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The Binary Operations Calculus in Hg’d
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ABSTRACT: Let Fy be a finite field of ¢ elements, where ¢ is a power of a prime number p greater than or
equal to 5, such that —3 is not a square in [Fp. In this paper, we will study the twisted Hessian curve over the
ring R = Fyle], with the relation €2 = 0. More precisely, we will give many various explicit formulas, which
describe the binary operations calculus in Hg, 4> Where H 2’ 4 1s the twisted Hessian curve over Rz, and we will

reduce the cost of the complexity of the calculus in Hi d
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1. Introduction

In [1], the authors studied the twisted Hessian curves over a field. In this paper, we study the twisted
Hessian curve defined over the ring F,[X]/(X?), [4,5]. More precisely, we will reduce the cost of the
complexity of the calculus in H 3 4 by giving many various explicit formulas, which describe the binary

operations calculus in HZ ;.

Let ¢ be a power of a prime number p greater than or equal to 5. Consider the quotient ring Ry =
F,[X]/(X?), where F, is the finite field of characteristic p and q elements. Then, the ring Ry can be
identified to the ring F,[e], where €2 = 0. In other words,

Ry = {CL+ be/a,b € Fq}.

We define a twisted Hessian curve over the ring Rs, as a curve in the projective space Pa(Rs2), which
is given by the equation:
aX?+Y?+ 2% =dXYZ,

where a,d € Ry and a(27a — d?) is invertible in R.
We denote the twisted Hessian curve over the ring Ry by H 3 4- S0 we have:

H2,={[X:Y :Z] € Py(Ry)\aX?+Y® + 2% = dXY Z}.
We denote by 7 the canonical projection defined by
RQ — Fq
a+be—a

Theorem 1.1. Let P =[X; : Y1 : Z1] and Q = [X2 : Y2 : Zs] two points in Hid.
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1. Define:
X3 = X2YoZy — X2Y1 74,
Yz = Z2 XYy — Z2X,Y7,
Z3 =YX Zy — Y£X 1 7).
If (m(X3),m(Y3),m(Z3)) # (0,0,0) then P+ @Q = [X5: Y3 : Zs].

2. Define:
X4 =Z3X 17, — YEXoYo,

Yy = YY1 7, — aXiP X220,
Zy = aX3X\Y, — Z3Y2 2.
If (m(X35), 7(YY),m(Z%)) # (0,0,0) then P+ Q = [ X} : Y{ : ZL].

Proof. By using [ 1, Theorem 3.2 and Theorem 4.2 ], we prove the theorem.

Recall that Ry is a local ring and its maximal ideal is M = eFy, see [6,7]. We have the following
proposition.

Proposition 1.2. FEvery element in Hid is of the form [1 'Y : Z] (where Y or Z € Ry \ M), or
[X :Y : 1] (where X € M) and we write:
HZ2 ={[1:Y :Z] € Poy(Ro)\a+Y*+2Z% =dYZ, andY or Z € Ry\ M}U{[we : =1 —3dowe : 1|\z € F,}.

Proof. Let [X :Y : Z] € H? ;, where X, Y and Z € Ry.

e If X is invertible, then [X : Y : Z] =[1: X'V : X" 'Z] ~ [1:Y : Z]. Suppose that Y and Z € M;
since a + Y3 + Z3 = dY Z then a € M, which is absurd.

e If X is non invertible, then X € M, so X = wxe, where z € F,. Let Y = yo + y1€, Z = 29 + 21€,
d=dy+die and a = ag + aie.
So, [X 1Y : Z] = [ze,y0 +y1€, 20 + 21¢] € H ;. Then y§ + 3ygyre + 2 + 32521¢€ = doyozoxe implies
that yo = —1 and 2z = 1 (see 1, Theorem 2.2) and y; + 21 = %dox, therefore

(X :Y:Z]=[ze,— 14 y16,1 4 z1¢€]

= [ze, (=1 + y1€)(1 — z1€), 1]
= [xe, =14 (y1 + 21)€, 1].
= [xe,—1 — %doxe, 1].

2. Main results

2.1. Maple Procedures

The following Maple procedure will help us to calculate, expressively the sum of two points in the
twisted Hessian curve over the ring Ra:
> suml = proc(P, Q)
local X, Y, Z;
X = expand(P[1)? * Q[2] * Q[3] — Q
Y := expand(P[3]? * Q1] * Q[2] — Q
Z = expand(P[2)* * Q[1] * Q[3] — Q

[X,Y, Z];

end :

> sum?2 = proc(P, Q)
local X,Y, Z;

X = expand(QI[3])? x P[1] x P[3] — P[2]? x Q[1] * Q[2]);
Y := expand(Q[2]? x P[2] x P[3] — (a + bx* €) * P[1]*> x Q[1] x Q[3]);
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Z = expand((a + bx* €) x Q[1]? * P[1] * P[2] — P[3]? » Q[2] x Q[3]);
(X,Y, Z];
end :

2.2. Binary operations

Lemma 2.1. Let P = [x1e: —1— %doxle 1] and Q = [x2e: —1+ %d0x2€ : 1] two points in Hid. Then:
1
P+Q=[(1+z2)e: —1— g(xl + m3)doe : 1].

Proof. As [r(z1€) : m(—1 — $dowie) : w(1)] = [w(22€) : T(—1 — 3dowae) : w(1)], then applying the
second case of theorem 1.1; we find the result by using maple procedure “sum?2”.

Lemma 2.2. Let P =[1:yo+yi€: 20 + 21€] and Q = [xe : —1 — %doxe : 1] two points in Haz,d, Then:

_yOde xdozo

3

P+Q=[1:( +y1+azg)e +yo: (—ayg + 21+ )e + o).

Proof. As [r(1) : 7(yo + y1€) : m(20 + 21€)] # [w(we) : (=1 — 3doze) : w(1)], then applying the first
case of theorem 1.1; we find the result by using maple procedure suml.

Lemma 2.3. Let P =[1:yo+ y1€: z1€] and Q = [1 : yo + t1€ : S1€] two points in Hg,w Then:

S1a0 aoy1 — a1yo + aoty ag
P+Q=1[1:(—z1+—5)e:( 3 e — =]
Yo Yo Yo

Proof. As [r(1) : w(yo + y1€) : m(2z1€)] = [7(1) : w(yo + t1€) : m(s1€)], then applying the second case
of theorem 1.1; we find the result by using maple procedure “sum2”.

Lemma 2.4. Let P =[1:yg+y1€: 20+ z1€] and Q = [1 : yo + t1€ : —2¢ + s1€] two points in Hg’d where

zo # 0. Then:

Y1+t
2

2oy — )
P+Q=]1: (72%

— 81— 21)€: €+ yo.

Proof. As [m(1) : w(yo + yi€) : m(20 + z16)] # [7(1) : 7(yo + t1€) : m(—2¢ + s1€)], then applying the
first case of theorem 1.1; we find the result by using maple procedure “suml”.

Lemma 2.5. Let P =[1:yo+yi€: 20+ 2z1€] and Q = [1 : yo + t1€ : 20 + s1€] two points in Hid where
zo # 0. Then:
P+Q= [X0+X162Y0+Y161Z0+Z16]

where
_ .3 3
Xo =25 —Yp

X1 = 25(21 + 281) — yg (t1 + 2y1)
Yo = ZO(?JS — ao)
Y1 = y5(yoz1 + 20(y1 + 2t1)) — s1a0 — a12o
Zo = yolao — 25)

Z1 = apy1 + a1y — 23(90(51 +221) + zot1).



4 A. GriNI, A. CHILLALI, H. MOUANIS

Proof. As [7(1) : w(yo + y1€) : m(z0 + z1€)] = [7(1) : w(yo + t1€) : w(20 + s1€)], then applying the
second case of theorem 1.1; we find the result by using maple procedure sum2.

Lemma 2.6. Let P =[1:yo + y1€: 20 + z1€] and Q = [1 : to + t1€ : S + S1€] two points in Hid where
yo # to. Then:
P+Q=[Xo+ Xie:Yy+ Yie: Zo + Z1¢€

where
Xo = toso — Y020
X1 =tos1 + 150 — Yoz1 — 20Y1
Yo = z3to — sgyo
Y1 = zo(z0t1 + 221t0) — so(soy1 + 2510)
Zo = yaso — t320
Z1 = yo(yos1 + 2s0y1) — to(toz1 + 2t120).

Proof. As [r(1) : w(yo + y1€) : (20 + z1€)] # [w(1) : w(to + ti€) : w(so + s1€)], then applying the first
case of theorem 1.1; we find the result by using maple procedure “suml”.
We summarize the results in the Table.1:

3. Reduction of complexity

Let s, m and i are respectively the costs of the sum, the multiplication and the inverse in the field
F,. It is clear that : s < m < i. We neglect the cost of the inverse and his comparison. We have the
following table:

Case Sum cost | multiplication cost
Theorem- casel 18 x s 78 Xxm
Theorem- case2 20 X s 96 x m

Lemma 1 2Xs 2xXm
Lemma 2 4xs 10 xm
Lemma 3 3 Xs 7xm
Lemma 4 4xs 3xm
Lemma 5 14 x s 30 xm
Lemma 6 12 x s 30 x m

Table 2: Complexity reduction of the sum law in the twisted Hessian curve HZ ,

The following graphics illustrate the results above:
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Figure 1: Complexity reduction of the sum law in the twisted Hessian curve H, 3 d
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4. Conclusion

The above results show that the cost of the sum and the multiplication in the lemmas 2.1, 2.2, 2.3, 2.4,
2.5, 2.6 are less than those in the theorem 1.1. Hence the complexity time in the lemmas is lower than
the one in the theorem.

This shows the importance of these lemmas.
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P Q P+@Q
1| [wre: —1— 3dowie: 1] | [woe: —1 — sdowae : 1] (w14 @2)e : =1 — £(w1 + @2)doe : 1]
2 | [1:yo+yi€e: 20+ 21€ [we : —1 — Ldowe : 1] [1:(—% +y1 +x28)e+ 1o :
(—ayg + 21 + 2920 )e + 2
[1:y0+yie: 21€] [1:yo+tie: s1€] [1: (=21 + nEt)e (7‘10“_&;(3?0“0“ e — Z—g]

4| [1:yo+wyie: zo+ z1€] | [1:yo+tie: —2z0 + S1¢€] [1:(“)(%17y;t1)—51—z1)e:le+tle+yo]
and zg # 0

51 [1:yo+yi€e: 2o+ 21€] [1:yo+tie: 20+ s1€ [Xo + X1€e: Yo+ Yie: Zg + Z1€] where
and zg # 0 Xo =23 -y, Yo = 20y — ao),

X1 = 25(21 + 2s1) — 5 (1 + 2y1),
Y1 = y3(yoz1 + z0(y1 + 2t1)) — s1ap — a1 2o,
Zo = yo(ap — 23), and
Z1 = agyr + aryo — 23(yo(s1 + 221) + 2ot1)
6 | [1:yo+yi€e: 2o+ 2z1€] [1:to+tie: so+ s1€] [Xo + X1e: Yo+ Yie: Zo + Z1€]
and yg # to where Xy = tgsg — Y020, Yo = zgto - s%yo,
X1 = tos1 + 180 — Yoz1 — 20¥1,
Y1 = z0(z0t1 + 221t0) — So(Soy1 + 251%0),
Zo = y2so — t220, and
1= yo(y051 + 250y1) — t()(t()Zl + 2t120)
Table 1: The sum law in the twisted Hessian curve Hazy d
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