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abstract: In this paper, we have derived common fixed point results for weakly compatible self mappings
satisfying E.A. property in fuzzy metric spaces. As consequences of our results we obtain some corollaries.
Finally, we give an example and some applications to integral type contractions to verify the effectiveness and
applicability of our main results.
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1. Introduction

The origin of fuzzy mathematics can be only attributed to the introduction of fuzzy sets in the
innovatory paper of Zadeh [23] in 1965. This concept provides a new way to represent the vagueness
in everyday life. In the course of this fuzzification process, like other concepts, the concept of a fuzzy
metric was introduced in many ways. George and Veeramani [5] modified the concept of a fuzzy metric
space introduced by Kramosil and Michalek [18]. They also induced Hausdorff topology for this variety
of fuzzy metric spaces and showed that every metric space induces fuzzy metric spaces.
In 1988, M. Grabiec [4] proved the Banach contraction principle in the sense of fuzzy metric space
introduced by Karmosil and Michalek, which is a milestone in developing fixed point theorems in fuzzy
metric space.

Theorem 1.1. [4] Let (X,M, ∗) be a complete fuzzy metric spaces such that

1. limt→∞ M(x, y, t) = 1;

2. M(Fx, Fy, kt) ≥ M(x, y, t),

for all x, y ∈ X, where 0 < k < 1. Then F has a unique fixed point.

Jungck [16] introduced the concept of compatible maps and proved some common fixed point theo-
rems. Mishra [19] was the first to employed this notion of compatible mapping in fuzzy metric space.
Aamri and El Moutawakil [1] generalized the concept of non compatibility by defining the notion of
(E.A) property and proved common fixed point theorems under strict contractive conditions. Jungck
and Rohades [17] termed a pair of self-maps to be coincidentally commuting or equivalently weak-
compatible, if they commute at their coincidence points. This concept is most universal among all
the commutativity concepts in this field. Jungck showed that every pair of R-weakly commuting maps
is compatible and each pair of compatible maps is weak-compatible but the reverse is not true always.
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This idea of Gungck was further unified and extended by many authors in various spaces. Few of them
are [2,3,6,7,8,9,10,11,12,13,14,15,20,22].

2. Preliminaries

Definition 2.1. [21] A binary operation ∗ : [0, 1]× [0, 1] → [0, 1] is a continuous triangular norm if
for all a, b, c, e ∈ [0, 1] the following conditions are satisfied:

1. ∗ is commutative and associative;

2. a ∗ 1 = a;

3. ∗ is continuous;

4. a ∗ b ≤ c ∗ e, whenever a ≤ c and b ≤ e.

In short it is also called continuous t-norms.

Definition 2.2. [18] The triplet (X,M, ∗) is fuzzy metric space if X is an arbitrary set, ∗ is continuous
t-norm, M is fuzzy set in X2 × [0,∞) satisfying the following conditions:

1. M(x, y, 0) = 0;

2. M(x, y, t) = 1, for all t > 0 iff x = y;

3. M(x, y, t) = M(y, x, t);

4. M(x, y, t) ∗M(y, z, s) ≤ M(x, z, t+ s) for all x, y, z ∈ X and t, s > 0;

5. M(x, y, .) : [0,∞) → [0, 1] is left continuous;

6. limt→∞ M(x, y, t) = 1 for all x, y ∈ X.

The triplet M(x, y, t) can be taken as the degree of nearness between x and y with respect to t ≥ 0.

Definition 2.3. [4] A sequence {xn} in a fuzzy metric space (X,M, ∗) is said to be convergent to x ∈ X

if limn→∞ M(xn, x, t) = 1 for all t > 0.

Definition 2.4. [4] A sequence {xn} in a fuzzy metric space (X,M, ∗) is called Cauchy sequence if
limn→∞ M(xn+p, xn, t) = 1 for all t > 0 and each p > 0.

Definition 2.5. [4] A fuzzy metric space (X,M, ∗) is said to be complete if every Cauchy sequence in
X converges in X.

Definition 2.6. [16] Two mappings P and Q of a fuzzy metric space (X,M, ∗) into itself are said to be
compatible maps if

limn→∞ M(PQxn, QPxn, t) = 1 for all t > 0,

where xn is a sequence in X such that limn→∞ Pxn = limn→∞ Pxn = u ∈ X.

Definition 2.7. [1] Two self mappings S and T of a fuzzy metric space are said to satisfies E.A. property
if there exist a sequence {xn} ∈ X such that

limn→∞ Txn = limn→∞ Sxn = x0 for some x0 ∈ X.

In our result, we define a class L of all mappings Ξ : [0, 1] → [0, 1] satisfying the following conditions:

1. Ξ is increasing on [0, 1];

2. Ξ(t) > t for all t ∈ (0, 1] and Ξ(t) = t if and only if t = 1.

Now we state and prove our main result.
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3. Main Result

Theorem 3.1. Let f and g be two weakly compatible self mappings of a fuzzy metric space (X,M, ∗)
with t ∗ t ≥ t and for each x 6= y ∈ X, t > 0 satisfying the condition

M(fx, fy, kt) ≥ min























M(gx, gy, t),M(fx, gx, t),

M(gy, fy, t),M(gx, fy, t),

M(fx, gy, t), M(gx,fy,t).M(fx,gy,t)
M(gx,gy,t)























, (3.1)

where 0 < k < 1.
Further, assume that the following assertions hold:

i) f and g satisfy the E.A property;

ii) f(X) ⊃ g(X);

iii) f(X) or g(X) is a complete subspace of X.

Then f and g have a unique common fixed point in X.

Proof. Since f and g satisfy E.A property, there exists a sequence {xn} in X such that

limn→∞ fxn = limn→∞ gxn = x0 for some x0 ∈ X.

Suppose that gX is complete then limn→∞ gxn = ga for some a ∈ X . Therefore, from (i) limn→∞ fxn =
ga.

Claim that fa = ga. Suppose not, that is fa 6= ga. Then equation (3.1) implies that

M(fxn, fa, kt) ≥ min























M(gxn, ga, t),M(fxn, gxn, t),

M(ga, fa, t),M(gxn, fa, t),

M(fxn, ga, t),
M(gxn,fa,t).M(fxn,ga,t)

M(gxn,ga,t)























.

Letting limn → ∞

M(ga, fa, kt) ≥ min























M(ga, ga, t),M(ga, ga, t),

M(ga, fa, t),M(ga, fa, t),

M(ga, ga, t), M(ga,fa,t).M(ga,ga,t)
M(ga,ga,t)























,

implies

M(ga, fa, kt) ≥ min
(

1,M(ga, fa, t)
)

. (3.2)

Therefore fa = ga.
Next we show that fa is the common fixed point of f and g .
Suppose that fa 6= ffa. Since f and g are weakly compatible, then fga = gfa and therefore gga = ffa.
Again from (3.1),

M(fa, ffa, kt) ≥ min























M(fa, fga, t),M(fa, fa, t),

M(fga, ffa, t),M(fa, ffa, t),

M(fa, fga, t), M(fa,ffa,t).M(fga,ffa,t)
M(fa,fga,t)























.
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On simplifying, we get

M(fa, ffa, kt) ≥ min

(

1,M(fa, ffa, t)

)

, (3.3)

which contradicts our assumption. Therefore fa = ffa. Hence fa is the common fixed point of f and g.
Next we claim that fa is the unique common fixed point of f and g.
Suppose not, therefore there exist a 6= b ∈ X such that fa = ga = a and fb = gb = b.
Consider,

M(a, b, kt) = M(fa, fb, kt) ≥ min























M(ga, gb, t),M(fa, ga, t),

M(gb, fb, t),M(ga, fb, t),

M(fa, gb, t), M(ga,fb,t).M(fa,gb,t)
M(ga,gb,t)























M(a, b, kt) ≥ min























M(a, b, t),M(a, a, t),

M(b, b, t),M(a, b, t),

M(a, b, t), M(a,b,t).M(a,b,t)
M(a,b,t)























This implies

M(a, b, kt) ≥ min
(

1,M(a, b, t)
)

, (3.4)

this contradicts our assumption and hence a = b. Therefore fa is the unique common fixed point of f
and g . ✷

Theorem 3.2. Let f and g be two weakly compatible self mappings on a fuzzy metric space (X,M, ∗)
with t ∗ t ≥ t such that for each x 6= y ∈ X, t > 0 satisfying

M(fx, fy, kt) ≥ Ξ(S(x, y, t)), (3.5)

where 0 < k < 1, Ξ ∈ L and

S(x, y, t) = min























M(gx, gy, t),M(fx, gx, t),

M(gy, fy, t),M(gx, fy, t),

M(fx, gy, t), M(gx,fy,t).M(fx,gy,t)
M(gx,gy,t)























. (3.6)

Further, assume that following assertions hold:

i) f and g satisfy the E.A property;

ii) f(X) ⊃ g(X);

iii) f(X) or g(X) is a complete subspace of X.

Then f and g have a unique common fixed point in X.

Proof. On the line of Theorem 3.1, we define a sequence {xn} ∈ X such that

limn→∞ fxn = limn→∞ gxn = x0 for some x0 ∈ X.
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Here assert that gX is complete, then for some a ∈ X , limn→∞ gxn = ga. Hence from (i), limn→∞ fxn =
ga.
We have to prove that fa = ga. Suppose on contrary that fa 6= ga. Then M(ga, fa, t) > 1.
Eq. (3.5) implies that

M(fxn, fa, kt) ≥ Ξ(S(xn, a, t)), (3.7)

where (from eq. 3.6)

S(xn, a, t) = min























M(gxn, ga, t),M(fxn, gxn, t),

M(ga, fa, t),M(gxn, fa, t),

M(fxn, ga, t),
M(gxn,fa,t).M(fxn,ga,t)

M(gxn,ga,t)























.

Letting limn → ∞ in above equality, we get

S(a, a, t) ≥ min























M(ga, ga, t),M(ga, ga, t),

M(ga, fa, t),M(ga, fa, t),

M(ga, ga, t), M(ga,fa,t).M(ga,ga,t)
M(ga,ga,t)























,

implies that

S(a, a, t) ≥ min
(

1,M(ga, fa, t)
)

.

Since M(ga, fa, t) > 1, then

S(a, a, t) ≥ 1.

Hence from eq. (3.5) and using the fact that Ξ ∈ L, we have

M(ga, fa, kt) ≥ Ξ(1) = 1.

This is a contradiction and therefore fa = ga.

Next assert that fa is the common fixed point of f and g.
Suppose it is not true, that is, fa 6= ffa. Then weakly compatible property of maps f and g implies
that fga = gfa and therefore gga = ffa.
Again consider eq. (3.5),

M(fa, ffa, kt) ≥ Ξ(S(a, fa, t)), (3.8)

where

S(a, fa, t) = min























M(fa, fga, t),M(fa, fa, t),

M(fga, ffa, t),M(fa, ffa, t),

M(fa, fga, t), M(fa,ffa,t).M(fga,ffa,t)
M(fa,fga,t)























. (3.9)

Since M(fa, ffa, t) > 1, eq. (3.9) implies that

S(a, fa, t) = min
(

1,M(fa, ffa, t)
)

= 1.
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Thus from eq. (3.8), and using the fact that Ξ ∈ L, we get

M(fa, ffa, kt) ≥ 1.

Therefore fa = ffa. Hence fa is the common fixed point of f and g .
For uniqueness of fa, assume that there exist a 6= b ∈ X such that fa = ga = a and fb = gb = b.
On using these values in, and after simplifying eq.(3.5) and eq.(3.6), we obtain

M(a, b, kt) ≥ 1.

Thus, we arrive at contradiction. Therefore fa is the unique common fixed point of f and g . ✷

On following above theorems, we state two consequence result.

Corollary 3.3. Let f and g be two non compatible self mappings of a fuzzy metric space (X,M, ∗) with
t ∗ t ≥ t satisfying the condition: for each x 6= y ∈ X, t > 0

M(fx, fy, kt) ≥ min























M(gx, gy, t),M(fx, gx, t),

M(gy, fy, t),M(gx, fy, t),

M(fx, gy, t), M(gx,fy,t).M(fx,gy,t)
M(gx,gy,t)























,

where 0 < k < 1. Further, assume that following assertions hold:

i) f(X) ⊃ g(X);

ii) f(X) or g(X) is a complete subspace of X.

Then f and g have a unique common fixed point in X. ✷

Corollary 3.4. Let f and g be two non compatible self mappings of a fuzzy metric space (X,M, ∗) with
t ∗ t ≥ t such that for each x 6= y ∈ X, t > 0 satisfying

M(fx, fy, kt) ≥ Ξ(S(x, y, t)),

where 0 < k < 1, Ξ ∈ L and

S(x, y, t) = min























M(gx, gy, t),M(fx, gx, t),

M(gy, fy, t),M(gx, fy, t),

M(fx, gy, t), M(gx,fy,t).M(fx,gy,t)
M(gx,gy,t)























,

Further, assume that following assertions hold:

i) f(X) ⊃ g(X);

ii) f(X) or g(X) is a complete subspace of X.

Then f and g have a unique common fixed point in X. ✷
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4. Example and applications to integral type contractions

In this section, we give an example and some applications based on our results.

Let us define Ψ : [0,∞) → [0,∞), as Ψ (t) =
∫ t

0
ϕ (t) dt ∀ t > 0, be a non-decreasing and continuous

function. Moreover for each ǫ > 0, ϕ (ǫ) > 0. Also implies that ϕ (t) = 0 if and only if f t = 0.

Example 4.1. Let X = [1,+∞). Define f, g : X → X by fx = x2 and gx = 2x − 1 for all x ∈ X. Let
fuzzy metric be defined by

M(x, y, t) =
t

t+ |x− y|
,

then

1. f and g satisfy the E.A property for the sequence xn = 1 + 1
n
, ∀ n = 1, 2...;

2. f and g are weakly compatible ;

3. f and g satisfy ∀ x 6= y.

M(fx, fy, kt) ≥ min























M(gx, gy, t),M(fx, gx, t),

M(gy, fy, t),M(gx, fy, t),

M(fx, gy, t), M(gx,fy,t).M(fx,gy,t)
M(gx,gy,t)























.

Clearly f1 = g1 = 1, that is 1 is the common fixed point of f and g. ✷

Theorem 4.1. Let f and g be two weakly compatible self mappings of a fuzzy metric space (X,M, ∗)
with t ∗ t ≥ t such that for each x 6= y ∈ X, t > 0 and for 0 < k < 1

i - f and g satisfy the E.A property;

ii -
∫M(fx,fy,kt)

0 ϕ (t) dt ≥
∫ S(x,y,t)

0 ϕ (t) dt;

where S (x, y, t) is given by eq. (3.6) and ϕ ∈ Ψ.

iii - f(X) ⊃ g(X);

iv - f(X) or g(X) is a complete subspace of X.

Then f and g have a unique common fixed point in X.

Proof. Here if we set ϕ (t) = 1, then we get the proof of result by using Theorem 3.1. ✷

Theorem 4.2. Let f and g be two weakly compatible self mappings of a fuzzy metric space (X,M, ∗)
with t ∗ t ≥ t such that for each x 6= y ∈ X, t > 0 and for 0 < k < 1

i - f and g satisfy the E.A property;

ii -
∫M(fx,fy,kt)

0 ϕ (t) dt ≥ Ξ

(

∫ S(x,y,t)

0 ϕ (t) dt

)

;

where S (x, y, t) is given by eq. (3.6), Ξ ∈ L and ϕ ∈ Ψ.

iii - f(X) ⊃ g(X);

iv - f(X) or g(X) is a complete subspace of X.

Then f and g have a unique common fixed point in X.

Proof. Let us take ϕ (t) = 1, then we get the proof of result by using Theorem 3.2. ✷
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5. Conclusion

In this article, we have given some common fixed point theorems for weakly compatible self mappings
satisfying E.A. property in fuzzy metric spaces. Based on the results in this paper, interesting researches
may be prospective. In the future study, one can think of establishing some new fixed point results in
different spaces.

References

1. Aamri , M., Moutawakil, D.El, Some new common fixed point theorems under strict contractive conditions,
J.Math.Anal.Appl. 270 (1), 181 – 188, (2002).

2. Beg, I., Gupta, V., Kanwar, A., Fixed Point on Intuitionistic Fuzzy Metric Spaces Using E.A. Property, Journal of
Nonlinear Functional Analysis, 2015, Article ID 20, 15 pages, 2015.

3. Bhardwaj, V., Gupta, V., Mani, N., Common fixed point theorems without continuity and compatible property of maps,
Bol. Soc. Paran. Mat. 35(3), 67–77, (2017).

4. Grabiec, M., Fixed point in fuzzy metric spaces, Fuzzy Sets Syst. 27 (3), 385 – 389, (1988).

5. George, A., Veeramani, P., On some results in fuzzy metric spaces, Fuzzy Sets Syst. 64, 395 - 399, (1994).

6. Gupta, V., Kanwar, A., Fixed point theorem in fuzzy metric spaces satisfying E.A property, Indian Journal of Science
and Technology 5, 3767 – 3769, (2012).

7. Gupta, V, Mani, N., Fixed Point Theorems and its Applications in Fuzzy Metric Spaces. proceeding of national
conference, Advancements in the era of Multi - Disciplinary Systems, Elsevier. 174, 961 – 964, (2013).

8. Gupta, V., Mani, N., Existence and uniqueness of fixed point in fuzzy metric spaces and its applications, Adv. Intell.
Syst. Comput., Springer. 236, 217 - 224, (2014).

9. Gupta, V., Mani, N., Common fixed points by using E.A. property in fuzzy metric spaces, Adv. Intell. Syst. Comput.,
Springer. 259, 45 - 54, (2014).

10. Gupta, V., Saini, R.K., Mani, N., Tripathi, A.K., Fixed Point Theorems Using Control Function in Fuzzy Metric
Spaces, Cogent Mathematics 2, Article Id: 1053173, (2015).

11. Gupta, V. Ramandeep, Tripathi, A.K., Some common fixed point theorems in fuzzy metric spaces and their applications,
Bol. Soc. Paran. Mat. 36(3), 141 - 153, (2018).

12. Gupta, V., Tripathi, AK., Mani, N., Unique common fixed point results with application in fuzzy metric spaces,
International Journal of Innovative Technology and Exploring Engineering, 9(2), 2527 - 2529, (2019).

13. Gupta, V., Jungck, G., Mani, N., Common fixed point theorems for new contraction without continuity completeness
and compatibility property in partially ordered fuzzy metric spaces, Proceedings of the Jangjeon Mathematical Society.
22(1), 51 – 57, (2019).

14. Gupta, V., Jungck, G., Mani, N., Some novel fixed point theorems in partially ordered metric spaces, AIMS Mathematics
5(5), 4444 - 4452, (2020).

15. Imdad, M., Ali, J., Some Common Fixed Point Theorems in Fuzzy Metric Spaces, Mathematical communication. 11(2),
153 – 163, (2006).

16. Jungck , G., Compatible mappings and common fixed points, Internat.J.Math.and Math.Sci. 9, 771 - 779, (1986).

17. Jungck, G., Rhoades, B.E., Some fixed point theorems for compatible maps, Internat. J. Math. Math. Sci 16(3), 417 –
428, (1993).

18. Kramosil, I. Michalek, J., Fuzzy metric and Statistical metric spaces, Kybernetika, 11(5), 336–344, (1975).

19. Mishra, S.N., Sharma, N., Singh, S.L., Common fixed points of maps on fuzzy metric spaces, Internat. J. Math. and
Math. Sci., 17 (2), 253 – 258, (1994).

20. Mani, N., Existence of fixed points and their applications in certain spaces, [PhD Thesis, Maharishi Markandeshwar
University, Mullana, India], (2016).

21. Schweizer, B., Sklar, A., Statistical metric spaces, Pacific J. Math. 10 (1), 313 – 334, (1960).

22. Sharma, N., Mani, N., Gulati, N., Unique fixed point results for pairs of mappings on complete metric spaces, Italian
Journal of Pure and Applied Mathematics, 42 (2), 798 - 808, 2019.

23. Zadeh, L.A., Fuzzy Sets, Inform. And Control. 8, 338 – 353, (1965).



Some Fixed Point Results and Their Applications 9

Dr. Vishal Gupta,

Department of Mathematics,

Maharishi Markandeshwar, Deemed to be University,

Mullana-133207, Haryana, India.

E-mail address: vishal.gmn@gmail.com

and

Dr. Naveen Mani,

Department of Mathematics,

Sandip University, Nashik - 422213,

Maharashtra, India.

E-mail address: naveenmani81@gmail.com

and

Dr. Rajinder Sharma,

Sohar University of Technology and Applied Sciences,

Mathematics Section, PO BOX-135,

P.C-311, Sohar, Oman.

E-mail address: rajind.math@gmail.com

and

Dr. Adesh Kumar Tripathi,

Department of mathematics,

Maharishi Markandeshwar, Deemed to be University,

Mullana-133207, Haryana, India.

E-mail address: tripathi.adesh@gmail.com


	Introduction
	Preliminaries
	Main Result
	Example and applications to integral type contractions
	Conclusion

