1 := proc(P, Q)
localX, Y, Z;
X := expand(P [1]2 ∗ Q[2] ∗ Q[3] − Q[1]2 ∗ P [2] ∗ P [3]);
Y := expand(P [3]2 ∗ Q[1] ∗ Q[2] − Q[3]2 ∗ P [1] ∗ P [2]);
Z := expand(P [2]2 ∗ Q[1] ∗ Q[3] − Q[2]2 ∗ P [1] ∗ P [3]);
[X, Y, Z];
end :
> sum2 := proc(P, Q)
localX, Y, Z;
X := expand(Q[3]2 ∗ P [1] ∗ P [3] − P [2]2 ∗ Q[1] ∗ Q[2]);
Y := expand(Q[2]2 ∗ P [2] ∗ P [3] − (a + b ∗ ǫ) ∗ P [1]2 ∗ Q[1] ∗ Q[3]);



The Binary Operations Calculus in H
2

a,d 3

Z := expand((a + b ∗ ǫ) ∗ Q[1]2 ∗ P [1] ∗ P [2] − P [3]2 ∗ Q[2] ∗ Q[3]);
[X, Y, Z];
end :

2.2. Binary operations

Lemma 2.1. Let P = [x1ǫ : −1 − 1
3 d0x1ǫ : 1] and Q = [x2ǫ : −1 + 1

3 d0x2ǫ : 1] two points in H2
a,d. Then:

P + Q = [(x1 + x2)ǫ : −1 −
1

3
(x1 + x2)d0ǫ : 1].

Proof. As [π(x1ǫ) : π(−1 − 1
3 d0x1ǫ) : π(1)] = [π(x2ǫ) : π(−1 − 1

3 d0x2ǫ) : π(1)], then applying the
second case of theorem 1.1; we find the result by using maple procedure “sum2”.

Lemma 2.2. Let P = [1 : y0 + y1ǫ : z0 + z1ǫ] and Q = [xǫ : −1 − 1
3 d0xǫ : 1] two points in H2

a,d. Then:

P + Q = [1 : (−
y0d0x

3
+ y1 + xz2

0)ǫ + y0 : (−xy2
0 + z1 +

xd0z0

3
)ǫ + z0].

Proof. As [π(1) : π(y0 + y1ǫ) : π(z0 + z1ǫ)] 6= [π(xǫ) : π(−1 − 1
3 d0xǫ) : π(1)], then applying the first

case of theorem 1.1; we find the result by using maple procedure sum1.

Lemma 2.3. Let P = [1 : y0 + y1ǫ : z1ǫ] and Q = [1 : y0 + t1ǫ : s1ǫ] two points in H2
a,d. Then:

P + Q = [1 : (−z1 +
s1a0

y3
0

)ǫ : (
a0y1 − a1y0 + a0t1

y3
0

)ǫ −
a0

y2
0

].

Proof. As [π(1) : π(y0 + y1ǫ) : π(z1ǫ)] = [π(1) : π(y0 + t1ǫ) : π(s1ǫ)], then applying the second case
of theorem 1.1; we find the result by using maple procedure “sum2”.

Lemma 2.4. Let P = [1 : y0 + y1ǫ : z0 + z1ǫ] and Q = [1 : y0 + t1ǫ : −z0 + s1ǫ] two points in H2
a,d where

z0 6= 0. Then:

P + Q = [1 : (
z0(y1 − t1)

2y0
− s1 − z1)ǫ :

y1 + t1

2
ǫ + y0].

Proof. As [π(1) : π(y0 + y1ǫ) : π(z0 + z1ǫ)] 6= [π(1) : π(y0 + t1ǫ) : π(−z0 + s1ǫ)], then applying the
first case of theorem 1.1; we find the result by using maple procedure “sum1”.

Lemma 2.5. Let P = [1 : y0 + y1ǫ : z0 + z1ǫ] and Q = [1 : y0 + t1ǫ : z0 + s1ǫ] two points in H2
a,d where

z0 6= 0. Then:

P + Q = [X0 + X1ǫ : Y0 + Y1ǫ : Z0 + Z1ǫ]

where

X0 = z3
0 − y3

0

X1 = z2
0(z1 + 2s1) − y2

0(t1 + 2y1)

Y0 = z0(y3
0 − a0)

Y1 = y2
0(y0z1 + z0(y1 + 2t1)) − s1a0 − a1z0

Z0 = y0(a0 − z3
0)

Z1 = a0y1 + a1y0 − z2
0(y0(s1 + 2z1) + z0t1).
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Proof. As [π(1) : π(y0 + y1ǫ) : π(z0 + z1ǫ)] = [π(1) : π(y0 + t1ǫ) : π(z0 + s1ǫ)], then applying the
second case of theorem 1.1; we find the result by using maple procedure sum2.

Lemma 2.6. Let P = [1 : y0 + y1ǫ : z0 + z1ǫ] and Q = [1 : t0 + t1ǫ : s0 + s1ǫ] two points in H2
a,d where

y0 6= t0. Then:
P + Q = [X0 + X1ǫ : Y0 + Y1ǫ : Z0 + Z1ǫ]

where
X0 = t0s0 − y0z0

X1 = t0s1 + t1s0 − y0z1 − z0y1

Y0 = z2
0t0 − s2

0y0

Y1 = z0(z0t1 + 2z1t0) − s0(s0y1 + 2s1y0)

Z0 = y2
0s0 − t2

0z0

Z1 = y0(y0s1 + 2s0y1) − t0(t0z1 + 2t1z0).

Proof. As [π(1) : π(y0 + y1ǫ) : π(z0 + z1ǫ)] 6= [π(1) : π(t0 + t1ǫ) : π(s0 + s1ǫ)], then applying the first
case of theorem 1.1; we find the result by using maple procedure “sum1”.
We summarize the results in the Table.1:

3. Reduction of complexity

Let s, m and i are respectively the costs of the sum, the multiplication and the inverse in the field
Fq. It is clear that : s ≤ m ≤ i. We neglect the cost of the inverse and his comparison. We have the
following table:

Case Sum cost multiplication cost
Theorem- case1 18 × s 78 × m
Theorem- case2 20 × s 96 × m

Lemma 1 2 × s 2 × m
Lemma 2 4 × s 10 × m
Lemma 3 3 × s 7 × m
Lemma 4 4 × s 3 × m
Lemma 5 14 × s 30 × m
Lemma 6 12 × s 30 × m

Table 2: Complexity reduction of the sum law in the twisted Hessian curve H2
a,d

The following graphics illustrate the results above:

Figure 1: Complexity reduction of the sum law in the twisted Hessian curve H2
a,d
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4. Conclusion

The above results show that the cost of the sum and the multiplication in the lemmas 2.1, 2.2, 2.3, 2.4,
2.5, 2.6 are less than those in the theorem 1.1. Hence the complexity time in the lemmas is lower than
the one in the theorem.
This shows the importance of these lemmas.
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P Q P + Q
1 [x1ǫ : −1 − 1

3 d0x1ǫ : 1] [x2ǫ : −1 − 1
3 d0x2ǫ : 1] [(x1 + x2)ǫ : −1 − 1

3 (x1 + x2)d0ǫ : 1]

2 [1 : y0 + y1ǫ : z0 + z1ǫ] [xǫ : −1 − 1
3 d0xǫ : 1] [1 : (− y0d0x

3 + y1 + xz2
0)ǫ + y0 :

(−xy2
0 + z1 + xd0z0

3 )ǫ + z0]

3 [1 : y0 + y1ǫ : z1ǫ] [1 : y0 + t1ǫ : s1ǫ] [1 : (−z1 + s1a0

y3

0

)ǫ : (a0y1−a1y0+a0t1

y3

0

)ǫ − a0

y2

0

]

4 [1 : y0 + y1ǫ : z0 + z1ǫ] [1 : y0 + t1ǫ : −z0 + s1ǫ] [1 : ( z0(y1−t1)
2y0

− s1 − z1)ǫ : y1+t1

2 ǫ + y0]

and z0 6= 0
5 [1 : y0 + y1ǫ : z0 + z1ǫ] [1 : y0 + t1ǫ : z0 + s1ǫ] [X0 + X1ǫ : Y0 + Y1ǫ : Z0 + Z1ǫ] where

and z0 6= 0 X0 = z3
0 − y3

0 , Y0 = z0(y3
0 − a0),

X1 = z2
0(z1 + 2s1) − y2

0(t1 + 2y1),
Y1 = y2

0(y0z1 + z0(y1 + 2t1)) − s1a0 − a1z0,
Z0 = y0(a0 − z3

0), and
Z1 = a0y1 + a1y0 − z2

0(y0(s1 + 2z1) + z0t1)
6 [1 : y0 + y1ǫ : z0 + z1ǫ] [1 : t0 + t1ǫ : s0 + s1ǫ] [X0 + X1ǫ : Y0 + Y1ǫ : Z0 + Z1ǫ]

and y0 6= t0 where X0 = t0s0 − y0z0, Y0 = z2
0t0 − s2

0y0,
X1 = t0s1 + t1s0 − y0z1 − z0y1,

Y1 = z0(z0t1 + 2z1t0) − s0(s0y1 + 2s1y0),
Z0 = y2

0s0 − t2
0z0, and

Z1 = y0(y0s1 + 2s0y1) − t0(t0z1 + 2t1z0)

Table 1: The sum law in the twisted Hessian curve H2
a,d
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