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ABSTRACT: In this paper, we obtain initial coefficients |a2| and |a3| for a certain subclass by means of Cheby-
shev polynomials expansions of analytic functions in D. Also, we solve Fekete-Szego problem for functions in
this subclass.
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1. Introduction

Let A be the class of the functions of the form:
f(z) :z—i—Zanz" (1.1)
n=2

which are analytic in the open unit disc D = {z:2 € C and |z| < 1} and satisfying the conditions
f(0) =0 and f’(0) = 1. Also, let 8 be the subclass of A consisting of the form (1.1) which are univalent
in D.

Let f and g be analytic functions in D. We define that the function f is subordinate to g in D and
denoted by

f(z) <g(z)  (2€D),

if there exists a Schwarz function w, which is analytic in D with w(0) = 0 and |w(z)| < 1 (2 € D) such
that

f(z) =g (w(z) (2€D).

If g is a univalent function in D, then

f(z) < g(z) & f(0) = g(0) and f(D) C g(D).

Chebyshev polynomials play a considerable role in numerical analysis ([4], [8]). There are four
kinds of Chebyshev polynomials. The first and second kinds of Chebyshev polynomials are defined by
T, (t) = cosny and U, (t) = W (—1 < t < 1) where n denotes the polynomial degree and t = cos .
For a brief history of Chebyshev polynomials of the first kind 7),(¢), the second kind U, (t) and their
applications one can refer [1]-[16].

Now, we define a subclass of analytic functions in D with the following subordination condition:

Definition 1.1. A function f € A given by (1.1) is said to be in the class N (A, B5,t) for0 < <A <1
and t € (%, 1} if the following subordination hold:

MBS () + A+ A= () +21) 1
2,t) = ——————
AB22f"(z) + (A= B)zf"(z) + (L = A+ B) f(2) 1—2tz + 22
2010 Mathematics Subject Classification: 30C45, 30C50.
Submitted November 18, 2019. Published May 06, 2020

(zeD). (12

Typeset by Esxstyle.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.51024

2 M. CAGLAR, H. ORHAN AND M. KAMALI

We consider that if t = cosp (5F < ¢ < I), then H(z,t) = m =1+>.7, Sm(ﬁ%z"
(z € D). Thus, H(z,t):1—|—2COSQDZ+(3COSQQD—Sin2(p)22+--- (z€D).

So, according to [15], we write the Chebyshev polynomials of the second kind as following;:
H(z,t) =14+ U ()2 +Us()22 +---  (2€D,—-1<t<1)

where Uy, 1 (t) = 22520 (1 € N) and we have Uy () = 2tU, —1(t) — Un-a(1),

Ui (t)=2t, Uy (t)=4t> =1, Us(t)=8t>—4t, Uys(t)=16t" —12t> +1,--- . (1.3)

The Chebyshev polynomials T,,(t), t € [—1,1] of the first kind have the generating function of the
form Y07 [ To(t)2" = =572z (2 € D).
There is the following connection by the Chebyshev polynomials of the first kind T, (¢) and the second

kind U, (t) :

dT, (¢)
dt

= nUn1(t),  Tu(t) = Un(t) — tUn_1(t), 2T0(t) = Un(t) — Un—a(2).

In 1933, Fekete and Szegd [6] obtained a sharp bound of the functional |az — pa3|, with real u
(0 < p<1) for a univalent function f. Since then, the problem of finding the sharp bounds for this
functional of any compact family of functions or f € A with any complex p is known as the classical
Fekete-Szego problem or inequality.

In this paper, we obtain initial coefficients |az| and |as| for subclass N (A, 8, t) by means of Chebyshev
polynomials expansions of analytic functions in D. Also, we solve Fekete-Szegd problem for functions in
this subclass.

2. Coefficient bounds for the function class N (), 5,t)

We begin with the following result involving initial coefficient bounds for the function class N (\, 3, ¢) .

Theorem 2.1. Let the function f(z) given by (1.1) be in the class N (X, 5,t). Then

2t
|a2|S—2)\B+)\_B+1 (2.1)
and 821
< ST 2 (2.2)
Proof. Let f € N (A, 3,t). From (1.2), we have
ABZ2 " (2) + (2AB + A — B)22f"(2) + 2f'(2) _ 2
Y L RV Py e i 1 R A 23)
for some analytic functions
p(2)=crz+ct+e32 4+ (z€D), (2.4)
such that p(0) =0, |p(z)| <1 (z € D). Then, for all j € N,
lejl <1 (2.5)
and for all € R
|co — pei| < max {1, |p}. (2.6)
It follows from (2.3) that
M) + QA A BZI D 42 E) gy eyt [0 (D en + Ua (0] 24+ (2)

AB22f"(2) + (A= P)zf'(2) + (1 = A+ B) f(2)
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It follows from (2.7) that
N+ A=B+1)as =Up (t)cy, (2.8)

and
2(6A3+2XA— 28+ 1)as — 2AB+ A — B+ 1)2 a2 = Uy (t) co + Us (£) 2. (2.9)

From (1.3), (2.8) and (2.5), we have

2t

< 2.10
ool < S =51 (2.10)
By using (1.3) and (2.5) in (2.9), we obtain
8t2 — 1
< . 2.11
3] < Serg T A =28+ 1) (2.11)
which completes the proof of Theorem 2.1. O

For A =1 in Theorem 2.1, we obtain the following corollary.

Corollary 2.2. Let the function f(z) given by (1.1) be in the class N (1, 5,t). Then

2t

ao| < ——
|2|*ﬁ+2

and
8t2 — 1

|a3| < m

If we choose 8 = 0 in Theorem 2.1, we get the following corollary.

Corollary 2.3. Let the function f(z) given by (1.1) be in the class N (A, 0,t). Then

2t

< =
ja2] < A+ 1

and
8t2 —1

<
jas| < 221+ 1)

For 8 = X in Theorem 2.1, we obtain the following corollary.

Corollary 2.4. Let the function f(z) given by (1.1) be in the class N (8,t). Then

2t

Aol < ———
|2|*252+1

and

2 _
|a3| < Lzl
2(68°+1)

Remark 2.5. For =0 and A =1 in Theorem 2.1, we obtain result of Dziok et al. [5, Theorem 6].
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3. Fekete-Szego inequality for the function class N (), 5,t)
Now, we find the sharp bounds of Fekete-Szeg6 functional |a3 - ua§| defined for N (A, 8,1).
Theorem 3.1. Let the function f(z) given by (1.1) be in the class N (X, 8,t). Then for some p € R,

t
BNFTZA—2811° pE [pys o s
las — paj| < ; 82-1  A(6AB+2A—26+1) (3.1)
B2 —25+1 | 2t FT(@agra—prn® | M ¢ (11, o],
(8t°—2t—1)(2AB+A—B+1)* (8t°+2t—1)(2AB+A—B+1)*
where j1y = SIZ(6AB+2A—2511) and juy = SIZ(6AB+2A—2B11)
Proof. Let f € N (), 5,t). By using (2.8) and (2.9) for some p € R, we have
Ui (t) Us(t) (6AB + 2\ — 28+ 1)Uy (t)
2 2
as — pas| = co + +Ui(t) —2 ci|. (3.2
a3 — pas 26MAB+27—28+1)| > " UL 1) (2\B+ A —B+1)° i (2

Then, in view of (2.6), we conclude that

U (t) Us (t) (6AB+ 2\ — 28+ 1) U; (1)
— nall < 1, +Ui(t) —2 . (3.3
jaa = ez < 2(6Aﬁ+2A—2ﬁ+1)maX{ Y I R TY Ve W T (33)
Finally, by using (1.3) in (3.3), we get
5 t 8t2 —1 (6AB+2X—28+ 1)t
- < 1 —4 .
jas WQ‘_G)\B—FQ)\—Qﬁ—FlmaX{ ot NG+ A— B+ 1)

Because t > 0, we obtain

2 _ _
82 -1, (GAB+2A-28+ Dtf

260 T @agEa-gr1)” |
(882 =2t —1) (2A8+ A — B +1)° _o (8421 A+ A= +1)°
SEZ(GMN+2x—28+1) M= SZ(GAFt+2h—28+1)
&M S S .
This proves Theorem 3.1. O

For A =1 in Theorem 3.1, we obtain the following corollary.

Corollary 3.2. Let the function f(z) given by (1.1) be in the class N (1, 8,t). Then for some u € R,

‘ 2| < 4,8t+3’ IME [:uthLQ]v
as — pas| < 2_ 4¢(48+3
’ 4ﬁt+3 StQt L — H (éf;g2) o s a)

(8t2—2t—1)(8+2)* (82 +2¢—1)(8+2)°
where py = gy ond fy = sEapra

If we choose 8 = 0 in Theorem 3.1, we get the following corollary.
Corollary 3.3. Let the function f(z) given by (1.1) be in the class N (X, 0,t). Then for some p € R,

t

|a3 an} <) A - € [py, pol
_ < B .

2 2At+1 Stzt L — H (;+1)2 TR [M17M2],

(8P —2t—1)(A+1)? (84 2t—1)(A+1)?
where j1y = STZ(2A+1) and juy = StZ(2A11)
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For 8 = X in Theorem 3.1, we obtain the following corollary.

Corollary 3.4. Let the function f(z) given by (1.1) be in the class N (3,t). Then for some p € R,

) FT 1€ [pys ol
az — paz| < 2 4t(68%+1
‘ 2| 6[32t+1 8t2t - K (2(,32+1)2) y M ¢ [.ulv,MQ] )

(8t2—2t-1)(26%+1)° (8% 42t-1) (282 +1)?
8Z(662+1) and fiy = 8Z(662+1)

where 1 =

Remark 3.5. For =0 in Theorem 3.1, we obtain result of Mustafa and Akbulut [10].
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