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Existence of Entropy Solutions of the Anisotropic Elliptic Nonlinear Problem with

Measure Data in Weighted Sobolev Space

Adil Abbassi, Chakir Allalou and Abderrazak Kassidi

abstract: This paper is devoted to study the following nonlinear anisotropic elliptic unilateral problem
{

A u − div φ(u) = µ in Ω

u = 0 on ∂Ω,

where the right hand side µ belongs to L1(Ω)+W −1,−→p ′

(Ω, −→ω ∗). The operator A u = −

N
∑

i=1

∂i ai(x, u, ∇u)

is a Leray-Lions anisotropic operator acting from W
1,−→p
0 (Ω, −→ω ) into its dual W −1,−→p ′

(Ω, −→ω ∗) and φi ∈

C0(R,R).
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1. Introduction

Suppose that Ω be a bounded open subset of R
N (N ≥ 2) with smooth boundary. In this paper,

let us consider the following nonlinear elliptic problem











−

N
∑

i=1

∂i ai(x, u,∇u) −

N
∑

i=1

∂i φi(u) = µ in Ω,

u = 0 on ∂Ω,

(1.1)

where φ = (φ1 , · · · , φN ) belongs to C 0(R,R)N . As regards the second member, we assume that the
datum µ belongs to L1(Ω) +W−1,−→p ′

(Ω, −→ω ∗).
The space W−1,−→p ′

(Ω, −→ω ∗) is the dual space of the weighted anisotropic Sobolev space W 1,−→p (Ω, −→ω ) ,
where 1 < p1 , · · · , pN < +∞ be a N real numbers and −→p = {p0, . . . , pN}, the vector −→ω denoting a
vector of measurable positive functions, i.e., −→ω = {ω1, . . . , ωN}, with ωi are weight measurable functions
for all i = 1, · · · , N (we refer to [1,2,13] for more details).

In this study we are using the entropy solutions who was introduced for the first time by P. Benilan et
al [7], because the function φi does not belongs to L1

loc(Ω) in general, then the problem (1.1) does not

admit weak solution. In the case of a datum in µ ∈ L1(Ω)+W−1,−→p ′

(Ω) the existence of entropy solutions
is treated by A. Salmani, Y. Akdim and H. Redwane in [16]. Moreover, L. Boccardo, T. Gallouet and L.
Orsina (see [11]) have considered the case φ ≡ 0.
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The objective of our paper is to study the anisotropic unilateral nonlinear elliptic problem associated
with the nonlinear problem (1.1). More precisely, we establish only the existence of entropy solutions for
the following unilateral anisotropic problem,



















































u ≥ ψ a.e. in Ω,

Tk(u) ∈ W
1,−→p
0 (Ω,−→ω ) ∀k > 0,

N
∑

i=1

∫

Ω

ai(x, u,∇u)∂i Tk(u− v)dx +

N
∑

i=1

∫

Ω

φi(u) ∂iTk(u− v)dx

≤

∫

Ω

f Tk(u− v)dx +

N
∑

i=1

∫

Ω

Fi∂iTk(u− v) dx,

∀v ∈ Kψ ∩ L∞(Ω),

(1.2)

in the convex class Kψ :=
{

u ∈ W
1,−→p
0 (Ω, −→ω (x)), u ≥ ψ a.e in Ω

}

, where ψ is a measurable function

on Ω such that
ψ+ ∈ W

1,−→p
0 (Ω, −→ω ) ∩ L∞(Ω). (1.3)

This type of problem has been studied by many authors in recent years, in particular by Y. Akdim,
C. Allalou and A. Salmani (see. [4]) have demonstrated the existence of entropy solutions problem like
(1.1). In the non weighted case ω i ≡ 1 for any i ∈ {1, ..., N}, Boccardo et al. in [10] studied the

existence of weak solutions for nonlinear elliptic problem (1.1) with Au = −

N
∑

i=1

∂

∂xi

(

∣

∣

∣

∣

∂u

∂xi

∣

∣

∣

∣

pi−2
∂u

∂xi

)

,

φi(u) = 0 for i = 1, · · · , N and the right-hand side is a bounded Radon measure on Ω. In addition
this, we mention some works in this direction such as [5,8,12,16,6,18].
The uniqueness problem being a rather delicate one, due to acounterexample by J. Serrin (see [17], and
[15] for further remarks).
One of the motivations for studying (1.1) comes from applications the mathematical modeling of physical
and mechanical processes in anisotropic continuous medium.

Let us briefly summarize the contents of the paper : after a section devoted to developing the necessary
functional setting as Lebesgue space with weighted and the weighted anisotropic Sobolev space, we
introduce some useful technical lemmas to prove existence results and basic assumptions of our problem
in section 3. In the final section we state the main result and proofs.

2. Mathematical preliminaries

Throughout this paper Ω is a bounded open subset of RN (N ≥ 2) with smooth boundary. Almost
everywhere positive and locally integrable function ω : Ω −→ R will be called a weight. We shall denote
by Lp(Ω, ω) the set of all measurable functions u on Ω such that the norm

‖u‖Lp(Ω,ω) ≡ ‖u‖p,ω =

(∫

Ω

|u|pω(x)dx

)
1
p

1 ≤ p < ∞ (2.1)

Let p1, . . . , pN be N real numbers, we define the following vectors −→p = {p1, . . . , pN} be a vector
of exponent and −→ω = {ω1, . . . , ωN} be a vector of weight functions, i.e., every component ω i is a
measurable function which is positive a.e. in Ω. Moreover, we assume in all our considerations that

( A1 ) ω i ∈ L1
loc(Ω)

( A2 ) ω
−1

pi−1

i ∈ L1
loc(Ω).

for any i = 1, . . . , N, we denote

∂iu =
∂u

∂xi
for i = 1, . . . , N,
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p− = min{ p1, . . . , pN}, p+ = max{ p1, . . . , pN} (2.2)

At present, let us consider the weighted anisotropic Sobolev space W 1,−→p (Ω, −→w ) is defined as follow

W 1,−→p (Ω, −→ω ) =

{

u ∈ L1
loc

(Ω) and Di u ∈ Lpi(Ω, ω i), i = 1, ..., N

}

,

is a Banach space with respect to norm (see [13])

‖u‖1,−→p ,−→ω = ‖ u ‖L1(Ω) +

N
∑

i=1

‖∂i u‖pi,ω i
. (2.3)

We define the functional space W 1,−→p
0 (Ω, −→ω ) as the closure of C∞

0 (Ω) in W 1,−→p (Ω, −→ω ) with respect to

the norm (2.3). Note that C∞
0 (Ω) is dense in W

1,−→p
0 (Ω, −→ω ). By an adapted method of that of Adams

[2], and by constructing an isometric isomorphism from W 1,−→p (Ω, −→ω ) into

N
∏

i=1

Lpi(Ω, ω i), we can show

that
(

W
1,−→p
0 (Ω, −→ω ) , ‖ . ‖1,−→p ,−→ω

)

is separable and reflexive if 1 ≤ pi < ∞ and 1 < pi < ∞, respectively,

for all i = 1, . . . , N . For pi > 1, W−1,
−→
p′

(Ω,
−→
ω∗) designs its dual where

−→
p′ is the conjugate of −→p , i.e.

p′
i =

pi

pi − 1
and

−→
ω∗ =

{

ω∗
i = ω

1−p′

i

i , i = 1, . . . , N
}

.

Lemma 2.1. Let Ω be a smooth bounded open subset of R
N , and suppose that inf wi(.) > 0 a.e. in Ω

for all i = 1, . . . , N . Let (A1) and (A2) be satisfied, we have

• If p− < N , then W
1,−→p
0 (Ω, −→ω ) ⊂ Lq(Ω) for all q ∈ [ p−, (p−)∗ [ , with

1

(p−)∗
=

1

p−
−

1

N
.

• If p− = N , then W
1,−→p
0 (Ω, −→ω ) ⊂ Lq(Ω) for all q ∈ [p−,+∞[,

• If p− > N , then W
1,−→p
0 (Ω, −→ω ) ⊂ L∞(Ω) ∩ C0(Ω) .

Further, the embeddings are compacts. The proof of this lemma follows from the fact that we are the
embedding

W
1,−→p
0 (Ω, −→ω ) ⊂ W

1,−→p
0 (Ω) ⊂ W

1,p−

0 (Ω)

Remark 2.2. A note concerning the anisotropic spaces W
1,−→p
0 (Ω) and their embedding theorems, can be

found in [9].

The rest of this paper, note by

T
1,−→p
0 (Ω,−→ω ) :=

{

u measurable in Ω, Tk(u) ∈ W
1,−→p
0 (Ω,−→ω ), for any k > 0

}

,

where

Tk(s) =

{

s if |s| ≤ k,

k
s

|s|
if |s| > k.

3. Basic assumptions and technical lemmas

We introduce in this section some useful technical lemmas to prove existence results, and we impart
the assumptions of our problem. The functions ai : Ω × R × R

N 7→ R are Carathéodory functions
(

measurable with respect to x in Ω for every (s, ξ) in R×R
N and continuous with respect to (s, ξ) in

R×R
N for almost every x in Ω

)

which satisfied the following conditions, for all s ∈ R, ξ ∈ R
N , ξ′ ∈ R

N

and a. e. in x ∈ Ω,
ai(x, s, ξ) ξi ≥ αω i |ξi|

pi for i = 1, . . . , N, (3.1)
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|ai(x, s, ξ)| ≤ β ω
1

pi

i

(

Ri(x) + ω

1
p′

i

i |s|
pi

p′

i + ω

1
p′

i

i |ξi|
pi−1

)

for i = 1, . . . , N, (3.2)

(ai(x, s, ξ) − ai(x, s, ξ
′))(ξi − ξ′

i) > 0 for ξi 6= ξ′
i, (3.3)

where Ri is a nonnegative function lying in Lp
′

i(Ω) and α, β > 0. Moreover, we suppose that

φi ∈ C0(R,R) for i = 1, . . . , N. (3.4)

and
µ ∈ L1(Ω) +W−1,−→p ′

(Ω, −→ω ∗). (3.5)

Lemma 3.1. [1] Let g ∈ Lr(Ω, γ) and gn ⊂ Lr(Ω, γ) such that ‖gn‖r,γ ≤ C, 1 < r < ∞, If
gn(x) → g(x) a.e. in Ω then gn ⇀ g weakly in Lr(Ω, γ).

Lemma 3.2. [3] Assume that (3.1) - (3.3) hold, let (un)n a sequence in W
1,−→p
0 (Ω, −→ω ) and u ∈

W
1,−→p
0 (Ω, −→ω ), if

un ⇀ u weakly in W
1,−→p
0 (Ω, −→ω ),

and
N
∑

i=1

∫

Ω

(ai(x, un, ∇un) − ai(x, u, ∇u))∂i(un − u)dx → 0,

then un −→ u strongly in W
1,−→p
0 (Ω, −→ω ) .

Lemma 3.3. [3] If u ∈ W
1,−→p
0 (Ω, −→ω ) then

N
∑

i=1

∫

Ω

∂iu dx = 0.

Proof. Since u ∈ W
1,−→p
0 (Ω, −→ω ) there exists uk ∈ C∞

0 (Ω) such that uk → u strongly in W
1,−→p
0 (Ω, −→ω )

Moreover, since uk ∈ C∞
0 (Ω) by Green’s Formula, we have

N
∑

i=1

∫

Ω

∂iuk dx =

∫

∂Ω

uk.
−→n ds = 0 (3.6)

Since ∂i uk → ∂i u strongly in Lpi(Ω, ω i) we have ∂i uk → ∂i u strongly in L1(Ω). We pass to limit in

(3.6), we conclude that
N
∑

i=1

∫

Ω

∂iu dx = 0. �

4. Notion of solutions and main results

In this section we formulate and prove the main result of the paper. Now, we give a definition of
entropy solutions for our unilateral elliptic problem (1.1).

Definition 4.1. A measurable function u is said to be an entropy solution for the obstacle problem

(1.1), if u ∈ T
1,−→p
0 (Ω,−→ω ) such that u ≥ ψ a.e. in Ω and

N
∑

i=1

∫

Ω

[ ai(x, u,∇u) ∂iTk(u − ϕ) + φi(u) ∂iTk(u− ϕ)] dx

≤

∫

Ω

f Tk(u− ϕ)dx +

N
∑

i=1

∫

Ω

Fi∂iTk(u− v) dx (4.1)

for all ϕ ∈ Kψ ∩ L∞(Ω).

Theorem 4.2. Assume that (3.1) − (3.5) hold. Then there exists at least an entropy solution of problem
(1.1).

Proof. The proof of Theorem 4.2 will be divided into several steps. �
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Step 1: Approximate problems. We consider the following approximate problems










































un ∈ Kψ

N
∑

i=1

∫

Ω

ai(x, un,∇un)∂i(un − v)dx+
N
∑

i=1

∫

Ω

φni ( un)∂i(un − v)dx

≤

∫

Ω

fn (un − v)dx+
N
∑

i=1

∫

Ω

Fi∂iTk(un − v) dx

∀ v ∈ Kψ and ∀ k > 0,

(4.2)

where fn = Tn(f) and φni (s) = φi(Tn(s)) .

We define the operators Φn of Kψ to W
−1,−→p ′

0 (Ω,−→ω ∗) by :

〈Φn u, v〉 =

N
∑

i=1

∫

Ω

φi(Tn(u)) ∂i v dx for all u ∈ Kψ and v ∈ W
1,−→p
0 (Ω,−→ω )

Lemma 4.3. The operator Bn = A+ Φn is pseudo-monotone and coercive in the following sense; there
exists v0 ∈ Kψ such that

〈Bnv, v − v0〉

‖v‖1,−→p ,−→ω

−→ +∞ if ‖v‖1,−→p ,−→ω → +∞ for v ∈ Kψ.

For the proof of Lemma 4.3, (see ”Appendix”).

Proposition 4.4. Assume that (3.1) − (3.5) are fulfilled, then there exists at least one solution of the
problem (4.2).

Proof. Thanks to Lemma 4.3 and Theorem 8.2 chapiter 2 in [14], there exists at least one solution to the
problem (4.2). �

Step2: A priori estimate.

Proposition 4.5. Under the conditions (3.1)−(3.5) and if un is a solution of the approximate problem
(4.2). Then there exists a constant C such that

N
∑

i=1

∫

Ω

|∂ iTk(un)|pi ω i(x) dx ≤ C(k + 1) ∀k > 0.

Proof. Let v = un − ηTk(u
+
n −ψ+) where η ≥ 0. Since v ∈ W

1,−→p
0 (Ω,−→ω ) and for all η small enough, we

get v ∈ Kψ. We choose v as test function in problem (4.2), we have

N
∑

i=1

∫

Ω

ai(x, un,∇un)∂ iTk(u
+
n − ψ+)dx +

N
∑

i=1

∫

Ω

φni (un)∂ iTk(u+
n − ψ+)dx

≤

∫

Ω

fnTk(u
+
n − ψ+)dx+

N
∑

i=1

∫

Ω

Fi ∂iTk(u+
n − ψ+) dx. (4.3)

Which implies that

N
∑

i=1

∫

Ω

ai(x, un , ∇un)∂ iTk(u+
n − ψ+)dx ≤

∫

Ω

fnTk(u+
n − ψ+)dx

+
N
∑

i=1

∫

Ω

Fi ∂iTk(u
+
n − ψ+)dx+

N
∑

i=1

∫

Ω

|φni (un)||∂iTk(u+
n − ψ+)|dx.
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Since ∂iTk(u
+
n − ψ+) = 0 on the set {u+

n − ψ+ > k}, we get

N
∑

i=1

∫

{u+
n −ψ+≤k}

ai(x, un, ∇un)∂ i(u
+
n − ψ+)dx ≤

∫

Ω

fnTk(u+
n − ψ+)dx

+
N
∑

i=1

∫

{u+
n −ψ+≤k}

Fi ∂iTk(u+
n − ψ+)dx +

N
∑

i=1

∫

{u+
n −ψ+≤k}

|φni (un)||∂i(u
+
n − ψ+)|dx,

thus, we can write

N
∑

i=1

∫

{u+
n −ψ+≤k}

ai(x, u
+
n , ∇u+

n )∂ iu
+
n dx

≤

∫

Ω

|fnTk(u+
n − ψ+)|dx +

N
∑

i=1

∫

{u+
n −ψ+≤k}

|Fi||∂iu
+
n |ω

−1
pi

i (x)ω
1

pi

i (x) dx

+
N
∑

i=1

∫

{u+
n −ψ+≤k}

|Fi ∂iψ
+|dx+

N
∑

i=1

∫

{u+
n −ψ+≤k}

|φni (un)||∂ iu
+
n |ω

−1
pi

i (x)ω
1

pi

i (x) dx

+

N
∑

i=1

∫

{u+
n −ψ+≤k}

|φni (un)||∂iψ
+|dx+

N
∑

i=1

∫

{u+
n −ψ+≤k}

|ai(x, u
+
n , ∇u+

n )∂ iψ
+|dx.

By Young’s inequalities, we get for a positive constant λ

N
∑

i=1

∫

{u+
n −ψ+≤k}

ai(x, u
+
n , ∇u+

n )∂ iu
+
n dx ≤

∫

Ω

fnTk(u
+
n − ψ+)dx

+ C1(α)

N
∑

i=1

∫

{u+
n −ψ+≤k}

|φni (Tk+‖ψ‖∞
(un))|p

′

i ω
− 1

pi−1

i (x) dx +
α

6

N
∑

i=1

∫

{u+
n −ψ+≤k}

|∂iu
+
n |pi ω i dx

+ C2(α)

N
∑

i=1

∫

{u+
n −ψ+≤k}

|F i|
p′

i ω
− 1

pi−1

i dx +
α

6

N
∑

i=1

∫

{u+
n −ψ+≤k}

|∂iu
+
n |pi ω i(x) dx

+

N
∑

i=1

∫

{u+
n −ψ+≤k}

|Fi ∂iψ
+|dx+

N
∑

i=1

∫

{u+
n −ψ+≤k}

|φni (Tk+‖ψ‖∞
(un))||∂iψ

+|dx

+
N
∑

i=1

λp
′

i

pi

∫

{u+
n −ψ+≤k}

|ai(x, un, ∇un)|p
′

iω
1−p′

i

i dx+
N
∑

i=1

1

piλ
pi

∫

{u+
n −ψ+≤k}

|∂ iψ
+|piω idx.
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Using to (3.2) and taking λ =

(

p′
i α

6β

)

1

p′
i , we obtain

N
∑

i=1

∫

{u+
n −ψ+≤k}

ai(x, un, ∇un)∂ iu
+
n dx ≤

∫

Ω

fnTk(u+
n − ψ+) dx

+ C1(α)

N
∑

i=1

∫

{u+
n −ψ+≤k}

|φni (Tk+‖ψ‖∞
(un))|p

′

i ω
−1

pi−1

i (x) dx +
α

6

N
∑

i=1

∫

{u+
n −ψ+≤k}

|∂iu
+
n |pi ω i(x) dx

+ C2(α)

N
∑

i=1

∫

{u+
n −ψ+≤k}

|F i|
p′

i ω
− 1

pi−1

i (x) dx +
α

6

N
∑

i=1

∫

{u+
n −ψ+≤k}

|∂iu
+
n |pi ω i(x) dx

+
N
∑

i=1

∫

{u+
n −ψ+≤k}

|Fi ∂iψ
+|dx+

N
∑

i=1

∫

{u+
n −ψ+≤k}

|φni (Tk+‖ψ‖∞
(un))||∂iψ

+|dx

+

N
∑

i=1

α

6

∫

{u+
n −ψ+≤k}

|Ri(x)|p
′

idx+

N
∑

i=1

α

6

∫

{u+
n −ψ+≤k}

|u+
n |piω i(x) dx

+

N
∑

i=1

α

6

∫

{u+
n −ψ+≤k}

|∂ iu
+
n |pi ω i(x) dx +

N
∑

i=1

(6β)pi−1

pi(p′
iα)pi−1

∫

{u+
n −ψ+≤k}

|∂ iψ
+|piω i(x)dx.

According to (1.3), (3.1), (3.2), (3.3) and ( A1 ), ( A1 ), we have

N
∑

i=1

∫

{u+
n −ψ+≤k}

|∂ iu
+
n |pi ω i(x) dx ≤ Ck + C′. (4.4)

Since {x ∈ Ω, u+ ≤ k} ⊂ {x ∈ Ω, u+ − ψ+ ≤ k}, then

N
∑

i=1

∫

Ω

|∂iTk(u
+
n )|pi ω i(x) dx =

N
∑

i=1

∫

{u+≤k}

|∂ iu
+
n |pi ω i(x) dx ≤

N
∑

i=1

∫

{u+−ψ+≤k}

|∂ iu
+
n |pi ω i(x) dx.

Hence, thanks to (4.4), we get

N
∑

i=1

∫

Ω

|∂ iTk(u
+
n )|pi ω i(x) dx ≤ k C + C′ ∀k > 0. (4.5)

Similarly taking v = un + Tk(u
−
n ) as test function in approximate problem (4.2), we get

N
∑

i=1

∫

Ω

|∂iTk(u−
n )|pi ω i(x) dx ≤ (k + 1)C′′. (4.6)

By (4.5) and (4.6), we have

N
∑

i=1

∫

Ω

|∂Tk(u
−
n )|pi ω i(x) dx ≤ (k + 1)C′ ∀k > 0.

�

Step 3 : Strong convergence of truncations.

Proposition 4.6. Let un be a solution of approximate problem (4.2). Then there exists a measurable
function u and a subsequence of un such that

Tk(un) → T (u) strongly in W
1,−→p
0 (Ω,−→ω )
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Proof. Using to Proposition 4.5, we obtain

‖Tk(un)‖
W

1,−→p

0 (Ω,−→ω )
≤ C(k + 1)

1
p− . (4.7)

Firstly, we will prove that (un)n is a Cauchy sequence in measure in Ω. For all λ > 0, we obtain
{|un − um| > λ} ⊂ {|un| > k} ∪ {|um| > k} ∪ {|Tk(un) − Tk(um)| > λ} which implies that

meas {|un − um| > λ} ≤ meas{|un| > k} + meas{|um| > k}

+ meas {|Tk(un) − Tk(um)| > λ}.
(4.8)

By Hölder’s inequality, Lemma 2.1 and (4.7), we have

kmeas{|un| > k} =

∫

{|un|>k}

|Tk(un)|dx ≤

∫

Ω

|T (un)dx

≤ (meas(Ω))
1

(p−)− ‖Tk(un)‖
Lp− (Ω)

≤ C(meas(Ω))
1

(p−)− ‖Tk(un)‖
W

1,−→p

0 (Ω,−→ω )

≤ C(k + 1)
1

p− .

Then meas{|un| > k} ≤ C
(

1

k−1+p−
+ 1

kp−

)
1

p−

→ 0 as k → +∞. As results, for all ǫ > 0, there exists

k0 such that ∀k > k0, we get

meas{|un| > k} ≤
ǫ

3
and meas{|um| > k} ≤

ǫ

3
. (4.9)

Since the sequence (Tk(un))n is bounded in W
1,−→p
0 (Ω,−→ω ) there exists a subsequence (Tk(un))n such

that T (un) converges to vk a.e. in Ω, weakly in W
1,−→p
0 (Ω,−→ω ) and strongly in Lp

−

(Ω) as n tends
to +∞. Then the sequence (Tk(un))n is a Cauchy sequence in measure in Ω, thus for all λ > 0, there
exists n0 such that

meas{|Tk(un) − Tk(um)| > λ} ≤
ǫ

3
, ∀n,m ≥ n0. (4.10)

Using (4.8), (4.9) and (4.10), then ∀λ, ǫ > 0 we have

meas{|un − um| > λ} ≤ ǫ ∀n,m ≥ n0.

Which implies that (un)n is a Cauchy sequence in measure in Ω, then there exists a subsequence
denoted by (un)n such that un converges to a measurable function u a.e. in Ω and

Tk(un) ⇀ T (u) weakly in W 1,−→p
0 (Ω,−→ω ) and a.e. in Ω ∀k > 0. (4.11)

Secondly, we will show that

lim
n→∞

N
∑

i=1

∫

Ω

(ai(x, Tk(un), ∇Tk(un)) − ai(x, Tk(un), ∇Tk(u)))(∂ iTk(un) − ∂iTk(u))dx = 0. (4.12)

Let choose v = un + T1(un − Tm(un))− as test function in approximate problem (4.2), we obtain

−

N
∑

i=1

∫

Ω

ai(x, un, ∇un)∂ iT1(un − Tm(un))− dx−

N
∑

i=1

∫

Ω

φni (un)∂
,iT1(un − Tm(un))− dx

≤ −

∫

Ω

fnT1(un − Tm(un))−dx+

N
∑

i=1

∫

Ω

Fi ∂iT1(un − Tm(un))− dx.
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Then,

N
∑

i=1

∫

{−(m+1)≤un≤−m}

ai(x, un , ∇un)∂ iun dx+

N
∑

i=1

∫

{−(m+1)≤un≤−m}

φi(un)∂ iun dx

≤ −

∫

Ω

fnT1(un − Tm(un))− dx+

N
∑

i=1

∫

{−(m+1)≤un≤−m}

Fi ∂iun dx.

(4.13)

We pose Φni (s) =

∫ s

0

φni (t)χ{−(m+1)≤t≤−m}dt. Then using the Green’s formula, we obtain

N
∑

i=1

∫

{−(m+1)≤un≤−m}

φi(un)∂
,iun dx =

N
∑

i=1

∫

Ω

∂ iΦ
n
i (un) dx = 0.

Then, we have

N
∑

i=1

∫

{−(m+1)≤un≤−m}

ai(x, un, ∇un)∂ iun dx ≤ −

∫

Ω

fnT1(un − Tm(un))−dx

+
N
∑

i=1

∫

{−(m+1)≤un≤−m}

Fi ∂iun dx.

By the Young’s inequality, we get

N
∑

i=1

∫

{−(m+1)≤un≤−m}

ai(x, un, ∇un)∂i un ≤ −

∫

Ω

fnT1(un − Tm(un))−

+ C(α)

N
∑

i=1

∫

{−(m+1)≤un≤−m}

|Fi|
p′

i ω
− 1

pi−1

i (x) dx +
α

2

N
∑

i=1

∫

{−(m+1)≤un≤−m}

|∂iun|pi ω i(x) dx.

Using (3.1), we have

N
∑

i=1

∫

{−(m+1)≤un≤−m}

ai(x, un, ∇un)∂iun ≤ −

∫

Ω

fnT1(un − Tm(un))−

+ C(α)

N
∑

i=1

∫

{−(m+1)≤un≤−m}

|Fi|
p′

i ω
− 1

pi−1

i (x) dx +
1

2

N
∑

i=1

∫

{−(m+1)≤un≤−m}

ai(x, un, ∇un)∂iun.

Which implies that

1

2

N
∑

i=1

∫

{−(m+1)≤un≤−m}

ai(x, un, ∇un)∂iun ≤ −

∫

Ω

fnT1(un − Tm(un))−

+ C(α)
N
∑

i=1

∫

{−(m+1)≤un≤−m}

|Fi|
p′

i ω
− 1

pi−1

i (x).

According to Lebesgue’s theorem, we get

lim
m→+∞

lim sup
n→+∞

∫

Ω

fnT1(un − Tm(un))− dx = 0,

and

lim
m→+∞

lim sup
n→+∞

N
∑

i=1

∫

{−(m+1)≤un≤−m}

|Fi|
p′

i ω
− 1

pi−1

i (x) dx = 0.
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Then, we obtain

lim
m→+∞

lim sup
n→+∞

N
∑

i=1

∫

{−(m+1)≤un≤−m}

ai(x, un, ∇un)∂ iun dx = 0. (4.14)

Similarly, we take v = un − ηT1(un − Tm(un))+ as test function in approximate problem (4.2), we have

lim
m→∞

lim sup
n→∞

N
∑

i=1

∫

{m≤un≤m+1}

ai(x, un, ∇un)∂ iun dx = 0. (4.15)

We define the following function of one real variable:

hm(s) =







1 if |s| ≤ m

0 if |s| ≥ m+ 1
m+ 1 − |s| if m ≤ |s| ≤ m+ 1,

where m > k. Now, let consider ϕ = un − η(Tk(un) − T (u))+hm(un) as test function in approximate
problem (4.2), we have

N
∑

i=1

∫

Ω

ai(x, un, ∇un)∂ i(Tk(un) − T (u))+hm(un)dx

+

N
∑

i=1

∫

Ω

ai(x, un , ∇un)(Tk(un) − Tk(u))+∂ iunh
′
m(un) dx

+

N
∑

i=1

∫

Ω

φi(un)∂ i(Tk(un) − Tk(u))+hm(un) dx (4.16)

+

N
∑

i=1

∫

Ω

φi(un)∂ iun(Tk(un) − Tk(u))+h′
m(un) dx

≤

∫

Ω

fn(Tk(un) − Tk(u))+hm(un) dx+
N
∑

i=1

∫

Ω

Fi ∂ i(Tk(un) − T (u))+hm(un)dx

+

N
∑

i=1

∫

Ω

Fi (Tk(un) − Tk(u))+∂ iunh
′
m(un) dx.

Combining (4.14) and (4.15), we have the second integral in (4.16) converges to zero as n and m tend
to +∞. Since hm(un) = 0 if |un| > m+ 1, we get

N
∑

i=1

∫

Ω

φi(un)∂ i(Tk(un) − Tk(u))+hm(un)dx

=
N
∑

i=1

∫

Ω

φi(Tm+1(un))hm(un)∂ i(Tk(un) − Tk(u))+ dx.

Using Lebesgue’s theorem, we have φi(Tm+1(un))hm(un) → φi(T (u))hm(u) in Lp
′

i(Ω, ω∗
i) and

∂ iTk(un) ⇀ ∂ iT (u) weakly in Lpi(Ω, ω i(x)) as n goes to +∞, then the third integral in (4.16) con-

verges to zero as n and m tend to +∞. We set Φi(un) =

∫ un

0

φi(t)(Tk(t) − Tk(u))+χ{m≤|t|≤m+1}dt.

Then by Lemma 3.3, we obtain the fourth integral in (4.16) converges to zero as n and m tend to +∞.
Using Lebesgue’s theorem, we have the first integral on the right hand in (4.16) converges to zero as n

and m tend to +∞. Moreover, since Fihm(un) → Fihm(u) in Lp
′

i(Ω, ω∗
i) and ∂i(Tk(un)−Tk(u)) ⇀ 0
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weakly in Lpi(Ω, ω i) we get the second integral on the right hand in (4.16) converges to zero as n and
m tend to +∞.
By Young’s inequality, we have
∣

∣

∣

∣

∣

N
∑

i=1

∫

Ω

Fi(Tk(un) − Tk(u))+∂iunh
′
m(un)

∣

∣

∣

∣

∣

≤

∣

∣

∣

∣

∣

−

N
∑

i=1

∫

{m≤un≤m+1}

Fi(Tk(un) − Tk(u))+∂iun ω
−1
pi

i ω
1

pi

i

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

N
∑

i=1

∫

{−(m+1)≤un≤−m}

Fi(Tk(un) − Tk(u))+∂iun ω
−1
pi

i ω
1

pi

i

∣

∣

∣

∣

∣

≤
N
∑

i=1

C(α)

∫

{m≤un≤m+1}

|Fi|
p′

i(Tk(un) − Tk(u))+ ω
− 1

pi−1

i

+
α

2

N
∑

i=1

∫

{m≤un≤m+1}

|∂iun|
pi ω i (Tk(un) − Tk(u))+

+

N
∑

i=1

C(α)

∫

{−(m+1)≤un≤−m}

|Fi|
p′

i (Tk(un) − Tk(u))+ ω
− 1

pi−1

i

+
α

2

N
∑

i=1

∫

{−(m+1)≤un≤−m}

|∂iun|pi ω i (Tk(un) − Tk(u))+.

Since 0 ≤

∫

{m≤un≤m+1}

|Fi|
p′

i(Tk(un) −Tk(u))+ ω
− 1

pi−1

i ≤

∫

Ω

|Fi|
p′

i(Tk(un) −Tk(u))+ ω
− 1

pi−1

i , Tk(un) →

Tk(u) a.e. in Ω as n → ∞ and |Fi|
p′

i (Tk(un) − Tk(u))+ ω
− 1

pi−1

i ≤ 2 k |Fi|
p′

i ω
− 1

pi−1

i ∈ L1(Ω) we have

lim
n→+∞

N
∑

i=1

∫

{m≤un≤m+1}

|Fi|
p′

i (Tk(un) − Tk(u))+ ω
− 1

pi−1

i = 0 (4.17)

Similarly, we have

lim
n→+∞

N
∑

i=1

∫

{−(m+1)≤un≤−m}

|Fi|
p′

i (Tk(un) − Tk(u))+ ω
− 1

pi−1

i = 0. (4.18)

Using (3.1), (4.14), (4.15) and Lebesgue’s theorem, we obtain

lim
m→+∞

lim
n→+∞

N
∑

i=1

∫

{−(m+1)≤un≤−m}

|∂ iun|pi (Tk(un) − Tk(u))+ ω i(x) dx = 0, (4.19)

and

lim
m→+∞

lim
n→+∞

N
∑

i=1

∫

{m≤un≤m+1}

|∂ iun|pi (Tk(un) − Tk(u))+ ω i dx = 0. (4.20)

Combining (4.17)-(4.20), we have the third integral on the right hand in (4.16) converges to zero as n

and m tend to +∞. We conclude

lim
m→+∞

lim
n→+∞

N
∑

i=1

∫

Ω

ai(x, un, ∇un)∂ i(Tk(un) − Tk(u))+hm(un)dx ≤ 0,

as results

lim
m→+∞

lim
n→+∞

N
∑

i=1

∫

{Tk(un)−Tk(u)≥0,|un|≤k}

ai(x, un, ∇un)∂ i(Tk(un) − Tk(u))hm(un) dx

− lim
m→+∞

lim
n→+∞

N
∑

i=1

∫

{Tk(un)−Tk(u)≥0,|un|>k}

ai(x, un, ∇un)∂ iTk(u)hm(un) dx ≤ 0.
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Since hm(un) = 0 in {|un| > m+ 1}, we have

N
∑

i=1

∫

{Tk(un)−Tk(u)≥0,|un|>k}

ai(x, un , ∇un)∂iTk(u)hm(un)dx

=
N
∑

i=1

∫

{Tk(un)−Tk(u)≥0,|un|>k}

ai(x, Tm+1(un), ∇Tm+1(un))∂ iTk(u)hm(un)dx.

Since (ai(x, Tm+1(un), ∇Tm+1(un)))n≥0 is bounded in Lp
′

i(Ω, ω∗
i) we have ai(x, Tm+1(un), ∇T (u))

converges to Y im weakly in Lp
′

i (Ω, ω∗
i). Hence

lim
m→+∞

lim
n→+∞

N
∑

i=1

∫

{Tk(un)−Tk(u)≥0,|un|>k}

ai(x, Tm+1(un), ∇Tm+1(un))∂iTk(u)hm(un) dx

= lim
m→+∞

N
∑

i=1

∫

{|u|>k}

Y im∂ iTk(u)hm(u) dx = 0,

which implies that

lim
m→+∞

lim
n→+∞

N
∑

i=1

∫

{Tk(un)−Tk(u)≥0}

ai(x, Tk(un), ∇Tk(un))∂ i(Tk(un) − Tk(u))hm(un) dx ≤ 0. (4.21)

Moreover, we have ai(x, Tk(un), ∇Tk(u))hm(un) → ai(x, Tk(u), ∇Tk(u))hm(u) in Lp
′

i(Ω, ω∗
i) and

∂ i(Tk(un) − Tk(u)) converges to 0 weakly in Lpi(Ω, ω i) then

lim
m→+∞

lim
n→+∞

N
∑

i=1

∫

{Tk(un)−Tk(u)≥0}

ai(x, Tk(un), ∇Tk(u))∂ i(Tk(un) − Tk(u))hm(un) dx = 0. (4.22)

Using (3.3), (4.21) and (4.22), we deduce

lim
m→+∞

lim
n→+∞

N
∑

i=1

∫

{Tk(un)−Tk(u)≥0}

(ai(x, Tk(un), ∇Tk(un)) − ai(x, Tk(un), ∇Tk(u)))

∂i(Tk(un) − Tk(u))hm(un)dx = 0.

(4.23)

Similarly, we consider ϕ = un + (Tk(un) − Tk(u))−hm(un) as test function in approximate problem
(4.2), we have

lim
m→+∞

lim
n→+∞

N
∑

i=1

∫

{Tk(un)−Tk(u)≤0}

(ai(x, Tk(un), ∇Tk(un)) − ai(x, Tk(un), ∇Tk(u)))

∂i(Tk(un) − Tk(u))hm(un)dx = 0.

(4.24)

Using (4.23) and (4.24), we get

lim
m→+∞

lim
n→+∞

N
∑

i=1

∫

Ω

(ai(x, Tk(un), ∇Tk(un)) − ai(x, Tk(un), ∇Tk(u)))

∂i(Tk(un) − Tk(u))hm(un) dx = 0.

(4.25)

Now, we prove

lim
m→+∞

lim
n→+∞

N
∑

i=1

∫

Ω

(ai(x, Tk(un), ∇Tk(un)) − ai(x, Tk(un), ∇Tk(u)))

∂i(Tk(un) − Tk(u))(1 − hm(un)) dx = 0.

(4.26)
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Let ϕ = un + Tk(un)−(1 − hm(un)) as test function in approximate problem (1.1), we have

−

N
∑

i=1

∫

Ω

ai(x, un, ∇un)∂iTk(un)−(1 − hm(un))dx +

N
∑

i=1

∫

Ω

ai(x, un, ∇un)∂iunTk(un)−h′
m(un)dx

−

N
∑

i=1

∫

Ω

φi(un)∂iTk(un)−(1 − hm(un))dx +

N
∑

i=1

∫

Ω

φi(un)Tk(un)− ∂iun h
′
m(un)dx

≤ −

∫

Ω

fnTk(un)−(1 − hm(un))dx −

N
∑

i=1

∫

Ω

Fi ∂iTk(un)−(1 − hm(un))dx

+
N
∑

i=1

∫

Ω

Fi Tk(un)− ∂iun h
′
m(un)dx.

(4.27)

According to (4.14) and (4.15), we have

lim
m→+∞

lim
n→+∞

N
∑

i=1

∫

Ω

ai(x, un, ∇un)∂ iunTk(un)−h′
m(un)dx = 0.

Then the second integral in (4.27) converges to zero as n and m goes to +∞. Since ∂ iTk(un)− ⇀

∂ iTk(u)− in Lpi(Ω, ω i) and φi(Tk(un))(1 − hm(un)) → φi(Tk(u))(1 − hm(u)) strongly in Lp
′

i(Ω, ω∗
i),

we get

lim
m→+∞

lim
n→+∞

N
∑

i=1

∫

Ω

φi(un)∂iTk(un)−(1 − hm(un))dx

= lim
m→+∞

N
∑

i=1

∫

Ω

φi(Tk(u))∂iTk(u)−(1 − hm(u))dx.

Thanks to Lebesgue’s theorem, we obtain

lim
m→+∞

N
∑

i=1

∫

Ω

φ i(Tk(u))∂iTk(u)−(1 − hm(u))dx = 0.

Hence the third integral in (4.27) converges to zero as n and m tends to +∞. We set Φni (t) =
∫ t

0

φi(s)Tk(s)−h′
m(s)ds, in view to Green’s Formula, we have

N
∑

i=1

∫

Ω

φni (un)∂ iunTk(un)−h′
m(un) dx =

N
∑

i=1

∫

Ω

∂ iΦ
n
i (un) dx = 0.

Then the fourth integral in (4.27) converges to zero as n and m tend to +∞. Using to Lebesgue’s
theorem, we get the integral on the right hand in (4.27) converges to zero as n and m goes to +∞.
Since Fi (1 − hm(un)) → Fi(1 − hm(u)) in Lp

′

i(Ω, ω∗
i) and ∂iTk(un) ⇀ ∂iTk(u) in Lpi(Ω, ω i) as n

tends to +∞, we have

lim
n→+∞

N
∑

i=1

∫

Ω

Fi∂iTk(un)−(1 − hm(un)) =

N
∑

i=1

∫

Ω

Fi∂iTk(u)−(1 − hm(u)).

Also, we have Fi(1 − hm(u)) → 0 in Lp
′

i(Ω, ω∗
i) as m tends to +∞ and ∂iTk(u)− ∈ Lpi(Ω, ω i)

thus the second integral on the right hand in (4.27) converges to zero as n and m tend to +∞. Using
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Young’s Inequality and (3.1), we get

∣

∣

∣

∣

∣

N
∑

i=1

∫

Ω

Fi∂iunTk(un)−h′
m(un)ω

−1
pi

i ω
1

pi

i

∣

∣

∣

∣

∣

≤ C(α)
N
∑

i=1

∫

Ω

|Fi|
p′

iTk(un)−h′
m(un)ω

− 1
pi−1

i + α

N
∑

i=1

∫

Ω

ω i |∂iun|piTk(un)−h′
m(un)

≤ C(α)

N
∑

i=1

∫

Ω

|Fi|
p′

iTk(un)−χ{−(m+1)≤un≤−m} ω
− 1

pi−1

i + k

N
∑

i=1

∫

{−(m+1)≤un≤−m}

ai(x, un, ∇un)∂iun.

In sight to Lebesgue’s theorem and (4.14), we obtain the third integral on the right hand in (4.27)
converges to zero as n and m tend to +∞, we conclude

lim
m→+∞

lim
n→+∞

N
∑

i=1

∫

{un≤0}

ai(x, un, ∇un)∂ iTk(un)(1 − hm(un))dx = 0. (4.28)

Next, for η small enough, we choose ϕ = un−ηTk(u
+
n −ψ+)(1−hm(un)) as test function in approximate

problem (4.2), we have

N
∑

i=1

∫

Ω

ai(x, un, ∇un)∂ iTk(u+
n − ψ

+)(1 − hm(un))dx−

N
∑

i=1

∫

Ω

ai(x, un, ∇un)∂iunTk(u+
n − ψ

+)h′

m(un)dx

+

N
∑

i=1

∫

Ω

φi(un)∂ iTk(u+
n − ψ

+)(1 − hm(un))dx−

N
∑

i=1

∫

Ω

φi(un)∂ iunTk(u+
n − ψ

+)h′

m(un)dx

≤

∫

Ω

fnTk(u+
n − ψ

+)(1 − hm(un))dx+

N
∑

i=1

∫

Ω

Fi∂ iTk(u+
n − ψ

+)(1 − hm(un))dx

−

N
∑

i=1

∫

Ω

Fi∂ iunTk(u+
n − ψ

+)h′

m(un)dx

(4.29)

thanks to (4.14) and (4.15), we have the second integral in the left hand in (4.29) converges to zero as
n and m tend to +∞. For the third integral in the left hand in (4.29), we obtain

N
∑

i=1

∫

Ω

φi(un)∂iTk(u
+
n − ψ+)(1 − hm(u)) =

N
∑

i=1

∫

{u+
n −ψ+≤k}

φi(un)∂iu
+
n (1 − hm(un))

−

N
∑

i=1

∫

{u+
n −ψ+≤k}

φi(un)∂iψ
+(1 − hm(un)).

We set Φi(s) =
∫ π

0 φi(t) (1 − hm(t))χ{t−ψ+≤k}·χ{t>0} and by Lemma 3.3, we have

N
∑

i=1

∫

{u+
n −ψ+≤k}

φi(un)∂iu
+
n (1 − hm(un)) = 0,

thanks to Lebesgue’s theorem and (3.4), we get

lim
m→+∞

lim
n→+∞

N
∑

i=1

∫

{u+
n −ψ+≤k}

φi(un)∂iunTk(u+
n − ψ+)h′

m(un)dx = 0.
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Then the fourth integral in the left hand in (4.29) converges to zero as n and m tend to +∞. In
addition, by the Lebesgue’s theorem, we obtain the first integral in the right hand in (4.29) converges to
zero as n and m tend to +∞. Using the Young’s inequality, we have

N
∑

i=1

∫

Ω

Fi∂iTk(u
+
n − ψ+)(1 − hm(u))

=

N
∑

i=1

∫

{u+
n −ψ+≤k}

Fi∂iu
+
n ω

− 1
pi

i ω
1

pi

i (1 − hm(un)) −

N
∑

i=1

∫

{u+
n −ψ+≤k}

Fi∂iψ
+(1 − hm(un))

≤ c(α)

N
∑

i=1

∫

{u+
n −ψ+≤k}

|Fi|
p′

i ω
− 1

pi−1

i (1 − hm(un)) + α

N
∑

i=1

∫

{u+
n −ψ+≤k}

|∂iu
+
n |pi ω i (1 − hm(un))

+
N
∑

i=1

∫

{u+
n −ψ+≤k}

Fi∂iψ
+(1 − hm(un))

≤ c(α)

N
∑

i=1

∫

{u+
n −ψ+≤k}

|Fi|
p′

i ω
− 1

pi−1

i (1 − hm(un)) + α

N
∑

i=1

∫

Ω

|∂iTk+‖ψ‖∞
(u+
n )|pi ω i (1 − hm(un))

+

N
∑

i=1

∫

{u+
n −ψ+≤k}

Fi∂iψ
+(1 − hm(un)).

By Lebesgue’s theorem, we have

lim
m→+∞

lim
n→+∞

N
∑

i=1

∫

{u+
n −ψ+≤k}

|Fi|
p′

i ω
− 1

pi−1

i (1 − hm(un)) = 0

and

lim
m→+∞

lim
n→+∞

N
∑

i=1

∫

{u+
n −ψ+≤k}

Fi∂iψ
+(1 − hm(un)) = 0.

Since ∂iTk+‖ψ‖∞
(u+
n ) ⇀ ∂iTk+‖ψ‖∞

(u+) weakly in Lpi(Ω, ω i) and (1 − hm(un)) → (1 − hm(u))

strongly in Lp
′

i(Ω, ω∗
i) we have

lim
n→+∞

N
∑

i=1

∫

Ω

|∂iTk+‖ψ‖∞
(u+
n )|piω i(1 − hm(un)) =

N
∑

i=1

∫

Ω

|∂iTk+‖ψ‖∞
(u+)|piω i(1 − hm(u)) .

Thanks to Lebesgue’s theorem again, we have

lim
m→+∞

N
∑

i=1

∫

Ω

|∂iTk+‖ψ‖∞
(u+)|piω i(1 − hm(u)) = 0.

Thus the second integral in the right hand in (4.29) converges to zero as n and m tend to +∞.

Furthermore, by Young’s inequality, we obtain

∣

∣

∣

∣

∣

N
∑

i=1

∫

Ω

Fi∂iunTk(u+
n − ψ+)h′

m(un)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

−

N
∑

i=1

∫

{m≤un≤m+1}

Fi ω
− 1

pi

i ω
1

pi

i ∂ iunTk(u+
n − ψ+)

∣

∣

∣

∣

∣

≤ c(α)

N
∑

i=1

∫

{m≤un≤m+1}

|Fi|
p′

i ω
− 1

pi−1

i Tk(u+
n − ψ+) + α

N
∑

i=1

∫

{m≤un≤m+1}

|∂iun|pi ω i Tk(u+
n − ψ+).

According to (3.1) and (4.15), Lebesgue’s theorem, the third integral in the right hand in (4.29) converges
to zero as n and m tend to +∞.
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Hence, the first integral in the right hand in (4.29) satisfies that

N
∑

i=1

∫

Ω

ai(x, un,∇un)∂iTk(u+
n − ψ+)(1 − hm(un)) ≤ ǫ1(n,m),

then, we have

N
∑

i=1

∫

{u+
n −ψ+≤k}

ai(x, un, ∇un)∂ iu
+
n (1 − hm(un))

≤ ǫ1(n, m) +

N
∑

i=1

∫

{u+
n −ψ+≤k}

ai(x, un, ∇un)∂ iψ
+(1 − hm(un)).

Using (3.1), Young’s inequality and Lebesgue’s theorem, we have

N
∑

i=1

∫

{u+
n −ψ+≤k}

ai(x, un, ∇un)∂iu
+
n (1 − hm(un)) ≤ ǫ1(n, m) + ǫ2(n, m).

Thus, since {u+
n ≤ k} ⊂ {u+

n − ψ+ ≤ k}, we get

lim
m→+∞

lim
n→+∞

N
∑

i=1

∫

{u+
n ≤k}

ai(x, un, ∇un)∂iu
+
n (1 − hm(un)) = 0,

which implies that

lim
m→+∞

lim
n→+∞

N
∑

i=1

∫

{0≤un}

ai(x, un, ∇un)∂iTk(un)(1 − hm(un)) = 0. (4.30)

Using (4.28) and (4.30), we have

lim
m→+∞

lim
n→+∞

N
∑

i=1

∫

Ω

ai(x, un, ∇un)∂iTk(un)(1 − hm(un)) = 0. (4.31)

Furthermore, we get

N
∑

i=1

∫

Ω

(ai(x, Tk(un), ∇Tk(un)) − ai(x, Tk(un), ∇Tk(u))(∂iTk(un) − ∂iTk(u))

=

N
∑

i=1

∫

Ω

(ai(x, Tk(un), ∇Tk(un)) − ai(x, Tk(un), ∇Tk(u)))(∂iTk(un) − ∂iTk(u))hm(un)

+

N
∑

i=1

∫

Ω

(ai(x, Tk(un), ∇Tk(un)))∂iTk(un)(1 − hm(un))

−
N
∑

i=1

∫

Ω

(ai(x, Tk(un), ∇Tk(un)))∂iTk(u)(1 − hm(un))

−

N
∑

i=1

∫

Ω

(ai(x, Tk(un), ∇Tk(u)))(∂iTk(un) − ∂iTk(u))(1 − hm(un)) .

Combining (4.25) and (4.31), the first and the second integrals on the right hand side converge to
zero as n and m tend to +∞. Since (ai(x, Tk(un), ∇Tk(un)))n is bounded in Lp

′

i (Ω, ω∗
i)
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and ∂ iTk(u)(1 − hm(u)) converge to zero in Lpi(Ω, ω i) as n and m tend to +∞. Then,
the third integral on the right hand side converge to zero as n and m tend to +∞. Also, since
ai(x, Tk(un), ∇Tk(un))(1−hm(u)) converges to ai(x, Tk(u), ∇Tk(u))(1−hm(u)) strongly in Lp

′

i(Ω, ω∗
i)

and ∂iTk(un) ⇀ ∂iTk(u) weakly in Lpi(Ω, ω i) we obtain the fourth integral on the right hand side
converge to zero as n and m tend to +∞. Hence, we get (4.12).
By (4.11), (4.12) and Lemma 3.2, we have

Tk(un) → Tk(u) strongly in W
1,−→p
0 (Ω,−→ω ) and a.e. in Ω ∀k > 0. �

Step 4: Passing to the limit. Let ϕ ∈ Kψ ∩ L∞(Ω), we chose v = un − Tk(un − ϕ) as test function
in approximate problem (4.2), for n large enough (n > k + ‖ϕ‖∞), we have

N
∑

i=1

∫

Ω

ai(x, un, ∇un)∂ iTk(un − ϕ)dx+

N
∑

i=1

∫

Ω

φni (un)∂ iTk(un − ϕ)dx

≤

∫

Ω

fn Tk(un − ϕ)dx+
N
∑

i=1

∫

Ω

Fi ∂ iTk(un − ϕ)dx,

therefore,

N
∑

i=1

∫

Ω

ai(x, Tk+‖ϕ‖∞
(un), ∇Tk+‖ϕ‖∞

(un))∂iTk(un − ϕ)dx

+

N
∑

i=1

∫

Ω

φi(Tk+‖ϕ‖∞
(un))∂ iTk(un − ϕ)dx

≤

∫

Ω

fn Tk(un − ϕ)dx +
N
∑

i=1

∫

Ω

Fi ∂ iTk(un − ϕ)dx.

As Tk(un) → T (u) strongly in W
1,−→p
0 (Ω,−→ω ) and a.e. in Ω ∀ k > 0, we get

ai(x, Tk+‖ϕ‖∞
(un), ∇Tk+‖ϕ‖∞

(un)) ⇀ ai(x, Tk+‖ϕ‖∞
(u), ∇Tk+‖ϕ‖∞

(u)) weakly in Lp
′

i(Ω, ω∗
i),

φi(Tk+‖ϕ‖∞
(un)) → φi(Tk+‖ϕ‖∞

(u)) strongly in Lp
′

i(Ω, ω∗
i)

and
∂ iTk(un − ϕ) → ∂ iTk(u− ϕ) strongly in Lpi(Ω, ω i).

we can pass to limit in










































un ∈ Kψ

N
∑

i=1

∫

Ω

ai(x, un,∇un)∂ i Tk(un − ϕ)dx+

N
∑

i=1

∫

Ω

φni (un) ∂ iTk(un − ϕ)dx

≤

∫

Ω

fn Tk(un − ϕ)dx+

N
∑

i=1

∫

Ω

Fi ∂ iTk(un − ϕ)dx.

∀ϕ ∈ Kψ ∩ L∞(Ω) and ∀ k > 0,

this completes the proof of Theorem 4.2.

5. Appendix

Proof of lemma 4.3
Firstly, we will prove that the operator Bn is pseudo-monotone. Let (uk)k be a sequence in W

1,−→p
0 (Ω,−→ω )

such that














uk → u weakly W
1,−→p
0 (Ω,−→ω )

Bnuk → χ weakly in W
−1,−→p ′

0 (Ω,−→ω ∗)
lim sup
k→+∞

< Bnuk, uk > ≤ < χ, u > .
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We will show that χ = Bn u and < Bnuk, uk >−→< χ, u > as k → +∞. Since W
1,−→p
0 (Ω,−→ω ) →֒→֒

Lp
−

(Ω) , then uk → u strongly in Lp
−

(Ω) and a.e. in Ω for a subsequence denoted again (uk)k.

Since (uk)k is bounded in W
1,−→p
0 (Ω,−→ω ) by (3.2), we have (ai(x, uk, ∇uk))k is bounded in Lp

′

i(Ω, ω∗
i).

Then there exists a function ϕi ∈ Lp
′

i(Ω, ω∗
i) such that

ai(x, uk, ∇uk) → ϕi as k → +∞. (5.1)

Moreover, since (φni (uk))k is bounded in Lp
′

i(Ω, ω∗
i) and φni (uk) → φni (u) a.e. in Ω , we have

φni (uk) → φni (u) strongly in Lp
′

i(Ω, ω i) as k → +∞. (5.2)

For all v ∈ W
1,−→p
0 (Ω,−→ω ) using (5.1) and (5.2), we obtain

< χ, v > = lim
k→+∞

< Bn uk , v >

= lim
k→+∞

N
∑

i=1

∫

Ω

ai(x, uk , ∇uk)∂ iv dx+ lim
k→+∞

N
∑

i=1

∫

Ω

φni (uk)∂ iv dx

=
N
∑

i=1

∫

Ω

ϕi∂ iv dx+
N
∑

i=1

∫

Ω

φni (u)∂ iv dx.

Hence, we get

lim sup
k→+∞

< Bnuk , uk > = lim sup
k→+∞

[

N
∑

i=1

∫

Ω

ai(x, uk , ∇uk)∂ iuk dx+
N
∑

i=1

∫

Ω

φni (uk)∂ iuk dx

]

= lim sup
k→+∞

N
∑

i=1

∫

Ω

ai(x, uk , ∇uk)∂ iukdx+

N
∑

i=1

∫

Ω

φni (u)∂ iu dx

≤ < χ, u >

=

N
∑

i=1

∫

Ω

ϕi∂ iu dx+

N
∑

i=1

∫

Ω

φni (u)∂ iu dx

as a result

lim sup
k→+∞

N
∑

i=1

∫

Ω

ai(x, uk , ∇uk)∂ iuk dx ≤
N
∑

i=1

∫

Ω

ϕi∂ iu dx. (5.3)

Thanks to (3.3), we have

N
∑

i=1

∫

Ω

(ai(x, uk, ∇uk) − ai(x, uk, ∇u))(∂ iuk − ∂ iu) dx > 0. Then

N
∑

i=1

∫

Ω

ai(x, uk , ∇uk)∂ iuk dx ≥ −

N
∑

i=1

∫

Ω

ai(x, uk , ∇u)∂iu dx+

N
∑

i=1

∫

Ω

ai(x, uk , ∇uk)∂ iu dx

+

N
∑

i=1

∫

Ω

ai(x, uk , ∇u)∂ iuk dx.

By (5.1), we obtain

lim inf
k→+∞

N
∑

i=1

∫

Ω

ai(x, uk, ∇uk)∂ iuk dx ≥

N
∑

i=1

∫

Ω

ϕi∂ iu dx. (5.4)

Using (5.3) and (5.4), we have

lim
k→+∞

N
∑

i=1

∫

Ω

ai(x, uk , ∇uk)∂ iukdx =

N
∑

i=1

∫

Ω

ϕi∂ iu dx. (5.5)
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Which implies that,

lim
k→+∞

< Bnuk, uk > = lim
k→+∞

N
∑

i=1

∫

Ω

ai(x, uk, ∇uk)∂iuk dx+ lim
k→+∞

N
∑

i=1

∫

Ω

φni (uk)∂iuk dx

=

N
∑

i=1

∫

Ω

ϕi∂iu dx+

N
∑

i=1

∫

Ω

φni (u)∂ iu dx

= < χ, u > .

Moreover, since ai(x, uk, ∇u) converges to ai(x, u, ∇u) strongly in Lp
′

i(Ω, ω i) by (5.5), we get

N
∑

i=1

∫

Ω

(ai(x, uk , ∇uk) − ai(x, uk , ∇u))(∂ iuk − ∂ iu) dx = 0.

By Lemma 3.2, we have uk converges to u strongly in W
1,−→p
0 (Ω,−→ω ) and a.e. in Ω, then ai(x, uk, ∇u)

converges to ai(x, u, ∇u) weakly in Lp
′

i(Ω, ω i) and φni (u) converges to φni (u) strongly in Lp
′

i(Ω, ω i).

Then for all v ∈ W
1,−→p
0 (Ω,−→ω ) we obtain

< χ, v > = lim
k→+∞

< Bnuk , v >

= lim
k→+∞

N
∑

i=1

∫

Ω

ai(x, uk , ∇uk)∂iv dx+ lim
k→+∞

N
∑

i=1

∫

Ω

φi(uk)∂iv dx

=

N
∑

i=1

∫

Ω

ai(x, u, ∇u)∂iv dx+

N
∑

i=1

∫

Ω

φi(u)∂i v dx

=< Bnu, v >

which implies that Bnu = χ. Secondly, it remains to show that the operator Bn is coercive. For all

u, v ∈ W
1,−→p
0 (Ω,−→ω ) and by the generalized Hölder’s type inequality inequality, we have

|〈Φnu, v〉| ≤

N
∑

i=1

∫

Ω

φi(Tn(u)) ∂i v ω
−1
pi

i (x)ω
1

pi

i (x) dx

≤

N
∑

i=1

(

∫

Ω

∣

∣

∣

∣

φi(Tn(u))ω
−1
pi

i (x)

∣

∣

∣

∣

p′

i

dx

)
1

p′

i
(∫

Ω

|∂iv ω
1

pi

i (x)|pi dx

)
1

pi

≤

N
∑

i=1

(

∫

Ω

sup
|s|≤n

|φi(s)|
p′

i ω
−

p′

i
pi

i (x) dx

)
1

p′

i
(∫

Ω

|∂i v|pi ω i(x) dx

)
1

pi

≤
N
∑

i=1

(

∫

Ω

( sup
|s|≤n

|φi(s)| + 1)p
′

i ω
− 1

pi−1

i (x) dx

)
1

p′

i

(∫

Ω

|∂iv|pi ω i(x) dx

)
1

pi

≤

N
∑

i=1

(

sup
|s|≤n

|φi(s)| + 1

)

(∫

Ω

ω
− 1

pi−1

i (x) dx

)
1

p′

i

(∫

Ω

|∂iv|pi ω i(x) dx

)
1

pi

≤ C(n)‖v‖
W

1,−→p

0 (Ω,−→ω )
,
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which implies that
| < Φnu, v > |

||v‖1,−→p ,−→ω

≤ C(n). Let v0 ∈ Kψ, thanks to Hölder’s inequality and (3.2), by the

following continuous embeddings W
1,pi

0 (Ω, ω i) →֒ Lpi(Ω, ω i), we have

| < Av, v0 > | ≤

N
∑

i=1

∫

Ω

ai(x, v, ∇v)∂iv0 ω
−1
pi

i (x)ω
1

pi

i (x) dx

≤
N
∑

i=1

(

∫

Ω

∣

∣

∣

∣

ai(x, v, ∇v)ω
− 1

pi

i (x)

∣

∣

∣

∣

p′

i

dx

)
1

p′

i
(∫

Ω

∣

∣

∣

∣

∂iv0 ω
1

pi

i (x)

∣

∣

∣

∣

pi

dx

)
1

pi

≤ β

N
∑

i=1

(∫

Ω

R
p′

i

i (x) + |v|piω i(x) + |∂i v|piω i(x) dx

)
1

p′

i

(∫

Ω

|∂i v0|pi ω i(x) dx

)
1

pi

≤ β

N
∑

i=1

(

C1 + C2

∫

Ω

|∂i v|piω i(x) dx +

∫

Ω

|∂i v|pi ω i(x) dx

)
1

p′

i

(∫

Ω

|∂i v0|pi ω i(x) dx

)
1

pi

≤ β

N
∑

i=1

C

1
p′

i

1

(

1 +
C2 + 1

C1

N
∑

i=1

∫

Ω

|∂i v|pi ω i dx

)

1
p′

i
(∫

Ω

|∂iv0|
pi ω i(x) dx

)
1

pi

≤ β C4

N
∑

i=1

(

1 +
C2 + 1

C1

N
∑

i=1

∫

Ω

|∂i v|pi ω i dx

)

1
p′

−

(∫

Ω

|∂iv0|
pi ω i(x) dx

)
1

pi

≤ βC4

N
∑

i=1



1 + C3

(

N
∑

i=1

∫

Ω

|∂iv|pi ω i(x) dx

)

1
p′

−





(∫

Ω

|∂iv0|pi ω i(x) dx

)
1

pi

≤ βC4



1 + C3

(

N
∑

i=1

∫

Ω

|∂iv|
pi ω i(x) dx

)

1
p′

−





N
∑

i=1

(∫

Ω

|∂iv0|
pi ω i(x) dx

)
1

pi

≤ βC4



1 + C3

(

N
∑

i=1

∫

Ω

|∂iv|
pi ω i(x) dx

)

1
p′

−



 ‖v0‖
W

1,−→p

0 (Ω,−→ω )
.

Therefore

|< Av, v − v0 >|

‖v‖
W

1,−→p

0 (Ω,−→ω )

≥ α

N
∑

i=1

∫

Ω

|∂iv|pi ω i(x) dx

‖v‖
W

1,−→p

0 (Ω,−→ω )

−
βC4‖v0‖

W
1,−→p

0 (Ω,−→ω )

‖v‖
W

1,−→p

0 (Ω,−→ω )

−
βC4C3

‖v‖
W

1,−→p

0 (Ω,−→ω )

(

N
∑

i=1

∫

Ω

|∂iv|
pi ω i(x) dx

)

1
p′

−

‖v0‖
W

1,−→p

0 (Ω,−→ω )
.

Then,

|< Av, v − v0 >|

‖v‖
W

1,−→p

0 (Ω,−→ω )

≥ α

N
∑

i=1

∫

Ω

|∂iv|pi ω i(x) dx

‖v‖
W

1,−→p

0 (Ω,−→ω )



1 −
β

α
C4C3

(

N
∑

i=1

∫

Ω

|∂iv|pi dx

)

1
p′

−

−1

‖v0‖
W

1,−→p

0 (Ω,−→ω )





−
βC4‖v0‖

W
1,−→p

0 (Ω,−→ω )

‖v‖
W

1,−→p

0 (Ω,−→ω )

.

(5.6)
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Using to Jensen’s inequality, we obtain

‖v‖
p+

−

W
1,−→p

0 (Ω,−→ω )
=

(

N
∑

i=1

(∫

Ω

|∂iv|pi ω i(x) dx

)
1

pi

)p+
−

≤

(

N
∑

i=1

(∫

Ω

|∂iv|pi ω i dx

)
1

p
+
−

)p+
−

≤ C

N
∑

i=1

∫

Ω

|∂iv|pi ω i(x) dx,

where

p+
− =

{

p− if ‖∂iv‖Lpi(Ω,ω i) ≥ 1,
p+ if ‖∂iv‖Lpi(Ω,ω i) < 1.

Then,

N
∑

i=1

∫

Ω

|∂iv|pi ω i dx

‖v‖
W

1,−→p

0 (Ω,−→ω )

→ +∞ and

N
∑

i=1

∫

Ω

|∂iv|pi ω i dx → +∞ as ‖v‖
W

1,−→p

0 (Ω,−→ω )
→ +∞.

From (5.6), we have
| < Av, v − v0 > |

‖v‖
W

1,−→p

0 (Ω,−→ω )

→ +∞ as ‖v‖1,−→p ,−→ω → +∞.

Since
< Φnv, v >

‖v‖
W

1,−→p

0 (Ω,−→ω )

and
< Φnv, v0 >

‖v‖
W

1,−→p

0 (Ω,−→ω )

are bounded, then we get

< Bnv, v,−v0 >

‖v‖
W

1,−→p

0
(Ω,−→ω )

=
< Av, v − v0 >

‖v‖
W

1,−→p

0
(Ω,−→ω )

+
< Φnv, v,−v0 >

‖v‖
W

1,−→p

0
(Ω,−→ω )

→ +∞ as ‖v‖
W

1,−→p

0
(Ω,−→ω )

→ +∞.

We conclude that the operator Bn = A+ Φn is coercive.

References

1. Abbassi, A., Azroul, E., Barbara, A., Degenerate p(x)-elliptic equation with second membre in L1, Advances in Science,
Technology and Engineering Systems Journal. Vol. 2, No. 5, 45-54 (2017).

2. Adams, R., Sobolev spaces, Academic Press, New York (1975).

3. Akdim, Y., Azroul, E. and Benkirane, A., Existence of solutions for quasilinear degenerate elliptic equations, Electronic
Journal of Differential Equations (EJDE), vol. 2001, p. Paper No. 71, 19, (2001).

4. Akdim, Y., Allalou, C. and Salmani, A., Existence of Solutions for Some Nonlinear Elliptic Anisotropic Unilateral
Problems with Lower Order Terms, Moroccan Journal of Pure and Applied Analysis, 4(2), 171-188, (2018).

5. Azroul, E., Benboubker, M. B., Hjiaj, H. and Yazough, C., Existence of solutions for a class of obstacle problems with
L1-data and without sign condition, Afrika Matematika, 27(5-6), 795-813 (2016).

6. Azroul, E., Benboubker, M. B., Ouaro, S., The obstacle problem associated with nonlinear elliptic equations in gener-
alized Sobolev spaces Nonlinear Dyn. Syst. Theory 14(3), 223–242 (2014).

7. Benilan, P., Boccardo, L., Gallouet, T., Gariepy, R., Pierre, M. and Vazquez, J. L., An L1 theory of existence and
uniqueness of nonlinear elliptic equations, Ann. Scuola Norm. Sup. Pisa, Vol. 22, n. 2, pp. 240-273, (1995).

8. Benkirane, A. and Elmahi, A., Strongly nonlinear elliptic unilateral problems having natural growth terms and L1 data,
Rendiconti di matematica, Serie VII, 18, 289-303, (1998).

9. Benkirane, A., Chrif, M. and El Manouni, S., Existence results for strongly nonlinear elliptic equations of infinite order,
Z. Anal. Anwend. (J. Anal. Appl.) 26, 303−312, (2007).

10. Boccardo, L., Gallouet, T. and Marcellini, P., Anisotropic equations in L1, Differential Integral Equations 1, 209– 212,
(1996).

11. Boccardo, L., Gallouet, T. and and Orsina, L., Existence and uniqueness of entropy solutions for nonlinear elliptic
equations with measure data, Annales de l’Institut Henri Poincare (C) Non Linear Analysis. Vol. 13. No. 5. Elsevier
Masson, (1996).



22 A. Abbassi, C. Allalou and A. Kassidi

12. Brezis, H. and Strauss, W., Semilinear second-order elliptic equations in L1, J. Math. Soc. Japan, 25(4), 565-590,
(1973).

13. Chrif, M., and El Manouni, S., Anisotropic equations in weighted Sobolev spaces of higher order, Ricerche di matematica,
58(1), 1-14, (2009).
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