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New Estimates for the Fourier Transform in the Space L2(Rn)
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abstract: In this paper, we prove new estimates are presented for the integral
∫

|t|≥N

|f̂(t)|2dt, where f̂

stands for the Fourier transform of f and N ≥ 1, in the space L2(Rn) characterized by the generalized
modulus of continuity of the kth order constructed with the help of the generalized spherical mean operator.

Key Words: Fourier transform, Generalized derivatives, Spherical mean operator, Continuity mod-
ulus.

Contents

1 Introduction and preliminaries 1

2 Main Result 3

1. Introduction and preliminaries

In [2], Abilov et al. proved new estimates for the Fourier transform in the space L2(R) on certain
classes of functions characterized by the generalized continuity modulus for these estimates, using a
Steklov function.
In this paper, we prove the generalization of Abilov’s results [2] in the Fourier transform for multivariable
functions on Rn. For this purpose, we use spherical mean operator in the place of the Steklov function.

Assume that L2(Rn) the space of integrable functions f with the norm

‖f‖2 =

(∫

Rn

|f(x)|2dx

)1/2

The Fourier transform for the function f ∈ L1(Rn) is defined by

f̂(t) = (2π)−n/2

∫

Rn

f(x)e−ix.tdx

The inverse Fourier transform is defined by the formula

f(x) = (2π)−n/2

∫

Rn

f̂(t)eix.tdt

The Plancherel theorem provides an extension of the Fourier transform to L2(Rn),
i.e,

∫

Rn

|f(x)|2dx =

∫

Rn

|f̂(t)|2dt

Let jp(z) be a normalized Bessel function of the first kind, i.e.,

jp(z) =
2pΓ(p + 1)

zp
Jp(z), ∀z ∈ R

+ (1.1)

where Jp(z) is a Bessel function of the first kind.
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Consider in L2(Rn) the spherical mean operator (see [3])

Mhf(x) =
1

wn−1

∫

Sn−1

f(x + hw)dw

where Sn−1 is the unit sphere in Rn, wn−1 its total surface measure with respect to the usual induced
measure dw.

The finite differences of the first and higher orders are defined by

∆hf(x) = Mhf(x) − f(x) = (Mh − I)f(x)

∆k
hf(x) = ∆h(∆k−1

h f(x)) = (Mh − I)kf(x) =

k∑

i=0

(−1)k−i(k
i )Mi

hf(x) (1.2)

where M0
hf(x) = f(x), Mi

hf(x) = Mh(Mi−1
h f(x)) for i = 1, 2, ...., k and k = 1, 2, ....., I is the identity

operator in L2(Rn).
The kth order generalized modulus of continuity of function f ∈ L2(Rn) is defined as

Ωk(f, δ) = sup
0<h≤δ

‖∆k
hf(x)‖2.

Denote by L2
r the class of functions f ∈ L2(Rn) such that Drf ∈ L2(Rn)

r = 1, 2, ... (In the sense of Levi (see [5])).

where the operator D =
n∑

i=1

∂2

∂x2
i

is the Laplace operator and x = (x1, x2, ....., xn) D0f = f , Dif =

D(Di−1f), i = 1, 2, ..., r

According to [3], we have

Mhf(x) = (2π)−n/2

∫

Rn

f̂(t)j n−2

2

(|t|h)eix.tdt.

and

f(x) = (2π)−n/2

∫

Rn

f̂(t)eix.tdt.

i.e

Mhf(x) − f(x) = (2π)−n/2

∫

Rn

f̂(t)(j n−2

2

(|t|h) − 1)eix.tdt.

By Parseval’s identity, we obtain

‖Mhf(x) − f(x)‖2
2 =

∫

Rn

|f̂(t)|2(j n−2

2

(|t|h) − 1)2dt

Lemma 1.1. Let f ∈ L2
r. Then

‖∆k
hDrf(x)‖2

2 =

∫

Rn

|t|2r(1 − j n−2

2

(|t|h))2k|f̂(t)|2dt (1.3)

Proof. We have

D̂f(t) = (−1)r|t|r f̂(t)

Then

M̂i
hDrf(t) = (−1)r|t|r

(
j n−2

2

(h|t|)
)i

f̂(t)
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From formula (1.2), we conclude that the Fourier transform of ∆k
hDrf(x) is

(−1)r|t|r
(

j n−2

2

(h|t|) − 1
)k

f̂(t). By Plancherel identity, we have the result. �

2. Main Result

Befor presenting the theorems and their proofs, for convenience, we intoduce the notation

ml(f) =

(∫

|t|≥l

|f̂(t)|2dt

)1/2

Theorem 2.1. Let r ∈ N ∪ {0} and k ∈ N. If f ∈ L2
r, then

mN (f) ≤ N−rΩk(Drf,
c

N
),

where c > 0 is a fixed constant and N → ∞.

Proof. In the terms of jp(z), we have (see [1])

|jp(z)| ≤ 1. (2.1)

1 − jp(z) = O(1), z ≥ 1. (2.2)

1 − jp(z) = O(z2), 0 ≤ z ≤ 1. (2.3)
√

hzJp(hz) = O(1), hz ≥ 0 (2.4)

Let f ∈ L2
r. By Hölder inequality, we have

∫

|t|≥N

|f̂(t)|2dt −
∫

|t|≥N

|f̂(t)|2j n−2

2

(h|t|))dt =

∫

|t|≥N

(1 − j n−2

2

(h|t|)|f̂(t)|2dt

=

∫

|t|≥N

(1 − j n−2

2

(h|t|))|f̂(t)|2− 1
k |f̂(t)| 1

k dt

≤
(∫

|t|≥N

|f̂(t)|2dt

) 2k−1

2k

(∫

|t|≥N

(1 − j n−2

2

(h|t|))2k|f̂(t)|2dt

) 1
2k

≤
(∫

|t|≥N

|f̂(t)|2dt

) 2k−1

2k

(∫

|t|≥N

1

|t|2r
(1 − j n−2

2

(h|t|))2k|t|2r|f̂(t)|2dt

) 1
2k

≤ N
−r

k

(∫

|t|≥N

|f̂(t)|2dt

) 2k−1

2k

(∫

|t|≥N

(1 − j n−2

2

(h|t|))2k|t|2r|f̂(t)|2dt

) 1
2k

.

From formula (1.3), we have the inequality

∫

|t|≥N

(1 − j n−2

2

(h|t|))2k|t|2r|f̂(t)|2dt ≤ ‖∆k
hDrf(x)‖2

2

Therefore,

∫

|t|≥N

|f̂(t)|2dt ≤
∫

|t|≥N

|f̂(t)|2j n−2

2

(h|t|)dξ

+ N
−r

k

(∫

|t|≥N

|f̂(t)|2dt

) 2k−1

2k

‖∆k
hDrf(x)‖

1
k

2
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From formulas (1.1) and (2.4), we have

j n−2

2

(x) = O(x
−n+1

2 )

Then

(1 − O(Nh)
−n+1

2 )

∫

|t|≥N

|f̂(t)|2dt = O


N

−r

k

(∫

|t|≥N

|f̂(t)|2dt

) 2k−1

2k

‖∆k
hDrf(x)‖

1
k

2




Setting h = c
N in the last inequality and choose c > 0 such that (1 − O(c

−n+1

2 )) ≥ 1
2 .

Therefore

∫

|t|≥N

|f̂(t)|2dt = O(N
−r

k )

(∫

|t|≥N

|f̂(t)|2dt

) 2k−1

2k

‖∆k
hDrf(x)‖

1
k

2

Then

(∫

|t|≥N

|f̂(t)|2dt

) 1
2k

= O
(

N
−r

k

)
‖∆k

c

N

Drf(x)‖
1
k

2

i.e.,

mN (f) = O
(

N−rΩk(Drf,
c

N
)
)

.

This completes the proof of Theorem 2.1. �

Theorem 2.2. Let f ∈ L2(Rn). Then

Ωk(f, δ) = O


N−2k

(
N∑

l=1

l4k−1m2
l (f)

)1/2

 ,

where k = 1, 2, ... and N → +∞.

Proof. Let f ∈ L2(Rn). Then

‖∆k
hf(x)‖2

2 =

∫

Rn

(1 − j n−2

2

(|t|h))2k|f̂(t)|2dt

Let N = [ 1
h ], where 0 < h < 1. From formula (2.3), we have
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∫

Rn

=

∫

|t|<N

+

∫

|t|≥N

= O(1)

[
h4k

∫

|t|<N

|t|4k|f̂(t)|2dt +

∫

|t|≥N

|f̂(t)|2dt

]

= O(
1

N4k
)

[∫

|t|<N

|t|4k|f̂(t)|2dt + N4k

∫

|t|≥N

|f̂(t)|2dt

]

= O(
1

N4k
)

[
N∑

i=1

∫

i−1≤|t|<i

|t|4k|f̂(t)|2dt + N4k

∫

|t|≥N

|f̂(t)|2dt

]

= O(
1

N4k
)

[
N∑

i=1

i4k

∫

i−1≤|t|<i

|f̂(t)|2dt + N4k

∫

|t|≥N

|f̂(t)|2dt

]

= O(
1

N4k
)

[
N∑

i=1

i4k

(∫

|t|≥i

|f̂(t)|2dt −
∫

|t|≥i−1

|f̂(t)|2dt

)
+ N4k

∫

|t|≥N

|f̂(t)|2dt

]

= O

(
1

N4k

) N∑

i=1

((i + 1)4k − i4k)

∫

|t|≥i

|f̂(t)|2dt.

Since

(n + 1)q − nq ≤ 2qnq−1, q > 1

The previous inequality implies that

∫

Rn

(1 − j n−2

2

(|t|h))2k|f̂(t)|2dt = O

(
1

N4k

) N∑

i=1

i4k−1m2
i (f)

i.e.,

‖∆k
hf(x)‖2

2 = O

(
1

N4k

) N∑

i=1

i4k−1m2
i (f)

which implies

Ωk(f, δ) = O


 1

N2k

(
N∑

i=1

i4k−1m2
i (f)

)1/2



This theorem is proved. �

Theorem 2.3. Let f ∈ L2(Rn). If the serie

+∞∑

i=1

ir−1mi(f), r = 1, 2, ...

converge, then f ∈ L2
r and

Ωk(Drf) = O

(
N−4k

N∑

i=1

i2r+4k−1m2
i (f)

)
+

N∑

i=[ N

2
]

i2r−1mi(f),

where k = 1, 2... and N → +∞
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Proof. Let f ∈ L2(Rn), we have

‖Drf‖2
2 =

∫

Rn

|t|2r|f̂(t)|2dt

=

+∞∑

i=0

∫

i≤|t|≤i+1

|t|2r|f̂(t)|2dt

using an Abel transformation we obtain

‖Drf‖2
2 ≤ m2

0(f) + 2r

+∞∑

i=1

(i + 1)2r−1m2
i (f)

From the inequality i + 1 ≤ 2i we conclude that

‖Drf‖2
2 ≤ C(m2

0(f) +

+∞∑

i=1

i2r−1m2
i (f))

where C > 0 is a positive constant.

Hence

‖Drf‖2
2 = O

(
+∞∑

i=1

ir−1mi(f)

)

Since the serie
+∞∑
i=1

ir−1mi(f), r = 1, 2, .., converge then f ∈ L2
r.

From Lemma 1.1, we have

‖∆k
hDrf(x)‖2

2 =

∫

Rn

|t|2r(1 − j n−2

2

(|t|h))2k|f̂(t)|2dt

Let N = [ 1
h ]. Then

‖∆k
hDrf(x)‖2 ≤

(∫

|t|<N

+

∫

|t|≥N

)1/2

≤
(∫

|t|<N

)1/2

+

(∫

|t|≥N

)1/2

= (I1)1/2 + (I2)1/2

We have

I1 =

∫

|t|<N

|t|2r(1 − j n−2

2

(|t|h))2k|f̂(t)|2dt

By formula (2.3), we have
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I1 = O(h4k)

∫

|t|<N

|t|2r+4k|f̂(t)|2dt

= O(h4k)

N∑

i=1

∫

i−1≤|t|<i

|t|2r+4k|f̂(t)|2dt

= O(h4k)

N∑

i=1

i2r+4k

∫

i−1≤|t|<i

|f̂(t)|2dt

= O(h4k)

N∑

i=1

i2r+4k

(∫

|t|≥i

|f̂(t)|2dt −
∫

|t|≥i−1

|f̂(t)|2dt

)

= O(h4k)

N∑

i=1

i2r+4k−1

∫

|t|≥i

|f̂(t)|2dt.

i.e

I1 = O(h4k)

N∑

i=1

i2r+4k−1m2
i (f).

Now we estimate I2, we have

I2 =

∫

|t|≥N

|t|2r(1 − j n−2

2

(|t|h))2k|f̂(t)|2dt

=

∞∑

i=1

∫

2i−1N≤|t|≤2iN

|t|2r(1 − j n−2

2

(|t|h))2k|f̂(t)|2dt

= O

(
∞∑

i=1

(2iN)2r

∫

2i−1N≤|t|≤2iN

|f̂(t)|2dt

)

= O

(
N2r

∞∑

i=1

22rim2
2i−1N (f)

)

It follows that

(I2)1/2 = O

(
N r

∞∑

i=1

2rim2i−1N (f)

)

Applying the relations

∫ 2l−1N

2l−2N

yr−1dy =
1

r
N r2r(l−2)(2r − 1)

Using the fact the sequence mN (f), N = 1, 2, ..., is monotonically decreasing, we can show (see [6])
that

(I2)1/2 = O




N∑

i=[ N

2
]

i2r−1mi(f)




then this theorem is proved. �
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Remark:

Theorems 2.1 and 2.2 imply

mN(f) = O(Nν) ⇐⇒ ‖∆hf‖2 = O(hν),

where 0 < ν < 2, 0 < h < 1, N → +∞.
This result was proved in [4].
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