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ABSTRACT: In this paper, we introduce a new class of higher-order hypergeometric Hermite-Bernoulli num-
bers and polynomials. We shall provide several properties of higher-order hypergeometric Hermite-Bernoulli
polynomials including summation formulae, sums of product identity, recurrence relations.
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1. Introduction

The Bernoulli polynomials B, (z) are defined by the following generating function

<€tt_1)€”=§Bn(x)%, (1.1)

and B,, = B,(0) are named Bernoulli numbers. These numbers and polynomials have a long history,
which arise from Bernoulli’s calculations of power sums in 1713, that is,

i]n _ BTLJrl(m + 1) - BTL+1
, n+1 ’
Jj=1

(see [[19], p.5, (2.2)]). They have many applications in modern number theory, such as modular forms
[11] and Iwasawa theory [9]. A recent book by Arakawa, Ibukiyama and Kaneko [1] give a nice intro-
duction of Bernoulli numbers and polynomials including their connections with zeta functions.

In 1924, Nérlund [14] introduced and studied the generalized higher order Bernoulli polynomials
defined by means of the following generating function

2 N R iBm)(x)ﬁ (1.2)
et -1 (et__l)a n n' .

t n=0

We also have a similar expression of multiple power sums

m—1

Sttt )k,

11+ln=0

in terms of higher order Bernoulli polynomials, (see ([12], Lemma 2.1)).
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Howard ([5], [6]) gave a generalization of Bernoulli polynomials by considering the following generating
function

thrt/2 > tn
—_— = Al ()= 1.3
et—1—t T;J " (x)n!’ (1.3)
and more generally, for all positive integer N
tN oo tn
NT xt
— e = By n(z)—, 14
et—TN,l(t)e 7;) N, (x)n' (1.4)

where Ty _1(t) is the Taylor polynomial of order N — 1 for the exponential function. For the case N = 1
and N = 2, (1.4) reduces to (1.1) and (1.3), respectively. We see that the polynomials By ,(x) have
rational coefficients.

The polynomials By () are named hypergeometric Bernoulli polynomials, while the numbers By ,, =

By »(0) are named hypergeometric Bernoulli numbers since the generating function f(t) = %

N!
can be expressed as 1 F1(1; N + 1;t), where the confluent hypergeometric function 1 F(a; b;t) is defined
by

Fy(asbit) =Y ((Z;: ;—T: (1.5)

n=0

and (a), is the Pochhammer symbol, (see [20])
(a)o:=1, (a)p =ala+1)---(a+n—-1),(ne N:={1,2,3,---}).

For N,r € N, the higher-order hypergeometric Bernoulli polynomials Bx)n(x) are defined by means

of the generating function, (see [2], [7], [10])

N r -
t 1 i
N! xt xt (r)
et — T4 (1) T T (1 N1 = B - 1.6
(et—TN—l(t)> ‘ 1F1(1;N—|—1;t)7’e nZ:o Nx”(x)n[ (1.6)

For x = 0 in (1.6), BJ(\?)R = B](\;)n(O) are called the higher order hypergeometric Bernoulli numbers,
(see [10], [13]). Again, on taking r = 1 in (1.6), B](\}) (x) = Bnn(x) are called the the hypergeomet-

ric Bernoulli polynomials and if we put z = 0 in (1.6), BE\})”(O) = By, are called the hypergeometric
Bernoulli numbers.

The 2-variable Hermite Kampé de Fériet polynomials (2VHKAFP) H,,(x,y) ([3], [4]]) are defined as

n
[z] T m—2r

Hy(z,y) = n! :0%. (1.7)

It is easily seen that
1
H,(2z,-1) = H,(z), H,(z, —5) = He, (),

where H,,(z) and He,(x) are called the ordinary Hermite polynomials. Also
H,(x,0) = a".

The generating function for Hermite polynomial H, (x,y) ([16]-[18]) are given by

o0 t"
e = N Hy () . (1.8)
n.
n=0
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The object of this paper is to present a systematic account of these families in a unified and gen-
eralized form. We develop some elementary properties and derive the implicit summation formulae for
the higher-order hypergeometric Hermite-Bernoulli polynomials by using different analytical means on
their respective generating functions. The approach given in recent papers of Pathan and Khan ([16]-
[18]) has indeed allowed the derivation of implicit summation formulae in the two-variable higher-order
hypergeometric Hermite-Bernoulli polynomials. In addition to this, some relevant connections between
Hermite and higher-order hypergeometric Bernoulli polynomials and recurrence relations are given.

2. Multiple hypergeometric Hermite-Bernoulli numbers and polynomials

For every positive integer N and 7, the higher-order hypergeometric Hermite-Bernoulli numbers and
polynomials B N)n(x y) are defined by means of the following generating function defined in a suitable
neighborhood of t =

T

N
! : o 2
Frn(z,y,t) = —e“"‘yt = Nt eyt
1Fi(L; N+ 1;¢)r N-1
e — 2 Z!!
n=0
_ZHBEVT)TL“/_' (2.1)
For z =y =0, B(T) — B](\;)n(o 0) are called the higher-order hypergeometric Bernoulli numbers, (see

[10, 13]). When r = 1, we obtain the hypergeometric Hermite-Bernoulli polynomials z By (z, y)

HB](V)n(a: y) and By, = HB(D (0,0) is the hypergeometric Bernoulli numbers, (see [8, 15]). If we put
N =1, the result reduces to the known result of Pathan and Khan, (see [16]).

Remark 2.1. On setting y =0, (2.1) reduces to the known result of Aoki et al. [2] as follows:

N
1 L
F t) = xt _ N! xt
V@O = NI S
T n=0 o

o0

=S B (2.2)

In particular in terms of higher-order hypergeometric Bernoulli numbers Bg)n and Hermite polyno-

mials Hg(x,y), the higher order Hermite-Bernoulli polynomials HB](\?)n(a:, y) are defined as

r = n r
nBL ) =Y (1) B o) (23)

s=0
Takingr =N =1and ¢ = 0in (2.1) gives the result
[

w3

]

n m
O( o >Bn2my = wB{)(0,1). (2.4)

m=

Using e’ = cost +isint and N = 1, the result reduces to

Y fm) = > F@n)+ > f@en+1), (2.5)
n=0 n=0 n=0
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it \ it(cost — 1 — isint) " (it(cost — 1 —isint) \"
eit —1)  \(cost —1+isint)(cost — 1 —isint) )  \(cost —1)2 4 (sint)2

_ ((tsint)+it(cost— 1)>T7

and

Q

where Q = (cost—1)?+ (sint)?, together with the definition (2.1) and the result (2.5), we get (see Pathan
and Khan [16]):

izt—yt? ((75 sint) + it(cost — 1)>T
e

Q
oo n 2n ny2n+1
(r) t ( 1"t
:ZHBQTL( +ZHBQTL+1 x y 7'5 (26)
— (2n +1)!
where 7 > 1, Q = (cost — 1)? + (sint)2.
On setting r =1, 2 =y = 0 in the above results , we get the following well known classical results
involving Bernoulli numbers, (see [16]):
t t = (—1)"> t = 2"
— t — = B nT o = th - - B n
2% (2) 2 P 3 (2) 2 By

Theorem 2.2. Forn > 1, we have

n B\ x,
Hu(wy) =N > > m!(Niz‘iv)’!ﬁ-(-(zyv)H,ﬂ)!' 27)

m=0141+--+i,=n—m

Proof. From definition (2.1), we have

Y wttyt? R
<ﬁ) e = z—|—N ZHBNnxy

. > N 4 ) -
=N <Z Z (N+i1)!---(N+iT)!ﬁ> (Z HBJ(V,)m(w,y)%>

1=0 i1+-+ip=1

o0

tn

n=0

) o n B(T)m(x,y) t"
DI IEEDS (N+Hi1)]!v5--(N+ir)!ﬁ'

n=0m=01i;+---+i,=n—m

trN
(V)"

Comparing the coefficients of t” on both sides, we get (2.7). O

Corollary 2.3. Forr =1 in (2.7), we get

Corollary 2.4. Forxz =y =0 1in (2.7), the result reduces to the known result of Aoki et al. [2] as follows
n B}(\;)

A =0. 2.9

Z Z m!(N 4+ i)l (N +i,.)! (29)

m=0141+--+i,.=n—m

and r =1 1in (2.8), the result reduces to (see [7]):

2": ( nm+ N ) Bym(z,y) = 0. (2.10)

m=0
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Theorem 2.5. The following relationship holds true:

o) =Y () e i Bz 1)

m=0

Proof. Using equations (2.1), (1.5) and (1.8), we have

1 tyt? t
- == w B n
V(1N +158) ZH Na(®y) oy
> > tn
e = FI(1; N 4 1;1) ZHBN,n(xay)ﬁ

n=0

" tn
ZH my—'—Z%N+l 'ZHBNnJSZ/
nl

- m!T(N + 1 t
23 (0 ) Fiws T et

Comparing the coefficients of % on both sides, we arrive at the obtained result (2.11). O

Theorem 2.6. The following relationship holds true:

! " —k)!
1—2)VN-1,B0 dz = (N —1)! (")("7 B (0,). 2.12
[ = uB we = -3 () ek a2
Proof. From (2.1), we have
e - S o
(LN + 10" nl
ethHB](\;,)n( ZHBNnmy_'
n=0

ZZ( K )HBM(O vt = > wBRL @)
n=0 k=0 ’

n=0

Thus, we have

M:

u By, (@, y) = < Z )HB(T (0,y)z"". (2.13)

B
I
=]

Therefore, by integrating (2.13) with weight (1 — 2)N~! and using the result ( [20], p.26(48)), we obtain

/Ol(l—x)N HBNnxy i)( )HBNk(O y)/ol(l—m)N_lm"_kdm

- n n (n— k)' (T)
=N - 1)!;_()( K > mHBN,k(an),

which follows from (2.12). This completes the proof. O



6 W. A. KHAN

Theorem 2.7. The following representation for higher-order hypergeometric Hermite-Bernoulli polyno-
mials HB](\;’)n(x,y) involving Hermite-Euler polynomials g E,,(x,y) holds true:

L[S0 (1) ernimis

m=0 k=0

n n .
m=0

Proof. Using generating function for Hermite-Euler polynomials as follows

HBJ(vnxy

(2.14)

P o tn
emttt = — ZHEn(may)Ev(see [18]).
n=0 ’

Substituting this value of e®* ¢ in (2.1) gives

1 el 4+ 1 t"
B E,(z,y)—

ZHEnxy n' ZZ (T)

m=0 k=0
o0 n , tn

+RZ(]mZOHEn mxyB](V)m( )lml

ST EE () (1) rsnteoniin

~(n m 1 t"
* Z ( m ) 1 En—m (@ 9) By o (n—m)!m!| n!"

tm

(m — k)k!

N)Ir—\

Comparing the coefficients of % on both sides, we required at the result (2.14). O

Theorem 2.8. For n > 0, p,q € R, the following formula for higher-order hypergeometric Hermite-
Bernoulli polynomials HBJ(V)n(px qy) holds true:

HBz(v)n(px qy)

n 5] .
=l 3N wBY, ) (- D2)* (g - 1>y>ﬂ'm (2.15)
k=0 j=0

Proof. Rewrite the generating function (2.1), we have

n
n!

Z uBY), (v, ay)"

1 wttyt® (p—azt ,(¢—1)yt*
- : 2.16
1F1(1,N+1,t)re ¢ ¢ ( )

e’} n e} b 0o 2
- (Z HB%?n@’y)t—.) (Z«p—l)m)'f%) (R
n=0 " k=0 ' j=0 J:
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th+27

<Z uBY, (¢ ﬁ) > 2 ((p=12)" (g = 1)y’ nlk!j!

k=0 j=0

Replacing k£ by k — 25 in above equation, we have

n oo k
L.H.S. = (ZHBM (2y) = ) > (= )0 ¥ (g = 1) =5

— 151
o n! =, 25)15!

0 t’rLJrk

= Z Z (Z HB](\?n (z,y) n) ((p— 1)) ¥ ((q - 1)9)jm

Again replacing n by n — k in the above equation, we have
o n tn . ) tn
L.H.S. = ZZZ <Z HBNn K@ y)— ) ((p— D))" ((q - 1)9)Jm-
n=0 k=0 j=0

Finally, equating the coefficients of t"™ on both sides, we acquire the result (2.15). O

Theorem 2.9. Forn >0, p,q € R and x,y € C, we have
B
BN, (7, qy)
-y ( ) 5B Hl (o~ D= D) (2.17)
Proof. By using (2.16) and (1.8), we can easily derive (2.17). We omit the proof. O

3. Summation formulae for higher-order hypergeometric Hermite-Bernoulli polynomials

In this section, we derive the summation formula, the sum of the product of identity and recurrence

relations. First, we prove the following results involving higher-order hypergeometric Hermite-Bernoulli

polynomials HBJ(V )n (x,y).

Theorem 3.1. The following implicit summation formulae for higher-order hypergeometric Hermite-

Bernoulli polynomials HB](\,)n(x y) holds true:

k.l n (r)
Yz —z)" TPy B (z,y)
(r) N k+l—p—n\T
HBN i (2:9) = Z . (3.1)
oy (k —n)l(l — p)Inlp!

Proof. We replace t by ¢ + w and rewrite the generating function (2.1) as

1 th

(t+u)2 _—x(t+u) B 9
AN+ L+ ) - ,;OH Wi y)k' I (3.2)

Replacing = by z in the above equation and equating the resulting equation to the above equation,
we get
" kgl 4!
oz () Z 1B (@, Ok Z 1B (2, T (3.3)
k,1=0 k,1=0
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On expanding exponential function (3.3) gives

= (2 =)t +u)|M &S r th ! - tF !
Z M! Z HBZ(V)k+l(x’y)EF = Z HBN)k+l(z y)k| i’ (34)
M=0 ’ k,1=0 U k,1=0
which on using formula ([20], p.52(2))
Zf Z Jn+m) (3.5)
M=0 n,m=0
in the left hand side becomes
2 (z—a)tr & k4l
Z n| | Z HBN k+l k' l' Z HBNk+l )EF (36)
n,p=0 p: k,1=0 U

Now replacing k by k —n, [ by [ — p and using the lemma ([20], p.100(1)) in the left hand side of (3.6),
we get

tk ut s th gt

(z — x)ntP , r
Z Z HBZ(V)k+l np(T,Y) e—n) (I —p) . Z HBZ(V?’“H(Z’y)El_!' (3.7)

n,p=0k,1=0 k,1=0

Finally on equating the coefficients of the like powers of ¢t and u in the above equation, we get the required
result. O

Corollary 3.2. On takingl = 0 in Theorem 3.1, the result reduces to

k
uB () =Y ( I:L > (2 — 2)" g BY ) (2,7). (3.8)

n=0

Corollary 3.3. On replacing z by z+x and setting y = 0 in Theorem (3.1), we get the following result
inwvolving higher-order hypergeometric Hermite-Bernoulli polynomials of one variable:

o k'l'zn+mHB](V)k+l m— n(!L‘)

(k —n)l(l —m)InIm!

HBN)k+l(Z + )= ) (3.9)

n,m=0

whereas by setting z = 0 in Theorem 3.1, we get another result involving hypergeometric Hermite- Bernoulli
polynomials of one and two variables:

BRI (—g)ntm B (z,y)

(r) _ N, k+l—m—n\T>
1By a(y) = Z (k —n)!(l — m)!nlm! ' (3.10)

n,m=0

Theorem 3.4. The following implicit summation formulae for higher-order hypergeometric Hermite-
Bernoulli polynomials HBg)n(x,y) holds true:

uBG,(x,y) =Y ( ) By (@ = 2) Hyn(2,9). (3.11)

m=0

Proof. By exploiting the generating function (2.1) and using (1.8), we can write equation (2.1) as

1 2 = " & tm
(x—2)t L zt+yt _ B(T) _ Z H.
AN LS 2 Bun(e =2 D Hnlz)
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Replacing n by n — m in above equation and using lemma ([20], p.101(1)), we get

n=0m=0

On equating the coefficients of the like powers of ¢, we get (3.11). O

Corollary 3.5. Letting z = x in Theorem 3.2 gives

r - n r

m=0

Theorem 3.6. The following implicit summation formulae for higher-order hypergeometric Hermite-

Bernoulli polynomials HBJ(V)n(x y) holds true:

HBY, (x+1,y) =Y < "’m )HB%?nm(x,y). (3.13)

m=0

Proof. Using the generating function (2.1), we have

t" 1 2
E B 1 __E B - - t_]_ zt+yt
H x—’_ y . o OH Nnxy) ! 1F1(1,N+1,t)r(e )6
Z o ¢ ZOO e
m=0

= Z: HB](\?)n(x,y)% Z::O %m' — Z: HB](\:)TL(%Z/):L_,
D9 3 (A PLERNENE S s enr

n=0m=0

Finally equating the coefficients of the like powers of ¢, we get (3.13). O

Theorem 3.7. The following implicit summation formula involving higher-order hypergeometric Hermi-
_ ; : () .
te-Bernoulli polynomials y By, (z,y) holds true:

By, ez uty) =Y ( )H3g>n (2, y) Ho (2, 00). (3.14)

m=0

Proof. We replace z by x + z and y by y + u in (2.1), use (1.2) and rewrite the generating function as

1 2 A tm
(zt+yt?  zttut? B(T) H —
1F1(1;N—|—1;t)7’e € ZH Nnxy |mZ m(xvy)m|
D) ) o
- HBN n Y y Y [P
== nlm!
Replacing n by n — m in above equation, we have
=SS B ) () —
Nyn—m (n —m)Im!

n=0m=0

Comparing the coefficients of ¢ on both sides, we get the result (3.14). O
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Theorem 3.8. The following implicit summation formula involving higher-order hypergeometric Hermi-
) . . (r) .
te-Bernoulli polynomials y By, (x,y) holds true:

k
€T

Proof. We replace z by y and y by x in equation (2.1) to get

e n & n X ki2k
(T) t _ () t "t
n=0 n=0 k=0
Now replacing n by n — 2k and comparing the coefficients of ¢, we get the result (3.15). O

Theorem 3.9. The following implicit summation formula involving higher-order hypergeometric Hermi-

te-Bernoulli polynomials HB](\;)n(x y) holds true:

HB](\:)n(z,u) = Z ( nm ) H,(a—x+2z[8- y—|—u)HB](\:’)n7m(x —a,y—B), (3.16)
m=0
and
r n r
HBEV)TL(Z —a—zu—f+y) = Z ( m ) Hm(z,u)HB](V’)nfm(x —a,y—f). (3.17)

Proof. By exploiting the generating function (2.1), we can write

tr 1 2
B zt+ut
ZH N”Zun! (LN L)
1

_ o~ @—z—a)i—(y—u—P)P (a—a)t+(y—F)P?
(1N + 1;t)"

_ ezt (yuB)tzz By (z—a,y - /3)
n=0

which yields

tn e tmoo , n
ZHB —' ZHm(a—m+z,ﬁ—y+u)%ZHB§V)(a:—ozy ﬁ)—.

m=0 n=0

Replacing n by n —m in above equation and comparing the coefficients of ¢, we obtain (3.16). On
replacing z by z —a — z and u by u — 8+ y in (3.16), we get (3.17). O

Corollary 3.10. On selting z = u =0 in (3.16), we have the following result for higher-order hypergeo-

metric Hermite-Bernoulli polynomials HBEV)TL(;E y) holds true:

r - n r
BJ(\/,)n = Z < m > H,(a—z,p— y)HB](V7)n_m(x —a,y—0).
m=0
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Theorem 3.11. The following implicit summation formula involving higher-order hypergeometric Hermi-
) ; : (r) .
te-Bernoulli polynomials y By, (x,y) holds true:

— (n —2m)!Im! N — (n — 2m)!m! ’ '

and
B BY L. @B S BY L B Hy(z,y)

n—2m m m
: : = 3.19
Z (n — 2m)!m! Z Z (n—k —2m)!mlk! (3.19)
m=0 k=0 m=0
Proof. Consider the definition of (2.1), we have
e 2n
(T) t_ _ 1 yt? 9

n=0

where z is replaced by y and ¢ is replaced by ¢ in (2.1). On multiplying (2.1) and (3.20), we have

> t2m 1 1 ,

B, (@ BY — = wityt 21

TLZ:O Nn( )n'mZ:O N,m(y) ml 1F1(1,N+1,t)r 1F1(1;N—|—1;t2)7“6 s (3 )
(r) (r) t" B > ) m - £2m
;]mZOBNn 2ml( BNm(y)m—HZZOHBNm(x,y)mw;BMmW.

Using the Cauchy product and comparing the coefficients of ¢, we obtain (3.18). Another way of defining
the right hand side of equation (3.21) is suggested by replacing e**+¥¢* by its series representation

o0

(r) v (r) t_ _ 1 1 Tt+yt
Z:o Nyn(x)n!w; N = RGN T L RGN T LB
3 5% 0 00 = S ey 305 S0,
Non-2m () BN m (n —2m)m! R n! Nomo 1
n=0m=0 k=0 n=0 m=0

Using the Cauchy product and comparing the coefficients of ¢, we get (3.19).
O

Corollary 3.12. Fory = 0 in Theorem 3.7, we have the following result for higher-order hypergeometric

Bernoulli polynomials HBJ(Vn(x y) holds true:

3] B](\?)n am (2 )B](\?)m & HB](Vn 2m(x’O)BZ(\§=)m

)

(n — 2m)m! (n — 2m)m!

m=0 m=0
and
[ﬂ] T T n [ ] T T
z BZ(V)n—Qm( B](V)m Z 22: BZ(V)n k— QmBJ(V,)mxk
— (n —2m)!m! = = (n—k—2m)mlk!

Theorem 3.13. The following implicit summation formula involving higher-order hypergeometric Hermi-
_ ; : () .
te-Bernoulli polynomials y By, (z,y) holds true:

n-my (o "ok k
5 [i] (3 = ) BEwnBYLEY) & BY B, ()
— ymmlrl(n —m — 2r)lgn—m= 2r

xmmlyn—kl(n — k)

(3.22)

m=0
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Proof. On replacing ¢ by £ and r by k, we can write equation (2.1) as

5w B (o) et (3.23)
— " xnn! 1F1(1,N+1,%)k

Now interchanging x and y, we have

= " 1 tratl
B = V7 3.24
2 N’"(y’m)y"n! 1F1(1;N+1;§)ke ’ (3.24)

Comparison of (3.23) and (3.24) yields

t2 t2 1

I YT B® t
“’ 1F1(]_,N-|—]_,§)k ;H N,n(may)xnn!

1 (k) t
= B
1F1(1;N+1;§)k,;*’ Nl )

s
e z _ Y tQT e
(y2 w) BY, e ¢
> > BN Z i
r=0 m=0
(k) tm tn
-3 B S e
Using the Cauchy product and comparing the coefficients of ¢, we get (3.22). O

Theorem 3.14. The following implicit summation formula involving higher-order hypergeometric Hermi-

te-Bernoulli polynomials HB%)TL(;B y) holds true:

. m,n n m
HBJ(V)n(w u)y B ( ) (W U) = ;0( s > < 3 >Hs(w—x,u—y)HB](V)n (z,y)

xHe(W = X, U~ Y)gBY), _(X,Y). (3.25)

Proof. Consider the product of higher-order hypergeometric Hermite-Bernoulli polynomials, equation
(2.1) in the following form

;erﬁyl‘? 1 XT+YT?
VFL(L; N + 1587 Fi(L;N+1;,T)"
Z BY (» i BY).(X vy (3.26)
= H N,n y . OH ) m| . .

Replacing x by w, y by u, X by W and Y by U in (3.26) and equating the resultant equation to itself,

we find
; g m

nl m!
n=0m=0

=exp ((w — 2)t + (u—y)t*) exp (W — X)T + (U — Y)T?)

> T tn > T Tm
<Y aB (@ y) = > B, (XY )
n=0 " m=0 ’
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=222 2> Hilw—wu=y)uBy, (o)

Terk
mlk!

Finally, replacing n by n — s and m by m — k in the r.h.s. of the above equation and then equating

thrs

nls!’

X Hy(W — X,U — Y)g By, (X,Y)

the coefficients of like powers of ¢ and T, we get assertion (3.25) of Theorem (3.8). O

Remark 3.15. Replacing u by y and U by Y in assertion (3.25) of Theorem (3.9), we deduce the the
following consequence of Theorem (3.9).

Corollary 3.16. The following implicit summation formula involving higher-order hypergeometric

Hermite-Bernoulli polynomials HB](\?)

(z,y) holds true:

N

r r o= n m s r
nB B, = 3 (1) (1) w-aruBl), o)
s,k=0

<(W = X)*y By (X,Y).
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